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ABSTRACT. A complete study of an operad NCJJf of noncrossing configurations of chords introduced
in previous work of the author is performed. This operad is defined on the linear span of all
noncrossing Jf-cliques. These are noncrossing configurations of chords with arcs labeled by a unitary
magma Jf. The magmatic product of Jf intervenes for the computation of the operadic composition
of Jf-cliques. We show that this operad is binary, quadratic, and Koszul by considering techniques
coming from rewrite systems on trees. We also compute a presentation for its Koszul dual. Finally,
we explain how NC 7 allows one to obtain alternative constructions of already known operads like
operads of formal fractions and the operad of bicolored noncrossing configurations.
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1" INTRODUCTION

Noncrossing configurations of chords on regular polygons are combinatorial objects appear-
ing in various contexts (see for instance [FN99; CP92; DRS10; PR14]). A simple generalization
of these consists in allowing several colors for the arcs of the configurations. This has been
considered in previous work [Gir20] of the author, where the arcs are labeled by elements of a
unitary magma Jf. More precisely, given a unitary magma Jf, Gy is the set of regular polygons
p where all possible arcs of p are labeled by elements of Jf. When an arc is labeled by the
unit 1 5 of Jf, it is considered as missing, so that the notion of noncrossing configurations
makes sense. More precisely, noncrossing configurations have no diagonals labeled by elements
different from 1 4 crossing another such diagonal. These objects have been named noncrossing
J-cliques and are the main combinatorial objects studied in the present article.

The linear span CJf of all Jf-cliques (by relaxing the noncrossing condition) over any
field of characteristic zero forms an operad with rich algebraic and combinatorial properties,
introduced and studied in [Gir20]. The operad structure added on these objects allows one to
compose two Jf-cliques p and q by gluing a special arc of q (called the base) onto a selected edge
of p. The magmatic product of Jf encodes how to relabel some edges of the resulting Jf-clique.
We showed in this previous work that the subspace NC I of CJf generated by all noncrossing
M-cliques forms a suboperad of CJf. The purpose of the present paper is to perform a complete
study of this operad. A first particularity of NC_Jf motivating this objective is that it has a special
status among all the suboperads of Cff. Indeed, if JI is nontrivial, then CJI is not a binary
operad, and NC ¥ is precisely the biggest binary suboperad of C1.

Let us now give an overview of the main properties of NC_Jf and the main results contained
in this article. First, by considering the dual trees of noncrossing Jf-cliques, we can view each
noncrossing Jf-clique of NCJf as a Schrdder tree (an ordered tree where all internal nodes
have two or more children) with edges labeled by Jf satisfying some conditions. Under this
point of view, NCJY is an operad of such Schroder trees endowed with a composition operation
which is essentially a grafting operation with a relabeling of edges or a contraction of edges.
As a consequence of this alternative combinatorial realization of NCJf, we obtain a formula
for its dimensions involving Narayana numbers [Narb5]. To complete the study of NCJ1, a
natural and important question is to exhibit one of its presentations by generators and relations.
In order to compute the space of relations of NCJf, we use techniques of rewrite systems of
trees [BNO8]. Thus, we define a convergent rewrite rule — and show that the space induced by
— is the space of relations of NC_Jf, leading to a presentation by generators and relations of
NCUJI. As an important consequence, this proves that NC I is always quadratic, regardless of Jf.
The existence of such a convergent orientation of the space of relations of NC_Jf implies also
by [Hof10] that this operad is Koszul.

We also study some structures related with NCJf. This includes the suboperads of NCJf
generated by some finite families of bubbles (the latter being noncrossing Jf-cliques with no
diagonals). Under some conditions on the considered sets of bubbles, we can describe the Hilbert
series of these suboperads of NC I by a system of algebraic equations. We give two examples of
suboperads of NC_Jf generated by some subsets of triangles, including one which is a suboperad
of NCDy (Dy is the multiplicative monoid on {0,1}) isomorphic to the operad Motz of Motzkin
paths defined in [Gir15]. Moreover, since NC Y is a binary and quadratic operad, its Koszul dual
NCJ1' is well-defined [GK94]. We compute its presentation, present an algebraic equation for
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its Hilbert series, give a formula for its dimensions, and establish a combinatorial realization of
NCJ1' as a graded space involving dual Jf-cliques, which are Jf?-cliques with some constraints
for the labels of their arcs.

Furthermore, by selecting appropriate unitary magmas J1, it is possible to provide alternative
constructions of already known operads as suboperads of NC_Jf. We hence construct the operad
NCT of based noncrossing trees [ChaO7; Ler11], the suboperad %, of the operad of formal
fractions &% [CHN16], and the operad of bicolored noncrossing configurations BNC [CG14].
As a consequence of this last construction, all the suboperads of BNC can be obtained from
the construction NC. This includes for example the operad of noncrossing plants [Cha07], the
dipterous operad [LR0O3; Zin12], and the 2-associative operad [LRO6; Zin12].

This text is organized as follows. Section 2 sets our notations about trees, syntax trees,
rewrite rules on trees, free operads, and Koszul duality of operads. In Section 3, we perform the
aforementioned study of the operad NCJf and in Section 4, of NCJ1'. Finally, in Section 5, we
use the construction NC to provide alternative definitions of some known operads.

This paper is an extended version of [Gir17], containing the proofs of the presented results.
It is also a sequel of [Gir20].

GENERAL NOTATIONS AND CONVENTIONS. All the algebraic structures of this article have a field of
characteristic zero K as ground field. For a set S, K(S) denotes the linear span of the elements
of S. For integers a and ¢, [a,c] denotes the set {b € N:a < b < ¢} and [n] is short for the
set [1, n]. The cardinality of a finite set S is denoted by #S. For a set A, A* denotes the set of
finite sequences, called words, of elements of A. For an integer n > 0, A" (resp. A>") is the set
of words on A of length n (resp. at least n). The word of length 0 is the empty word denoted by
€. If u is a word, its letters are indexed from left to right from 1 to its length |u|. For i € [|u|], u;
is the letter of u at position i. If a is a letter and n is a nonnegative integer, a™ denotes the word

consisting in n occurrences of a. For a letter a, |u|, denotes the number of occurrences of a

in u.

2 ELEMENTARY DEFINITIONS AND TOOLS

The main purposes of this section are to provide tools to compute presentations and to prove
Koszulity of operads. For this, it is important to have precise definitions about free operads, trees,
and rewrite rules on trees at hand.

2.4 TREES AND REWRITE RULES

Unless otherwise specified, we use in the sequel the standard terminology (i.e., node, edge,
roof, child, etc.) about ordered trees [Knu97]. For the sake of completeness, we recall the most
important definitions and set our notations.

2.4.4 TRrREEs. Let t be an ordered tree. The arity of a node of t is its number of children. An
internal node (resp. a leaf) of t is a node with a nonzero (resp. null) arity. Internal nodes can be
labeled, that is, each internal node of a tree is associated with an element of a certain set. Given
an internal node x of t, the children of x are by definition totally ordered from left to right and
are thus indexed from 1 to the arity ¢ of x. For i € [¢], the ith subfree of t is the tree rooted at
the ith child of t. Similarly, the leaves of t are totally ordered from left to right and thus are
indexed from 1 to the number of its leaves. In our graphical representations, each ordered tree
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is depicted so that its root is the uppermost node. Since we consider in the sequel only ordered
rooted trees, we shall call these simply frees.

2.4.2. SyNTAX TREES. Let G:=[ |-, G(n) be a graded set. The arity of an element x of G is n
provided that x € G(n). A synfax tree on G is a tree such that its internal nodes of arity n are
labeled by elements of arity n of G. The degree (resp. arity) of a syntax tree is its number of
internal nodes (resp. leaves). For instance, if G := G(2) U G(3) with G(2) := {a,c} and G(3) := {b},

b
T (2.1.1)
/A /N
b a
/ 1\ / \

is a syntax tree on G of degree 5 and arity 8. Its root is labeled by b and has arity 3.

A syntax tree s is a subtree of a syntax tree t if it is possible to fit s at a certain place of ¢, by
possibly superimposing leaves of s and internal nodes of t. In this case, we say that t admifs an
occurrence of (the pattern) s. Conversely, we say that t avoids s if there is no occurrence of s
in t.

2.4.3 REWRITE RULES. Let S be a set of trees. A rewrite rule on S is a binary relation — on S
which has the property that, if s — s’ for two trees s and ', then s and s’ have the same number
of leaves. We say that a tree t is rewritable in one step into t by — if there exist two trees s
and s’ satisfying s — s’ and t has a subtree s such that, by replacing s by s’ in t, we obtain t. We
denote this property by t = t/, so that = is a binary relation on S. If t = t' or if there exists
a sequence of trees (t;,...,tp_1) with k > 1 such that t= t; = --- = t;,_; = t, we say that t is
rewritable by = into t, and we denote this property by t = t. In other words, = is the reflexive
and transitive closure of =. We write - for the reflexive and transitive closure of —, and we
write <& (resp. &) for the reflexive, transitive, and symmetric closure of — (resp. =). The vector
space induced by — is the subspace of the linear span K(S) of all trees of S generated by the
family of all t — ' such that t & ¢,

For instance, let S be the set of trees where internal nodes are labeled by {a,b,c} and
consider the rewrite rule — on S satisfying

O (2.1.2a) NN (2.1.2b)
|

C
/\ a a / \
b a = P /N = a c = /A /N (2.1.3)
SN a b /N /N ¢ a a
c b

a
/N TN /C\ /NN N I\

We shall use the standard terminology (ferminating, normal form, confluent, convergent,
etc.) about rewrite rules [BN98]. Let us recall now the most important definitions. Let — be
a rewrite rule on a set S of trees. We say that — is ferminating if there is no infinite chain
t= 14 = ty = ---. In this case, any tree t of S that cannot be rewritten by — is a normal form
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for —. We say that — is confluent if for any trees t, t1, and vy such that ¢ = 1 and t = ty, there
exists a tree t' such that vy = t and vy = t. If — is both terminating and confluent, then — is
convergent.

2.2 FREE OPERADS AND KOSZUL DUALITY

All notations and conventions about operads come from Section 1.1 of [Gir20].

2.2.4  FREE OPERADS. Let & := (P, &(n) be a graded vector space. In particular, & is a graded
set so that we can consider syntax trees on ®. The free operad over & is the operad Free(®)
wherein, for n > 1, Free(®)(n) is the linear span of the syntax trees on & of arity n. The labeling
of the internal nodes of the trees of Free(®) is linear in the sense that if t is a syntax tree on
& having an internal node labeled by x + Ay € &, A € K, then, in Free(®), we have t = t, + Aty,
where t, (resp. ty) is the tree obtained by labeling by x (resp. y) the considered node labeled by
x + Ay in t. The partial composition s o; t of Free(®) of two syntax trees s and t on & consists in
grafting the root of t on the ith leaf of 5. The unit L of Free(®) is the tree consisting in one leaf.
For instance, by setting ® := K(G) where G is the graded set defined in the previous example,
in Free(®) we have

a a
‘1 | s \ v \
a c a b a b
a e N b 03 /N = / N\ / I\ + / N\ / I\ . (2.2.1)
a+c c c
/ N\ VAR / \ /N /N

/a\ /("\

We denote by ¢ : & — Free(®) the inclusion map, sending any x of & to the corolla labeled
by x, that is, the syntax tree consisting in a single internal node labeled by x attached to a required
number of leaves. In the sequel, if required by the context, we shall implicitly view an element
x of & as the corolla c(x) of Free(®). For instance, given two elements x and y of &, we shall
denote the syntax tree c(x) o; ¢(y) simply by x o; y for all valid integers i.

Free operads satisfy a universality property. Indeed, Free(®) is the unique operad (up to
isomorphism) such that for an operad O and a linear map f : & — O respecting the arities, there
exists a unique operad morphism ¢ : Free(®) — O such that f = ¢ oc.

2.2.2 EVALUATIONS AND TREELIKE EXPRESSIONS. Let us first fix a notation. If O is an operad, the
complete composition map of O is the linear map

0:0n)®0my)®---®0(my,) - Omy +--- + my), (2.2.2)
defined, for x € O(n) and y4,...,y, € O, by
xo[¥1,...,¥n] = (...((x on ¥n) On—1 ¥n-1)...) 01 ¥1. (2.2.3)

For an operad O, by viewing O as a graded vector space, Free(O) is by definition the free
operad on O. The evaluation map of O is the linear map

ev: Free(O) — 0, (2.2.4)
defined recursively, for any syntax tree t on O, by
1€0, ift=1,
ev({) = ! (225)
xolev(t),...,ev(tg)], otherwise,
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where x is the label of the root of t and t4, ..., t; are, from left to right, the subtrees of t. This
map is the unique surjective operad morphism from Free(O) to O satisfying ev(c(x)) = x for all
x € O. If S is a subspace of O, a treelike expression on S of x € O is a tree t of Free(O) such that
ev(t) = x and all internal nodes of t are labeled by S.

2.2.3 PRESENTATIONS BY GENERATORS AND RELATIONS. Let G := |_|,121 G(n) be a graded set.
Setting & := K(G), we denote the operad ideal of Free(&) generated by the subspace R of Free(®)
by (7). Given an operad O, the pair (G, ) is a presentation of O if O is isomorphic to Free(®)/ ).
In this case, we call & the space of generators and R the space of relations of 0. We say that
O is quadratic if there is a presentation (G, ) of O such that %R is a homogeneous subspace of
Free(®) consisting in syntax trees of degree 2. Furthermore, we say that O is binary if there
is a presentation (G, fR) of O such that & is concentrated in arity 2. Furthermore, if O admits a
presentation (G,fR) and — is a rewrite rule on Free(®) such that the space induced by — is R,
we say that — is an orientation of fA.

