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Abstract

In this article, we generalize the Gandhi polynomials in a non-commutative way. We show
that surjective pistols arise naturally from our non-commutative polynomials.This method also
enables us to explain the combinatorial interpretations of different generalizations of the Gandhi
polynomials.

1 Introduction

z

The Genocchi numbers (G2, )nen, Taylor coefficients of the exponential series x tan(5), have been
studied in several ways. First, their relations with the Euler numbers (coefficients of tan(x)) have been
studied by Viennot in [Vie82] who gave an overview of their combinatorial properties. But they can
also be studied from one of their refinements, the Gandhi polynomials. Gandhi in [Gan70] conjectured
that the sequence of polynomials defined by Co = 1 and C,11(z) = 22C,,(z + 1) — (z — 1)%C,,(x) are
polynomials such that C),(1) = Gapt2. This statement was proved independently by Carlitz in [Car71],
by Riordan and Stein in [RS73]. Later, these polynomials were generalized by Dumont and Foata in
[DF76] as follows: DFy = 1, and DF,,41(z,y, 2) = (z+2)(y + 2)DF, (2,9, 2+ 1) — 22DF,,. In order to
give a combinatorial interpretation of these, they introduced the surjective pistols, surjective maps p
from {1,---,2n} onto {2,4, - -+ ,2n} such that p(i) > i, one of the combinatorial objects enumerated by
the Genocchi numbers. They showed that the different parameters x, y, and z correspond to different
statistics on surjective pistols. Another interesting property of these polynomials is their symmetry on
the three variables x, y, z. It has been proved by Dumont and Foata in [DF76], and Carlitz gave an
explicit symmetric formula in [Car80]. Han in [Han96] provided another combinatorial interpretation
of these polynomials, and found back the interpretation of Dumont and Foata. Then, Dumont defined
a generalization with six parameters. Independently, Zeng and Randrianarivony respectively in [Zen96)
and [Ran94] provided different properties about these. Finally, Han and Zeng in [HZ99] showed that
the Gandhi polynomials admit a g-analog, and provided several combinatorial interpretations of their
coefficients.

In this paper, we use the non-commutative paradigm to find back the combinatorial interpretations
of Gandhi polynomials and their generalizations in terms of surjective pistols. We will see that the sur-
jective pistols arise naturally from our non-commutative definition of Gandhi polynomials. Moreover,
we obtain new interpretations of the g-analog.

2 The Gandhi polynomials and their different generalizations

In this section, we recall the definition of the Gandhi polynomials and different generalizations as the
Dumont-Foata polynomials, and the polynomials with six parameters given by Dumont in [Dum95].



Instead of the original definition of the Gandhi polynomials, we introduce an equivalent definition of
those. Then we give a non-commutative version of these polynomials and justify their relation with the
surjective pistols, which are one of the combinatorial interpretations of the Gandhi polynomials [DF76].
Finally, we get back to the different combinatorial interpretations obtained in [DF76], [Han96], and
[Ran94] about Gandhi polynomials, the Dumont-Foata polynomials and the six-parameter polynomials.

2.1 The Gandhi polynomials
Let us define the Gandhi polynomials, denoted by (Cy,)n>1, as follows:

Ci(x) =1
{Cn+1(x) = A(Cu(z)-2?) ifn>1, (1)

where A(f(x)) = f(x+1)— f(z), for any function f.
Example 1. For n=1, 2, 3, we have:

Cl (.23) =1
Cola) = 2041 (2)
Cs(x) = 622 +8x+ 3.

It is known from [DF76], that these polynomials have a combinatorial interpretation in terms of
surjective pistols, which are defined by:

Definition 2.1.1. A surjective pistol p of size 2n is a surjective map from {1, -+ ,2n} onto {2,4,--- ,2n}
such that for each ¢ in {1,---,2n}, p(¢) > i.

The set of surjective pistols of size 2n is denoted by Ps,,. From now on, a surjective pistol p of size
2n is represented by a word w of size 2n such that the i-th letter of w is the value p(i).

Example 2. The word w = 226466 represents the surjective pistol of size 6 sending 1 to 2, 2 to 2, 3
to 6,4 to 4, 5 to 6 and 6 to 6.

The name pistol comes from one of its graphical representation:

Figure 1: Graphical representation of the surjective pistol p = 264466.

Note that from a surjective pistol p of size 2n, we obtain a surjective pistol of size 2n+2 by con-
catenating twice 2n+2 to the right of p. This operation essentially mimics the multiplication by z? on
the induction formula of Gandhi polynomials (1). We cannot obtain all surjective pistols of size 2n+2
by this process. However if we substitute in the word p- (2n+2) - (2n42), some but not all values 2n by
2n+2, we still have a surjective pistol. For example, if p = 226466, then 22646688, 22846688, 22648688,
22646888, 22848688, 22846888 and 22648888 are indeed surjective pistols. The substitution process
essentially mimics the finite difference on words. Indeed, as we shall see, the set Paj,1o is generated in
this way, each surjective pistol appearing exactly once in this construction.



