COLORED OPERADS,
SERIES ON COLORED OPERADS,
AND COMBINATORIAL GENERATING SYSTEMS

SAMUELE GIRAUDO

ABSTRACT. Bud generating systems, sorts of combinatorial generating systems, are introduced.
They are devices for specifying sets of various kinds of combinatorial objects, called languages.
They can emulate context-free grammars, regular tree grammars, and synchronous grammars,
allowing us to work with all these generating systems in a unified way. The theory of bud
generating systems presented here heavily uses the one of colored operads. Indeed, an object
is generated by a bud generating system if it satisfies a certain equation in a colored operad.
With the aim to compute the generating series of the languages of bud generating systems, we
introduce formal power series on colored operads and several operations on these. Series on
colored operads intervene to express the languages specified by bud generating systems and
allow us to enumerate combinatorial objects with respect to some statistics. Some examples of
bud generating systems are constructed, in particular to specify some sorts of balanced trees and
to obtain recursive formulas enumerating these.
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INTRODUCTION

Coming from theoretical computer science and formal language theory, formal gram-
mars [Har78, HMUOG] are powerful tools having many applications in several fields of math-
ematics. A formal grammar is a device which describes—more or less concisely and with
more or less restrictions—a set of words, called a language. There are several variations in
the definitions of formal grammars and some sorts of these are classified by the Chomsky-
Schiitzenberger hierarchy [Cho59, CS63] according to four different categories, taking into
account their expressive power. In an increasing order of power, there are the classes of
Type-3 to Type-0 grammars, known respectively as regular grammars, context-free gram-
mars, context-sensitive grammars, and unrestricted grammars. One of the most striking
similarities between all these variations of formal grammars is that they work by construct-
ing words by applying rewrite rules [BN938]. Indeed, a word of the language described by a
formal grammar is obtained by considering a starting word and by iteratively altering some
of its factors in accordance with the production rules of the grammar.

Similar mechanisms and ideas are translatable into the world of trees, instead only those of
words. Grammars of trees [CDG*07] are thus the natural counterpart of formal grammars
to describe sets of trees, and here also, there exist several very different types of grammars.
One can cite for instance tree grammars, regular tree grammars [GS84], and synchronous
grammars [Gir12], which are devices providing a way to describe sets of various kinds of
treelike structures. Here also, one of the common points between these grammars is that
they work by applying rewrite rules on trees. In this framework, trees are constructed by
growing from the root to the leaves by replacing some subtrees by other ones.

Furthermore, the theory of operads seems to have virtually no link with the one of formal
grammars. Operads are algebraic structures introduced in the context of algebraic topol-
ogy [May72, BV73] (see also [Mar08, LV12, Mén15] for a modern conspectus of the theory).
This theory has somewhat been almost neglected during the first two decades after its dis-
covery. In the 1990s, the theory of operads enjoyed a renaissance raised by Loday [Lod96]
and, from the 2000s, many links between the theory of operads and combinatorics have been
developed (see, for instance [CL0O1, Cha08, CG14]). Therefore, in the last years, a lot of oper-
ads involving various sets of combinatorial objects have been defined, so that almost every
classical object can be seen as an element of at least one operad (see the previous references
and for instance [Zin12, Gir15, Gir16a, FFM18]). From an intuitive point of view, an operad is
a set of abstract operators with several inputs and one output that can be composed in many
ways. More precisely, if x is an operator with n inputs and y is an operator with m inputs,
x o; ¥ denotes the operator with n + m — 1 inputs obtained by gluing the output of y to the i-th
input of x. Operads are algebraic structures related to trees in the same ways as monoids
are algebraic structures related to words. For this reason, the study of operads has many
connections with the one of combinatorial properties of trees.

The initial spark of this work has been caused by the following simple observation. The
partial composition x o; y of two elements x and y of an operad O can be regarded as the
application of a rewrite rule on x to obtain a new element of O—the rewrite rule being
encoded essentially by y. This leads to the idea consisting in considering an operad O to
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define grammars generating some subsets of O. In this way, according to the nature of the
elements of O, this provides a way to define grammars which generate objects different than
words (as in the case of formal grammars) and than trees (as in the case of grammars of
trees). We rely in this work on colored operads [BV73,Yau16], a generalization of operads. In
a colored operad G, every input and every output for the elements of G has a color, taken
from a fixed set. These colors lead to the creation of constraints for the partial compositions
of two elements. Indeed, x o; y is defined only if the color of the output of y is the same as the
color of the i-th input of x. Colored operads are the suitable devices to our aim of defining
a new kind of grammars since the restrictions provided by the colors allow a precise control
on how the rewrite rules can be applied.

Thus, we introduce in this work a new kind of grammars, the bud generating systems. They
are defined mainly from a ground operad O, a set & of colors, and a set R of production rules.
A bud generating system describes a subset of Bud«(O)—the colored operad obtained by
augmenting the elements of O with input and output colors taken from %. The generation of an
element works by iteratively altering an element x of Bud«(0) by composing it, if possible, with
an element y of R. In this context, the colors play the role analogous of the one of nonterminal
symbols in the formal grammars and in the grammars of trees. Any bud generating system 93
specifies two sets of objects: its language L(93) and its synchronous language Ls(93). Thereby,
bud generating systems can be used to describe several sets of combinatorial objects. For
instance, they can be used to describe sets of Motkzin paths with some constraints, the set of
{2, 3 }-perfect trees [MPRS79,CLRS09] and some of its generalizations, and the set of balanced
binary trees [AVL62]. One remarkable fact is that bud generating systems can emulate both
context-free grammars and regular tree grammars, and allow us to see both of these in a
unified manner. In the first case, context-free grammars are emulated by bud generating
systems with the associative operad As as ground operad and in the second case, regular tree
grammars are emulated by bud generating systems with a free operad Free(C) as ground
operad, where C is a suitable set of generators.

A very normal combinatorial question consists, given a bud generating system 93, in com-
puting the generating series sy qg)(t) and s; ) (t), respectively counting the elements of the
language and of the synchronous language of 93 with respect to the arity of the elements. To
achieve this objective, we develop a new generalization of formal power series, namely series
on colored operads. Any bud generating system 93 leads to the definition of three series on
colored operads: its hook generating series hook(93), its syntactic generating series synt(%),
and its synchronous generating series sync(93). The hook generating series allows us to define
analogues of the hook-length statistic of binary trees [Knu98] for objects belonging to the lan-
guage of 93, possibly different than trees. The syntactic (resp. synchronous) generating series
leads to obtain functional equations and recurrence formulas to compute the coefficients of
si()(t) and sy (t).

One has to observe that since the introduction of formal power series, a lot of generaliza-
tions were proposed in order to extend the range of problems they can help to solve. The
most obvious ones are multivariate series allowing us to count objects not only with respect
to their sizes but also with respect to various other statistics. Another one consists in consid-
ering noncommutative series on words [Eil74,SS78,BR10], or even, pushing the generalization
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one step further, on elements of a monoid [Sak09]. Besides, as another generalization, series
on trees have been considered [BR82, Boz01]. Series on (noncolored) operads increase the
list of these generalizations. Chapoton is the first to have considered such series on oper-
ads [Cha02,Cha08,Cha09]. Several authors have contributed to this field by considering slight
variations in the definitions of these series. Among these, one can cite van der Laan [vdL04],
Frabetti [Fra08], and Loday and Nikolov [LN13]. Our notion of series on colored operads
developed in this work is a natural generalization of series on operads.

This paper is organized as follows. Section 1 is devoted to set our notations and definitions
about operads and colored operads, and to introduce the construction Bud«(O) producing a
colored operad from a noncolored one O and a set ¥ of colors. Section 2 contains the main
definition on which this work this work is based on: bud generating systems. We establish
some of properties of these. Next, we introduce formal power series on colored operads
in Section 3, define several products on these, and explain how these series can be used to
obtained enumerative results from bud generating systems. This article ends by Section 4
which contains a collection of examples for most of the notions introduced by this work. We
have taken the freedom to put all the examples in this section. For this reason, the reader is
encouraged to consult this section whilst he reads the first ones, by following the references
we shall give.

Acknowledgements. The author would like to thank the anonymous referees for their very
valuable suggestions, improving the presentation of this paper.

General notations and conventions. We denote by 6,5 the Kronecker delta function (that
is, for any elements x and y of a same set, 6,y = 1 if x = y and 6., = 0 otherwise). For
any integers a and c, [a,c] denotes the set {b € N:a < b <c} and [n], the set [1,n]. The
cardinality of a finite set S is denoted by #S. For any finite multiset S := [sy,...,s,] of
nonnegative integers, we denote by ¥ S the sum

Y Si=si 4 +sp (0.0.1)

of its elements and by S! the multinomial coefficient

Sl:i= <s1‘_2 S > . (0.0.2)

..,Sn

For any set A, A* denotes the set of all finite sequences, called words, of elements of A. We
denote by A* the subset of A* consisting in nonempty words. For any n > 0, A" is the set of
all words on A of length n. If u is a word, its letters are indexed from left to right from 1

to its length |u|. For any i € [|u]], u; is the letter of u at position i. If a is a letter and n is a

nonnegative integer, a” denotes the word consisting in n occurrences of a. Notice that a® is
the empty word €.

In our graphical representations of trees, the uppermost nodes are always roots. Moreover,
internal nodes are represented by circles O, leaves by squares O, and edges by segments |. To
distinguish trees and syntax trees, we shall draw the latter without circles for internal nodes
and without squares for leaves (only the labels of the nodes are depicted).
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In graphical representations of multigraphs, labels of edges denote their multiplicities. All
unlabeled edges have 1 as multiplicity.

1. COLORED OPERADS AND BUD OPERADS

The aim of this section is to set our notations about operads, colored operads, and colored
syntax trees. We also establish some properties of treelike expressions in colored operads
and present a construction producing colored operads from operads.

1.1. Colored operads. Let us recall here the definitions of colored graded collections and
colored operads.

1.1.1. Colored graded collections. Let € be a finite set, called sef of colors. A %-colored
graded collection is a graded set

C:= |_| C(n) (1.1.1)

n>1

together with two maps out : C — ¢ and in : C(n) - %™, n > 1, respectively sending any
x € C(n) to its output color out(x) and to its word of input colors in(x). The i-th inpuf color
of x is the i-th letter of in(x), denoted by in;(x). For any n > 1 and x € C(n), the arity |x| of
x is n. We say that C is locally finite if for all n > 1, the C(n) are finite sets. A monochrome
graded collection is a ¥-colored graded collection where % is a singleton. If C; and Cs, are two
%¢-colored graded collections, a map ¢ : C; — Cs is a ¢ -colored graded collection morphism
if it preserves arities. Besides, C, is a “-colored graded subcollection of Cy if for all n > 1,
Cy(n) C Cy(n), and C; and C, have the same maps out and in.

1.1.2. Hilbert series. In all this work, we consider that ¥ has cardinal k and that the colors
of € are arbitrarily indexed so that € = {cy,...,ce}. Let X¢ 1= {X¢,..., X, } and Y¢ :=
{¥¢c,s -9, } be two alphabets of mutually commutative parameters and N[[X¢ U Y¢]] be the
set of commutative multivariate series on X¢ U Y4 with nonnegative integer coefficients. As
usual, if s is a series of N[[X¢ U Y]], (m, s) denotes the coefficient of the monomial m in s.

For any %-colored graded collection C, the Hilbert series he of C is the series of N[[X¢ U
Y]] defined by

hc := Z Xout(x) I—[ Yin(x) | - (1.1.2)

xeC icllx|]
The coefficient of xayg!...yck in he thus counts the elements of C having a as output color
and a; inputs of color ¢; for any j € [k]. Note that (1.1.2) is defined only if there are only
finitely many such elements for any a € ¢ and any «; > 0, j € [k]. This is the case when C is
locally finite.