2.2.4  KoszuL DUALITY AND KoszuLiTy. In [GK94], Ginzburg and Kapranov extended the notion
of Koszul duality of quadratic associative algebras to quadratic operads. Starting with an operad
O admitting a binary and quadratic presentation (G, fR) where G is finite, the Koszul dual of O
is the operad ', isomorphic to the operad admitting the presentation (G,%*) where RR* is the
annihilator of R in Free(®), & being the space K(G), with respect to the bilinear map

(=, =) : Free(®)(3) ® Free(6)(3) - K (2.2.6)

defined, for all x,x’,y,y’ € &(2), by

Il
.
Il

1, ifx=x',y =y, and i
=29, (2.2.7)

Il
—~
Il

(xojy,x'opy)yi=4-1, ifx=x,y=y, and i

0, otherwise.

Then, with knowledge of a presentation of O, one can compute a presentation of O'.

Recall that a quadratic operad O is Koszul if its Koszul complex is acyclic [GK94; LV12].
Furthermore, if O is Koszul and admits an Hilbert series, then the Hilbert series of O and of its
Koszul dual O are related [GK94] by

FCo (~FCor(—1)) = L. (2.2.8)

Relation (2.2.8) can be either used to prove that an operad is not Koszul (this is the case when
the coefficients of the hypothetical Hilbert series of the Koszul dual admit coefficients that are
not nonnegative integers) or to compute the Hilbert series of the Koszul dual of a Koszul operad.

Here, to prove the Koszulity of an operad O, we shall make use of a tool introduced by
Dotsenko and Khoroshkin [DK10] in the context of Grobner bases for operads, which in our
context can be reformulated in the following way by using rewrite rules.

» Lemma 2.2.1 — Let O be an operad admitting a quadratic presentation (G,R). If there
exists an orientation — of R such that — is a convergent rewrite rule, then O is Koszul.

If — satisfies the conditions contained in the statement of Lemma 2.2.1, then the set of normal
forms of — forms a basis of O, called Poincaré-Birkhoff-Witt basis. These bases arise from the
work of Hoffbeck [Hof10] (see also [LV12]).
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2.2.5 ALGEBRAS OVER OPERADS. An operad O encodes a category of algebras whose objects are
called O-algebras. An O-algebra Ay is a vector space endowed with a linear left action

-1 0(n) @ AG" = Ao, n>1, (2.2.9)

satisfying the relations imposed by the structure of O, which are

(x Oi ,V) . (ai Qe ®an+m—1)
=x-(@® - RA4QY- (AR - RAjtm-1) ®Aiym @+ @ Anym-1), (2.2.10)

forallx € O(n), y € Om),i €[n], and a1 @ --- @ Apym-1 € ﬂg“m_i.
Notice that, by (2.2.10), if G is a generating set of O, it is enough to define the action of each
x € Gon ﬂ,g]xl to wholly define .. In other words, any element x of O of arity n plays the role of
a linear operation
x: AG" - Ao, (2.2.11)

taking n elements of Ay as inputs and computing an element of Ay. By a slight but convenient
abuse of notation, for x € O(n), we shall write x(a,...,an), or a; x ay if x has arity 2, for the
element x - (a1 ®---®@ay) of A, for any a1 ®---®@a, € AG". Observe that by (2.2.10) an associative
element of O gives rise to an associative operation on Ajg.

3 OPERADS OF NONCROSSING DECORATED CLIQUES

We use all the notations and definitions of Sections 1.2 and 2 of [Gir20] about decorated
Ji-cliques and the Jf-clique operad C.Jf. We perform here a complete study of the suboperad
CrogJI of noncrossing Ji-cliques defined in Section 3.1.3 of the aforementioned paper. For
simplicity, this operad is denoted in the sequel as NCJf and called the noncrossing Ji-clique
operad. The process which produces from a unitary magma Jf the operad NCZ is called the
noncrossing clique construction.

3-4  GENERAL PROPERTIES

As shown in [Gir20], NCJf is an operad defined on the linear span of all noncrossing
Ji-cliques and can be seen as a suboperad of CJf restrained on Jf-cliques with 0 as crossing
number. By definition of NC X, the partial composition p o; g of two noncrossing Jf-cliques p and
q in NCJX is equal to the partial composition p o; ¢ in Cf. Recall that the partial composition
p o; q is the noncrossing Jf-clique obtained by gluing the base of q onto the ith edge of p and by
relabeling the common arcs between p and g, respectively the arcs (i,i + 1) and (1, m + 1), by
pi * qo, where * is the magmatic product of Jf. For instance, in CZ, we have

/')_2_\
N \\ ______ ,” \\'
\—2\1}‘; o b - 5/1 /Ll : (3.4.4)
1\/ S |/3 | .\/ ;2’7!
____ N

We call fundamental basis of NCJL the fundamental basis of CJf restricted to noncrossing
Ji-cliques. Observe that the fundamental basis of NC I is a set-operad basis.

To study NC L, we begin by establishing the fact that NC_§f inherits some properties of C 1.
Then we shall describe a realization of NCJZ in terms of decorated Schrdder trees, compute a
minimal generating set of NCJf, and compute its dimensions.
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3.4.4  FIRST PROPERTIES.

» Proposition 3.1.1 — Let Jf be a unitary magma. Then,
(i) the associative elements of NC I are the ones of CJL;

(ii) the group of symmetries of NCJf contains the map ref (defined by (2.2.14) in [Gir20])
and all the maps CO where 0 are unitary magma automorphisms of Ji;

(iii) the fundamental basis of NCJI is a basic set-operad basis if and only if M1 is right
cancelable;

(iv) the map p (defined by (2.2.16) in [Gir20]) is a rotation map of NCJf endowing it with a
cyclic operad structure.

<« Proof — First, since NCJJ is a suboperad of Cf, each associative element of NC L is an
associative element of C L. Moreover, since all Jf-bubbles are in NCJf and, as shown in [Gir20],
all associative elements of CJf are linear combinations of Jf-bubbles, each associative element
of Cf belongs to NC 7. This shows (i). Moreover, since for any noncrossing Jf-clique p, ref(p)
(resp. p(p)) is still noncrossing and ref belongs to the group of symmetries of Cf (resp. p is
a rotation map of CJ1), (ii) (resp. (iv)) holds. Finally, again since NC % is a suboperad of C.,
since the fundamental basis of CJf is a basic set-operad basis, and since NCJ£(2) = C£(2), (iii)
holds. |

3.4.2 TREELIKE EXPRESSIONS ON BUBBLES. Let p be a noncrossing Jf-clique of arity n > 2,
and (x,y) be a diagonal or the base of p. Let {z,...,z,} be the set of vertices of p such that
x =2 <---<zp=yandforany i c [k — 1], z;;1 is the greatest vertex of p such that (z;, z;.1)
is a solid diagonal or a (not necessarily solid) edge of p. The area of p adjacent to (x,y) is the
Ji-bubble g of arity k whose base is labeled by p(x,y) and q; = p(z;, ;1) for all i € [k]. From
a geometric point of view, q is the unique maximal component of p adjacent to the arc (x,y),
without solid diagonals, and bounded by solid diagonals or edges of p. For instance, for the
noncrossing Z-clique

LO=3—a
,\\\ 1 \2
1

]
\\1) , (3.1.2)

\ )
N /
1 e
N — 1 —

!

7
pi={

4

the path associated with the diagonal (4,9) of p is (4,5,6,8,9). For this reason, the area of p
adjacent to (4,9) is the Z-bubble

(3.1.3)

» Proposition 3.1.2 — Let Jf be a unitary magma and p be a noncrossing Ji-clique of arity
greater than 1. Then there is a unique Jf-bubble q with a maximal arity k > 2 such that
p=gqolv,...,rx], where each v;, i € [k], is a noncrossing Ji-clique with a base labeled by 1 .

<« Proof — Let ¢’ be the area of p adjacent to its base and k' be the arity of ¢'. By definition of
the partial composition of NC %, for all #f-cliques u, 1/, uy, and uy, if u = u' o; uy = v’ o; uy and wy
and uy have bases labeled by 1 j, then 1y = uy. This implies in particular that there are unique
noncrossing Jf-cliques v}, i € [k'], with bases labeled by 1 5 such that p = q' o [¢},...,t},]. Finally,
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the fact that ¢’ is the area of p adjacent to its base implies the maximality for the arity of ¢’. The
statement of the proposition follows. |

Consider the linear map

bt : NCUL — Free (K{(%B 4)) (3.1.4)

defined recursively by bt(e--¢) :=_1 and, for a noncrossing J#f-clique p of arity greater than 1, by
bt(p) := c(q) o [bt(ty), ..., bt(tg)], (3.1.5)

where p = qo[ty,...,tx] is the unique decomposition of p stated in Proposition 3.1.2. We call bt(p)

the bubble tree of p. For instance, in NCZ,

p—3—a -1-
R Tl - 7 \
)
it \\ = /AN a7\ (516
s \ i 4 5%
1\_1 s

N

\

/\___/\

» Lemma 3.1.3 — Let Jf be a unitary magma. For a noncrossing JMi-clique p, bt(p) is a
treelike expression on By of p.

< Proof — We proceed by induction on the arity n of p. If n = 1, since p = -0 and bt(e--0) =1,
the statement of the lemma immediately follows. Otherwise, we have bt(p) = c(q)o[bt(t1), ..., bt(ty)]
where p uniquely decomposes as p = qo[ty, ..., tx] under the conditions stated by Proposition 3.1.2.

By definition of area and of the map bt, q is an Jf-bubble. Moreover, by induction hypothesis,
any bt(v;), i € [k], is a treelike expression on 9By of v;. Hence, bt(p) is a treelike expression on
g\;ﬂl of p. [ |

» Proposition 3.1.4 — Let JI be a unitary magma. Then the map bt is injective and the
image of bt is the linear span of all syntax trees t on 9By such that

(i) the root of t is labeled by an #f-bubble;
(ii) the internal nodes of t different from the root are labeled by Jf-bubbles whose bases
are labeled by 1 g;
(iii) if x and y are two internal nodes of t such that y is the ith child of x, the ith edge of
the bubble labeling x is solid.

<« Proof — First of all, since by definition bt sends a basis element of NC I to a basis element
of Free (K(9B)), it is sufficient to show that bt is injective as a map from B y to the set of syntax
trees on 9By to establish that it is an injective linear map. For this, we proceed by induction on
the arity n. If n = 1, since bt(e--0) =1 and NCUL(1) is of dimension 1, bt is injective. Assume now
that p and p’ are two noncrossing Jf-cliques of arity n such that bt(p) = bt(p’). Hence, p (resp. p’)
uniquely decomposes as p = qo[ry,...,tx] (resp. p’ = q o[r},...,t}]) as stated by Proposition 3.1.2
and

bt(p) = c(q) o [bt(ty),...,bt(rg)] = cl(q’) o [bt(t’l),...,bt(t}z)] = bt(p’). (3.1.7)

|_ 9/38 2024-02-02 10:05 _|



|_ § Realization Operads of decorated cliques II S. Giraudo —l

Now, because by definition of area, all bases of the t; and t}, i € [k], are labeled by 1 j, this implies
that q = q'. Therefore, we have bt(r;) = bt(t}) for all i € [k], so that, by induction hypothesis, v; = t;
for all i € [k]. Hence, bt is injective.

The definition of bt together with Proposition 3.1.2 leads to the fact that, for a noncrossing
Ji-clique p, the syntax tree bt(p) satisfies (i), (ii), and (iii). Conversely, let t be a syntax tree
satisfying (i), (ii), and (iii). We show by structural induction on t that there is a noncrossing
Ji-clique p such that bt(p) = t. If t =1, the property holds because bt(o--0) = 1. Otherwise, we
have t = s o [uy,...,u] where s is a syntax tree of degree 1 and the u;, i € [k], are syntax trees.
Since t satisfies (i), (ii), and (iii), the trees s and w;, i € [k], satisfy the same three properties.
Therefore, by induction hypothesis, there are noncrossing Jf-cliques q and t;, i € [k], such that
bt(q) = 5 and bt(r;) = u;. Now define p as the noncrossing Jf-clique qo [ty,..., ). By definition
of the map bt and the unique decomposition stated in Proposition 3.1.2 for p, one obtains that
bt(p) = t. [

Observe that bt is not an operad morphism. Indeed,

£ \ =bt<,_"_\_‘>olbt<,_"_\_‘>. (3.1.8)

Observe that (3.1.8) holds for all unitary magmas Jf since 1 j is always idempotent.

3.4.3 REALIZATION IN TERMS OF DECORATED SCHRODER TREES. Recall that a Schréder tree is a
tree such that all internal nodes have at least two children. An Ji-Schréder tree t is a Schroder
tree such that each edge connecting two internal nodes is labeled by Jjf, each edge connecting
an internal node and a leaf is labeled by Jf, and the outgoing edge from the root of t is labeled
by J1 (see (3.1.9) for an example of a Z-Schroder tree).