The non-commutative polynomials will help us formalize the previous ideas. We proceed as follows:
we build a non-commutative analog of the Gandhi polynomials and see that surjective pistols arise
naturally from these.

Definition 2.1.2. Let A be an alphabet. The R—algebra of non-commutative polynomials over A,
denoted by R < A >, is the algebra generated by the elements of A equipped with the concatenation
product. In particular a linear basis is given by the finite words on A.

From now on, our alphabet is A = {a;, for i € N*} U{a}, and R = R. Let us give a sense to
"having a non-commutative analog”. There is a natural projection II from R< A > onto R[z]:

M(aw) = z,
I(a;) = 1, for i € N*, (3)
M(wy - -wy) = M(wy)---T(wy).

Then an element P of R< A> is a non-commutative analog of a polynomial P if II(P) is equal to
P. In the same way, if L is a linear operator on R[z], we say that L is a non-commutative analog of
L,if oL is equal to L olIl. Since the Gandhi polynomials are built from the operator A, one way to
have non-commutative Gandhi polynomials is to construct these from non-commutative analogs of A.
Since the operator A is related the operator consisting in shifting by 1 (denoted by T'), it is natural
to build first the non-commutative analog of T'. Let us denote by T; the algebra homomorphism such
that:

Tz(a‘oo) = 00w + Qq, (4)
T;(a;) aj, for j in N*.

For each positive integer 7, we have indeed

Toll =IloT;. (5)
Then, we define A; by A; = T; — Idpeas.
Example 3. For example, if W = 2020000405005, then we have:

Ag(w) = 2020604000000 + 0202050040605 + 1202000040006 (6)
+ 202060406050 + 202050040606 + A202060405006 + Q20206040606

Note that for a word w, the terms of A;(w) are exactly the words obtained by replacing at least
one of the ao, of w by an a;. Now, let us define the non-commutative Gandhi polynomials as follows:

Ci = 1 7
Cn+1 = Agn(Cnaooaoo) if n > 1.
In particular, we have:
Cy = asa9 + 2000 + Uspts
C3 = 02020404 + 420200004 + 020204000 + A2040404 + Q20000404
+ 20405004 + 204040050 + Q204000000 + A20c0A40 0 (8)

+ (200000004 + 64020404 + Q020404 + Q40200004
+ 440204050 F+ 402050000 + Uoc02040c0 + Qo200 04.-

Now, surjective pistols of positive size appear naturally through this definition. Indeed, let us define
an embedding 7 from surjective pistols of positive size onto R < A >. If p is a surjective pistol of size
2n (with n > 1), then i(p) is equal to the word w of size 2n—2 where the i-th letter of w is an if p(%)
is equal to 2n, and is a,(;) otherwise.



Example 4. If p = 22646688, then i(p) = asasagasagas. If p = 22, then i(p) = ¢, the empty word,
and if p = 28648688, then i(p) = a200006a4000a6-

The map i is clearly an injective map: let w be a word of size 2n in the image of i. We obtain the
corresponding surjective pistol by replacing the ao, by agnt2, by reading the indices of the new word,
and by adding twice to the right the letter 2n+2. In the sequel, we denote by p the word i(p). We
have

Proposition 2.1. Let n > 1. Then:

C, = Z pP- (9)

PEP2n

Proof. By induction on n. The statement is satisfied for n = 1. Assume that it is true for n > 1. By
induction hypothesis on C,,, we have:

Cn+1 == A2n(cnaooaoo)
= AZn(ZngQn p aooaoo)
= ZPE'P%, A2n (P CLooa/oo)~

Let p be a surjective pistol of size 2n. Then the elements of A, (p aotoo) are the words associated
with surjective pistols of size 2n+2: they are words w = wj - - - wa, of size 2n, such that at least one as
of P a0 is replaced by asy,, and such that w; = ay(;) if p(i) < 2n—2, and w; = azy, Or a otherwise.
They are then associated with surjective pistols p’ of size 2n+2, where for ¢ < 2n, if p(i) < 2n—2, then
p'(i) = p(i), and p'(i) = 2n or 2n+2 otherwise. Conversely, if p’ is a surjective pistol of size 2n+2
such that p'(i) = p(i) if p(i) < 2n, and p'(i) = 2n or p'(i) = 2n+2 otherwise, then p’ is a term of
AZn(p aocaoo)'

Let us denote by D,, the set of pistols p’ such that p’ is a term of Ag, (P Gx0too). By the previous
observation, D,, is in fact the following set:

D _ P € Pangz | P(2) = p(i) if i < 2n+1 and p(i) < 2n, (10)
P p'(i) =2n or 2n+2  otherwise.