Besides, the generating series of C is the series s¢ of N[[t]] defined as the specialization of
hc at x4 := 1 and y, := t for all a € €. Therefore, for any n > 1 the coefficient (t",sc) counts
the elements of arity n in C.
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1.1.3. Colored operads. A nonsymmetric colored set-operad on €, or a ¢ -colored operad
for short, is a colored graded collection G together with partially defined maps

0; : B(n) x B(m) —» B(n + m —1), 1<i<n, 1<m, (1.1.3)

called partial compositions, and a subset {14 : a € €} of G(1) such that any 1,, a € %, is called
unit of color a and satisfies out (14) = in (1) = a. This data has to satisfy, for any x,y,z € G,
the following constraints. First, for any i € [|x|], x o; y is defined if and only if out(y) = in;(x).
Moreover, the relations

(x0;¥)oisj1z=x0; (yojz), 1<i<|x[,[1<j< |yl (1.1.4a)
(x [o}] y) Ojtly|-1 Z = (x oj Z) 0y, 1 i< ] < [.I|, (114b)
lgo1x=x=x0;1p, 1<i<|x|, a,be¥, (1.1.4¢)

have to hold when they are well-defined.
The complete composition map of G is the partially defined map
0:6(n) x B(my) x -+ x B(my) > G(my +--- + my), (1.1.5)

defined from the partial composition maps in the following way. For any x € 6(n) and
¥1,...,¥n € B such that out (y;) = in;(y) for all i € [n], we set

xo[¥t,...,¥n] = (... ((X On ¥n) On-1 ¥n-1)...) 01 ¥1. (1.1.6)

Let G4 and Gy are two %-colored operads. A %¢-colored graded collection morphism ¢ :
By — By is a ¢ -colored operad morphism if it sends any unit of color a € ¥ of B; to the unit
of color a of By, if it commutes with partial composition maps and, if for any x,y € G; and
i € [|x]], if x o; ¥ is defined in B;, then ¢(x) o; ¢(y) is defined in B,. Besides, B, is a colored
suboperad of 6 if B, is a ¥-colored graded subcollection of G; and G; and B, have the same
colored units and the same partial composition maps. If G is a ¥’-colored graded subcollection
of B, we denote by B¢ the ¢-colored operad generated by G, that is the smallest ©-colored
suboperad of G containing G. When the %-colored operad generated by G is G itself, G is
a generating ¢-colored graded collection of G. Moreover, when G is minimal with respect
to inclusion among the %-colored graded subcollections of G satisfying this property, G is a
minimal generating ¢ -colored graded collection of 6. We say that @ is locally finite if, as a
colored graded collection, G is locally finite.

A monochrome operad (or an operad for short) O is a ¢-colored operad with a mono-
chrome graded collection as underlying set. In this case, ¢ is a singleton {c} and, since for
all x € O(n), we necessarily have out(x) = ¢4 and in(x) = cf, for all x,y € O and i € [|x][],
all partial compositions x o; y are defined. In this case, ¥ and its single element ¢y do not
play any role. For this reason, in the future definitions of monochrome operads, we shall not
define their set of colors ¥.

1.2. Free colored operads. Free colored operads and more particularly colored syntax trees
play an important role in this work. We recall here the definitions of these two notions and
establish some of their properties.
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1.2.1. Colored syntax trees. Unless otherwise specified, we use in the sequel the standard
terminology (i.e., node, edge, root, parent, child, path, etc.) about planar rooted trees [Knu97].
Let % be a set of colors and C be a ¥-colored graded collection. A %’-colored C-syntax tree
is a planar rooted tree t such that, for any n > 1, any internal node of t having n children
is labeled by an element of arity n of C and, for any internal nodes u and v of t such that
v is the i-th child of u, out(y) = in;(x) where x (resp. y) is the label of u (resp. v). In our
graphical representations of a ¥-colored C-syntax tree t, we write the colors of the leaves of
t below them and the color of the edge exiting the root of t above it (see Figure 1).

c
AN RN PERN /N
a b b a c a
2 1 /1IN / N\ /N /N /\ /IN\ /\
2 21 1 1 2 12 11 1 221 1 1
(a) The degree of this ©-colored C- (B) A perfect ¢-colored C-syntax tree.
syntax tree is 5, its arity is 8, and its The degree of this colored syntax tree
height is 3 is 8, its arity is 11, and its height is 3.

FIGURE 1. Two %-colored C-syntax trees, where ¢ is the set of colors {1,2} and C is the %-
graded colored collection defined by C := C(2) U C(3) with C(2) := {a,b}, C(3) := {c}, out(a) := 1,
out(b) := 2, out(c) := 1, in(a) := 11, in(b) := 21, and in(c) := 221.

Let t be a ¥-colored C-syntax tree. The arity of an internal node v of t is its number |v| of
children and its label is the element of C labeling it and denoted by t(v). The degree deg(t)
(resp. arity |t|) of t is its number of internal nodes (resp. leaves). We say that t is a corolla
if deg(t) = 1. The height of t is the length ht(t) of a longest path connecting the root of t to
one of its leaves. For instance, the height of a colored syntax tree of degree 0 is O and the
one of a corolla is 1. The set of all internal nodes of t is denoted by N'(t). For any v € N'(t),
t, is the subtree of t rooted at the node v. We say that t is perfect if all paths connecting the
root of t to its leaves have the same length. Finally, t is a monochrome C-syntax tree if C is
a monochrome graded collection.

1.2.2. Free colored operads. The free ¢-colored operad over C is the operad Free(C) wherein
for any n > 1, Free(C)(n) is the set of all ¥-colored C-syntax trees of arity n. For any
t € Free(C), out(t) is the output color of the label of the root of t and in(t) is the word obtained
by reading, from left to right, the input colors of the leaves of t. For any s,t ¢ Free(C), the
partial composition s o; t, defined if and only if the output color of t is the input color of the
i-th leaf of s, is the tree obtained by grafting the root of t to the i-th leaf of s. For instance,
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with the %-colored graded collection C defined in Figure 1, one has in Free(C),

1 2 a
. ' /
7N 03 .\ =/ I\ . (1.21)
a c a b
VAN VAR 2 VAN 1 1 /7 N\ 21
a
1 1 221 1 1 2 o\

1.2.3. Treelike expressions and finitely factorizing sets. For any %-colored operad G, the
evaluation map of 6 is the map evg : Free(8) — B, defined as the unique surjective morphism
of colored operads satisfying evg(t) = x where t is a tree of degree 1 having its root labeled
by x. If S is a colored graded subcollection of G, an S-freelike expression of x € G is a tree t
of Free(B) such that evg(t) = x and all internal nodes of t are labeled on S.

Besides, when S is such that any x € G admits finitely many S-treelike expressions, we say
that S finitely factorizes G. This notion is important in the sequel and is used as sufficient
condition for the well-definition of some formal power series on colored operads.

Lemma 1.2.1. Let G be a locally finite ¢-colored operad and S be a ¥¢-colored graded
subcollection of G such that S(1) finitely factorizes G. Then, S finitely factorizes G.

Proof. Since @ is locally finite and S(1) finitely factorizes G, there is a nonnegative integer k
such that k is the degree of a ¥-colored S(1)-syntax tree with a maximal number of internal
nodes. Let x be an element of G of arity n admitting an S-treelike expression t. Observe
first that t has at most n — 1 non-unary internal nodes and at most 2n — 1 edges. Moreover,
by the pigeonhole principle, if t would have more than (2n — 1)k unary internal nodes, there
would be a chain made of more than k unary internal nodes in t. This cannot happen since,
by hypothesis, it is not possible to form any %-colored S(1)-syntax tree with more than k
nodes. Therefore, we have shown that all S-treelike expressions of x are of degrees at most
n—1-+(2n—1)k. Moreover, since 8 is locally finite and S is a ¥-colored graded subcollection of
B, all S(m) are finite for all m > 1. Therefore, there are finitely many S-treelike expressions
of x. O

Assume now that G is locally finite and that S is a ¥’-colored graded subcollection of G such
that S(1) finitely factorizes G. For any element x of G°, the colored suboperad of G generated
by S, the S-degree of x is defined by

degg(x) := max {deg(t) : t € Free(S) and evg(t) = x}. (1.2.2)

Thanks to the fact that, by hypothesis, x admits at least one S-treelike expression and, by
Lemma 1.2.1, the fact that x admits finitely many S-treelike expressions, degg(x) is well-
defined.
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1.2.4. Left expressions and hook-length formula. Let S be a €-colored graded subcollection
of G and x € G. An S-left expression of x is an expression for x in G of the form

X = ( . ((]lout(x) [Z] 81) Oj, 52) Ojy « - ) Oj,_4 St (123)
where sy,...,5; € S and iy,...,i;_1 € N. Besides, if t is an S-treelike expression of x such
that N'(t) {e1, ...,€¢}, a sequence (eq,...,ep) is a linear extension of t if the sequence is a

linear extensmn of the poset induced by t seen as an Hasse diagram where the root of t is
the smallest element.

Lemma 1.2.2. Let G be a locally finite ¢-colored operad and S be a %-colored graded
subcollection of 6. Then, for any x € G, the set of all S-left expressions of x is in one-fo-one
correspondence with the set of all pairs (t,e) where t is an S-treelike expression of x and
e is a linear extension of t.

Proof. Let ¢, be the map sending any S-left expression of the form (1.2.3) of x € 3 to the pair
(t, e) where t is the colored syntax tree of Free(S) obtained by interpreting (1.2.3) in Free(S),
i.e., by replacing any s;, j € [¢], in (1.2.3) by a corolla s; of Free(S) labeled by s;, and where
e is the sequence (ey,..., e) of the internal nodes of t, where any e}, j € [¢], is the node of t
coming from s;. We then have

t= ( .o <<]lout(x) o1 51) Oy, 52) Ojy -+« ) O,y 5S¢ (124)

and by construction, t is an S-treelike expression of x. Moreover, immediately from the
definition of the partial composition in free ©-colored operads, (ey, ..., €¢) is a linear extension
of t. Therefore, we have shown that ¢, sends any S-left expression of x to a pair (t, e) where
t is an S-treelike expression of x and e is a linear extension of t.

Let t be an S-treelike expression of x € G and e be a linear extension (ey,...,ep) of t. It
follows by induction on the degree ¢ of t that t can be expressed by an expression of the
form (1.2.4) where any ej, j € [€], is the node of t coming from s;. Now, the interpretation
of (1.2.4) in G, i.e., by replacing any corolla s;, j € [£], in (1.2.4) by its label s;, is an S-left
expression of the form (1.2.3) for x. Since (1.2.3) is the only antecedent of (t,e) by ¢, it
follows that ¢,, with domain the set of all S-left expressions of x and with codomain the set
of all pairs (t, e) where t is an S-treelike expression of x and e is a linear extension of ¢, is a
bijection. O

A famous result of Knuth [Knu98], known as the hook-length formula for trees, stated here
in our setting, says that given a ¥-colored syntax tree t, the number of linear extensions of t

deg(t)!

[1 degit,)
ve N'(t)

When S(1) finitely factorizes 6, by Lemma 1.2.1, the number of S-treelike expressions for any
x € B is finite. Hence, in this case, we deduce from Lemma 1.2.2 and (1.2.5) that the number
of S-left expressions of x is

is
(1.2.5)

deg(t)
> (1.2.6)
teFree(S) ljJ( 0 deg tv)

evg(t)=x
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1.3. Bud operads. Let us now present a simple construction producing colored operads from
operads.

1.3.1. From monochrome operads to colored operads. If O is a monochrome operad and %
is a finite set of colors, we denote by Bud(O) the ¥-colored graded collection defined by

Bud4(0)(n) := ¥ x O(n) x €", n>1, (1.3.1)

and for all (a,x,u) € Bud«(0), out((a, x,u)) := a and in((a, x, u)) := u. We endow Bud(0O)
with the partially defined partial composition o; satisfying, for all triples (a,x,u) and (b, y, v)
of Bud4(0O), and i € [|x|] such that out((b, y, v)) = in;((a, x, u)),

(a,x,u)o;(b,y,v):=(a,xo;y,u <« v), (1.3.2)

where u «; v is the word obtained by replacing the i-th letter of u by v. Besides, if O; and
Oy are two operads and ¢ : O; — Oy is an operad morphism, we denote by Bud«(¢$) the map

Budcg((b) . Budcg ((91) - Budcg ((92) (133)

defined by
Budy(¢)((a,x,u)) := (a, p(x),u). (1.3.4)

Proposition 1.3.1. For any set of colors ¢, the construction (O, ¢) — (Bud¢(O), Bud¢(¢)) is
a functor from the category of monochrome operads to the category of ¢ -colored operads.

We omit the proof of Proposition 1.3.1 since it is very straightforward. This result shows
that Bud is a functorial construction producing colored operads from monochrome ones.
We call Bud4(0O) the ¢-bud operad of O°. When ¥ is a singleton, Bud«(0) is by definition
a monochrome operad isomorphic to O. For this reason, in this case, we identify Bud4(0)
with O.