From the description of the image of the map bt provided by Proposition 3.1.4, any bubble
tree t of a noncrossing Jf-clique p of arity n can be encoded by an Jf-Schroder tree s with
n leaves. Indeed, this Jf-Schroder tree is obtained by considering each internal node x of
t and by labeling the edge connecting x and its ith child by the label of the ith edge of the
Ji-bubble labeling x. The outgoing edge from the root of s is labeled by the label of the base of
the Jf-bubble labeling the root of t. For instance, the bubble tree of (3.1.6) is encoded by the
Z-Schroder tree

/1;??2/\ | p§>o\ , (5.0.9)
A

where the labels of the edges are placed in their centers and where unlabeled edges are implicitly
labeled by 1 5. We shall use these drawing conventions in the sequel. As a side remark, observe
that the J7-Schroder tree encoding a noncrossing #f-clique p and the dual tree of p (in the usual
meaning) have the same underlying unlabeled tree.

This encoding of noncrossing Jf-cliques by bubble trees is reversible, and hence one can
interpret NCJI as an operad on the linear span of all #f-Schroder trees. Hence, through this
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interpretation, if s and t are two Jf-Schrdoder trees and i is a valid integer, the tree s o; t is
computed by grafting the root of t to the ith leaf of s. Then, by writing b for the label of the edge
adjacent to the root of t and a for the label of the edge adjacent to the ith leaf of s, we have two
cases to consider, depending on the value of ¢ := a xb. If ¢ # 1 y4, we label the edge connecting
s and t by c. Otherwise, if ¢ = 1 4, we contract the edge connecting s and t by merging the root
of t and the direct ancestor of the ith leaf of s (see Figure 1). For instance, in NCN3, we have the

I
b
Sl
b
4y e t
i

(A) The expression so; t to compute. The
displayed leaf is the ith one of s.

T

c) The resulting tree if

B) The resulting tree if axb=14g.
axb 7J= 1.

FIGURE 1. The partial composition of NCJf realized on Jf-Schrdder trees. Here, the two cases (b)
and (c) for the computation of s o; t are shown, where s and t are two Jf-Schréder trees. In these
drawings, the triangles denote subtrees.

two partial compositions

fié\}w/&i =f?1/;’\>“, (3.1.10a)
s g

X i 1 1
1”;\: o3 f\i = f/A (3.1.10b)
1 1
:/?:J |:f2¢\:| fgh : p)
In the sequel, we shall indifferently view NC_Jf as an operad on noncrossing Jf-cliques or

on JI-Schroder trees.

3.4.4  MINIMAL GENERATING SET.
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» Proposition 3.1.5 — Let JI be a unitary magma. The set I y of all Ji-triangles is a
minimal generating set of NC 1.

< Proof — We start by showing by induction on the arity that the suboperad (NC1)7 % of NCf
generated by Iy is NC L. This is immediately true in arity 1. Let p be a noncrossing Jf-clique
of arity n > 2. Proposition 3.1.2 says in particular that we can express p as p = qo[ty,...,Tg]
where q is an Jf-bubble of arity k > 2 and the v;, i € [k], are noncrossing Jf-cliques. Since q is
an Ji-bubble, it can be expressed as

A

A A A
= ,/ 9% 0f /dk-104+++0q4 , G5 O4 d1 d2 . 3.1.11
q ’ 2 1 3 1 1 K 3 1 / < ( )

{qo— VAN A AR

Observe that, in (3.1.11), brackets are not necessary since o, is associative. Since k > 2, the arities
of each v;, i € [k], are smaller than the one of p. For this reason, by induction hypothesis, each t;
belongs to (NCJ%)7#. Moreover, since (3.1.11) shows an expression of q by partial compositions
of Ji-triangles, q also belongs to (NC )7 #. This implies that this is also the case for p. Hence,
NCUJ1 is generated by I y.

Finally, due to the fact that the partial composition of two Jf-triangles is an Jf-clique of arity
3, if p is an Jf-triangle, p cannot be expressed as a partial composition of Jf-triangles. Moreover,
since the space NCJL(1) is trivial, these arguments imply that F 4 is a minimal generating set
of NCL. |

Proposition 3.1.5 also says that NC_Jf is the smallest suboperad of Cf that contains all
M-triangles and that NC ¥ is the biggest binary suboperad of CJ1.

3.4.5 DIMENSIONS. We now use the notion of bubble trees introduced in Section 3.1.2 to compute
the dimensions of NCJJL.

» Proposition 3.1.6 — Let Jf be a finite unitary magma. The Hilbert series Fnc y(t) of NC L
satisfies

t+ (m® —2m? + 2m — 1) £ + (2m?*t — 3mt + 2t — 1) Fnc g (t) + (m — 1) Fonc e (t)® = 0, (3.1.12)
where m := # 1.

< Proof — By Proposition 3.1.4, the set of noncrossing Jf-cliques is in one-to-one correspondence
with the set of syntax trees on 9B that satisfy (i), (ii), and (iii). We call T(t) the generating series
of these trees and S(t) the generating series of these trees with the extra condition that the roots
are labeled by Jf-bubbles whose bases are labeled by 1 4. Immediately from its description, S(t)
satisfies

S(t)=t+Y ((m—1)S(t) + )", (3.1.13)
n>2
and T(t) satisfies
T(t) = t + m(S(t) — t). (3.1.14)
As the set of noncrossing Jf-cliques forms the fundamental basis of NC 1, we have F(yc g (t) =
T(t). We eventually obtain (3.1.12) from (3.1.13) and (3.1.14) by a direct computation. [

From Proposition 3.1.6, we deduce that the Hilbert series of NCf satisfies

1 —(2m? —=3m + 2)t — /1 — 2(2m2 — m)t + m2¢2
2(m —1)

Fincu(t) = , (3.1.15)

where m := #J1 + 1.
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By using Narayana numbers, whose definition is recalled in Section 3.1.6 of [Gir20], we can
state the following result.

» Proposition 3.1.7 — Let Jf be a finite unitary magma. For all n > 2,

dim NCJ£(n) = Z m" Y (m — 1)""*~2 nar(n, k), (3.1.16)
0Kk -2

where m := # 1.

< Proof — As shown by Proposition 3.1.4, each noncrossing Jf-clique p of NCJf(n) can be
encoded by a unique syntax tree bt(p) on B satisfying some conditions. Moreover, Proposi-
tion 3.1.5 shows that a noncrossing Jf-clique can be expressed (not necessarily in a unique way)
as partial compositions of several Jf-triangles. By combining these two results, we obtain that a
noncrossing Jf-clique p can be encoded by a syntax tree on Iy obtained from bt(p) by replacing
each of its nodes s of arity ¢ > 3 by left comb binary syntax trees s’ on I 4 satisfying

&= c(q) orc (q?) op - op ¢ (1), (3.1.17)

where the q', i € [¢ — 1], are the unique Jf-triangles such that, for every i € [2,¢ — 1], the base of
q' is labeled by 1 j, for every j € [¢ — 2], the first edge of ¢/ is labeled by 1 5, and ev(s’) = ev(s).
Observe that, in (3.1.17), brackets are not necessary since o is associative. Therefore, p can be
encoded in a unique way as a binary syntax tree t on I j; satisfying the following restrictions:

(i) the Jf-triangles labeling the internal nodes of t which are not the root have bases labeled by
L s

(ii) if x and y are two internal nodes of t such that y is the right child of x, the second edge of
the bubble labeling x is solid.

To establish (3.1.16), since the set of noncrossing #f-cliques forms the fundamental basis of
NC U, we now have to count these binary trees. Consider a binary tree t of arity n > 2 with
exactly k € [0, n — 2] internal nodes having an internal node as a left child. There are m ways
to label the base of the JJf-triangle labeling the root of {, m* ways to label the first edges of the
M -triangles labeling the internal nodes of t that have an internal node as left child, m™ ways to
label the first (resp. second) edges of the Jf-triangles labeling the internal nodes of t having a
leaf as left (resp. right) child, and, since there are exactly n — k — 2 internal nodes of t having
an internal node as a right child, there are (m — 1)"¥~2 ways to label the second edges of the
Ji-triangles labeling these internal nodes. Now, since nar(n, k) counts the binary trees with n
leaves and exactly k internal nodes having an internal node as a left child, and a binary tree
with n leaves can have at most n — 2 internal nodes having an internal node as left child, (3.1.16)
follows. |

We can use Proposition 3.1.7 to compute the first dimensions of NCJf. For instance,
depending on m := # ., we have the following sequences of dimensions:

1,1,1,1,1,1,1,1, m=1, (3.1.18a)

1,8, 48, 352, 2880, 25216, 231168, 21908438, m=2, (3.1.18b)

1,27, 405, 7533, 156735, 349263, 81520425, 1967414265, m =3, (3.1.18¢)
1,64,1792, 62464, 2437120, 101859328, 4459528192, 201889939456. m = 4, (3.1.18d)

The second one forms, except for the first terms, Sequence A054726 of [Slo]. The last two
sequences are not listed in [Slo] at this time.
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3.2  PRESENTATION AND KOSZULITY

The aim of this section is to establish a presentation by generators and relations of NC 1.
For this, we will define an adequate rewrite rule on the set of syntax trees on Iy and prove that
it admits the required properties.

3.2.4  SPACE OF RELATIONS. Let Riyc y; be the subspace of Free (K(T 4)) (3) generated by the
elements

N JA VAN N .
— T =
(:</P1P2\>o1(:<21 qi\) c</1p2\>oic</iltqi\>, 1fp1*q0 ti*to#]lM, (3.2.16)

_po_

N /\ VAN N .
c</p1m\>oic</q1q2\>—c</‘11tz\>02c</qzm\>, if prrxqo=toxtg =14, (3.2.1b)
—Po— —do— —Po— — o —
N\ AN AN N .
Cc | b1 P2 OpC | 919z —C | Pt ™ ogpC | 9t 92 |, if P2 *x o = tg x ¥ 7& 1y, (3.2.1C)
Lpo £ qo L po Lo

where p, q, and ¢ are Jf-triangles.

» Lemma 3.2.1 — Let JI be a unitary magma, and s and t be two syntax trees of arity 3 on
I 5. Then s — t belongs to Rncy if and only if ev(s) = ev(t).

<« Proof — Assume first that s — t belongs to Rnc - Then s —t is a linear combination of elements
of the form (3.2.1a), (3.2.1b), and (3.2.1c). Now, observe that, if p, q, and v are three Jf-triangles,

(a) if §:=p1*xqo =t1 *xtg + 1 4, we have

A A | [ N A
ev(c| Pth2 Jojc| a1 a = a1 5/102 =ev( c| vp Jogc| g a , (3.2.2)
£ poX Lo |Zp0_| Lo Lo

(b) if p1 xqo = to *to = 1 g, we have

A A [ [ A A
ev <c PPz Jogc| a2 > =a p=ev(c| M jojc| 2P > , (3.2.3)
Lpo L g0 | | ~po— Lo

(c) if 6 :=paxqo = to *to + 1 4, we have

JAN A | | VAN A
ev<c<mm>02c a1 gz >=P1\6 @ =ev|c P1t2>02c<q1q2> . (3.2.4)
£ po L g0 |_p0>| Lo L

This shows that all evaluations in NC 1 of (3.2.1a), (3.2.1b), and (3.2.1¢c) are equal to zero. Therefore,
ev(s — t) = 0, and hence we have ev(s) — ev(t) = 0 and, as expected, ev(s) = ev(t).

We now assume that ev(s) = ev(t) and let v := ev(s). As s is of arity 3, v also is of arity 3 and
thus,

—Po— l—Po— —Po—

Now, by definition of the partial composition of NCJ1, if v has the form of the first (resp. second,
third) noncrossing Jf-clique appearing in (3.2.5), s and t are of the form of the first and second
syntax trees of (3.2.1a) (resp. (3.2.1b), (3.2.1¢c)). Hence, in all cases, s — t is in Ryc_y.- [

A - o .
te {qf & pe, At b2, bt 5\q|2:p,qeq\%,6€ﬂ£}. (3.2.5)

» Proposition 3.2.2 — Let Jf be a finite unitary magma. Then the dimension of the space
Runeyy satisfies
dim Ryeyr = 2m° — 2m°® + m?, (3.2.6)

where m := # 1.
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< Proof — For x € J1, let f(x) be the number of ordered pairs (y, z) € J£? such that x = y  z.
Since Jf is finite, f : Jf — N is a well-defined map.

Let = be the equivalence relation on the set of syntax trees on Iy of arity 3 satisfying s = t
if 5 and t are two such syntax trees satisfying ev(s) = ev(t). Let also C be the set of noncrossing
Ji-cliques of arity 3. For v € C, we denote the set of syntax trees s satisfying ev(s) = t by [t]-.
Proposition 3.1.5 says in particular that any v € C can be obtained by a partial composition of
two Jf-triangles, and hence all [t]- are nonempty sets and thus, are =-equivalence classes.

Moreover, by Lemma 3.2.1, for syntax trees s and t, we have s = t if and only if s — t is in
Rnec.- For this reason, the dimension of Rnc g is linked with the cardinalities of all =-equivalence
classes by

dim Qe = Y | (#[x]= —1). (3.2.7)
teC

We now compute (3.2.7) by enumerating each =-equivalence class [t]-.

Observe that, since t is of arity 3, it can be of three different forms according to the presence
of a solid diagonal.