We have: Popyo = Upep,,Dp. Indeed, let p’ be in Papie. By deleting the last two letters and
replacing the 2n+2 by 2n, we obtain a surjective pistol p of size 2n, and p’ is in D,. So Paopjo =
Upep,, Dp. Let now p and p’ be two different surjective pistols of size 2n. Then, there exists an 4
such that p(i) is different from p’(i). By symmetry, we assume that p(i) < p’(¢) < 2n. Then for each
element ¢ in D,, we have ¢(i) = p(i), and for each ¢’ in D,, we have ¢'(i) > p'(i). In particular,
q(i) < ¢'(), so D, N D,y is empty. We deduce that:

Cn+1 = Zpep%’ AZn(p aooaoo)

= PEPan Zp/er P’ (11)
/

P’ €EP2nt2 p-

O

2.2 The Dumont-Foata polynomials

Dumont and Foata defined in [DF76] a generalization of Gandhi polynomials. They proved that these
polynomials count different statistics on surjective pistols. Han in [Han96] found other statistics on
surjective pistols that gave back the Dumont-Foata polynomials. Moreover, with his method, he got
back the result of Dumont-Foata. With the non-commutative method, we give a new direct proof of
the previous combinatorial interpretations. In this section, we present the Dumont-Foata polynomials,
their non-commutative analogs, and their combinatorial interpretations.



Definition 2.2.1. The Dumont-Foata polynomials are defined by induction as follows:

DFl(‘rvva) = ]' (12)
DF,1(2,y,2) = DF,(z+1,y,2)(x +2)(x +y) — DE,(x,y,2)2?, if n > 1.

Since DF,,(1,1,1) = #Pa,, the different variables x, y and z record some statistics on surjective
pistols.

Definition 2.2.2. Let p be a surjective pistol of size 2n. A position 7 is:

- a fized point if p(i) =1,

- a surfized point if p(i) =i+ 1,

- a maz point if p(i) > p(j) V5 € {1,--- ,2n},

- a saillance point if for any j < 4, then p(j) < p(¢), and ¢ is not a max point.
If p is size of 2n, we denote by fiz(p) (resp. surfix(p), max(p), sai(p)) the number of fixed (resp.
surfixed, max, saillance) points of p smaller than 2n—1.

Example 5. If p = 42468688, 2 and 6 are fixed points, 3 is a surfixed point, 1 and 4 are saillance
points, and 5 is a max point. And we have: fiz(p) = 2, surfiz(p) = 1, sai(p) = 2, and maz(p) = 1.

Theorem 2.2. [DF76] The Dumont-Foata polynomials have the following combinatorial interpreta-

tions:
DFE ZL’ Y, 2 Z xmax(p) fix(p surﬁx Z xmax(p) fix( ) sal() (13)

PEP2n PEP2n

In order to get back Theorem 2.2, we build two non-commutative analogs of the Dumont-Foata
polynomials that project naturally onto both combinatorial interpretations. In the sequel, we work
with the same alphabet as before, and with the ring R = Q[y, z].

Definition 2.2.3. The non-commutative Dumont-Foata polynomials are defined as follows:

DF1 =1 (14)
DFpnt1 = Ton(DFn) (oo + 2a2p) (oo + Ya2n) — DF paoctoo, if n>1.
Example 6. The first polynomials are:
DFy = yz-a2a3+ 202000 + Y - Qo2
DF3 = 4?22 02090404 + Y22 - 020200004 + Y22 - G202040050
+ yz2 - 42040404 + yz2 $ 20000404 + YZ * Q20400004 + 22 204040 (15)
+ 2 4204000000 + 22 - 0200004000 + Y2 - Q2000000
+ Y22 - 44020404 + Y?2 + Q0020404 + Y? - 040200004 + YZ + Q10204000
+ Y- 0402000000 + Y2 * Uoo0204000 + Y2 + Goor0o00s.
Proposition 2.3. Let n > 1. Then we have:
Z yﬁx(p)zsurﬁx(p)p. (16)

pEP2n

Proof. By induction on n. It is true for n = 1. Assume that the statement is true for a given n > 1.
By definition of DF,,+1, we have:

DFnt1 = Ton(DFn)(aoo + zaan) (oo + Ya2n) — DF poctoo
= AQn(D-Fn)aooaoo + ZTQn(D]:n)a2naoo
+ yT2n(D]:n)aooa2n + yZT2n(D~Fn)a2na2n-

Let p be a surjective pistol of size 2n. By using the inverse of 7, we deduce that:



e The surjective pistols p’ corresponding to words in Ag, (P)aecteo are the elements p’ of D), where
p'(2n—1) = p’(2n) = 2n+2. Since the elements p’ have the same fixed and surfixed points as p,
we have:

Ao, (yﬁZ(P)ZSUTﬁZ(P)p)aooaOO —_ Z yﬁm(p')zsurﬁz(p’)p/' (17)
P €Dy,

P (2n—1) = 2n+2,
P (2n) = 2n+2

e The surjective pistols p’ associated with the words in T, (p)accasz, are surjective pistols p’ in
D, where p/(2n—1) = 2n, and p/(2n) = 2n+2. In this case, the elements p’ have one more fixed
point than p. So:

yT2n(yﬁz(p)zswﬁm(p)p)aooazn — Z yﬁZ(p’)Zsurﬁz(p’)p/' (18)
p' €Dy,

p(2n—1) = 2n+2,
P(2n) =2n

e The surjective pistols p’ corresponding to the words which appeared in Ts,(p)aonaco are in Dy,
and satisfy p’(2n—1) = 2n and p’(2n) = 2n+2. Thus, they have one more surfixed point than p.
Then:

2To,, (yﬁz(p) ysurfiz(p) P)aontos = Z yﬁm(p’)zsurﬁm(p’)p/_ (19)
P €Dy,

p'(2n—1) = 2n,
P (2n) = 2n+2

e The surjective pistols p’ corresponding to the words which appeared in T, (p)asnasz, are in Dy,
and satisfy p’'(2n—1) = 2n and p'(2n) = 2n. Thus, they have one more fixed and surfixed point
than p. Then:

yZTQn (yﬁm(p) Zsurﬁm(p) p)a2na2n _ Z yﬁx(p’)zsurﬁm(p/)p/ ) (20)
P €D,
p'(2n—1) = 2n,
p'(2n) =2n

By summing all Equations (17), (18), (19), (20), we get:

Zp’er yﬁz(p/)zsurﬁz(p’)p/ — AQn (yﬁm(p) Zsurﬁz(p)p)aooaoo + yTQn(yﬁz(p) Zsurﬁm(p)p)aooa%L
+ 2T, (yfP) z5urfiz) p) gy aoe + y2Tay, (yiP) 2595 P) B ag, agy, .
(21)
By using the induction hypothesis, the previous equality, and the fact that Pa,2 is equal to
Upep,, Dp, we conclude that:
DFpi1 = Z yfia®) surfia(v) p, (22)

PEP2nt2

O

Since the number of ao, in p is equal to maz(p) we get back the first combinatorial interpretation
by applying II to (16). Now, we build another non-commutative Dumont-Foata polynomials that
projects naturally onto the second interpretation. In order to do that, we have to define a linear map
on non-commutative polynomials.



Definition 2.2.4. Let i be an integer and w = wy - - - w,, be a word. Let j (if it exists) be the smallest
value such that w; is either asc or a;. The linear map S; on R<A> is defined as follows:

Si(w) = {“’1 S Wi Wp Wiy - WepWiwy,  if § exists, (23)

w otherwise.

Example 7. If w = a2a6a44000000a6, then Sg(w) = asaooa4a00a6a6.

Definition 2.2.5. The second non-commutative polynomials of Dumont-Foata are defined as follows:

DF} =1 (24)
DF, 1 = Son(Ton(DF,) (oo + yazn)(aoo + 2a2n)) — DFpaocos, if n > 1.
Example 8. The first polynomials are:
D]-"Q = Yz-0202 + Y- 02000 + 2+ Qo2
ng = y2z2 - a909a4a4 + yz2 - 420200004 + yQZ - (202040
+ yZZ © 2040404 + YZ - 020500404 + yzz c (20400004 + y2 c (4204040 (25)
+ y2 $ 204000000 T Y * 200004000 + YZ * Q20 c0Aoo 4
+ yz2 © 4000404 + 22. (oo Wo0404 + y22 c Q40205604 + YZ © 402040
+ YZ - Q402000000 T 2 * Aoo(2040s0 + 22. (o200 04.
Proposition 2.4. Forn > 1, we have the following equality:
D]:;z — Z ysai(P)ZﬁX(i’))p. (26)

PEP2n

Proof. By induction on n. The proposition is true for n = 1. Assume it is true for a given n > 1. By
definition,
DF, 1 = San (Ton(DF},) (oo + yazn) (oo + 2a2,)) — DF;,o0loo- (27)

Since the letter as, does not appear in words of DF ), au0G00, it is invariant by Sa,. So:
DF, 1 = San (Ton(DF,,) (oo + yazn ) (oo + 2a2,) — DF}a00los) - (28)

Let p be a surjective pistol of size 2n. Then define H(p) by:

H(p) = Sa, (ysai(p) =), (P)(aoo + yazn)(aoo + zasy,) — y*@ip) L fiw(p) aooaoo> . (29)
If p = uasv, with u without as, and size of ¢, then:

H(p) = ysm:(p)zﬁz(p)u(aoo + ya2n)T2n(vaoo)(aoo + Za2n) - ysai(p) Zﬁz(p)p Oooloo
ysm(p)zﬁz(p)u(aooAgn(vaoo)aoo + yaon To, (Vaso ) oo (30)
+ 2000 Ty (V000 ) a2p + Y2020 Ton (Vaos )azn ).