As a side observation, remark that in general, the bud operad Bud«(0O) of a free operad
O is not a free ¢-colored operad. Indeed, consider for instance the bud operad Bud,2;(0),
where O := Free(C) and C is the monochrome graded collection defined by C := C(1) := {a}.
Then, a minimal generating set of Bud,9,(0) is

L TR

These elements are subjected to the nontrivial relations

<d, a ,1> o1 <1, a ,e> =|d,

where d, e € {1,2}, implying that Bud »)(0O) is not free.

- -
D
I
/-~
&

- -
\]
~_
(o)

-
RS
o
- -
D
~_
/..;\
N
ke

3See examples of monochrome operads and their bud operads in Section 4.1.
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1.3.2. The associative operad. The associative operad As is the monochrome operad defined
by As(n) := {*,}, n > 1, and wherein partial composition maps are defined by

*n Oi*m = *nim_1, 1<ig<n, 1<m. (1.3.7)

For any set of colors %, the bud operad Bud«(As) is the set of all triples

(a,*n,uy ... up) (1.3.8)
where a € ¢ and uy,...,u, € €. For € := {1,2,3}, one has for instance the partial composi-
tion

(2, %4, 3112) 0y (1, %3, 233) = (2, xs,323312). (1.3.9)

The associative operad and its bud operads will play an important role in the sequel. For
this reason, to gain readability, we shall simply denote by (a,u) any element (a,*lu|,u) of
Budy(As) without any loss of information.

1.3.3. Pruning map. Here, we use the fact that any monochrome operad O can be seen as a
% -colored operad where all output and input colors of its elements are equal to ¢4, where ¢y
is the first color of ¥ (see Section 1.1.3). Let

pru: Bud4(0) — O (1.3.10)
be the morphism of #-colored operads defined, for any (a, x, u) € Bud¢(0O), by
pru((a, x, u)) := x. (1.3.11)

We call pru the pruning map on Bud(0O).

2. BUD GENERATING SYSTEMS AND COMBINATORIAL GENERATION

In this section, we introduce bud generating systems. A bud generating system relies on
an operad O, a set of colors ¢, and the bud operad Bud«(0O). The principal interest of these
objects is that they allow us to specify sets of objects of Bud« (). We shall also establish some
first properties of bud generating systems by showing that they can emulate context-free
grammars, regular tree grammars, and synchronous grammars.

2.1. Bud generating systems. We introduce here the main definitions and the main tools
about bud generating systems.

2.1.1. Bud generating systems. A bud generating system is a tuple 8B := (0, ¢, R, I, T) where
O is an operad called ground operad, € is a finite set of colors, i is a finite ¢¥-colored graded
subcollection of Bud«(O) called set of rules, I is a subset of % called sef of initial colors, and
T is a subset of & called set of terminal colors.

A monochrome bud generating system is a bud generating system whose set ¢ of colors
contains a single color, and whose sets of initial and terminal colors are equal to %. In this
case, as explained in Section 1.3.1, Bud(O) and O are identified. These particular generating
systems are thus simply denoted by pairs (O, R).
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Let us explain how bud generating systems specify, in two different ways, two % -colored
graded subcollections of Bud4(0O). In what follows, 6B := (0,%,R,I, T) is a bud generating
system.

2.1.2. Generation. We say that x, € Bud«(0) is derivable in one step from x; € Bud(0) if
there is a rule r € R and an integer i such that such that xo = x4 o; r. We denote this property
by x1 — x9. When x4, x5 € Bud4(0O) are such that x; = xy or there are yy,...,y,_1 € Bud4(0),
£ > 1, satisfying

X1 =y = > Ypg = Xy, (2.1.1)

we say that x, is derivable from x;. Moreover, 3 generates x € Bud«(0) if there is a color
a of I such that x is derivable from 1, and all colors of in(x) are in T. The language L(93) of
93 is the set of all the elements of Bud«(O) generated by $.

The derivation graph of 93 is the oriented multigraph G(93) with the set of elements deriv-
able from 1., a € I, as set of vertices. In G($), for any x1,xs € L(93) such that x; — xy, there
are ¢ edges from x; to xy, where ¢ is the number of pairs (i,r) € N x R such that x, = x4 o; r.

2.1.3. Synchronous generation. We say that xo € Bud(0) is synchronously derivable in one
step from x1 € Bud«(O) if there are rules ry, ..., r, of R such that xo = x1 0 [ri, .. .,rm]] .
We denote this property by x; ~ xo. When x1,xo € Bud4(0) are such that x; = xy or there
are yi,...,¥-1 € Bud4(0O), £ > 1, satisfying

Xy~ Py~ e~ Py~ Xy, (2.1.2)

we say that xy is synchronously derivable from x;. Moreover, B synchronously generates
x € Bud(0) if there is a color a of I such that x is synchronously derivable from 1, and all
colors of in(x) are in T. The synchronous language Ls(93) of &3 is the set of all the elements
of Bud«(O) synchronously generated by 93.

The synchronous derivation graph of 93 is the oriented multigraph Gs(93) with the set
of elements synchronously derivable from 1,, a € I, as set of vertices. In Gs(9), for any
x1, X9 € Lg(9B) such that x; ~ xy, there are ¢ edges from x; to xy, where ¢ is the number of
tuples (ry,...,ry,|) € Rl such that xp = xq 0 [Py, ..., 1]

2.2. First properties. We state now two properties about the languages and the synchronous
languages of bud generating systems.

Lemma 2.2.1. Let B := (0,%,R,1I,T) be a bud generating system. Then, for any x &
Bud(O), x belongs to L($) if and only if x admits an R-treelike expression with output
color in I and all input colors in T.

bgee examples of bud generating systems and derivation graphs in Sections 4.3.1, 4.3.2, and 4.3.3.
€See examples of bud generating systems and synchronous derivation graphs in Sections 4.3.4 and 4.3.5.
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Proof. Assume that x belongs to L(93). Then, by definition of the derivation relation —, x
admits an fR-left expression. Lemma 1.2.2 implies in particular that x admits an R-treelike
expression t. Moreover, since t is a treelike expression for x, t has the same output and input
colors as those of x. Hence, because x belongs to L(9), its output color is in I and all its input
colors are in T. Thus, t satisfies the required properties.

Conversely, assume that x is an element of Bud«(0) admitting an R-treelike expression
t with output color in I and all input colors in T. Lemma 1.2.2 implies in particular that x
admits an f-left expression. Hence, by definition of the derivation relation —, x is derivable
from 1,u(x) and all its input colors are in T. Therefore, x belongs to L(%). O

Lemma 2.2.2. Let B := (0,%,R,1I,T) be a bud generating system. Then, for any x &
Bud(0O), x belongs to Ls(9%) if and only if x admits an R-treelike expression with output
color in I and all input colors in T and which is a perfect tree.

Proof. The proof of the statement of the lemma is very similar to the one of Lemma 2.2.1. The
only difference lies on the fact that the definition of synchronous languages uses the complete
composition map o instead of partial composition maps o;, intervening in the definition of
languages. Hence, in this context, fi-treelike expressions are perfect trees. O

Proposition 2.2.3. Let B := (0,%,R, I, T) be a bud generating system. Then, the language
of $B satisfies

L(%B) = {x € Bud4(0)” : out(x) € I and in(x) € T*}, (2.2.1)

where Bud4(0)™ is the colored suboperad of Bud«(0) generated by ‘A.

Proof. By definition of suboperads generated by a set, as a %-colored graded collection,
Bud4(0)® consists in all the elements obtained by evaluating in Bud(0O) all “-colored R-
syntax trees. Therefore, the statement of the proposition is a consequence of Lemma 2.2.1. [

Proposition 2.2.4. Let B := (0,%,R,I, T) be a bud generating system. Then, the synchro-
nous language of B is a subset of the language of 9B. Moreover, when R contains all the
colored units of Bud«(0O), these two languages are equal.

Proof. By Lemma 2.2.1 the language of &3 is the set of the elements obtained by evaluating
in Bud4(0) all ¥-colored MR-syntax trees satisfying some conditions for their output and input
colors. Lemma 2.2.2 says that the synchronous language of &3 is the set of the elements ob-
tained by evaluating in Bud«(0) some %-colored fR-syntax trees satisfying at least the previous
conditions. Hence, this implies the statement of the proposition.

The second part of the proposition follows from the fact that, if x; — xy for two elements
x1 and xy of Bud(0O), there is by definition r € R and an integer i such that xo = x1 o; r.
Then, one has

X9 = X1 0 ]lim (xq)re==s ]lini_1(x1)' r, ]lin,~+1(x1)' ey ]lin‘m(xi) . (222)
Since by hypothesis, all the colored units of Bud(O) are in 3, this implies x; ~ x5. Hence,

as binary relations, — and ~ are equal, establishing the second part of the statement of the
proposition. ([l
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2.3. Links with other generating systems. Context-free grammars, regular tree grammars,
and synchronous grammars are already existing generating systems describing sets of words
for the first, and sets of trees for the last two. We show here that any of these grammars can
be emulated by bud generating systems.

2.3.1. Context-free grammars. A confext-free grammar [Har78, HMUO6] is a tuple G :=
(V, T, P, s) where V is a finite alphabet of variables, T is a finite alphabet of ferminal symbols,
D is a finite subset of V x (V U T)* called set of productions, and s is a variable of V called
start symbol. If x; and x, are two words of (V U T)* xy is derivable in one step from x; if
x is of the form xy = uav and x, is of the form xy = uwv where u,v € (VU T)* and (a, w)
is a production of P. This property is denoted by x; — x9, so that — is a binary relation on
(V U T)*. The reflexive and transitive closure of — is the derivation relation. A word x € T*
is generated by G if x is derivable from the word s. The language of G is the set of all words
generated by G. We say that G is proper if, for any (a, w) € P, w is not the empty word.

If G:=(V,T,P,s) is a proper context-free grammar, we denote by CFG(S) the bud gener-
ating system
CFG(G):= (As,VUT,R,{s},T) (2.31)

wherein fR is the set of rules
R := {(a,u) € Budy,r(As): (a,u) € P}. (2.3.2)

Proposition 2.3.1. Let G be a proper context-free grammar. Then, the restriction of the
map in, sending any (a,u) € Budy,r(As) to u, on the domain L(CFG(G)) is a bijection
between L(CFG(G)) and the language of G.

Proof. Let us denote by V the set of variables, by T the set of terminal symbols, by P the set
of productions, and by s the start symbol of G.

Let (a,x) € Budy,r(As), £ > 1, and y4,...,y¢1 € (VU T)*. Then, by definition of CFG, there
are in CFG(G) the derivations

Is — (5,31) = -+ = (5,¥0-1) = (a,X) (2.3.3)
if and only if a = s and there are in G the derivations
s — y1 —> s —> y€71 — X. (23.4)

Then, (a, x) belongs to L(CFG(G)) if and only if a = s and x belongs to the language of G.
The fact that in ((s, x)) = x completes the proof. d

2.3.2. Regular tree grammars. Let V := V(0) be a finite graded alphabet of variables and
T:=|l,50 T(n) be a finite graded alphabet of terminal symbols. For any n > 0 and a € T(n),
the arity |a| of a is n. The tuple (V, T) is called a signature.

A (V, T)-tree is an element of Budy,r()(Free(T \ T(0))), where T\ T(0) is seen as a mono-
chrome graded collection. In other words, a (V, T)-tree is a planar rooted tree t such that, for
any n > 1, any internal node of t having n children is labeled by an element of arity n of T,
and the output and all leaves of t are labeled on V U T(0).
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A regular tree grammar [GS84, CDG'07] is a tuple G := (V,T,P,s) where (V,T) is a
signature, P is a set of pairs of the form (v, s) called productions where v € V and s is a
(V, T)-tree, and s is a variable of V called start symbol. If t; and t, are two (V, T)-trees, t, is
derivable in one step from t, if t; has a leaf y labeled by a and the tree obtained by replacing y
by the root of s in t; is ty, provided that (a, s) is a production of P. This property is denoted by
t1 — to, so that — is a binary relation on the set of all (V, T)-trees. The reflexive and transitive
closure of — is the derivation relation. A (V, T)-tree t is generated by G if t is derivable from
the tree 1, consisting in one leaf labeled by s and all leaves of t are labeled on T(0). The
language of G is the set of all (V, T)-trees generated by G.