(a) If

t=a 6/132 (3.2.8)
/. )

for some po, P2, q1,q2 € S and 6 € S, to have s € [t]=, we necessarily have

5=C</T;;pf\>oic</i{,:qi\> (3.2.9)
where p1,q0 € M and py * qo = 6. Hence, #[t]= = f(6).
(b) If
%]
t=a1 P (3.2.10)

_po_

for some pg, p2, q1,qo € M, to have s € [t]-, we necessarily have

/\ N\ /\ N\
scic| mpr Josc < a1 9z ) ,el 912 Jogc | 92 p2 > (3.2.11)
£ po £ g0 £ po £ to\

where p1, qo,to,t2 € S, p1 xqo = 15, and v *xtg = 1 . Hence, #[t]= = 2f(1 y).

(c) Otherwise,

T = p:j\ag:g (3.2.12)

—Po
for some po, p1,q1,q2 € S and § € J1, and to have s € [t]=, we necessarily have
/\ /\
s=c <21p:2\> og C </Tq0qi\> (3.2.13)
where po, qo € S and ps * qo = 6. Hence, #[t]= = f(6).
Therefore, by using the fact that
Y f8) = m?, (3.2.14)

seL
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from (3.2.7) we obtain

dim®Bnes = Y, (6 -1+ >, @fllm-1)+ Y., (fl6-1)

Po.p2.q1,92€ 5L Po.p2,a1,92€ L Po.p1,q1,92€ 5L
set set
(3.2.15)
—m* | 2 (f(6) — 1) + 2f (1) —1
6EJ%
=2m% - 2m°® + m*,
establishing the statement of the proposition. |

Observe that, by Proposition 3.2.2, the dimension of Ryc y; only depends on the cardinality
of Jf and not on its operation =.

3.2.2 REWRITE RULE. Let — be the rewrite rule on the set of syntax trees on I j; satisfying

VAN A JAN .
I <Zip0pf\> oic</q1 q2\> —C </6 P2\> 01c</q1/\q2\>, if qo + 14, where §:=p; xqo, (3.2.16a)

~ g0 ~po=

A N AN A . _
C </Tp0pi\> o1 C <21q:li\> —C <Zip0l‘> 09 C </:12__Pf\> ’ if pP1Lxqo = 1y, (3.2.16b)
A A N A . .
c <Zipopi\> ogcC </quqf\> —c </Tpoé_\> ogcC <Zu“qi\> , if qo # 155, where 6 := py xqo, (3.2.16¢)

where p and q are Jf-triangles.

» Lemma 3.2.3 — Let Jf be a unitary magma. Then the vector space induced by the rewrite
rule — is Rncy.

<« Proof — Let s and t be two syntax trees on 9 j5 such that s —»t. We have three cases to
consider depending on the form of s and t.
(a) if 5 (resp. t) is of the form described by the left (resp. right) side of (3.2.16a), we have

—‘127|
ev(s) = q|1/<s P2 = ev(t), (3.2.17)

po—
where 6 := py * qo.
(b) If s (resp. t) is of the form described by the left (resp. right) side of (3.2.16b), we have
—a
ev(s) = a1 p = ev(t). (3.2.18)

_po_

(c) Otherwise, s (resp. t) is of the form described by the left (resp. right) side of (3.2.16c). We
have

ev(s) = p1 5_a = ev(t), (3.2.19)

where 6 := ps * qo.
Therefore, by Lemma 3.2.1 we have s — t € Ryc y; for each case. This leads to the fact that s & t
implies s — t € Ryc.y, and shows that the space induced by — is a subspace of Ryc. .

We now assume that s and t are two syntax trees on J 5 such that s — t is a generator of
Rner among (3.2.1a), (3.2.1b), and (3.2.1¢).
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(a) If 5 (resp. t) is of the form described by the left (resp. right) side of (3.2.1a), we have by (3.2.16a),

VAN N\ /\ N\
s5c( 6P Jojc| al and tSc( &b Jojc| aiw |, (3.2.20)
L po AR Lpo {--X

where 6 := p1 * qp and & := t1 * rp. Since by (3.2.1a), we have § = &', we obtain that s St

(b) If s (resp. t) is of the form described by the left (resp. right) side of (3.2.1b), we have by (3.2.16b)
and by (3.2.16¢),

AN N\ /AN AN
s—oc| 9 Jogc | g pe and tS5c( ai Jogc | awe ). (3.2.21)
£ po £_23 £ po2 {_-2X

We obtain that s & t.
(c) Otherwise, s (resp. t) is of the form described by the left (resp. right) side of (3.2.1c). We have

by (3.2.16¢),
* /\ A " /\, A
§-¢C </fip0‘s_\> ogC </q1“qi\> and t—c </§11306—\> ogcC </qi__qf\> ) (3.2.22)

where & := py x qg and &' := ty x tg. Since by (3.2.1¢c), § = &, we obtain that s & .

Hence, for each case, we have s < t. This shows that Ryc g is a subspace of the space induced
by —. The statement of the lemma follows. [ |

» Lemma 3.2.4 — For a unitary magma Ji, the rewrite rule — is terminating.

< Proof — Writing T, for the set of syntax trees on I j of arity n, let ¢ : T, — N? be the map
defined in the following way. For a syntax tree t of T,, ¢(t) := (a, B), where « is the sum of the
number of internal nodes in the left subtree of x taken over all internal nodes x of t, and B is
the number of internal nodes of t labeled by an Jf-triangle whose base is not labeled by 1 4.
Let s and t be two syntax trees of Ts such that s — t. Due to the definition of —, we have three
configurations to explore. In what follows, n: #f — N is the map satisfying n(a) :=0ifa = 1 4
and n(a) := 1 otherwise.

(a) If s (resp. t) is of the form described by the left (resp. right) side of (3.2.16a), writing < for
the lexicographic order on N?, we have

(e () ore () = o+
>ttt = (e ( 1 Jore (7% ) ).
where 6 := py * qo.

(b) If 5 (resp. t) is of the form described by the left (resp. right) side of (3.2.16b), we have
/\ /\
6 ((pl ) ore (5% ) ) = tnteo + ntau)

£ po - — Ao
> (0,n(po)) = ¢ <C <21;0_> o2 ¢ </q2/\m\>> '

(c) Otherwise, s (resp. t) is of the form described by the left (resp. right) side of (3.2.16c). We

have
N\ /\
¢ <c <Z;O"f\> opC <giq0qf\ >> = (0, nlpo) + 1)

> (0,(po)) = & <° </”p‘5\> o2 </°'/\q\>> ’
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where 6 := py * qo.

Therefore, for all syntax trees s and t such that s — t, ¢(s) > ¢(t). This implies that, for all syntax
trees s and t such that s + t and s->t, we have ¢(s) > ¢(t). Since (0,0) is the smallest element of
N? with respect to the lexicographic order <, the statement of the lemma follows. |

» Lemma 3.2.5 — Let JI be a unitary magma. The set of normal forms of the rewrite rule
— is the set of syntax trees t on I y such that, for any internal nodes x and y of t where y is
a child of x,

(i) the base of the Ji-triangle labeling y is labeled by 1 y;
(ii) if y is a left child of x, the first edge of the JMi-triangle labeling x is not labeled by 1 y.

<« Proof — By Lemma 3.2.4, — is terminating. Therefore, — admits normal forms, which are by
definition the syntax trees on I 4 that cannot be rewritten by —.

Let t be a normal form of —. The fact that t satisfies (i) is an immediate consequence of the
fact that t avoids the patterns appearing as left sides of (3.2.16a) and (3.2.16¢). Moreover, since t
avoids the patterns appearing as left sides of (3.2.16b), one cannot have p; x qo = 1 4, where p
(resp. q) is the label of x (resp. y). Since by (i), we have qo = 1 4, we necessarily get p; + 1 4.
Hence, t satisfies (ii).

Conversely, if t is a syntax tree on Iy satisfying (i) and (ii), a direct inspection shows that
one cannot rewrite t by —. Therefore, t is a normal form of —. [ |

» Lemma 3.2.6 — Let JI be a finite unitary magma. The generating series of the normal
forms of the rewrite rule — is the Hilbert series $(yc 1) of NCJL.

<« Proof — First, since by Lemma 3.2.4, — is terminating, and since for n > 1, due to the finiteness
of Jf, there are finitely many syntax trees on I y of arity n, the generating series T(t) of the
normal forms of — is well-defined.

Let S(t) be the generating series of the normal forms of — such that the bases of the
Ji-triangles labeling the roots are labeled by 1 . From the description of the normal forms of
— provided by Lemma 3.2.5, we obtain that S(t) satisfies

S(t) = t + mtS(t) + (m — 1)mS(t)%. (3.2.26)
Again by Lemma 3.2.5, we have
T(t) =t + m(S(t) — t). (3.2.27)
A direct computation shows that T(t) satisfies the algebraic equation
t+ (m®-2m? + 2m — 1)  + (2m*t — 3mt + 2t — 1) T(t) + (m — 1) T(t)* = 0. (3.2.28)
Hence, by Proposition 3.1.6, we observe that T(t) = Fnc (- [ |

» Lemma 3.2.7 — For a finite unitary magma i, the rewrite rule — is confluent.

<« Proof — Arguing by contradiction, assume that — is not confluent. Since by Lemma 3.2.4,
— is terminating, there is an integer n > 1 and two normal forms t and t' of — of arity n such
that t # ¢ and t & t. Now, Lemma 3.2.1 together with Lemma 3.2.3 implies that ev(t) = ev(t). By
Proposition 3.1.5, the map ev : Free (K(J 4 )) —» NCJUX is surjective, leading to the fact that the
number of normal forms of — of arity n is greater than the number of noncrossing Jf-cliques
of arity n. However, by Lemma 3.2.6, there are as many normal forms of — of arity n as
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noncrossing Jf-cliques of arity n. This leads to a contradiction and proves the statement of the
lemma. |

3.2.3 PRESENTATION AND KoszuLiTv. The results of Sections 3.2.1 and 3.2.2 are finally used here
to provide a presentation of NCf and prove that NC_Jf is a Koszul operad.

» Theorem 3.2.8 — Let JI be a finite unitary magma. Then NCJI admits the presenta-
tion (T, Rnc)-

<« Proof — First, since by Lemmas 3.2.4 and 3.2.7, — is a convergent rewrite rule, and since
by Lemma 3.2.3, the space induced by — is Rnc.y, we can regard the underlying space of the
quotient operad

O := Free (K< qﬂ[» /<fRNC.,’tZ> (3.2.29)
as the linear span of all normal forms of —. Moreover, as a consequence of Lemma 3.2.1, the
linear map ¢ : O — NCUf defined for any normal form t of — by ¢(t) := ev(t) is an operad
morphism. Now, by Proposition 3.1.5, ¢ is surjective. Moreover, by Lemma 3.2.6, the dimensions
of the spaces O(n), n > 1 are the ones of NCZ(n). Hence, ¢ is an operad isomorphism and the
statement of the theorem follows. |

We use Theorem 3.2.8 to express the presentations of the operads NCNy; and NCDy, where
Ny is the cyclic monoid Z/2Z and Dy is the multiplicative monoid on {0,1}. The operad NCN; is
generated by

"N VA "\ /\ Ay VA A\ /\
e , AN AN , ’ AY 1 AY ’, 1 1 1 X :
qNQ KA /1 N 1\r /1 1\, /’_ _\\; / _\\, ,/_ NN (3230)
AP S A ! A N AN 1 1 1 1
and these generators satisfies only the nontrivial relations
N\ /\ /\ /\
/by o biby = 1 bs o4 by by, a,by, by, bz € Ny, (3.2.316)
Lad T Lay Loy
N VAN " N N N\ A\ A
1 bs o biby = ,bs 0of byby = b1 '\ 09 bybs = by 1 09 b bs, a,by, by, bs € Ny, (3.2.311))
L a2 L1 a2 £__3 { g VA £ a\ AR
VAl /\ /\ /\
by '\ 09 babs = by 1 09 by bs, a, by, by, bz € No. (3.2.31c)
[ a—y VAP [ a2 -3

On the other hand, the operad NCD), is generated by

a A A A KaN A% A A
Tp, = ,’\,0\,,'0,00,,\,/0\,,0\,/00\}, (3.2.32)
VS N AR N A W AN WY 0= d—0—> d—0— [0
and these generators satisfies only the nontrivial relations
A\ N\ /\ N\ N\ N\
“b biby = 0b biby = 0b
/La_S\ [e2] /_10_?\ /E 3\ o1 /_10_2\ /_Oa_s\ o1 /E)j__bf\' a,bi, b2, b3 S ]D)O, (3.2.333)
A\ N\ N /\
,/ bs 04 by by = by ' 09 by bs, a,by, by, bz € Dy, (3.2.33b)
g VAR g {__X
N /\ /\ /\ \ N\
by %y 09 babs = by 0 o9 babs = by 0 09 by bz, a, by, by, bz € Dy. (3.2.33c)
Lay “dood  Lad Lo Lad 4o

» Theorem 3.2.9 — For a finite unitary magma 1, NCJf is Koszul and the set of normal
forms of — forms a Poincaré-Birkhoff-Witt basis of NC 1.