The four terms of the previous sum correspond to partition the words w of D,, into four sets, depending
whether the values of w;41 and ws,, are 2n or 2n+2. Moreover, since u has no a, all values w; with
j < are smaller than 2n. In particular, there is an extra power of y if and only if position i+1 is a
saillance point. As before, there is an extra power of z if and only if 2n is fixed point. Then,

H(p) = Z ysai(p/)zﬁx(p/)p/. (31)
P’ €Dy



If p has no a., since it does not contain as,, we have:

H(p) = ysaz(p)zﬁ'r(p)p (y CA2nloo T 2 A2nloo + Y2 - a2na2n) (32)
In particular,
H(p) = Z ysai(p/)zﬁx(p/)p/. (33)
p' €D,

Then, by induction hypothesis, the previous computation, and the fact that Upcp,, Dp = Papj2, We
conclude.
O

By applying II to (26), we get back the second interpretation of the Dumont-Foata polynomials.

Remark. In order to find the statistics associated with the parameters z, y, z in the Dumont-Foata
polynomials, by defining a sequence of non-commutative polynomials which projects on them, guessing
the statistics in non-commutative polynomials is much easier than guessing them in the algebra of
formal power series. Indeed, the words in the non-commutative polynomials appear only once with a
monomial in z, y, z whereas in the Dumont-Foata polynomials we have less information because of
the multiplicity of terms.

2.3 A generalization with six parameters

In [Dum95], Dumont gave a generalization with six parameters, and some conjectures about it. Inde-
pendently, Zeng in [Zen96] and Randrianarivony in [Ran94] proved these conjectures. In order to do
that, they first found the induction satisfied by these polynomials. In this section, we get back the
induction with the non-commutative method.

Definition 2.3.1. Let p be a surjective pistol of size 2n. Then i is:

- a double fized point if p(i) =i and there exists j # i where p(j) = i,

- a non double fized point if p(i) =i and i is not a double fixed point,

- a double surfized point if p(i) =i+ 1 and there exists j # i where p(j) =i + 1,

- a non double surfized point if p(i) =4 and 4 is not a double surfixed point,

- an even max point if i is even and p(i) = 2n,

- an odd mazx point if ¢ is odd and p(i) = 2n.

Let us respectively denote by dfiz(p), ndfiz(p), dsurfiz(p), ndsurfiz(p), emaz(p) and omaz(p) the
number of double fixed points, non double fixed points, double surfixed points, non double surfixed
points, even max points, odd max points smaller than 2n—2.

Example 9. If p = 248468 then dfiz(p) = 1, ndfiz(p) = 1, dsurfiz(p) = 0, ndsurfiz(p) = 1, emax(p) = 1,
omax(p) = 1.

Definition 2.3.2. Let n be a positive integer. The six parameters of Dumont polynomials are defined
as follows:

Do(z,y,2,%,7,2) = Z xemal‘(?)ydﬁl‘(?)ZdSUTﬁw(P)fomaI(P)yndﬁI(P)gﬂdsurﬁw(P)' (34)
PEP2n

Zeng and Randrianarivony proved that (T'),) satisfies the following induction:

Iy =1
FnJrl(xvyvzvayvz) = T (33-1-1yy,Z7T+1,§7E)(Z+E)(y+x) (35)
_Fﬂ($7yaz>fvy7z) (f(y —ﬂ) + (Z _E).'L'—f—fl‘) .



Let us adapt the non-commutative formalism to find this definition by induction. In order to do so,
we change slightly the alphabet A, and the ring R. In this section, A = {a;, i € N*} U {ac0, b}, the
projection I sends a; to 1, ax and by, respectively to z and Z, and R = Q[y, 7, z,z]. We extend T;
by sending bs t0 (boo + a;). One has to modify slightly the map i: an odd max point corresponds to
boo- If p = 24846888, then p is equal to a2a4bs0406as- Then define the linear map fo, on words as
follows:

f2n(w> = T2n(w)(boo + Za2n>(aoo + ya2n) —w ((y - y) UooQ2n + (Z - E)bOOGQn + booaoo) . (36)
Now, define our non-commutative I',, as follows:

Definition 2.3.3. Let n be a positive integer. Let us define the following sequence of polynomials:

T = 1
. 37
{ I‘n-‘rl = f2n (I‘n) lf n Z 1 ( )
Example 10. The first polynomials are:
Ty = yz-a209+7 02000 + 7 - 0002