If G:= (V,T,P,s) is a regular tree grammar, we denote by RTG(G) the bud generating
system

RTG(G) := (Free(T \ T(0)), VU T(0),R, {s}, T(0)) (2.3.5)
wherein ‘R is the set of rules

R := {(a,t,u) € Budyyr)(Free(T \ T(0))) : (a,tq,u) € P}, (2.3.6)

where, for any t € Free(T \ T(0)), a € VU T(0), and u € (V U T(0))!Y, t, is the (V, T)-tree
obtained by labeling the output of t by a and by labeling from left to right the leaves of t by
the letters of u.

Proposition 2.3.2. Let G be a regular tree grammar. Then, the map ¢ : LRTG(G)) — L
defined by ¢((a, t, u)) := tq, is a bijection between the language of RTG(S) and the language
L of G.

Proof. Let us denote by (V, T) the underlying signature and by s the start symbol of G.

Let (a,t,u) € Budy,rq)(Free(T \ T(0)), ¢ > 1, and s",...,s"Y ¢ Free(T \ T(0)), and
Vi,...,vg_1 € (VUT(0)*. Then, by definition of RTG, there are in RTG(S) the derivations

1= (5,50, 01) > oo (5,680, vh) > (a,tu) (2.3.7)

if and only if a = s and there are in G the derivations

1, — 5(1)5,‘}1 S

s = tau- (2.3.8)

Then, (a, t, u) belongs to L(RTG(G)) if and only if a = s and t,,, belongs to the language of G.
The fact that ¢((a, t, u)) = t,, completes the proof. O

2.3.3. Synchronous grammars. In this section, we shall denote by Tree the monochrome
operad defined as the free operad generated by one operation a, of arity n for all n > 1. The
elements of this operad are planar rooted trees where internal nodes have an arbitrary arity.
Observe by the way that Tree is not locally finite.

Let B be a finite alphabet. A B-bud tree is an element of Budg(Tree). In other words, a
B-bud tree is a planar rooted tree t such that the output and all leaves of t are labeled on B.
The leaves of a B-bud tree are indexed from 1 from left to right.
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A synchronous grammar [Girl2] is a tuple G := (B,a, R) where B is a finite alphabet of
bud labels, a is an element of B called axiom, and R is a finite set of pairs of the form (b, s)
called substitution rules where b € B and s is a B-bud tree. If t; and t, are two B-bud trees
such that t, is of arity n, t, is derivable in one step from t; if there are substitution rules
(b1,81),...,(bn,sn) of R such that for all i € [n], the i-th leaf of ¢; is labeled by b; and ¢, is
obtained by replacing the i-th leaf of t; by 5; for all i € [n]. This property is denoted by t; ~ 1o,
so that ~» is a binary relation on the set of all B-bud trees. The reflexive and transitive closure
of ~» is the derivation relation. A B-bud tree t is generated by G if t is derivable from the
tree 1, consisting is one leaf labeled by a. The language of G is the set of all B-bud trees
generated by G.

If G := (B, a,R) is a synchronous grammar, we denote by SG(G) the bud generating system
SG(G) := (Tree, B,R, {a}, B) (2.3.9)

wherein fR is the set of rules
R := {(b,t,u) € Budp(Tree): (b, tpy) € R}, (2.3.10)

where, for any t € Budg(Tree), b € B, and u € B, t, 4 is the B-bud tree obtained by labeling
the output of t by b and by labeling from left to right the leaves of t by the letters of u.

Proposition 2.3.3. Let G be a synchronous grammar. Then, the map ¢ : Ls(SG(G)) — L
defined by ¢((b,t,u)) := tp 4 is a bijection between the synchronous language of SG(G) and
the language L of G.

Proof. Let us denote by B the set of bud labels and by a the axiom of G.

Let (b,t,u) € Budp(Tree), £ > 1, and sV, ...,s"1) ¢ Tree, and vy,...,v,_; € B*. Then, by
definition of SG, there are in SG(G) the synchronous derivations

Ty~ <a,5(1),vi> o (a,s<f—”,w_1> ~ (b, t,u) (2.3.11)

if and only if b = a and there are in G the derivations

wgl)a,wq - JLb,u~ (2312)

1, Mﬁ(i)a,w s e §

Then, (a,t, u) belongs to Ls(SG(5)) if and only if b = a and t;,, belongs to the language of G.
The fact that ¢((b,t, u)) = t»,, completes the proof. O

3. SERIES ON COLORED OPERADS AND BUD GENERATING SYSTEMS

We introduce in this section the concept of series on colored operads and define two binary
products v~ and ® on these. We then explain how to use bud generating systems as tools to
enumerate families of combinatorial objects. For this purpose, we will define and consider
three series on colored operads extracted from bud generating systems. Each of these series
brings information about their languages or the synchronous languages. One of a key issues
is, given a bud generating system 93, to count arity by arity the elements of the language or the
synchronous language of 93. In other terms, this amounts to compute the generating series
S1(@) Or Siq(q3). As we shall see, these generating series can be computed from the series of
colored operads extracted from 3.
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From now, K is a field of characteristic zero. Moreover, in all this section, G is a ¢-colored
operad. Recall that the set ¢ of colors is always considered on the form % = {ci,...,cp}.
Besides, B := (0, %,, I, T) is a bud generating system.

3.1. Series on colored operads. We introduce here the main definitions about series on
colored operads. We also explain how to encode usual noncommutative multivariate series
and series on monoids by series on colored operads.

3.1.1. Series on colored operads. The linear span of the underlying set of G is denoted by
K (B). Let K((8)) be the dual space of K(B). By definition, the elements of K((B)) are maps
f: 8 — K, called G-formal power series (or G-series for short). Let f € K((B)). The coefficient
of any x € B in f is denoted by (x, f). The support of f is the set Supp(f) := {x € G: (x,f) # 0}.
For any %-colored graded subcollection S of 6, the characteristic series of S is the G-series
S defined for any x € G by <x,S> :=1if x € S, and by <x,S> := 0 otherwise. The series
of colored units of K({(B)) is the series u defined as the characteristic of {1,:a € ¥}. This
series will play a special role in the sequel. Since ¥ is finite, u is a polynomial. By exploiting
the vector space structure of K ((B)), any G-series f expresses as

f=> " (x,f)x. (3.1.1)

xeB
This notation using potentially infinite sums of elements of G accompanied with coefficients of
K is common in the context of formal power series. In the sequel, we shall define and handle
some B-series using the notation (3.1.1).

Observe that G-series are defined here on fields K instead on the much more general struc-
tures of semirings, as it is the case for series on monoids [Sak09]. We choose to tolerate this
loss of generality because this considerably simplifies the theory. Furthermore, we shall use
in the sequel G-series as devices for combinatorial enumeration, so that it is sufficient to pick
K as the field Q(qo, g1, qe, - . . ) of rational functions in an infinite number of commuting param-
eters with rational coefficients. The parameters qo, q1,qo, ... intervene in the enumeration of
colored graded subcollections of B with respect to several statistics'.

3.1.2. Colored operad morphisms and series. If G; and G, are two %-colored operads and
¢ : By — By is a morphism of colored operads, ¢ is the map

¢ K((B1)) — K((By)) (3.1.2)
defined, for any f € K((61)) and y € By, by
<y,<i>(f)> = Y (x1). (3.1.3)
xeBy
d(x)=y

Observe first that ¢ is a linear map. Moreover, notice that (3.1.3) could be undefined
for arbitrary colored operads Gy and Gy, and an arbitrary morphism of colored operads ¢.
However, when all fibers of ¢ are finite, for any y € 6y, the right member of (3.1.3) is well-
defined since the sum has a finite number of terms.

dgee examples of series on the bud operad of the operad Motz of Motzkin paths in Section 4.2.2.
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3.1.3. Pruned series and faithfulness. Let f be a Bud«(O)-series. By a slight abuse of notation,
we denote by

pru: K ((Bud«(0))) — K((0)) (3.1.4)

the map ptu. Since ¢ is finite, the series pru(f) is well-defined and is called pruned series of f.
Intuitively, the series pru(f) can be seen as a version of f wherein the colors of the elements
of its support are forgotten®. Besides, f is said faithful if all coefficients of pru(f) are equal to
0 or to 1.

We say that &3 is faithful (resp. synchronously faithful) if the characteristic series of L(93)
(resp. Ls(98)) is faithful. Observe that all monochrome bud generating systems are faithful
(resp. synchronously faithful). One of the reasons for requiring faithfulness (resp. synchro-
nous faithfulness) for bud generating systems appears when 93 is utilized for specifying objects
of O by pruning the objects of L($3) (resp. Ls(93)). In this case, if 93 is not faithful (resp. syn-
chronously faithful), there would be several distinct elements (a, x, u) of Bud«(0) generated
(resp. synchronously generated) by 93 whose image by pru is x. This could make very hard
the enumeration of the pruned version of the language (resp. synchronous language) of 3.

3.1.4. Series of colors. Let
col: 8 — Bud(As) (3.1.5)

be the morphism of colored operads defined for any x € G by
col(x) := (out(x), in(x)) . (3.1.6)
By a slight abuse of notation, we denote by
col : K{(B)) - K{(Budy(As))) (3.1.7)

the map col. If f is a B-series, we call col(f) the series of colors of f. Intuitively, the series col(f)
can be seen as a version of f wherein only the colors of the elements of its support are taken
into account'.

3.1.5. Series of color types. The ¢ -type of a word u € €* is the word type(u) of N* defined
by
type(u) := [ulc, ... [ulc,, (3.1.8)

where for any a € %,

ulq is the number of occurrences of a in u. By extension, we shall
call “-type any word of NF with at least a nonzero letter and we denote by T« the set of all
¢-types. The degree deg(a) of a € T ¢ is the sum of the letters of a. We denote by € the
word c¢{" ...cpk.

Assume that Z¢ := {z,,..., 7z, } is any alphabet of commutative letters. For any type a, we
denote by ZZ the monomial z!...zl* of K[Z¢]. Moreover, for any two types a and B, the

sum a+pB of a and B is the type satisfying (a+B); := a; + B; for all i € [k]. Observe that with
this notation, Z%Z5, = 7%,

€See an example of pruned series in Section 4.2.2.
fSee examples of series of colors in Section 4.2.1.
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Consider now the map

colt : K{(B)) —» K[[X¢ U Y]], (3.1.9)
defined for all a, 8 € T« by
<X%,Y§g, co[t(f)> = Y (), clf). (3.1.10)
(a,u)cBud(As)
typela)=a
type(u)=B

By the definition of the map col,

colt(f) = Y (e, £) xPeloutl ypelintel, (3.1.11)

xeB

Observe that for all a, 8 € T« such that deg(a) # 1, the coefficients of X%Yﬁ} in colt(f)
are zero. In intuitive terms, the series colt(f), called series of color types of f, can be seen
as a version of col(f) wherein only the output colors and the types of the input colors of the
elements of its support are taken into account, the variables of X4 encoding output colors
and the variables of Y¢ encoding input colors’. In the sequel, we shall be concerned by the
computation of the coefficients of colt(f) for some B-series f.

3.1.6. Elementary series of bud generating systems. We assume here that O is a locally
finite monochrome operad. We shall denote by r the characteristic series of R, by i the
characteristic series of {1, :a € I}, and by t the characteristic series of {1, :a € T}. For all
colors a € ¥ and types a € T ¢, let

Xaa = 7# {r € R : (out(r), type(in(r))) = (a,a)}. (3.1.12)
For any a € ¥, let g4 (¥¢,,-..,¥c,) be the series of K[[Y]] defined by
Ga Werr- - 9e) 1= Y Xag Y= Y Yepeinwl, (3.1.13)
YT ¢ rei
out(r)=a

Since 94 is finite, this series is a polynomial”.

In the sequel, we shall use maps ¢ : ¢ x T4 — N such that ¢(a, y) + 0 for a finite number
of pairs (a,y) € ¥ x T, to express in a concise manner some recurrence relations for the
coefficients of series on colored operads. We shall consider the two following notations. If ¢
is such a map and a € ¢, we define ¢/@ as the natural number

¢ W= " (b, 7)7a (3.1.14)
be¥®
YT %
and ¢, as the finite multiset
ba = 1Pla,y): 7€ T% . (3.1.15)

9See an example of a series of color types in Section 4.2.1.
hgee examples of these definitions in Sections 4.4.4, 4.4.5, and 4.4.6.
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3.2. Products on series. Two binary products «» and ® on the space of B-series are presented.
The product ~ is a generalizations to series and to colored operads of a known product on
monochrome operads, and © is a generalization to colored operads of a known product on
series on monochrome operads.