<« Proof — By Lemma 3.2.3 and Theorem 3.2.8, the rewrite rule — is an orientation of the space
of relations Ryc yy of NC L. Moreover, by Lemmas 3.2.4 and 3.2.7, this rewrite rule is convergent.
Therefore, by Lemma 2.2.1, NC ¥ is Koszul. Finally, the set of normal forms of — described by
Lemma 3.2.5 is, by definition, a Poincaré-Birkhoff-Witt basis of NC 1. |
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3-3 | SUBOPERADS GENERATED BY BUBBLES

In this section, we consider suboperads of NC I generated by finite sets of JJf-bubbles. We
assume here that Jf is endowed with an arbitrary total order so that JI = {xg,xy,...} with
xo = 1 4.

If p is an Jl-clique, the border of p is the word bor(p) of length n such that, for i € [n], we
have bor(p); = p;.

3.3:4 | TREELIKE EXPRESSIONS ON BUBBLES. Let B and E be two subsets of Jf. We write %?f
for the set of Jf-bubbles p such that the bases of p are labeled by B and all edges of p are
labeled by E. Moreover, we say that Jf is (E, B)-quasi-injective if for all x,x’ € E and y,y’ € B,
xxy=x"xy £ 1 impliesx =x"andy =y’

» Lemma 3.3.1 — Let Jf be a unitary magma, and B and E be two subsets of 1. If W1 is
(E, B)-quasi-injective, then any Jf-clique admits at most one treelike expression on %ﬁf of
minimal degree.

<« Proof — Assume that p is an Jf-clique admitting a treelike expression on %?f . This implies
that the base of p is labeled by B, all solid diagonals of p are labeled by B x E, and all edges of p
are labeled by E. By Proposition 3.1.2 and Lemma 3.1.3, the tree t := bt(p) is a treelike expression
of p on B of minimal degree. Now, observe that t is not necessarily a syntax tree on %%E
as required since some of its internal nodes may be labeled by bubbles that do not belong to
%ﬁf. Since Jf is (E, B)-quasi-injective, there is a unique way to relabel the internal nodes of t
by bubbles of %ﬁf to obtain a syntax tree on %3’;9 such that ev(t) = ev(t). By construction, t'

satisfies the properties of the statement of the lemma. |
3-3-2 DIMENSIONS. Let G be a set of Jf-bubbles and E := {£&,,&,,,... } be a set of noncommu-
tative variables. Given x; € Jf, let By, be the series of N((E)) defined by
By, (€ &)= Y ] & (3.3.1)
pe®G,  iellpl]
pFo- -

where B9, is the set of Jf-bubbles that can be obtained by partial compositions of elements
of G. Observe from (3.3.1) that a noncommutative monomial u € £>* appears in B,, with 1 as
coefficient if and only if there is an Jf-bubble with a base labeled by x; and with u as border in
the suboperad of NC I generated by G.

Moreover, for x; € J, let the series F,, of N((t)) defined by

Fy(f) := By, <t + Fy ()t + Fy (1), .. ) , (3.3.2)
where, for x; € Jf,
Fr(t)i= Y Fylt). (3.3.3)
xje
xi*xj#1L g

» Proposition 3.3.2 — Let Jf be a unitary magma and G be a finite set of Ji-bubbles such
that, writing B (resp. E) for the set of labels of the bases (resp. edges) of the elements of G, 41 is
(E, B)-quasi-injective. Then, the Hilbert series $(c g (t) of the suboperad of NCJf generated
by G satisfies

Foncane(t) = t+ Y Frlt), (3.3.4)

xi€M
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< Proof — By Lemma 3.3.1, an Jf-lique of (NCJZ)® admits exactly one treelike expression
on Ji-bubbles of (NCJ)® of minimal degree. For this reason, and as a consequence of the
definition (3.3.3) of the series Fy,(f), x; € Ji, the series Fy,(t) is the generating series of all
M-cliques of (NC1)C different from o -- and with a base labeled by x; € Jf. Therefore, the
expression (3.3.4) for the Hilbert series of (NC1)€ follows. [

As a side remark, Proposition 3.3.2 can be proved by using the notion of bubble decomposi-
tions of operads developed in [CG14]. This result provides a practical method to compute the
dimensions of some suboperads (NC£)¢ of NCf by describing the series (3.3.1) of the bubbles
of %ff,[ If G satisfies the requirement of Proposition 3.3.2, this result also implies that the Hilbert
series of (NCJ1)C is algebraic.

3.3-3 FIRST EXAMPLE : A CUBIC SUBOPERAD. Consider the suboperad of NCE, generated by

AN AN
R VARVANS (55

Computer experiments show that the generators of (NCE,)® do not satisfy any nontrivial quadratic
relation and that they satisfy the only four nontrivial cubic relations

A A A A A A

S og| Seog e )= /e op| /€ 09 /0|, (3.3.6a)
'_el_\ '_el_\ '_el_\ '_e1_\ '_eQ_\ '—61—\

A A A laN A laN
/oo <,,' ¢ op / e2\> ) <,/' e oy / 92\> , (3.3.6b)
—€1— —€1 — —€n = —e1 — —€9— —€o—

A A A A A A

S og | Seog S )= & op( & 0y e ), (3.3.6¢)
/_eQ_ '—91— '—91— /_e2_ /_eZ_ I—ei—

laN laN "\ \ \ \

S og| Seog S )= & 0| &0y S ). (3.3.6d)
{_ep e {—eg {—eg - —ep— ey —

Hence, (NCE,)€ is not a quadratic operad. Moreover, it is possible to prove that this operad
does not admit any other nontrivial relations between its generators. This can be performed
by defining a rewrite rule on the syntax trees on G, consisting in rewriting the left patterns
of (3.3.6a), (3.3.6b), (3.3.6¢), and (3.3.6d) into their respective right patterns, and by checking that
this rewrite rule admits the required properties (like the ones establishing the presentation of
NCJZ by Theorem 3.2.8). The existence of this nonquadratic operad shows that NCf contains
nonquadratic suboperads even if it is quadratic.

One can prove by induction on the arity that the set of bubbles of (NCE,)€ is the set By LI By
where B; (resp. By) is the set of bubbles whose bases are labeled by e (resp. e;) and the border
is Tey (resp. 1eyp), or 111*ey, or 111*es. Hence, we obtain

B]l (gﬂ: E:ei ’ geg) = Ol (3.3.76)
Bei (‘fﬂ' éei' geQ) = 1 fﬂgﬂ (gei + s]lgez) = Beg (Sﬂl€621561) ’ (337]3)
Moreover, one can check that G satisfies the conditions required by Proposition 3.3.2. We hence

have
Pﬂ(t) = Fe1(t) + Feg(t)' (3383) Fei(t) = F]l(t) = Pez(t)' (338]3)

and

Fi(t) =0, (3.3.9a)
Fe,(f) = Be,(t + Fe,(t) + Fe,(t), t, t) = Be,(t + Fe,(t) + Fo,(t), t, t) = Fe,(t), (3.3.9b)
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By Proposition 3.3.2, the Hilbert series of (NCE,)C satisfies

Flncry)e(t) = t + Fr(t) + Fe, (t) + Fe,(t) = t + 2F, (1), (3.3.10)
and, by a straightforward computation, we obtain that this series satisfies the algebraic equation
t+ (t — 1)FCnery)e (t) + (2t + 1)Fner,e (1) = 0. (3.3.11)

The first dimensions of (NCE,)€ are
1,2,8,36,180, 956, 5300, 30316, (3.3.12)

and form Sequence A129148 of [Slo].

3.3-4 SECOND EXAMPLE : A SUBOPERAD OF MOTZzKIN PATHS. Consider the suboperad of NCD,

generated by
Ay —0—
G:= «[ SN :}. (3.3.13)

4 __

Computer experiments show that the generators of (NCD)C® satisfy the only four nontrivial
quadratic relations

N\ "\ N\ N

SN0 SN = N o SN, (3.3.143)
I____\ I____\ I____\ I____\

—0— —0—
T T IS R T T
i (o1 S = N 02 s (3.3.14Db)
I I y SR C y SR I I

—0— — (0 —

Mol =1 top (3.3.04c)
’ \ 1, T 92 N RN
I____\ 1 1 1 1 I____\
70— 70— 70— 70—
I 101, D= 1 93 i (3.3.14d)
1 1 1 1 1 1

It is possible to prove that this operad does not admit any other nontrivial relations between its
generators. This can be performed by defining a rewrite rule on the syntax trees on G, consisting
in rewriting the left patterns of (3.3.14a), (3.3.14b), (3.3.14c), and (3.3.14d) into their respective
right patterns, and by checking that this rewrite rule admits the required properties (like the
ones establishing the presentation of NCf by Theorem 3.2.8).

One can prove by induction on the arity that the set of bubbles of (NCI),)€ is the set of bubbles
whose bases are labeled by 1 and borders are words of {1,0}>? such that each occurrence of 0
has a 1 immediately to its left and a 1 immediately to its right. Hence, we obtain

Ba (&, &0l = m £ =&, (5315q) Bo (&1, &) = 0. (33.15b)
Moreover, one can check that G satisfies the conditions required by Proposition 3.3.2. We hence
have

Fy(t) = Folt), (3.3.16a) Fo(t) = Fy(t) + Folt), (3.3.16b)
and
Fu(t) = By (t, t + Fy(t)), (3.3.17a) Fo(t) = 0. (3.3.17b)

By Proposition 3.3.2, the Hilbert series of (NCIDy)€ satisfies
Flinepge(t) = t + Fo(t), (3.3.18)
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and, by a straightforward computation, we obtain that this series satisfies the algebraic equation
t+ (t = 1)FCnenoe (t) + tFCnepoe(t)? = 0. (3.3.19)

The first dimensions of (NCIDy)€ are
1,1,2,4,9,21,51,127, (3.3.20)

and form Sequence A001006 of [Slo]. The operad (NCDy)® has the same presentation by
generators and relations (and thus, the same Hilbert series) as the operad Motz defined in [Gir15],
involving Motzkin paths. Hence, (NCID)¢ and Motz are two isomorphic operads. Note in passing
that these two operads are not isomorphic to the operad MotDy constructed in Section 3.2.4
of [Gir20] and involving Motzkin configurations. Indeed, the sequence of the dimensions of this
last operad is a shifted version of the one of (NCDy)® and Motz.

34 ALGEBRAS OVER THE NONCROSSING CLIQUE OPERADS

We begin by briefly describing NC Jf-algebras in terms of relations between their operations
and the free NC Jf-algebras over one generator. We continue this section by providing two ways
to construct (not necessarily free) NC ff-algebras. The first one takes as input an associative
algebra endowed with endofunctions satisfying some conditions, and the second one takes as
input a monoid.

344 RELATIONS. From the presentation of NCJf established by Theorem 3.2.8, any NCJ1-
algebra is a vector space A endowed with binary linear operations

E;A(fi TAQA A, peTy, (3.4.1)
satisfying, for all a, as, as € A, the relations
<a1 Z'Qf'i a2> fﬁ’ﬁ asz = <a1 21213 a2> foi asz, if pyxqo =11 %voF Ly, (3.4.2a)
<a1 Z“:f'i a2> Zl:fi as = a1 Zﬁ‘i (a2 22:}”; ‘13) , ifprrgo =t =1y, (3.4.2b)
a7y (aQ A, ‘13) —ar <a2 v as) . ifpaxgo=raxro £ Ly, (3.4.2¢)

where p, q, and v are Ji-triangles. Observe that Jf has to be finite because Theorem 3.2.8
requires this property as premise.

3-4-2 FREE ALGEBRAS OVER ONE GENERATOR. From the realization of NCf coming from its
definition as a suboperad of C 1, the free NCf-algebra over one generator is the linear span
NCJZ of all noncrossing Jf-cliques endowed with the linear operations

yiv :NCUE(n) @ NCJI(m) - NCH(n +m),  pe T ynm>1, (3.43)

defined, for noncrossing Jf-cliques q and ¢, by
AN /\
q Zl,,(fi ti= <£1 Opf\ 09 t> 01 . (3.4.4)
In terms of Jf-Schroder trees (see Section 3.1.3), (3.4.4) is the #I-Schroder tree obtained by
grafting the Jf-Schroder trees of q and t respectively as left and right children of a binary corolla

having its edge adjacent to the root labeled by py, its first edge labeled by p4 * qo, and second edge

p
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labeled by ps + vy, and by contracting each of these two edges when labeled by 1 j5. For instance,
in the free NCN3z-algebra, we have

™q . (3.4.5a)

)
AN AR o N ~ . (3.4.5b)

Al .y = E/f a, (3.4.5¢)
o /ﬂh '{z/g N %

P
AE N Lo /1(2 b T n?ﬁ } :}E\u (o454
f1 Y 1 2
b4y

343 NC.I-ALGEBRAS FROM ASSOCIATIVE ALGEBRAS. Let A be an associative algebra with asso-
ciative product denoted by ®, and

Wyt A = A, x e M, (3.4.6)

be a family of linear maps, not necessarily associative algebra morphisms, indexed by the
elements of J1. We say that A together with this family (3.4.6) of maps is Jf-compatible if

wy, =Idg (3.4.7)
where 1d 4 is the identity map on A, and
Wy © Wy = Wy, (3.4.8)

for all x,y € Jf. We now use Jf-compatible associative algebras to construct NC _Jf-algebras.

» Theorem 3.4.1 — Let JI be a finite unitary magma and A be an Jf-compatible associative
algebra. The vector space A endowed with the binary linear operations

AN
A T AQA - A, PET g, (3.4.9)
defined for each Ji-triangle p and ay,as € A by
AN
ay Zipopi Ay i= Wy, (Wp, (1) © wy, (az)), (3.4.10)
is an NCf-algebra.