I's = y222 $ Q2020404 + YYZ * 420200004 + YZZ - Q202040
+ YZZ - 42040404 + YZZ + Q20560404 + YZ * Q20405604 + YZZ + Q20404000

ol . 7 38
+ YZ - 204050000 + y2 C 205004000 T YZ + Q2000 Aoo (g ( )
+ YYZ - 04020404 + YYZ * 0o020404 + YY * Q40206004 + YZ - A402040
T Y- 402000000 + YZ * Aoo20400 + §2 C Qo206 0y .-
Proposition 2.5. We have the following identity:
T, = Z ydﬁx(p)yndﬁx(p) sturﬁx(p)zndsurﬁx(p)p' (39)

PEP2n

Proof. By induction on n. It is true for n = 1. Assume the statement for a given n. By using the fact
that To, = Id + Asg,, we have:

fon(w) = Agp(W)booloo + JWheo oy + ZWagydoo (40)

+ yA27L(w)booa2n + ZA27L(w)a2nboo +yz A9, (w)a2na2n-
Let p be a surjective pistol of size 2n. Then, by using the inverse of 4, the six terms of fa, (p) correspond
to a partition of D, in six (possibly empty) sets, depending whether positions 2n—1 and 2n are (non)
double surfixed points or not, (non) double fixed points or not. If p’ appears in fa,(p), one can check
that its coefficient is equal to y*7°z°z¢, with a, b, ¢, d equal to 1 or 0, depending whether 2n is a
double fixed or not, a non double fixed point or not, and 2n—1 a double surfixed point or not, a non
double surfixed point or not. So we have:

f2n <ydﬁz(p)yndﬁx(p)sturﬁx(p)gndsurﬁw(l))p) _ Z ydﬁac(p/)yndﬁx(p’)Z(isurﬁac(p/)zndsurﬁx(p’)p/. (41)
p’' €Dy

Then by the same arguments as before, we deduce (39).
O

Now, by applying II to (39), we get back the inductive definition of the Gandhi polynomials with
six parameters. For a surjective pistol p, it is clear that the number of occurrences of a., and the
occurrences of by, in p are respectively equal to emaz(p) and omaz(p).



The previous generalizations correspond to recording some statistics on the induction relation. There
is another way to obtain interesting generalizations of a sequence: use a g-analog. In [HZ99], Han and
Zeng give a g-analog of the Gandhi polynomials and a combinatorial interpretation of them. In the
next section, by using again our non-commutative method, we find another combinatorial interpreta-
tion of this g-analog of Gandhi polynomials. They have in fact a g-analog of a generalization of Gandhi
polynomials. By slightly adapting the non-commutative method, we find a direct combinatorial inter-
pretation of these polynomials.

3 The g-analog of Gandhi polynomials

In this section, the ring R is Q, the alphabet A is {a;, i € N*}U{a}, and the projection II sends the
letters a; to one, and a., to x.

3.1 A g-analog of the finite difference operator
Let us denote by A, the following g-analog of the operator of finite difference:

flag+1) - f(z)

S R T (42)
Example 11. If f(x) = 2™, we have:
py Gt (e =) (Si e )
q T 14 (g—-1z 1+ (= Dz
(13)

n—1
— Z(l + qx)kxn—l—k.
k=0

By expanding (1 + ¢x)* and by regrouping by powers of x, we have:

3.2 The ¢-projection and the ¢-Gandhi polynomials
Definition 3.2.1. The ¢-Gandhi polynomials are defined as follows:

Cl($vq) =1 (45)
Cnii(z,q) = Aq(Cn:EQ) for n > 1.

Example 12. Here are the first terms:

Cs = (P42 +2¢+1)22+ (2¢* +49+2)z +q+2. (46)

Since we have defined non-commutative Gandhi polynomials, in order to obtain C,,, we have to

find a g-version II, of the map II, such that IL,(C,,) = C,,. By induction and linearity, it is enough to
find II, such that for p a surjective pistol of size 2n, we have:

IT; 0 Agp (P Goolion) = 4y (Hq(p)xQ) . (47)

10



From the previous remark, it is enough to define II; on words w of the form w = p and w = p a0
where p is associated with a surjective pistol. Equation (47) indicates that we can fix a surjective
pistol p, and work on D,. Let p be a surjective pistol, we search II, such that:

T, (p) = ¢*""II(p) (48)
HfI(p aooCLDO) = QStat(p)H(p)IQ'

Now, we have to find a function stat. One way to proceed is to note that II(p) = xz™%(P) then, compute

both of (47), and deduce a condition on stat. Note that the construction of the n-th polynomial only
depends on the letters as, and a... So we can search a statistic satisfying:

stat(p) = Z stat(p, 21). (49)
i=1

Example 13. For the case n = 2, we have Co = (¢ + 1)z + 1. So the possible distribution of the
parameter g over Py are:

= | 1 @ | 1
1] 2444 [ 2244 or 1| 4244 | 2244 .
q | 4244 q | 2444

The first case is related to the special inversion, whereas the second to the special non inversion.
In another context, Novelli, Thibon and Williams in [NTW10] defined the statistic that we use. It is
closely related to the statistic defined by Han and Zeng in [HZ99].