3.2.1. Pre-Lie product. Given two G-series f,g € K((B)), the pre-Lie product of f and g is the
G-series f .~ g defined, for any x € 6, by

(x,f~g):= Z (v,.1)(z,g). (3.2.1)
v,ze6
ie[|y|]
X=y0;z
Observe that f .~ g could be undefined for arbitrary G-series f and g on an arbitrary colored
operad B. Besides, notice from (3.2.1) that » is bilinear and that u is a left unit of .~. However,
since

fau=>"|x[(x f)x, (3.2.2)

xeB
the G-series u is not a right unit of \~\. This product is also nonassociative in the general case
since we have, for instance in K ((As)),

(ko v\ *g) N\ Ko = Bky F doky = K N (kg ¥\ o) . (3.2.3)

Recall that a K-pre-Lie algebra [Vin63, Ger63] (see also [CL01,Man11]) is a K-vector space
V endowed with a bilinear product \~ satisfying, for all x,y,z € V, the relation

xAy)nz-—xnlynz)=xnz)Any—-—x~(zAy). (3.2.4)

In this case, we say that «\ is a pre-Lie product. Observe that any associative product satis-
fies (3.2.4), so that associative algebras are pre-Lie algebras.

Proposition 3.2.1. For any locally finite colored operad 6, the space K ((B)) endowed with
the binary product » is a pre-Lie algebra.

This product «~ is a generalization of a pre-Lie product defined in [Ger63] (see also [vdLO04%,
Cha08]), endowing the K-linear span of the underlying monochrome graded collection of a
monochrome operad with a pre-Lie algebra structure. Proposition 3.2.1 is based on similar
arguments as the ones contained in the previous references.

3.2.2. Composition product. Given two G-series f,g € K((8)), the composition product of f
and g is the G-series f ® g defined, for any x € G, by

(xfog:= Y (@hH]] 9. (3.25)

Y.,21,....2)y| EG i€lly]l

x=yo[z1,. 2y,
Observe that f © g could be undefined for arbitrary G-series f and g on an arbitrary colored
operad B. Besides, notice from (3.2.5) that @ is linear on the left and that the series u is the
left and right unit of ®. However, this product is not linear on the right since we have, for
instance in K ((As)),

*9 @(*2 + *3) = %4 + 2 *5 +*g # *4 + *g = *g () ko + kg (O *3. (326)
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Proposition 3.2.2. For any locally finite colored operad 6, the space K {((B)) endowed with
the binary product © and the unit u is a monoid.

This product © is a generalization of the composition product of series on operads of [Cha02,
Cha09] (see also [vdLO04, Fra08, Cha08, LV12, LN13]). In the case where 6 is a monochrome
operad concentrated in arity 1, ® coincides with the Cauchy product on series of monoids
considered in [Sak09]. Proposition 3.2.2 is based on similar arguments as the ones contained
in the previous references.

Lemma 3.2.3. Let B3 := (0,%,R, I, T) be a bud generating system and f be a Bud(O)-series.
Then, i © f ©t is the Budy(0)-series satisfying, for all x € Bud(0O),

(x,f) if out(x) € I and in(x) € T*,

(x,iofot) = { (3.2.7)

0 otherwise.

Proof. By definition of the operation ®, composing f with i to the left and with t to the right
with respect to ® amounts to annihilate the coefficients of the terms of f that have an output
color which is not in I or an input color which is not in T. This implies the statement of the
lemma. O

3.3. Series and languages. We introduce the Kleene star operation of the pre-Lie product
in order to define the hook generating series of a bud generating system 93. We also study
the inverse of the composition product @ in order the define the syntactic generating series
of 9B. We relate both of these series with the language of $3 and provide ways to compute its
coefficients.

3.3.1. Pre-Lie star product. For any G-series f € K((6)) and any ¢ > 0, let £ be the G-series
recursively defined by

u if £ =0,
= (3.3.1)
ot A f  otherwise.

Immediately from this definition and the definition of the pre-Lie product ., the coefficients
of ¢, ¢ > 0, satisfy for any x ¢ G,

S Loy if £ =0,
(x, 70 = Y (y,f7e1)(z,f) otherwise. (3.3.2)
,z€6
il
xX=yo;z

Lemma 3.3.1. Let G be a locally finite ¢-colored operad and f be a series of K((3)). Then,
the coefficients of f1, £ > 0, satisfy for any x € G,

(x,f701) = Y [T ). (3.3.3)
Y1, ¥e:1€6 jele+1]
xX= (---(.V1°i1,V2)0i2 )Oi[Wn

Proof. By Proposition 3.2.1, since G is locally finite, £t is a well-defined G-series. The
statement of the lemma follows by induction on ¢ and by using (3.3.2). O
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The ~-star of f is the series

fn*:=Zf‘V=u+f+fnf+(fnf)mf+((fnf)nf)nf+---. (3.3.4)
20

Observe that £+ could be undefined for an arbitrary G-series f.

Proposition 3.3.2. Let G be a locally finite %-colored operad and f be a series of K{{G))
such that Supp(f)(1) finitely factorizes G. Then,

(i) the series £+ is well-defined;
(ii) for any x € G, the coefficient of x in £+ satisfies

(287 = Sety + Y (9,87 (2,8); (5:5)
v,zeB
ic[ly[]
X=Yy0;Z
(iii) the equation
x—-x~nf=u (3.3.6)

admits x = £+ as unique solution.

Proof. Let x € B and let us show that the coefficient (x,f"+) is well-defined. Since 3 is
locally finite and Supp(f)(1) is finitely factorizes 6, by Lemma 1.2.1, there are finitely many
Supp(f)-treelike expressions for x. Thus, for all ¢ > deggypp(s)(x) + 1 there is in particular no
expression for x of the form x = (... (y1 o, ¥2) 0y, -..) 0;,_, ¥¢ Where y1,...,y, € Supp(f) and
i1,...,ig-1 € N. This implies, together with Lemma 3.3.1, that (x,f") = 0. Therefore, by
virtue of this observation and by definition of the \~-star operation, the coefficient of x in £
is

(0, £70) = " (x, £70) = Yoo (@, (3.3.7)

20 0<e<deggypp ()

showing that (x, ) is a sum of a finite number of terms, all well-defined by Lemma 3.3.1.
Thus, £+ is well-defined, so that (i) holds.

Point (ii) follows straightforwardly from the definition of the «~-star operation and (3.3.2).
By (3.3.6), we have x = u + x ~ f so that the coefficients of x satisfy, for any x € G,
(x,%) = (1) + (1, x A ) = Sepy + Y (9,3 (26). (5.38)

v,ze6

icllyl]
xX=y0;Z

By (ii), this implies x = £+ and the uniqueness of this solution, so that (iii) is established. [

In particular, Point (ii) of Proposition 3.3.2 gives a way, given a B-series f satisfying the
stated constraints, to compute recursively the coefficients of its .~-star £+.
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3.3.2. Hook generating series. The hook generating series of 93 the Bud«(0)-series hook(%)
defined by
hook(RB) :=ioOr™ ot (3.3.9)

Observe that (3.3.9) could be undefined for an arbitrary set of rules R of 93. Nevertheless,
when r satisfies the conditions of Proposition 3.3.2, that is, when O is a locally finite operad
and R(1) finitely factorizes Bud(0), hook(%B) is well-defined.

The aim of the following is to provide an expression to compute the coefficients of hook(%3).

Lemma 3.3.3. Let B := (0,%,R,I,T) be a bud generating system such that O is a locally
finite operad and R(1) finitely factorizes Bud«(0). Then, for any x € Bud¢(0O),

(X,07) = 6y + Y, (ZT77). (3.3.10)
yveBud« (0)

zZER

ic[ly[]

X=Yy0;Z
Proof. Since %(1) finitely factorizes Bud(0O), by Point (i) of Proposition 3.3.2, r"+ is a well-
defined series. Now, (3.3.10) is a consequence of Point (ii) of Proposition 3.3.2 together with
the fact that all coefficients of r are equal to 0 or to 1. O

Proposition 3.3.4. Let B := (0,%,R,I, T) be a bud generating system such that O is a
locally finite operad and R(1) finitely factorizes Bud«(O). Then, for any x € Bud«(O) such
that out(x) € I, the coefficient (x,r"+) is the number of multipaths from 1,yx) to x in the
derivation graph of 9.

Proof. First, since 2(1) finitely factorizes Bud«(O), by Point (i) of Proposition 3.3.2, r" is a
well-defined series. If x = 1, for an a € I, since (14, r") = 1, the statement of the proposition
holds. Let us now assume that x is different from a colored unit and let us denote by A, the
number of multipaths from 1,y to x in the derivation graph G(%) of $B. By definition of
G(9B), by denoting by 1y, the number of edges from y € Bud«(0) to x in G(9B), we have

A = Z Hyx Ay = Z #{i,r)eNxR:x=yor}i = Z Ay.
)

yveBud« (O yveBud«(0) yveBud«(0) (331 1)
iclly]]
rei
x=yo;r
We observe that Relation (3.3.11) satisfied by the A, is the same as Relation (3.3.10) of Lemma 3.3.3
satisfied by the (x,r"). This implies the statement of the proposition. ([

Theorem 3.3.5. Let 6B := (0,%,R, I, T) be a bud generating system such that O is a locally
finite operad and PR(1) finitely factorizes Bud«(0O). Then, the hook generating series of B3

satisfies
deg(t)!

hOOk(%) = Z m eVBudig((())(t). (3312)
ey ey
in(t)eT*

Proof. By definition of L(93) and G(%), any x € L(%) can be reached from 1 ,,(r) by a multipath

]lout(x) - ¥ =2y =2V 2 X (3313)
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in G(%), where y1,...,y,-1 are elements of Bud«(0) and 1,y € I. Hence, by definition of —,
x admits an R-left expression

x = ( .. ((]lout(x) o4 r1) oi, r2> Ojy - ) Oi,, g (3.3.14)
where for any j € [€], r; € %, and for any j € [¢ — 1],
y,- = < .. ((]lom(x) o1 1”1) Oy, PQ) Ojy -« ) Oi];1 Y'j (3315)

and i; € [|y;]]. This shows that the set of all multipaths from 1,y to x in G(9) is in one-
to-one correspondence with the set of all R-left expressions for x. Now, observe that since
R(1) finitely factorizes Bud«(0O), by Point (i) of Proposition 3.3.2, r"+ is a well-defined series.
If x = 1, for an a € I, since (1,,r"*) = 1, the statement of the proposition holds. Let us
now assume that x is different from a colored unit and let us denote by A, the number of
multipaths from 1,y to x in the derivation graph G(%) of %3. By d, r" is a well-defined
series. By Proposition 3.3.4, Lemmas 1.2.1 and 1.2.2, and (1.2.6), we obtain that

deg(t)!
" deglr 34
@)= > T degli] o
tcFree(R) ve N'(t)

€VBudq (0)(t)=x

Finally, by Lemma 3.2.3, for any x € Bud«(O) such that out(x) € I and in(x) € T*, we have
{x,hook(%B)) = (x,r"+). This shows that the right member of (3.3.12) is equal to hook(%3). O

An alternative way to understand hook(93) thus offered by Theorem 3.3.5 consists is seeing
the coefficient (x, hook(%)), x € Bud«(0), as the number of R-left expressions of x.

The following result establishes a link between the hook generating series of 3 and its
language.

Proposition 3.3.6. Let B := (0,%4,%R,I,T) be a bud generating system such that O is a
locally finite operad and R(1) finitely factorizes Bud4(O). Then, the support of the hook
generating series of B is the language of B.

Proof. This is an immediate consequence of Theorem 3.3.5 and Lemma 2.2.1. (I

Bud generating systems lead to the definition of analogues of the hook-length statis-
tic [Knu98] for combinatorial objects possibly different than trees in the following way. Let O
be a monochrome operad, G be a generating set of O, and HSy g := (O, G) be a monochrome
bud generating system depending on O and G, called hook bud generating system. Since G
is a generating set of O, by Propositions 2.2.3 and 3.3.6, the support of hook (HSe ) is equal
to L (HSp,g). We define the hook-length coefficient of any element x of O as the coefficient
(x, hook (HSp g))".

iSee examples of definitions of a hook-length statistics for binary trees, words of Dias,, and for Motzkin paths in
Sections 4.4.1, 4.4.2, and 4.4.3.
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3.3.3. Invertible elements for the composition product. Since by Proposition 3.2.2, ® is an
associative product and u is its unit, the ©-inverse of a G-series f is defined as the unique
G-series x satisfying

fox=u=x0f. (3.3.17)

This series x could be undefined for an arbitrary G-series f. The ®-inverse of f is denoted by
-1 when it is well-defined.