< Proof — We prove that the operations (3.4.9) satisfy Relations (3.4.2a), (3.4.2b), and (3.4.2¢c) of
NCJf-algebras. Since Jf is finite, this amounts to showing that these operations endow A with
an NCUf-algebra structure. For this, let aj, as, and as be three elements of A, and p, q, and ¢ be
three Jf-triangles.
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(@) If p1 xqo = v1 xtg # 1y, then, since by (3.4.8) we have wy, 0 wy, = Wy, © W, we obtain
AN AN
(ai Ziq(?i a2> zip(:]i az = wCIo (wa( ) © wCIz (G-Q)) P1 p2 as

= wpo(wm (wqo (wm (al) O] Wy, ((12))) © Wy, (a3))

(3.4.11)
wpo(wm (wto (wa ((11) © qu(a2)>> © Wy, (a3))

N\ N\
(a1 22 a2) zi s
Hence (3.4.2a) holds.

(b) If p1 x qo = tg xvg = 1y, then, since by (3.4.7) we have w,, 0 w4, = W, © W, = Id 4 and since ©
is associative, we get

A A
(al Mo a2> ZL[:’QA as = Wy, wm(al) © wqg(GQ)) p1 pz 2 as

Lo (
= wpo((“)m (wqo (wfh (ai) © Wq, ((12)))) © wy, (a3))
= wp, (wg, (1) © wg,(az) © wy,(az)) (5.412)
= wpo(wm( ) (wQQ ((12) © Wy, (a3)))
= Wy, (wch (al) © Wy, (wt()(wCIz (aQ) © Wy, ((13))))
AN
—ay g (a5 9 as).
Hence (3.4.2b) holds.
(c) If poxqo = tg *tg # 1 g, then, since by (3.4.8) we have w,, 0 wg, = W, © Wy, we obtain
AN AN AN
ay 12 (az oo as) = ay P17 wg,(wg, (az) © wg, (as))
= wpo(wm (ai) O] wPQ (wqo ((‘)Cu ((12) © wqg (QS)))) (3413)
= Wy, (W, (a1) © W, (W (wg, (a2) © wg,(as))))
/\t AN
-y (ae g as)
Hence (3.4.2c) holds.
Consequently, A is an NC_/f-algebra. |

By Theorem 3.4.1, A has the structure of an NC _Jf-algebra. Hence, there is a left action - of
the operad NC I on the tensor algebra of A of the form

i NCJE(n) ® A" > A, n>=1, (3.4.14)

whose definition comes from the ones of the operations (3.4.9) and Relation (2.2.10). We describe
here an algorithm to compute the action of an element of NC_Jf of arity n on tensors a4 ®---®ap
of A®", First, if b is an Jf-bubble of arity n,

bl ® - ®@an) =we, | | | we (@) ], (3.4.15)

ic[n]

where the product of (3.4.15) denotes the iterated version of the associative product ® of A. If p
is a noncrossing Jf-clique of arity n, then p acts recursively on a1 ® - - - ® a,, as follows. We have

p-ag =aq (3.4.16)
if p =o-9, and
prla1®---Qay) =b- (( (a1 R ® a[m)) ®--® (tk . (a]t1|+...+\tk71|+1 Q- an))) , (3.4.17)
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where, by setting t as the bubble tree bt(p) of p (see Section 3.1.2), b and 4, ..., v, are the unique
Jf-bubble and noncrossing Jf-cliques such that t = c(b) o [bt(ty),..., bt(tg)].

Here are a few examples of the construction provided by Theorem 3.4.1.
Noncommutative polynomials and selected concatenation: Let us consider the unitary magma
S¢ of the subsets of [£] with the union as product. Let A := {a;:j € [€]} be an alphabet of non-
commutative letters. On the associative algebra K(A) of polynomials on A, we define the linear
maps

ws : K(A) - K(A), S eSS, (3.4.18)

as follows. For u € A* and S € Sy, we set

(3.4.19)

() u, if jul, =>1foralljecs,
wsu) =
0, otherwise.

Since, for all u € A* wg(u) = u and (ws o wg)(u) = wsys(u), and @ is the unit of Sy, we obtain
from Theorem 3.4.1 that the operations (3.4.9) endow K(A) with an NCS-algebra structure. For
instance, with ¢ := 3 we have

/\
(ay + ayaz + asay) Z{U {Q}L (1 + az + agaq) = ayasasay, (3.4.20a)
2,3}
/\
(ay + ayaz + asay) Zi} ﬂl (1 + az + agaq) = 2 a1as + a1asas + a1azdgdy. (3.4.20b)

{1.3}
Moreover, to compute the action

BC)
# R
) /-(f®f®f®f®f®f®f®f), (3.4.21)

\
RV

where f := a; + as + as, we use the above algorithm and (3.4.15) and (3.4.17). By presenting the

computation on the bubble tree of the noncrossing Ss-clique of (3.4.21), we obtain

1
(a1 + ag + az)ayazasaiaz(aias + azai)
1

(a1 +as + as)a1aasa10s  (qq + ay + az)?
) ey ]
3 SN (3.4.22)

f// ;/ \\f f f
S / \

\ AN
(1} {2} @)~
/2000 \
/ N\ / N\
f f f f
/ \ / \

so that (3.4.21) is equal to the polynomial (a; + as + az)ajasasaas(ajas + asay).
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Noncommutative polynomials and constant term product: Let us now consider the unitary
magma Dy. Let A := {ay,ay,...} be an infinite alphabet of noncommutative letters. On the
associative algebra K(A) of polynomials on A, we define the linear maps

w1, W - K<A> — K<A>, (3423)
as follows. For u € A*, we set wy(u) := u, and
1, ifu=e¢,
wolu) = ! (3.4.24)
0, otherwise.

In other terms, wy(f) is the constant term, denoted by f(0), of the polynomial f € K(A). Since wq
is the identity map on K(A) and, for all u € A*,

(wo 0 wo)(f) = (£(0))(0) = £(0) = wo(f), (3.4.25)

we obtain from Theorem 3.4.1 that the operations (3.4.9) endow K(A) with an NCDy-algebra
structure. For instance, for all polynomials f; and fy of K(A), we have

fi L1 fo = fifo, (3.4.26a) fu 071 fo = £1(0) fo, (3.4.26c)
fi X1 fo = (f1£2)(0) = 1(0) £2(0),  (5.4.26b) fi X0 fo = f1 (f(0)). (3.4.26d)

If £1(0) = 1 = f»(0), we obtain from (3.4.26¢c) and (3.4.26d) that
fi (2?& + gfg) fo = f1(0) fo + f1 (f2(0)) = f1 + fo. (3.4.27)

344 NCUI-ALGEBRAS FROM MONOIDS. If Jf is a monoid, with binary associative operation
and unit 1 5, we write K(J1*) for the space of all noncommutative polynomials on J%, viewed as
an alphabet, with coefficients in K. This space can be endowed with an NC_/f-algebra structure
as follows.

For x € Jf and a word w = wy ... wyy,| € JI¥, let
X W= (X xwy)...(X* W) (3.4.28)

This operation x* is linearly extended on the right to K(J7*).

» Proposition 3.4.2 — Let Jf be a finite monoid. The vector space K({J1*) endowed with the
binary linear operations

rim K(IE) @ K(IT) - K(IT),  pe Ty, (3.4.29)
defined for each Ji-triangle p and fi, fo € K(JL*) by

f1 21‘:'3 fo = po* ((p1 * f1) (p2*f2)), (3.4.30)
is an NCf-algebra.

<« Proof — This follows from Theorem 3.4.1 as a particular case of the general construction
it provides. Indeed, K(Jf*) is an associative algebra for the concatenation product of words.
Moreover, by defining linear maps w, : K{J1*) — K(JL*), x € S, by wy(u) := x * u for a word
u € JI*, we obtain, since Jf is a monoid, that this family of maps satisfies (3.4.7) and (3.4.8). Now,
since the definition (3.4.30) is the specialization of the definition (3.4.10) in this particular case,
the statement of the proposition follows. |

Here are a few examples of the construction provided by Proposition 3.4.2.
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Words and double shifted concatenation: Consider the monoid Ny := Z/,z for an ¢ > 1. By
Proposition 3.4.2, the operations (3.4.29) endow K (Nj) with the structure of an NCNy-algebra.
For instance, in K (N}) we have

N\
20
L4

0211 312 = 3100023. (3.4.31)

Words and erasing concatenation: Consider here the monoid D, for an ¢ > 0 defined in [Gir20].
By Proposition 3.4.2, the operations (3.4.29) endow K(D}) with the structure of an NCD-algebra.
For instance, for all words u and v of D}, we have

u v =uv, (3.4.32) u 2y = o+, (3.4.30¢)
u Lt v = (v, (3.4.32b) u 49 v = ug, v, (3.4.32d)

where, for a word w of Dj and an element d; of Dy, j € [{], wy; is the word obtained from w by
replacing each occurrence of 1 by d; and each occurrence of d;, i € [€], by 0.

4 KOszuL DUAL

Since, by Theorem 3.2.8, the operad NCJI is binary and quadratic, this operad admits a
Koszul dual NC_Jf'. We end the study of NCJ{ by collecting the main properties of NC.Jf'.

4.4 | PRESENTATION

Let R! be the subspace of Free (K(T 4)) (3) generated by the elements
NC.J1

A A P
Z c| ptp2 Joyc| ara |, Po, P2, q1, g2 € M, S € JL, (4.1.1a)
L po L a0
P1,90€ M
p1*qo=56
A AN A A
Z c| PtbPe Joyc| ara —C( a1t p1 opC | 92 b2 ) Po, P2, 91,92 € I, (4.1.1b)
L po £ go- £ po £ g0
p1,q0€ I
prxqo=1 5
A A =
Z c| ptp2 Joge | aras |, Po,P1,q1, G0 € M, S € JL, (41.1¢)
Lpo £ g0
p2,qo€ I
Paxqo=6

where p and q are Jf-triangles.

» Proposition 4.1.1 — Let Jf be a finite unitary magma. Then the Koszul dual NCJ1' of
NCJL admits the presentation (T s, Ryc y)-

<« Proof — Let

fi=) Mt (4.1.2)

teTs
be a generic element of R{ ;,, where Ts is the set of all syntax trees on Ty of arity 3 and the
A are coefficients of K. By definition of Koszul duality of operads, (r,f) = 0 for all r € Rnc.,

where (—, —) is the scalar product defined in (2.2.7). Then, since Rnc is the subspace of
Free (K(T 4)) (3) generated by (3.2.1a), (3.2.1b), and (3.2.1c), we have
* P1/\Pz q1/\q2 — ti/\PQ Cll/\qz - 0’ Pixo =t xto # ]IAM’ (4'1.36)
N o) N Lo N o) N L
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P Y ) a0 Yo a0 ) T T
¢ 1 P2 |ojc| 9t g2 c| 91 v2 Jouc| 92 P2
VA VA VAR e

)»( A ) ( A )—)L( A ) ( A >= , Po*xqo =toxty + 1y, (4.1.3c)
c| Pt P2 |oge 91 92 c[ Pt ©2 |ose /q1 qz

Lo ) 7\ Lo

where p, g, and v are Jf-triangles. This implies that f is of the form

= 1) Z A A
f= Z )Lpolmm'qg,é C Z;(in\ o1¢C /cu qz\

1

rpxtg =1y, (4.1.3Db)

Po.p2,q1,92€ 5L p1.qo€SL 0
set Pi*CI0=5
Y e 3o (e[ i i’y i/
1 o] 1 2 —_ 1 1 O 2 P2
Po.p2.1.0 ) PO R TN A ) 29\ LA (41.4)
Po.p2,q1,92€ L p1,qo€IL
pixqo=14
(3) Z N\ . /\
+ Z )"PO,PLCM‘CIQ,(S ¢ /Tp;j\ 02 ¢ /quqi\ ’
Po.P1.91,92€ L p2.qoESL
seJt paxqo=6
where, for Jf-triangles p and q and 6 € J%, the Al A2 and A" are coefficients
’ q ’ Po.P2.q1,90,6” 7P0,P2,q1,927 P1,P0,91,92,6

of K. Therefore, f belongs to the space generated by (4.1.1a), (4.1.1b), and (4.1.1¢). Finally, since
the coefficients of each of these relations satisfy (4.1.3a), (4.1.3b), and (4.1.3c), the statement of the
proposition follows. [ |

We use Proposition 4.1.1 to express the presentations of the operads NCN!2 and NC]D)!O. The
operad NCN!2 is generated by

n N laN N " N laN N\
= s . ’ s, |
g’NQ ‘[ ,/ \\ ’ /1 \\ y /, 1\ ’ /1 1\ ;o Ny N \’ \ } ) (41.5)
ey Ly e L D D D g
and these generators satisfy only the nontrivial relations
7AN /\ N\ N\
,/ by of biby 4+ 1 bs 0o by by =0, a,by, by, bz € Ny, (4.1.6a)
a2 /1 [ a= {2
A A R R R A AR A
17bs 0 biby 4+ ,/bs 04 byby, = by ', 09 bybs + bi 1 0y by bs, a,by, by, bz € Ny,  (4.1.6Db)
/ \ VAT ¢ \ / \ / \ / \ / \ VA
—a— 1 —a— -—— = —a— - === —a— 1
N /\ /\ VAN
by *, 09 babs + b1 1 09 by bs =0, a, by, by, bz € No. (4.1.6(1)
[ a {1 L) {23