Definition 3.2.2. Let w be a word of size 2n containing as,- -+, aspo. Let ja, -+, jo, o be the
positions of the last occurrence of ag, ..., as, 2. Then a special inversion of w is a pair (i,7) with ¢ < j
such that j is one of the j, and w; > w;. We denote by sinv(w, a;) the number of special inversions
of w such that the letter corresponding to the second coordinate is a;, and by sinv(w) the number of
special inversions of w.

Example 14. If w = a4a2a6a4a0006, we have sinv(w, az) = 1, sinv(w, aq) = 1, sinv(w,ag) = 1, and
sinv(w) = 3.

Definition 3.2.3. Let p be a surjective pistol. We set:

I _ sinv(p)H —_ sinv(p) ,.maz(p)
q(p) %ng( ) (p> qsinv( )xmaz( ):&-2 (50)
IL,(P Gotoo) = @"PIIP Goole) = ¢ P gmaerp) 2
Theorem 3.1. Let 11, be defined as previously. Then we have the identity
1_[q (Cn) = Cna (51)

for all n in N.
The following proposition helps us to prove the theorem 3.1.

Proposition 3.2. Let p be a surjective pistol of size 2n, and [ be the number of Goy M W=P Uooloo-
Then we have the following identities:

(P dootoo) = ', (52)
-1 /1-1 k 4 ,
Ay (M(w)) =Y (Z (i)q’H) gy (53)
=0 \k=i



and

-1 /1-1
{3 gy ) =3 (Z (’“)q) P = A, (W) (54

p' €D, i=0 \k=i

Proof. The first identity comes from the fact that the number of @, in Pasctse is I. Then, we deduce
the second one thanks to (44).

For the third one, we regroup the elements of D, according to the number of occurrences of a,
and by the value sinv(. ,as,). Thus, two surjective pistols p’ and p” are in the same class if and only
if they have same number k of as and sinv(p’, as,)=sinv(p”, as,)=j. Since in p’ and p”, the letter
G is the only letter greater than as,, by denoting {ni,---,n;} the positions of as in w, we deduce
that the position of the rightmost as, of p’ and p” is the same and is equal to i;4;—, since [—k is the
number of ag, in p’ and p” . Note that if one p’ in D, has [—i— 1 letters equal to an, then the value
sinv(p’, agy,) is between 0 and [—i— 1. So,

-11-1
2 P =) >, dP (55)
p' €D, i=0 k=1 p €D,
oc(pia) =1 —1—1i

sinv(p’, az,) =k — i

where oc(p’, aso) is the number of a, in p’. Let us enumerate one equivalence class. If p’ has [—i —1
maximal letters, and sinv(p’, as,) is equal to k —14, then the rightmost as, is at the same position ny1
for all elements of the class.
To the left of the position ngi1, we know that there are k—i letters equal to a., thanks to the
equality
sinv (p’, azn) =k — 1, (56)

and 17 letters equal to ag,. So this class has (f) elements. By applying II to (55), we find (54). O
Let us now prove Theorem 3.1.

Proof. By induction in n. If n is equal to 1, Theorem 3.1 is true. Assume that is true for n. So we
have:

11, (C,) = C. (57)
Since
Cry1 = Ay (Cra?), (58)
we deduce that
Cry1 = Ay (I (Cy) 2%) . (59)
By definition of II,;, of C,, and linearity of A, we have
Ay (g (Cr)2®) = > ¢*" P Ay (TI(Pascac)) - (60)
PEP2n

Then, by applying Equality (54) of Proposition 3.2, we obtain

2 0 A (Hlpasax)) = 3 gL 3 gept ). (61)
PEP2n pEPan p' €Dy

Note that for p’ in D, we have

sinv(p’) = sinv(p) + sinv(p’, azn), (62)
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and since Pay, 12 =Upep,, D, we deduce that

Z qsinv(p)H Z qsinv(p',a2n)p/ _ Z qsinv(p’)p/ _ Hq (Cn+1) , (63)

PEP2n p' €D, P’ EPany2

so the theorem is true for n+1.

O
3.3 Another generalization of the ¢-Gandhi polynomials
and a new ¢g-projection
In [HZ99], Han and Zeng define the following generalization of Gandhi polynomials:
1 ifn=0
D, = ’ 64
+(@) {Aq(Dn(x)a:Q) +(y—1)Dp(x)z ifn>1. (64)

They also give some combinatorial interpretations of these polynomials. With our non-commutative
method, we see that the parameter y corresponds to non double fixed point, and another g¢-statistic
arises naturally.