Immediately from this definition and the definition of the composition product ©, the co-
efficients of f®-1 satisfy for any x € G,

635 Tout(x) 1
Lo w8 [ (2. £91). (3.3.18)
Tout(x), f> <]lout(x)' f> y,zi,gy[e@ il;,lﬂ
yJT_]loul(x)
x:yo[m ..... ZM]

(x,£57) = {

Proposition 3.3.7. Let G be a locally finite colored ¢ -operad and f be a series of K ((G))
such that Supp(f) = {1, :a € €} US where S is a €-colored graded subcollection of 6 such
that S(1) is finitely factorizes G. Then,

(i) the series f°-! is well-defined;
(ii) for any x € G, the coefficient of x in f-! satisfies

. 1 (t(v), f)
(2, o1y = Y (—q)dely — (3.3.19)
<]lout(X): f> teFr('e)e(S) V!jwt) ]El;!/” <]1ini(V): f>
evg(t)=x

Proof. Let us first assume that x does not belong to 3%, the colored suboperad of @ generated
by S. Hence, since there is no t € Free(S) such that evg(t) = x, the right member of (3.3.19)
is equal to zero. Moreover, since x does not belong to GS, forany y € 6 and zy, ... ,Zly| € G
such that y # Loy and x = y o [zy,...,z)y], we have necessarily y ¢ S or z; ¢ 6° for at least
one i € [|y|]]. By (3.3.18), this implies that (x,f®-!) = 0. This hence shows that (3.3.19) holds
when x ¢ G°.

Let us assume that x belongs to 3°. By Lemma 1.2.1, since G is locally finite and S(1)
finitely factorizes B, the S-degree degg(x) of x is well-defined. To prove (3.3.19), we proceed by
induction on degg(x) and by using (3.3.18). A straightforward computation shows that (3.3.19)
holds so that (ii) checks out.

Finally, by Lemma 1.2.1, there is a finite number of S-treelike expressions of x. This shows
that (3.3.19) is well-defined and then f®-t also is. Hence, (i) holds. O

Given a B-series f such that f®-! is well-defined, Equation (3.3.18) (resp. Proposition 3.3.7)
provides a recursive (resp. direct) way to compute the coefficients of f®-,

Besides, the set of all the BG-series satisfying the conditions of Proposition 3.3.7 forms a
submonoid of K({(C)) for the composition product which is also a group. This group is a
generalization of the groups constructed from operads of [Cha02, Cha09] (see also [vdL04,
Fra08, Cha08, LV12, LN13]).
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3.3.4. Syntactic generating series. The syntactic generating series of 93 the Bud4(0)-series
synt(98) defined by

synt(PB) :=i® (u —r)1 Ot. (3.3.20)
Observe that (3.3.20) could be undefined for an arbitrary set of rules R of $B. Nevertheless,

when u — r satisfies the conditions of Proposition 3.3.7, synt($3) is well-defined. Remark that
this condition is satisfied whenever O is locally finite and 2i(1) factorizes finitely Bud(0O).

The aim of this section is to provide an expression to compute the coefficients of synt($3).

Lemma 3.3.8. Let B := (0,%,R,I,T) be a bud generating system such that O is a locally
finite operad and (1) finitely factorizes Bud«(0). Then, for any x € Bud¢(0O),

Aoue + Y. [ ] (zi. (@ =)o), (3.3.21)

yeR ief|y|]

(x,(u—r)") =6,

Proof. Since PR(1) finitely factorizes Bud«(0), by Point (i) of Proposition 3.3.7, (u — r)®-! is
a well-defined series. Now, (3.3.21) is a consequence of Point (ii) of Proposition 3.3.7 and
Equation (3.3.18) for the G-inverse, together with the fact that all coefficients of r are equal to
0 or to 1. O

Theorem 3.3.9. Let $B:= (0,%,R, I, T) be a bud generating system such that O is a locally
finite operad and R(1) finitely factorizes Bud«(O). Then, the syntactic generating series of
9B satisfies

synt(9B) = Z eVBud., (0)(t)- (3.3.22)

tcFree(R)

out(t)el

in(t)eT*
Proof. Let, for any x € Bud«(0O), A, be the number of R-treelike expressions for x. Since R(1)
finitely factorizes Bud«(0), by Lemma 1.2.1, all A, are well-defined integers. Moreover, since
2R(1) finitely factorizes Bud«(0O), by Point (i) of Proposition 3.3.7, (u — r)®-* is a well-defined
series. Let us show that (x, (u — r)®-!) = A,. First, when x does not belong to Bud«(9)%, by
Point (ii) of Proposition 3.3.7, {x, (u — r)®-!) = 0. Since, in this case A, = 0, the property holds.
Let us now assume that x belongs to Bud4(O)%®. Again by Lemma 1.2.1, the R-degree of x
is well-defined. Therefore, we proceed by induction on degy (x). By Lemma 3.3.8, when x is
a colored unit 1,, a € %, one has (x, (u — r)®-1) = 1. Since there is exactly one R-treelike
expression for 1,, namely the syntax tree consisting in one leaf of output and input color a,
A1, = 1 so that the base case holds. Otherwise, again by Lemma 3.3.8, we have, by using

induction hypothesis,

(x,(m—1)°) = Y. [ 12 =2 (3.3.23)

yeR ie(ly[]
Z1,...,2)y| EBud (0)

Notice that one can apply the induction hypothesis to state (3.3.23) since one has degy(x) >
1 + degy(z;) for all i € [|y]].
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Now, from (3.3.23) and by using Lemma 3.2.3, we obtain that for all x € Bud«(O) such that
out(x) € I and in(x) € T, (x,synt(RB)) = A,. Denoting by f the series of the right member
of (3.3.22), we have (x,f) = A, if out(x) € I and in(x) € T*, and (x,f) = 0 otherwise. This
shows that this expression is equal to synt(3). (|

Theorem 3.3.9 explains the name of syntactic generating series for synt(93) because this
series can be expressed following (3.3.22) as a sum of evaluations of syntax trees. An alternative
way to see synt($B) is that for any x € Bud«(0O), the coefficient (x,synt(9)) is the number of
R-treelike expressions for x.

The following result establishes a link between the syntactic generating series of 93 and its
language.

Proposition 3.3.10. Let B := (0,%,R,I,T) be a bud generating system such that O is a
locally finite operad and R(1) finitely factorizes Bud«(0O). Then, the support of the syntactic
generating series of B is the language of B.

Proof. This is an immediate consequence of Theorem 3.3.9 and Lemma 2.2.1. (]

By Propositions 3.3.6 and 3.3.10, the series hook(%) and synt(93) have the same support.
The main difference between these two series is that the coefficient of an x € Bud4(0) in
synt(93) is the number of R-treelike expressions for x, while in hook(93) this coefficient is the
number of ways to generate x in 9.

We say that 63 is unambiguous if all coefficients of synt(%3) are equal to O or to 1. This
property is important from a combinatorial and enumerative point of view. Indeed, when &3 is
unambiguous, its syntactic generating series is the characteristic series of its language. As a
consequence, by definition of the series of colors col (see Section 3.1.4) and Proposition 3.3.10,
the coefficient of (a, u) € Bud4(As) in the series col(synt($)) is the number of elements x of
L($3) such that (out(x), in(x)) = (a, u).

As a side remark, observe that Theorem 3.3.9 implies in particular that for any bud gen-
erating system of the form 9B := (0, %, R, ¥, %), if synt(9B) is unambiguous, then the colored
suboperad of Bud«(0O) generated by R is free. The converse property does not hold.

Let us now describe the coefficients of colt(synt(93)), the series of color types of the syntactic
series of 9B, in the particular case when 9B is unambiguous. We shall give two descriptions:
a first one involving a system of equations of series of K[[Y«]], and a second one involving a
recurrence relation on the coefficients of a series of K[[X¢ U Y]]

Lemma 3.3.11. Let B := (0,%,R,1,T) be an unambiguous bud generating system such
that O is a locally finite operad and (1) finitely factorizes Bud4(O). Then, for all colors
a € I and all types o« € T such that €* € T™, the coefficients (xq Y%, colt(synt(98))) count
the number of elements x of L($%) such that (out(x), type(in(x))) = (a, a).

Proof. By Proposition 3.3.10 and since 93 is unambiguous, synt(%B) is the characteristic series of
L(93). The statement of the lemma follows immediately from the definition (3.1.10) of colt. O
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Proposition 3.3.12. Let B := (0,%,R,I,T) be an unambiguous bud generating system
such that O is a locally finite operad and R(1) finitely factorizes Bud«(0O). For all a € %, let
fo (Ye,r ..., Yc,) be the series of K[[Y¢]] satisfying

o (Yerr- - Yer) = Ya + Ga (Fe, Weysee s ¥en) s Fop Wepseeer V) - (3.3.24)
Then, for any color a € I and any type a € I« such that €% € T*, the coefficients
(xa Y&, colt(synt(%B))) and (Y%, f,) are equal.

Proof. Let us set h:= (u — r)®-! and, for all a € €, hy := 1, ® h. Since Ji(1) finitely factorizes
Bud«(0O), by Point (i) of Proposition 3.3.7, h and h, are well-defined series. Equation (3.3.17)
implies that any h,, a € ¥, satisfies the relation

hy=1,+r,Oh (3.3.25)

where r, := 1, ® r. Observe that for any a € ¢, colt(rq) = gq (Y, ---,¥c,) . Moreover, from
the definitions of colt and the operation ®, we obtain that colt (r, ® h) can be computed by a
functional composition of the series gq (Ve,» .-, Ye,) With fo, (Moo Vo) «oor Top Veys oo Ver)-
Hence, Relation (3.3.25) leads to

colt(hg) = colt (14) + colt (rg @ h)

=Ya +Ga (fe, Veioo i ¥ep) e fep (Voo o r V) (3.3.26)
=fo (Yoo 0 Ve,) -
Finally, Lemma 3.2.3 implies that, when a € I and ¢ € T*, (x,Y%, colt(synt(96))) and (Y, f,)
are equal. ([l

When 43 is a bud generating system satisfying the conditions of Proposition 3.3.12, the
generating series of the language of 93 satisfies

suw = Y T (3.3.27)

ael
where fg is the specialization of the series f; (yc,,...,¥c,) at ¥p := t for all b € T and at
ye = 0 for all c € ¥\ T. Therefore, the resolution of the system of equations given by

Proposition 3.3.12 provides a way to compute the coefficients of syg).

Theorem 3.3.13. Let B := (0,%,R,1, T) be an unambiguous bud generating system such
that O is a locally finite operad and R(1) finitely factorizes Bud«(0). Then, the generating
series sy of the language of 63 is algebraic.

Proof. Proposition 3.3.12 shows that each series f, satisfies an algebraic equation involving
variables of Y¢ and series f,, b € €. Hence, f, is algebraic. Moreover, the fact that, by (3.3.27),
S1@) is a specialized sum of some f, implies the statement of the theorem. O

Theorem 3.3.14. Let B := (0,%,R,1, T) be an unambiguous bud generating system such
that O is a locally finite operad and R(1) finitely factorizes Bud«(O) Let f be the series of
K[[X¢ U Y]] satisfying, for any a € ¢ and any type a € T ¢,

(XaY%£) = Saspela) + D HaXd Lo <ﬂ ¢b!> [T (xo¥2%. 67| . (3328)

G E xT >N be?® be¥
a=¢l1)...plr) 7€T ¢
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Then, for any color a € I and any type a € T4 such that €* € T*, the coefficients
(xa Y%, colt(synt(B))) and (x,YS, f) are equal.