On the other hand, the operad NCD)}, is generated by

"N VA "\ /\ Ay VA A\ /\
e , AN AN , 7 N 0 AY ’ O O O 1.
Tp, { A oy Loy d o Lo } ’ (51.7)
and these generators satisfies only the nontrivial relations
N\ /\ /\ N /\ N\
S bz of biby + 0 bs o4 biby + 0 bs o1 by by =0, a, by, by, bz € Dy, (4.1.86)
1 1 1 1, 02,03 0
Lay d0d  Lay o dod  La Lo
A\ N\ N /\
,/ bs 04 by by = by ' 09 by bs, a,by, by, bz € Dy, (4.1.81))
g VAR {_q— {__X
N /\ /\ N\ \ /\
by Y, 0g babs + by 0 0y babs 4+ by 0 09 by by =0, a, by, by, bz € Dy. (4.1.8¢)
Lay Tdo)  dad LoD Lad TL-Z3

» Proposition 4.1.2 — Let JI be a finite unitary magma. Then the dimension of the space
Ricy is given by
dim Ry 4 = 2m° — m?, (4.1.9)

where m = # 1.
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<« Proof — To compute the dimension of the space of relations Ry 4, of NCJI', we consider
the presentation of NCJf' provided by Proposition 4.1.1. Consider the space R; generated by
the family consisting in the elements (4.1.1a). Since this family is linearly independent and each
of its element is totally specified by a tuple (po, p2, q1, g2, 8) € S* x Jf, we obtain

dim 9%y = m*(m —1). (4.1.10)

For the same reason, the dimension of the space fis generated by the elements (4.1.1c) satisfies
dim Rz = dimR;. Now, let R, be the space generated by the elements (4.1.1b). Since this family
is linearly independent and each of its elements is totally specified by a tuple (po, p2, g1, qo) € L%,
we obtain

dim 9, = m*. (4.1.11)

Therefore, since
Rucs = Rt &Ny & R, (4.1.12)
we obtain the stated formula (4.1.9) by summing the dimensions of Ry, Ry, and Rs. [ |

Observe that, by Propositions 3.2.2 and 4.1.2, we have
dim Rne g + dim Rl 4 = 2m® — 2m° + m* + 2m°® — m*
=2m° (4.1.13)
= dim Free (K(T 4)) (3),
as expected by Koszul duality, where m := # 1.

4.2 HILBERT SERIES AND DIMENSIONS

An algebraic equation for the Hilbert series of NCJf' is described and a formula involving
Narayana numbers to compute its coefficients is provided.

» Proposition 4.2.1 — Let Jf be a finite unitary magma. The Hilbert series $Cyc g (t) of
NCU1' satisfies

t+(m - 1) + (2m*t —3mt + 2t — 1) Fye g (t) + (M3 — 2m? + 2m — 1) Fyc e (t)* = 0, (4.2.1)
where m := # 1.

< Proof — Let G(t) be the generating series such that G(—t) satisfies (4.2.1). Therefore, G(t)
satisfies

~t+ (m - 1) + (-2m?t + 3mt - 2t — 1) G(t) + (m®* - 2m* + 2m - 1) G(t)* = 0, (4.2.2)
and, by solving (4.2.2) as a quadratic equation where t is the unknown, we obtain

1+ 2m? —3m + 2)G(t) — /1 + 2(2m2 — m)G(t) + m2G(t)?

t 1) (4.2.3)
Moreover, by Proposition 3.1.6 and (3.1.15), by setting F(t) := $(nc_g(—t), we have
2 _ — 2 _ 2 2
FIG(f)) = 1+ (2m? - 3m + 2)G(t) — /1 + 2(2m2 — m)G(t) + m2G(t) _t (42.4)

2(m —1)
showing that F(t) and G(t) are the inverses of each other for series composition.

Now, since by Theorem 3.2.9, NC J{ is a Koszul operad, the Hilbert series of NC /£ and NC 1’
satisfy (2.2.8). Therefore, (4.2.4) implies that the Hilbert series of NCJ1' is the series $(yc j (),
satisfying the stated relation (4.2.1). [ |
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From Proposition 4.2.1 we deduce that the Hilbert series of NC_Jf' satisfies
1 —(2m? —3m + 2)t — /1 — 2(2m3 — 2m? + m)t + m2¢?

Fncun (t) = o(m? — 2m? + 2m —1) , (4.2.5)
where m := #J1 + 1.
» Proposition 4.2.2 — Let JI be a finite unitary magma. For all n > 2,
dimNC 1! (n) = Z m™ ! m(m - 1) + 1)¥m(m —1))* %2 nar(n, k). (4.2.6)

0<k<n—2

<« Proof — The proof consists in enumerating dual Jf-cliques, introduced in the upcoming
Section 4.3. Indeed, by Proposition 4.3.1, dim NC J£'(n) is equal to the number of dual Jf-cliques
of arity n. The expression for dim NC_Jf'(n) claimed by (4.2.6) can be proved by using similar
arguments as the ones intervening in the proof of Proposition 3.1.7 for the expression (3.1.16) of
dim NC 1 (n). [

We can use Proposition 4.2.2 to compute the first dimensions of NCf'. For instance,
depending on m := # 1, we have the following sequences of dimensions:

1,1,1,1,1,1,1,1, m=1, (4.2.7a)
1,8,80,992, 13760, 204416, 3180800, 51176960, m =2, (4.2.7b)
1,27,1053, 51273, 2795715, 163318599, 9994719033, 632496651597, m =3, (4.2.7¢)
1, 64,6400, 799744, 111923200, 16782082048, 2636161024000, 428208345579520, m = 4.
(4.2.7d)

The second one is Sequence A234596 of [Slo]. The last two sequences are not listed in [Slo] at
this time. It is worthwhile to observe that the dimensions of NCJf' for #.Jf = 2 are the ones of
the operad BNC of bicolored noncrossing configurations (see Section 5.2).

4-3  COMBINATORIAL BASIS

To describe a basis of NC ', we introduce the following sort of Jf-decorated cliques. A dual
Ji-clique is an Jf?-clique such that its base and its edges are labeled by pairs (a,a) € J£?, and all
solid diagonals are labeled by pairs (a,b) € #£? with a # b. Observe that a non-solid diagonal of
a dual Jf-clique is labeled by (1 g4, 1 4). All definitions about Jf-cliques given in [Gir20] remain
valid for dual Jf-cliques. For example,

ei N\ (4.3.1)

is a noncrossing dual Nz-clique.

» Proposition 4.3.1 — Let Jf be a finite unitary magma. The underlying graded vector space
of NCJI' is the linear span of all noncrossing dual Ji-cliques.

<« Proof — The statement of the proposition is equivalent to the fact that the generating series of
noncrossing dual Jf-cliques is the Hilbert series Fyc s (t) of NCJZ'. From the definition of dual
Ji-cliques, we obtain that the set of dual Jf-cliques of arity n, n > 1, is in bijection with the set of
J1%-Schroder trees of arity n having the outgoing edges from the root and the edges connecting
internal nodes with leaves labeled by pairs (a,a) € J£?, and the edges connecting two internal
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nodes labeled by pairs (a,b) € #1%> with a + b. The map bt defined in Section 3.1.2 (see also
Section 3.1.3) realizes such a bijection. Let T(t) be the generating series of these Jf*>-Schroder
trees, and let S(t) be the generating series of the Jf?-Schroder trees of arities greater than 1 and
such that the outgoing edges from the roots and the edges connecting two internal nodes are
labeled by pairs (a, b) € Jf? with a + b, and the edges connecting internal nodes with leaves are
labeled by pairs (a,a) € #£%. From the description of these trees, we have

(mt + S(t))?

where m := #1. Moreover, for m + 1, T(t) satisfies
T(t)=t+ S(t) , (4.3.3)
m-1

and we obtain that T(f) admits (4.2.5) as solution. Then, by Proposition 4.2.1, for m + 1, this
implies the statement of the proposition. If m = 1, it follows from Proposition 4.1.1 that NCJf' is
isomorphic to the associative operad As (see for instance [LV12] for the definition of this operad).
Hence, in this case, dim NCJI/ﬂ!(n) =1 for all n > 1. Since there is exactly one dual Jf-clique of
arity n for n > 1, the statement of the proposition is satisfied. |

Proposition 4.3.1 gives a combinatorial description of the elements of NC_Jf'. Nevertheless,
for the time being we do not know a partial composition on the linear span of these elements
providing a realization of NC.Jf'.

5  CONCRETE CONSTRUCTIONS

The clique construction provides alternative definitions of known operads. We explore here
the cases of the operad NCT of based noncrossing trees, the operad &%, of formal fractions,
and the operad BNC of bicolored noncrossing configurations.

5.4  RATIONAL FUNCTIONS AND RELATED OPERADS

We use here the noncrossing clique construction to interpret a few operads related to the
operad RatFct of rational functions of Loday [Lod10] (see also Section 2.2.8 of [Gir20]).

5-4.4 DENDRIEORM AND BASED NONCROSSING TREE OPERADS. The operad of based noncrossing
trees NCT is an operad introduced in [Cha07]. This operad is generated by two binary elements
< and > satisfying one nontrivial quadratic relation. The algebras over NCT are L-algebras and
have been studied in [Ler11]. We do not describe NCT in detail here because this is not essential
for the sequel. We just explain how to construct NCT through the clique construction and
interpret a known link between NCT and the dendriform operad through the rational functions
associated with Z-cliques (see Section 2.2.8 of [Gir20]).

Let Oycr be the suboperad of CZ generated by

FAEts 511
By using Proposition 3.3.2, we find that the Hilbert series $(o,,(t) of Oncr satisfies
t = Floer(t) + 2FCoyer (1) — Floyer (1)° = 0. (5.1.2)
The first dimensions of O are
1,2,7,30,143,728,3876,21318, (5.1.3)

|_ 32/38 2024-02-02 10:05 _|



|_ § Operad of formal fractions Operads of decorated cliques II S. Giraudo —l

and form Sequence A006013 of [Slo]. Moreover, one can see that

N\ /N /N I\
e I S N R (5.1.4)

3 \

is the only nontrivial relation of degree 2 between the generators of Oycr.
» Proposition 5.1.1 — The operad Oncr is isomorphic to the operad NCT.

< Proof — Let ¢ncrt : Oner(2) — NCT(2) be the linear map satisfying

Srer <,"/\“{> _ <, (5.1.5a) dner </_1’\ > >, (5.1.5b)

where < and > are the two binary generators of NCT. In [Cha(O7], a presentation of NCT
is described wherein its generators satisfy one nontrivial relation of degree 2. This relation
can be obtained by replacing each Z-clique appearing in (5.1.4) by its image by ¢ncr. For this
reason, ¢ycr uniquely extends to an operad morphism. Moreover, because the image of ¢ncr
contains all the generators of NCT, this morphism is surjective. Finally, the Hilbert series of
NCT satisfies (5.1.2), so that Oycr and NCT have the same dimensions. Therefore, ¢ncr is an
operad isomorphism. |

Loday as shown in [Lod10] that the suboperad of RatFct generated by the rational functions
filug, ug) == uy! and foluy, up) := u; ! is isomorphic to the dendriform operad Dendr [Lod01].
This operad is generated by two binary elements < and > satisfying three nontrivial quadratic
relations. An isomorphism between Dendr and the suboperad of RatFct generated by f; and fo
sends < to fo and > to f;. The map Fyg introduced in [Gir20] is an operad morphism from CZ to
RatFct. Hence, the restriction of Fig on Oncr is also an operad morphism from Oycr to RatFct.
Moreover, since

R 1 A 1
Fld </~1 \\> = ;1 = f1, (5‘1.66) FId </ ~{> = qu = fg, (516b)

the map Fyq is a surjective operad morphism from Oycr to Dendr.

5-4.2 OPERAD OF FORMAL FRACTIONS. The operad of formal fractions %% is an operad intro-
duced in [CHN16]. Its elements of arity n > 1 are fractions whose numerators and denominators
are formal products of subsets of [n]. For instance,

{1,3,4}{2}{4,6}
551 4] (5.1.7)

is an element of arity 6 of &¥%. We do not describe the partial composition of this operad since

its knowledge is not essential for the sequel. The operad &% admits a suboperad F%F,, defined
as the binary suboperad of &% generated by

1 1 1 1
{ N2} {23{1,2}" (1,2} {1}{2} } : (5.1.8)

We explain here how to construct &%, through the clique construction.