Definition 3.3.1. Let w be a word containing the letters ay,--- , a,. A special non inversion is a pair
(¢,7) such that ¢ < j < k, and w; < w;, where w; = a, and the factor w - -- w;—1 does not contain
the letter ar. We denote by snv(w) the number of special non inversions in w, and by snuv(w, ay) the
number of special non inversions where w; =ay.
Example 15. If w = aga2a6a4a00a6, then snv(w,az) = 0, snv(w,aq) = 1, snv(w,as) = 1, and
snu(w) = 2.

Thanks to this statistic, we have a new g-projection.

Definition 3.3.2. Let n be an integer, and p be a surjective pistol of size 2n. We set

1T, (p) = ¢ 11(p). (65)
In the same way as before, we have the following theorem.
Theorem 3.3.
m, [ Y y™@p | =D, (). (66)
pG'Pzn

The proof is the same as the proof of Theorem 3.1. First, we establish a proposition which relates
the special non inversions with the operator A,. Then, we prove by induction the theorem 3.3.

Proposition 3.4. Let p be a surjective pistol of size 2n, and w be equal to P GooGoo. Let I be the
number of occurrences of the letter as in w. Then:

I(w) =z, (67)
-1 -1 k
A, [ (w)) = . ’H) a1 (68)
=0 \k=1 <Z)q

and

Z qsnv(p/,azn ) H(p/)

p' €D, i

I
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Proof. The first identity comes from the fact that the number of a,, in w is I. Then, we deduce the
second one thanks to (44).

For the third one, we regroup the elements of D,, according to the number of a., and to the value
of snu(. ,az2,). Thus, two surjective pistols p’ and p” are in the same class if and only if they have
same number k of ao, and same value j of snu(.,as,). Since in p’ and p”, the letter ay, is the only
letter greater than as,,, by denoting {nq,--- ,n;} the positions of a., in w, we deduce that the position
of the leftmost as, of p’ and p” is the same and is equal to ix_;41, because [—k is the number of as,
in p’ and p”. Note that if one p’ in D, has [—i— 1 letters equal to a, then the value sinv(p’, as,) is
between 0 and [—i— 1. So,

—-11-1
)IR-ED ) DEEED DI i & (70)
p' €D, =0 k=1 ( p’)EDp
oc(p'an) =1—1—1i

sinv(p’, az,) =k —i

where oc(p’, a) is the number of a, in p’. Let us enumerate one equivalence class. If p’ has [—i —1
maximal letters, and snv(p’, agy,) is equal to k — 4, then the leftmost as, is at the same position n;_y
for all elements of the class.
To the right of the position n;_x, we know that there are k—i letters equal to as, thanks to the
equality
snv (p’yagn) =k — i, (71)

so there are i letters equal to as,. Therefore, this class has (f) elements. By applying II to (70), we
find (69).
O

Let us now prove Theorem 3.3.

Proof. 1t is straightforward that the sequence

D, = Y y"¥illp (72)
PEP2n

satisfies the induction

o[ ifn =0, 73)
mH Aoy, (Dpasoass) + (y — 1)Dpaccas, if n > 1.

Indeed, it is a particular case of the sequence (I'y),>1 with y=1, =y, 2=1, Z=1, and bso =aco. Let
us now prove Theorem 3.3 by induction in n. For n equal to 1, the theorem is true. Assume that is
true for n. So we have:

Since
Dpy1 = Ag (Dya®) + (y — 1) Dy, (75)
we deduce that
Dpy1 = Ay (I (D) 2%) + (y — DIT, (Dy,) . (76)

By definition of H;, of D,,, and linearity of A, we have

Ay (I (D) a®) = > ¢ Py A, (T(paceas)) (77)

PEP2n

14



Then, by applying Equality (69) of Proposition 3.4, we obtain

7 gy A ((pasas)) = Y ¢ @y | N~ gmellazpt ) o (78)

PEP2n PEPan p' €D,
Note that for p’ in D, we have
snu(p’) = snv(p) + snu(p’, azn), (79)

and since Pa,12=Upep,, D, we deduce that

Z g*mP)yndfin(e) 1 Z g Pz p | = Z Z g Py ndfis(e) T (p'y (80)
PEP2n p'€Dp PEP2, p'E€Dp

All surjective pistols in D,, have the same number of non double fixed point as p but p ascasz, which
has one more. Moreover, snv(p GooGan, d2y) 18 equal to zero. Then we have

(y— DI, (D) z=(y—1) > " PI(p axasn). (81)

PEP2n

By adding the right members of (80) and (81), we obtain

Z Z g*m @) yndfis T (p') + (y — 1) Z y DI (p asoagn) = Z g* @) yndfisP)] (p) .

pEP2n p' €Dy PEP2n PEP2n+2
(82)
Since
> gy (p) = 11 (D) (83)
PEP2n42
we deduce the statement for n+1.
O
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