Proof. First, since R(1) finitely factorizes Bud«(0), by Point (i) of Proposition 3.3.7, (u — r)®-!
is a well-defined series. Moreover, by (3.3.17), (u — r)®-! satisfies the identity of series

(u-r)O-r)" =u (3.3.29)

Since the map col commutes with the addition of series, with the composition product ®, and
with the inverse with respect to o, (3.3.29) leads to the equation

colfu —r) ® collu — r)®* = collu). (3.3.30)

By Point (ii) of Proposition 3.3.7, by (3.3.18), and by definition of the composition map of
Budy(As), the coefficients of col(u — r)®-t satisfy, for all (a,u) € Bud4(As), the recurrence

relation
((a,u),collu —r)°) = 8yq + Z Aaw Z l_l <<Wi, V(i)> ,collu — r)@’1> , (3.3.31)
wee W, olwhegs tellw]
wia u=vll)__plwh

where A, denotes the number of rules r € R such that out(r) = a and in(r) = w. By
definition of colt and by (3.3.31), a straightforward computation shows that the coefficients of
colt ((u — r)®-t) express for any o € T, as

(xa Y%, colt ((w —r)"1))
= Ga,typela) + Z Xa,y Z ]—] <x<gi7Yf;), colt ((u — r)G’”1)> . (3.3.32)

veT BW,... gl e, ic[deg(y)]
v#type(a) a=BW i... }gldegl?)
Therefore, (3.3.32) provides a recurrence relation for the coefficients of colt((u — r)®-1). By
using the notations introduced in Section 3.1.6 about mappings ¢ : € x I« — N, we obtain
that the coefficients of colt ((u — r)®-1) satisfy the same recurrence relation (3.3.28) as the ones
of f. Finally, Lemma 3.2.3 implies that, when a € I and €% € T*, (x,Y%, colt(synt(93))) and
(xa Y&, f) are equal. O

When & is a bud generating system satisfying the conditions of Theorem 3.3.14 (which are
the same as the ones required by Proposition 3.3.12), one has for any n > 1,

(t", sp@) = Z Z (Xa Y&, f). (3.3.33)
ael acT ¢
a;:O,c;e‘K\T

Therefore, this provides an alternative and recursive way to compute the coefficients of syg),
different from the one of Proposition 3.3.12/ .

JSee an example of computation of a series sy(@) in Section 4.4.4.
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3.4. Series and synchronous languages. We introduce the Kleene star operation of the com-
position product © in order to define the synchronous generating series of a bud generating
system 9B. We relate this series with the synchronous language of 93 and provide ways to
compute its coefficients.

Proofs of some results of this section are very similar to ones of Section 3.3. For this
reason, some proofs are sketched here.

3.41. Composition star product. For any G-series f € K((G)) and any ¢ > 0, let f** be the
series defined by

o= ] 1, (3.4.1)

1<ige

where the product of (3.4.1) denotes the iterated version of the composition product . Ob-
serve that since © is associative (see Proposition 3.2.2), this definition is consistent. Immedi-
ately from this definition and the definition of the composition product ©, the coefficient of
£, ¢ > 0, satisfies for any x € G,

6x,]lout(x) if £ = O,
(x, ) = Y. (v, £91) T (z;,f) otherwise. (3.4.2)
Y.24,0..2)y| €6 ie[ly|]

x=yo[z1 ..... ZM

Lemma 3.4.1. Let G be a locally finite €-colored operad and f be a series of K({(G)). Then,
the coefficients of £+, £ > 0, satisfy for any x € G,

(x, f90) = ) [T tw)1). (3.4.3)
teFreeperf(6) veN'(t)
ht(t)=0+1
evg(t)=x
Proof. By Proposition 3.2.2, since 8 is locally finite, ¢! is a well-defined B-series. The state-
ment of the lemma follows by induction on ¢ and by using (3.4.2). O

The ¢-star of f is the series

=Y " —u+f+fof+fofof+fofofof+.... (3.4.4)
>0

Observe that % could be undefined for an arbitrary G-series f.

Proposition 3.4.2. Let G be a locally finite %-colored operad and f be a series of K{(B))
such that Supp(f)(1) finitely factorizes 6. Then,

(i) the series £+ is well-defined;
(ii) for any x € G, the coefficient of x in £+ satisfies

(X A9) = St + Y, (@A) [ ] (z0.1); (3.4.5)

Y.Z1,..., ZMEG IG[LV]]

(iii) the equation
x-xOf=u (3.4.6)

admits x = % as unique solution.
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Proof. The proof is similar to the one of Proposition 3.3.2 and uses (3.4.2) and Lemmas 1.2.1
and 3.4.1. 0

In particular, Point (ii) of Proposition 3.4.2 gives a way, given a B-series f satisfying the
stated constraints, to compute recursively the coefficients of its ®-star f*-.

3.4.2. Synchronous generating series. The synchronous generating series of B the Bud«(0)-
series sync(9%) defined by

sync(B) :=ior ot (3.4.7)
Observe that (3.4.7) could be undefined for an arbitrary set of rules R of 9. Nevertheless,
when r satisfies the conditions of Proposition 3.4.2, that is, when O is a locally finite operad
and (1) finitely factorizes Bud«(0), sync(9) is well-defined.

The aim of the following is to provide an expression to compute the coefficients of sync(93).

Lemma 3.4.3. Let B := (0,%,R,1,T) be a bud generating system such that O is a locally
finite operad and R(1) finitely factorizes Bud4(0O). Then, for any x € Bud(0),

(x,x) = 610, + Z (y,x). (3.4.8)
yeBud(0)
ZY yeeny Z‘y‘Em
xX=yo Z1,...,ZM
Proof. The proof is similar to the one of Lemma 3.3.3 and uses Proposition 3.4.2. (]

Theorem 3.4.4. Let B:= (0,%,NR,1, T) be a bud generating system such that O is a locally
finite operad and R(1) finitely factorizes Bud«(0). Then, the synchronous generating series
of 9B satisfies

sync(9B) = Z eVBud. (0) (1) (3.4.9)

teFreepe,(R)

out(t)el

in(f)eT*
Proof. Let, for any x € Bud¢(O), A, be the number of perfect R-treelike expressions for
x. Since (1) finitely factorizes Bud4(0O), by Lemma 1.2.1, all A, are well-defined integers.
Moreover, since 2(1) finitely factorizes Bud«(0O), by Point (i) of Proposition 3.4.2, r® is a well-
defined series. Let us show that (x,r®) = A,. First, when x does not belong to Bud(0)%,
by Lemma 3.4.3, (x,r*) = 0. Since, in this case A, = 0, the property holds. Let us now
assume that x belongs to Bud(0)®. Again by Lemma 1.2.1, the fi-degree of x is well-defined.
Therefore, we proceed by induction on degy, (x). By Lemma 3.4.3, when x is a colored unit 1,,
a € %, one has (x,r®) = 1. Since there is exactly one treelike expression which is a perfect
tree for 1,, namely the syntax tree consisting in one leaf of output and input color a, A, =1
so that the base case holds. Otherwise, again by Lemma 3.4.3, we have, by using induction
hypothesis,

(xx™) = > Ay = (3.4.10)

Notice that one can apply the induction hypothesis to state (3.4.10) since one has degy(x) >
1+ degn (y).
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Now, from (3.4.10) and by using Lemma 3.2.3, we obtain that for all x € Bud«(O) such that
out(x) € I and in(x) € T™, (x, sync(9RB)) = A,. By denoting by f the series of the right member
of (3.4.9), we have (x,f) = A, if out(x) € I and in(x) € T*, and (x, f) = 0 otherwise. This shows
that this expression is equal to sync(93). (|

Theorem 3.4.4 implies that for any x € Bud¢(0), the coefficient of (x,sync(%)) is the
number of fR-treelike expressions for x which are perfect trees.

The following result establishes a link between the synchronous generating series of 93
and its synchronous language.

Proposition 3.4.5. Let B := (0,%¢,R, I, T) be a bud generating system such that O is a locally
finite operad and (1) finitely factorizes Bud4(O). Then, the support of the synchronous
generating series of B is the synchronous language of $.

Proof. This is an immediate consequence of Theorem 3.4.4 and Lemma 2.2.2. O

We say that 93 is synchronously unambiguous if all coefficients of sync($%) are equal to 0
or to 1. This property is important to describe the coefficients of col(sync(9)) for the same
reasons as the ones concerning the unambiguity property exposed in Section 3.3.4.

Let us now describe the coefficients of colt(sync(9)), the series of colors types of the syn-
chronous series of &%, in the particular case when 93 is unambiguous. We shall give two
descriptions: a first one involving a system of functional equations of series of K[[Y«]], and a
second one involving a recurrence relation on the coefficients of a series of K[[X¢ U Y¢]].

Lemma 3.4.6. Let B := (0,%,R,1,T) be a synchronously unambiguous bud generating
system such that O is a locally finite operad and (1) finitely factorizes Bud«(0O). Then, for
all colorsa € I and all types o € T such that €* € T+, the coefficients (xq Y%, colt(sync(9B)))
count the number of elements x of Ls(9) such that (out(x), type(in(x))) = (a, a).

Proof. The proof is similar to the one of Lemma 3.3.11 and uses (3.1.10) and Proposition 3.4.5.
O

Proposition 3.4.7. Let B := (0,%,R, I, T) be a synchronously unambiguous bud generating
system such that O is a locally finite operad and R(1) finitely factorizes Bud«(O). For all
ac@, letfy (ye,, ..., 9c) be the series of K[[Y«]] satisfying

fo eiroo 0 Ver) = Ya + fa (Ge, Fcrv o Ver)rev o v Gep Ferre o Yer)) - (3.4.11)
Then, for any color a € I and any type a € T4 such that € € T*, the coefficients
(xa Y&, colt(sync(%))) and (Y, f,) are equal.

Proof. The proof is similar to the one of Proposition 3.3.12 and uses Lemma 3.2.3 and Propo-
sition 3.4.2. O

When 9B is a bud generating system satisfying the conditions of Proposition 3.4.7, the
generating series of the synchronous language of 93 satisfies

Sio@ = Y fas (3.4.12)

acel
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where f! is the specialization of the series f,(yc,,...,¥c,) at yp := t forall b € T and at y. := 0
forall c € ¥\T. Therefore, the resolution of the system of equations given by Proposition 3.4.7
provides a way to compute the coefficients of s; . This resolution can be made in most
cases by iteration [BLL97,FS09]* . Moreover, when & is a synchronous grammar [Gir12] (see
also Section 2.3.3 for a description of these grammars) and when SG(G) = 93, the system of
functional equations provided by Proposition 3.4.7 and (3.4.12) for s; (g is the same as the one
which can be extracted from G.

Theorem 3.4.8. Let B := (0,%,R,I,T) be a synchronously unambiguous bud generating
system such that O is a locally finite operad and R(1) finitely factorizes Bud«(0O). Let f be
the series of K[[X¢ U Y]] satisfying, for any a € ¢ and any type a € J ¢,

(xa Y%, f) = Satypela) + Z <l_l d)b!> l_[ Xg,(;)"‘y) <Xa l_l yb2¢b,f> . (3.4.13)

¢:ExT¢—N \be¥ be¥€ be¥
a=¢(c1)_“¢(ck) YT ¢

Then, for any color a € I and any type a € T such that €* € T*, the coefficients
(xaYZ, colt(sync(9B))) and (x, Y%, f) are equal.

Proof. The proof is similar to the one of Theorem 3.3.14 and uses Lemma 3.2.3 and Proposi-
tion 3.4.2. (]

When @3 is a bud generating system satisfying the conditions of Theorem 3.4.8 (which are
the same as the ones required by Proposition 3.4.7), one has for any n > 1,

(tsgm) =Y. Y (xaY%.f). (3.4.14)
acl acT ¢
ai:O,cie%\T

Therefore, this provides an alternative and recursive way to compute the coefficients of s (g),
different from the one of Proposition 3.4.7" .

4. EXAMPLES

This final section is devoted to illustrate the notions and the results contained in the pre-
vious ones. We first define here some monochrome operads, then give examples of series
on colored operads, and construct some bud generating systems. We end this section by ex-
plaining how bud generating systems can be used as tools for enumeration. For this purpose,
we use the syntactic and synchronous generating series of several bud generating systems to
compute the generating series of various combinatorial objects.

4.1. Monochrome operads and bud operads. Let us start by defining three monochrome
operads involving some classical combinatorial objects: binary trees, some words of integers,
and Motzkin paths.

kgee example of a computation of a series sy q(g) by iteration in Section 4.4.6.
ISee examples of computations of series s (¢ in in Sections 4.4.5 and 4.4.6.
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4.1.1. The magmatic operad. A binary free is a planar rooted tree t such that any internal
node of t has two children. The magmatic operad Mag is the monochrome operad wherein
Mag(n) is the set of all binary trees with n leaves. The partial composition s o; t of two binary
trees s and t is the binary tree obtained by grafting the root of t on the i-th leaf of s. The
only tree of Mag consisting in exactly one leaf is denoted by 4 and is the unit of Mag. Notice
that Mag is isomorphic to the operad Free(C) where C is the monochrome graded collection
defined by C := C(2) := {a}.