Let Oz, be the suboperad of CZ generated by

/\ /\ /\ /\
-1 1 1 -1 1 1 1-1 . 1.
{,_ ey } (5.1.9)
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By using Proposition 3.3.2, we find that the Hilbert series ?FCO%& (t) of Ogg, satisfies
t+ (2t = 1)%o,,, (1) + 2FCo,,, (1)* = 0. (5.1.10)
The first dimensions of Oz, are
1,4,24,176,1440,12608, 115584, 1095424, (5.1.11)

and form Sequence A156017 of [Slo]. Moreover, by computer exploration, we obtain the list

/_13__{ ot Zii\f_\ N ZQ_\ 2 /_11\1__1\’ (51.12a) /_{\[_{ ot /_1:1_\ - /_1:1_\ °2 /_1:__{' (5:1.42¢)
/_131_\ ot /_11\11_\ - /_1:1_\ 2 /_131_\’ (5.1.12b) 7_1/1\__1\ ot /:1’1\-_1\ - /f/i\__{ 2 /:{1\__{, (5.1.42f)
/_{}_\ o Zi_}_\ - Zii}_\ o2 /_131_\' (51.42¢) /_13_{ o /_1/_}_{ = /_13_{ 2 7_{1\__{' (51.129)
/_1:1_\ o1 /_11\1—_1\ = /_131_\ o9 /:é 11_\, (5.1.12d) Z{ 11_\ o1 /:f;—_{ = /:1:1_\ o9 /:1:1_\, (5.1.12h)
of all nontrivial relations of degree 2 between the generators of Oz,.
» Proposition 5.1.2 — The operad Oz, is isomorphic to the operad F%,.
< Proof — Let ¢z, : Oz, (2) > FF4(2) be the linear map satisfying
A 1 A 1
dFF, </_£ 1_\) = W (5.1.13a) o5, </_1~ 1_\> = T.2) (5.1.13c)
77, </_1’\__{> _ {2}{112} (5.1.13b) b, (/_{1\_{> _ {1}1{2} (5.1.13d)

In [CHN16], a presentation of %, is described wherein its generators satisfy eight nontrivial
relations of degree 2. These relations can be obtained by replacing each Z-clique appearing
in (5.1.12a)—(5.1.12h) by its image by ¢xq,. For this reason, ¢xg, uniquely extends to an operad
morphism. Moreover, because the image of ¢z, contains all the generators of F%,, this
morphism is surjective. Finally, again by [CHN16], the Hilbert series of &%, satisfies (5.1.10), so
that Oz, and F%, have the same dimensions. Therefore, ¢54, is an operad isomorphism. M

Hence, Proposition 5.1.2 shows that the operad &%, can be built through the construction
C. Observe also that, as a consequence of Proposition 5.1.2, all suboperads of &%, defined
in [CHN16] that are generated by a subset of (5.1.8) can be constructed by the clique construction.

5.2  OPERAD OF BICOLORED NONCROSSING CONFIGURATIONS
The operad of bicolored noncrossing configurations BNC is an operad defined in [CG14].
Let us describe this operad.

A bicolored noncrossing configuration is a noncrossing configuration ¢ where each labeled
arc is either thick (drawn as a thick line) of dotted (drawn as a dotted line) and such that all
dotted arcs are diagonals. For instance,

(5.2.1)
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is a bicolored noncrossing configuration of size 9. For n > 2, BNC(n) is the linear span of
all bicolored noncrossing configurations of size n. Moreover, BNC(1) is the linear span of the
singleton containing the only polygon of size 1 where its only arc is unlabeled. The partial
composition of BNC is defined graphically as follows. For bicolored noncrossing configurations
¢ and 0 of respective arities n and m, and i € [n], the bicolored noncrossing configuration ¢ o; 0 is
obtained by gluing the base of ? onto the ith edge of ¢, and then,

(a) if the base of ? and the ith edge of ¢ are both unlabeled, the arc (i, i + m) of ¢o; 0 becomes
dotted;

(b) if the base of ? and the ith edge of ¢ are both thick, the arc (i,i + m) of ¢ o; 0 becomes
thick;
(c) otherwise, the arc (i,i + m) of ¢ o; 0 is unlabeled.

For example,

\_ s \\ / = \\_/ (5.2.2a)

, (5.2.2b)

/ o /\ /\ 5.2.2¢c
N/ N\ T \/ o

We now consider the unitary magma Mignc := {1,a, b} wherein operation * is defined by
the Cayley table

* 1 a

(5.2.3)

a a a

b
1 1 a b
1
b

b b 1

In other words, Mgy is the unitary magma wherein a and b are idempotent, and axb = 1 = bxa.
Observe that Mpnc is a commutative unitary magma, but, since

(bxa)xa=1xa=a+b=bx1=bx(axa), (5.2.4)

the operation * is not associative.

Let ¢pne : BNC — NCgne be the linear map defined in the following way. For a bicolored
noncrossing configuration ¢, ¢pgnc(c) is the noncrossing Mgnc-clique of NC M gnc obtained by
replacing all thick arcs of ¢ by arcs labeled by a, all dotted diagonals of ¢ by diagonals labeled by
b, all unlabeled edges and bases of ¢ by edges labeled by b, and all unlabeled diagonals of ¢ by
diagonals labeled by 1. For instance,

/\
danc L \\b 3 (52.5)

— —a—
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» Proposition 5.2.1 — The linear span of - - together with all noncrossing Mpgnc-cliques
without edges nor bases labeled by 1 forms a suboperad of NC /fgyc isomorphic fo BNC.
Moreover, ¢pnc is an isomorphism between these two operads.

<« Proof — We denote the subspace of NC Jignc described in the statement of the proposition
by Opnc. First of all, it follows from the definition of the partial composition of NC #fgyc that
Ogpnc is closed under the partial composition operation. Hence, and since Opnc contains the unit
of NCWMpne, Osne is an operad. Second, observe that the image of ¢pne is the underlying space
of Ogne and, from the definition of the partial composition of BNC, one can check that ¢gnc is
an operad morphism. Finally, since ¢gnc is a bijection from BNC to Ogne, the statement of the
proposition follows. u

Hence, Proposition 5.2.1 shows that the operad BNC can be built through the noncrossing
clique construction. Moreover, observe that in [CG14], an automorphism of BNC called comple-
ment is considered. The complement of a bicolored noncrossing configuration is an involution
acting by modifying the labels of some of its arcs. Under our setting, this automorphism translates
simply into the map C8 : Ogne — Opne Where Opne is the operad isomorphic to BNC described
in the statement of Proposition 5.2.1 and 6 : Mgyc — Mpne is the unitary magma automorphism
of Mg satisfying 6(1) = 1, 6(a) = b, and 6(b) = a.

Moreover, it is shown in [CG14] that the set of bicolored noncrossing configurations of arity
2 is a minimal generating set of BNC. Thus, by Proposition 5.2.1, the set
{ FANNNAN /b/\a\ , /b/\b AN A } (5.26)

L aN LN Lo Loy b\ Lop

is a minimal generating set of the suboperad Opyc of NC/fgyc isomorphic to BNC. As a
consequence, all the suboperads of BNC defined in [CG14] which are generated by a subset of
the set of generators of BNC can be constructed by the noncrossing clique construction. This
includes, among others, the magmatic operad, the free operad on two binary generators, the
operad of noncrossing plants [Cha07], the dipterous operad [LLR0O3; Zin12], and the 2-associative
operad [LRO6; Zin12].

6} CONCLUSION AND PERSPECTIVES

In this article we have completed the study of the clique construction introduced in [Gir20] by
focusing on the suboperad NC I of C I of noncrossing Jf-cliques. As noticed in the previous
sections, NC Jf, has a particular status among the suboperads of Cf because NC 1 is the smallest
suboperad of CJf that contains all elements of arity 2 (the Jf-triangles) and is the biggest binary
suboperad of Cf. This operad is also a Koszul operad when Jf is a finite unitary magma.

An open question concerns the Koszul dual NC %' of NCJ£. Section 4 contains results about
this operad, such as a description of its presentation and a formula for its dimensions. We have
also established the fact that, as graded vector space, NC Jf' is isomorphic to the linear span of
all noncrossing dual Jf-cliques. To obtain a realization of NC 1/, it is now enough to endow this
last space with an adequate partial composition. Finding such a composition is worth to obtain.

REFERENCES

[BNO8] F. Baader and T. Nipkow. Term rewriting and all that. Cambridge University Press,
Cambridge, 1998, pp. xii+301 (cit. on pp. 2, 4).

|_ 36/38 2024-02-02 10:05 _|



|_ § Operads of decorated cliques II S. Giraudo —l

[CG14] F. Chapoton and S. Giraudo. “Enveloping operads and bicoloured noncrossing configu-
rations”. In: Exp. Math. 23.3 (2014), pp. 332-349 (cit. on pp. 3, 21, 34, 36).

[Cha07] F. Chapoton. “The anticyclic operad of moulds”. In: Int. Math. Res. Notices 20 (2007),
Art. ID rnm078, 36 (cit. on pp. 3, 32, 33, 36).

[CHN16] F. Chapoton, F. Hivert, and J.-C. Novelli. “A set-operad of formal fractions and dendriform-
like sub-operads”. In: J. Algebra 465 (2016), pp. 322-355 (cit. on pp. 3, 33, 34).

[CP92] V. Capoyleas and J. Pach. “A Turdn-type theorem on chords of a convex polygon”. In:
J. Comb. Theory B 56.1 (1992), pp. 9-15 (cit. on p. 2).

[DK10] V. Dotsenko and A. Khoroshkin. “Grdbner bases for operads”. In: Duke Math. J. 153.2
(2010), pp. 363-396 (cit. on p. 6).

[DRS10] J. A. De Loera, ]J. Rambau, and F. Santos. Triangulations. Vol. 25. Algorithms and
Computation in Mathematics. Structures for algorithms and applications. Springer-
Verlag, Berlin, 2010, pp. xiv+535 (cit. on p. 2).

[FN99] P. Flajolet and M. Noy. “Analytic combinatorics of non-crossing configurations”. In:
Discrete Math. 204.1-3 (1999), pp. 203-229 (cit. on p. 2).

[Gir15] S. Giraudo. “Combinatorial operads from monoids”. In: J. Algebr. Comb 41.2 (2015),
pp. 493-538 (cit. on pp. 2, 23).

[Girl7] S. Giraudo. “Combalgebraic structures on decorated cliques”. In: Formal Power Series
and Algebraic Combinatorics 78B.15 (2017). Proceedings published in Sém. Lothar.
Combin. (cit. on p. 3).

[Gir20] S. Giraudo. “Operads of decorated cliques I: Construction and quotients”. In: Sém.
Lothar. Combin. B79g (2020) (cit. on pp. 2, 3, 5, 7, 8, 13, 23, 28, 31-33, 36).

[GK94] V. Ginzburg and M. M. Kapranov. “Koszul duality for operads”. In: Duke Math. J. 76.1
(1994), pp. 203-272 (cit. on pp. 2, 6).

[Hof10]  E. Hoffbeck. “A Poincaré-Birkhoff-Witt criterion for Koszul operads”. In: Manuscripta
Math. 131.1-2 (2010), pp. 87-110 (cit. on pp. 2, 6).

[Knu97] D. Knuth. The Art of Computer Programming, volume 1: Fundamental Algorithms.
3rd. Addison Wesley Longman, 1997, pp. xx+650 (cit. on p. 3).

[Ler11]  P. Leroux. “L-algebras, triplicial-algebras, within an equivalence of categories motivated
by graphs”. In: Comm. Algebra 39.8 (2011), pp. 2661-2689 (cit. on pp. 3, 32).

[Lod01]  J.-L. Loday. “Dialgebras”. In: Dialgebras and related operads. Vol. 1763. Lecture Notes
in Math. Springer, Berlin, 2001, pp. 7-66 (cit. on p. 33).

[Lod10]  J.-L. Loday. “On the operad of associative algebras with derivation”. In: Georgian Math.
J. 17.2 (2010), pp. 347-372 (cit. on pp. 32, 33).

[LRO3] J-L. Loday and M. Ronco. “Algébres de Hopf colibres”. In: CR Acad. Sci. I-Math. 337.3
(2003), pp. 153-158 (cit. on pp. 3, 36).

[LRO6] J-L. Loday and M. Ronco. “On the structure of cofree Hopf algebras”. In: J. Reine
Angew. Math. 592 (2006), pp. 123-155 (cit. on pp. 3, 36).

[LV12] J-L. Loday and B. Vallette. Algebraic Operads. Vol. 346. Grundlehren der mathematis-
chen Wissenschaften. Springer, 2012, pp. xxiv+634 (cit. on pp. 6, 32).

[Narb5]  T. V. Narayana. “Sur les treillis formés par les partitions d'un entier et leurs applications
a la théorie des probabilités”. In: C. R. Acad. Sci. Paris 240 (1955), pp. 1188-1189 (cit. on
p- 2).

[PR14] Vincent P. and ]. Rué. “Analytic combinatorics of chord and hyperchord diagrams with
k crossings”. In: Adv. Appl. Math. 57 (2014), pp. 60-100 (cit. on p. 2).

|_ 37/38 2024-02-02 10:05 _|



I_ § Conclusion and perspectives Operads of decorated cliques II S. Giraudo —I

[Slo]

[Zin12]

N. J. A. Sloane. The On-Line Encyclopedia of Integer Sequences. https://oeis.org/
(cit. on pp. 13, 22, 23, 31, 33, 34).

G. W. Zinbiel. “Encyclopedia of types of algebras 2010”. In: Operads and univer-
sal algebra. Vol. 9. Nankai Ser. Pure Appl. Math. Theoret. Phys. World Sci. Publ,,
Hackensack, NJ, 2012, pp. 217-297 (cit. on pp. 3, 36).

L 38/38

2024-02-02 10:05 _I


https://oeis.org/

	Introduction
	Elementary definitions and tools
	Trees and rewrite rules
	Free operads and Koszul duality

	Operads of noncrossing decorated cliques
	General properties
	Presentation and Koszulity
	Suboperads generated by bubbles
	Algebras over the noncrossing clique operads

	Koszul dual
	Presentation
	Hilbert series and dimensions
	Combinatorial basis

	Concrete constructions
	Rational functions and related operads
	Bicolored noncrossing configurations

	Conclusion and perspectives
	References