For any set % of colors, the bud operad Bud«(Mag) is the ¥-graded colored collection of
all binary trees t where all leaves (inputs) and the root (output) of t are labeled on 4. For
instance, in Bud,55)(Mag), one has

o, % = d b (41.1)
2 13 3 21 1

41.2. The pluriassociative operad. Let v be a nonnegative integer. The y-pluriassociative
operad Dias,, [Girl6b] is the monochrome operad wherein Dias,(n) is the set of all words of
length n on the alphabet {0} U [y] with exactly one occurrence of 0. The partial composition
u o; v of two such words u and v consists in replacing the i-th letter of u by v/, where v’ is
the word obtained from v by replacing all its letters a by the greatest integer in {a, u; }. For
instance, in Dias,, one has

313321 o, 4112 = 313433321. (4.1.2)

Observe that Diasg is the operad As and that Dias; is the diassociative operad introduced by
Loday [Lod01].

For any set ¢ of colors, the bud operad Bud«(Dias, ) is the ¥-colored graded collection of
all words u of Dias, where all letters of u (inputs) and the whole word u (output) are labeled
on €.

4.1.3. The operad of Motzkin paths. The operad of Motzkin paths Motz [Gir15] is a mono-
chrome operad where Motz(n) is the set of all Motzkin paths consisting in n — 1 steps. A
Motzkin path of arity n is a path in N* connecting the points (0,0) and (n — 1,0), and made
of steps (1,0), (1,1), and (1, —1). If a is a Motzkin path, the i-th point of a is the point of a of
abscissa i —1. The partial composition ao; b of two Motzkin paths a and b consists in replacing
the i-th point of a by b. For instance, in Motz, one has

dodopq)b o, do,ooxoo\O _ 5 do’do Qoo\ogq%. s

For any set ¥ of colors, the bud operad Bud«(Motz) is the %-colored graded collection of
all Motzkin paths a where all points of a (inputs) and the whole path a (output) are labeled
on %.
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4.2. Series on colored operads. Here, some examples of series on colored operads are
constructed, as well as examples of series of colors, series of color types, and pruned series.

4.2.1. Series of trees. Let G be the free @-colored operad over C where ¢ := {1,2} and C is
the ¢-graded collection defined by C := C(2) U C(3) with C(2) := {a}, C(3) := {b}, out(a) := 1,
out(b) := 2, in(a) := 21, and in(b) := 121. Let f, (resp. f,) be the series of K ((G)) where for any
syntax tree t of G, (t,f,) (resp. (t, fi)) is the number of internal nodes of t labeled by a (resp.
b). The series f, and fi, are of the form

1
2 2 1
1 ! fll \
1 ;N b a
f.= a + 2 7/ + 3 a + N+ /1N + 7N+
VRN a 2 /0N a a b
. 2\ 5 s\ 21 12 /N /1
2 1
9 1 2 1 2 1 121
(4.2.1a)
2 2 2
2 , . '
] b b b
fy, = b + AN VA TN + 2 1\ +oee (4.2.1Db)
/1IN a 21 12 /a\ 1 b 1
/ \
191 / I\
2 1 2 1 1 21

The sum f, + f, is the series wherein the coefficient of any syntax tree t of G is its degree.
Let also f|, (resp. f,) be the series of K((8)) where for any syntax tree t of G, <t, f|1> (resp.
(t,f,,)) is the number of inputs colors 1 (resp. 2) of t. The sum f|, + f}, is the series wherein
the coefficient of any syntax tree t of @ is its arity. Moreover, the series f, + fi, + f, +f}, is the
series wherein the coefficient of any syntax tree t of @ is its total number of nodes.

The series of colors of f, is of the form
col(fy) = (1,21) +2(1,221) + 3(1,2221) + (2,2121) + (2,1221) + (1,1211) + -- -, (4.2.2)
and the series of color types of f is of the form
colt(fy) = X191¥0 + 2X191V5 + X1¥3¥2 + 3X1Y1Y5 + 2Xo¥ova + - - . (4.2.3)

4.2.2. Series of Motzkin paths. Let G be the @-bud operad Bud4(Motz), where € := {-1,1].
Let f be the series of K((B)) defined for any Motzkin path b, input color a € %, and word of
input colors u € ¢'°l by

a

1 .
{(a,b,u),f) := oleleT l_l Aty | - (4.2.4)
icflo]]

where ht, (i) is the ordinate of the i-th point of b. One has for instance, where the notation 1

stands for —1,
T 1 i i \' Qqqe
<<1, odobb,MMMi) ,f> -5 (qoqéq1q1q2qfqo> = 5T (4.2.5q)
, o 1, . . N |
<<1OQO;§OODQO ,111111111> ,f> =% (Qémqémngémq%q()) = 23(;12. (4.2.5b)
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Moreover, the coefficients of the pruned series of f satisfy, by definition of pru and f,

1 Ui —U;
<b, pm(f» = Z ((a, b, u)/ f) = W Z l_l qhth (i) + l—[ qhth (i) . (4.2.6)

ac{it) wefra )\ \isllo] icllb]
ue {11}
These coefficients seem to factorize nicely. For instance,
1+q? 4
0, pru(f)) = , (4.2.7a) 1+q2)" (1 +q} i
( ) 2qo <Ooozoxo,ptu(f)> = %, (4.2.7j)
(1+q3) ’
(00, pru(f)) = ~——5", (4.2.7b) 1+a2) 1 + g2
(14% ) (66200 Prulf) = (ra) (1+ai) ‘;f;)qé(ql U o
_I_
(000, pru(f)) = T‘?, (4.2.7c) a1+ a2’
0 H —
Nt 1) <odo ,ptu(f)> - T . (k27
< 'pw(f)> - 8agay 214 (1+a8)"(1+ap)
(1 . 2)° (6000 #ruin) - oqa
0
(0000, pru(f)) = 163,? (4.2.7¢€) (s @)t @)’
R <O,O\O,O\O,ptu(f)> - 0 T (4.2.7n)
(1+q3) (1 +qf) 32qyq;
<Odob,pw<f)> - g (4.2.7f) o) lt s )
‘ B 0 1
o) 1+ ) <ODQOO,pw(f)> - e . (42.70)
<O,Qoo,ptu(f)> S T (4.2.7g) e (h s @
o O _ 90 qi
(§2% prulf) = (L+ab)(t rai) (4.2.7h) (6900 i) - ;T
’ 16q5qf 1+ @) (1 +ad) (1 + )
(1+ q§)5 pruld) ) = 324297 qo ’
Y Y [ . A i o1
(00000, pru(f)) = ~—2 e (42.71) (4.2.7q)

Observe that the specializations at qy := 1, g1 := 1, and @ := 1 of all these coefficients are
equal to 1.

4.3. Bud generating systems. We rely on the monochrome operads defined in Section 4.1
to construct several bud generating systems. We review some properties of these, leaving the
proofs to the reader.

4.3.1. Monochrome bud generating systems from Dias,. Let ¥ be a nonnegative integer and
consider the monochrome bud generating system %, := (Dias,,R,) where

R, := {0a,al:a e [y]}. (4.3.1)

The derivation graph of %, is depicted by Figure 2 and the one of %, o, by Figure 3.

Proposition 4.3.1. For any v > 0, the monochrome bud generating system 9%, , satisfies
the following properties.
(i) It is faithful.
(ii) The set L (%W,y) is equal to the underlying monochrome graded collection of Dias,.
(iii) The set of rules R, (1) factorizes finitely Dias.,.
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2NN
301 103
v N N
5011 S1013 1105
v N Y N N
70111 510113 311015 11107
v N N Y N N
01111 10111 11011 11101 11110

021 011 110 120

: : : : : . H H H : :
: : : : : : : : : :
v v v v v ~ v v v v v

FIGURE 3. The derivation graph of By .

Property (i) of Proposition 4.3.1 is a consequence of the fact that 93, is monochrome and
Property (ii) is implied by the fact that R, is a generating set of Dias, [Girl5]. Moreover,
observe that since the word 70y of Dias,(3) admits exactly the two 9%,-treelike expressions
0yo170 and y00,07, by Theorem 3.3.9, (y0y, synt(By,,,)) = 2. Hence, By, is not unambiguous.

4.3.2. A bud generating system for Motzkin paths. Consider the bud generating system %3, :=
(Motz, {1,2},R, {1}, {1,2}) where

R = {(1, 00,22), (1, OQO,m) } (4.3.2)

Figure 4 shows a sequence of derivations in 93, and Figure 5 shows the derivation graph
of 9By,

111—%(1)/(1)\(1)—600/0\0—906(?\0\0_)0013;)%\0%

2211 221111 2212211 22122221

FIGURE 4. A sequence of derivations in Bp. The input colors of the elements of Bud q,9)(Motz)
are depicted below the paths. The output color of all these elements is 1.

Let Lg, be the set of Motzkin paths with no consecutive horizontal steps.

Proposition 4.3.2. The bud generating system 9%, satisfies the following properties.
(i) It is faithful.
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FIGURE 5. The derivation graph of 93,. The input colors of the elements of Budy o)(Motz) are
depicted below the paths. The output color of all these elements is 1.

(ii) The restriction of the pruning map pru on the domain L (%p) is a bijection between
L (98,) and Lg,.
(iii) The set of rules R(1) finitely factorizes Budy o)(Motz).

Properties (i) and (ii) of Proposition 4.3.2 together say that the sequence enumerating the
elements of L(%,) with respect to their arity is the one enumerating the Motzkin paths with
no consecutive horizontal steps. This sequence is Sequence A104545 of [Slo], starting by

1,1,1,3,5,11,25,55,129, 303, 721, 1743, 4241, 10415, 25761, 64095. (4.3.3)
Moreover, since the Motzkin path OQOQO of Motz (5) admits exactly the two R-treelike expres-

sions O’Ob o1 O’Ob and O’OD o3 O’OD' by Theorem 3.3.9, <<1'GQOQD'11111> ,synt(%p)> = 2.

Hence 93, is not unambiguous.

4.3.3. A bud generating system for unary-binary trees. Let C be the monochrome graded
collection defined by C := C(1) U C(2) where C(1) := {a,b} and C(2) := {c}. Let By, :=
(Free(C), {1,2},9R, {1}, {2}) be the bud generating system where

N = {(1 a ,2> , <1, b ,2> , (2, }\,11) } (4.3.4)

Figure 6 shows a sequence of derivations in %By,,.

A unary-binary tree is a planar rooted tree t such that all internal nodes of t are of arities
1 or 2, all nodes of t of arity 1 have a child which is an internal node of arity 2 or is a leaf, and
all nodes of t of arity 2 have two children which are internal nodes of arity 1 or are leaves.

Let Lg,, be the set of unary-binary trees with a root of arity 1, all parents of the leaves are
of arity 1, and unary nodes are labeled by a or b.

Proposition 4.3.3. The bud generating system 9By, satisfies the following properties.
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' b b
! b .
[} b b ’ C C
! b C C\ AN b N
] C N ’ a a
]11_>l|)_> ¢ — /\a—>1/ a - b a —>l|) . -
]
2 A 1 /c\ I c 2 P 2 b
11 2 /N a T
2 11 | 1
1 1 2 2 2

FIGURE 6. A sequence of derivations in @B,. The input colors of the elements of
Bud/ 5;(Free(C)) are depicted below the leaves. The output color of all these elements is 1.
Since all input colors of the last tree are 2, this tree is in L(Bpy).

(i) It is faithful.
(ii) It is unambiguous.
(iii) The restriction of the pruning map pru on the domain L (%) is a bijection between
L (%bu) and ngbu.
(iv) The set of rules (1) finitely factorizes Budy o)(Free(C)).

4.3.4. A bud generating system for B-perfect trees. Let B be a finite set of positive integers
and Cp be the monochrome graded collection defined by Cg := | |,.5Cg(n) := | |,c5{an}-
We consider the monochrome bud generating system By g := (Free (Cp),Rp) where Rp is
the set of all corollas of Free (Cg) (1). Figure 7 shows the synchronous derivation graph of

/\
R TN

& ay as a a a a as a a
VRN AR AR VRN 7 1N\ Z 1N\ 7 1N\ Z 1N\ 7 1N\ Z 1N\ 7 1N\ Z 1N\
Qg Q2 Q2 Qa3 Az Q2 A4z az Q2 Q2 Q2 Q@2 Q2 @3 Q2 @3 Q2 Q@2 Q3 @3 Q3 A2 Q2 Q3 Q2 A3 Q3 A3 A2 Q3 A3 43
IN TN TN NN SN NN ININ N IN NN TN NI NN N NN IN JIN SN NI NI SN TN /N N

B, 2,3)-

' ' ' ' ' ' ' ' ' ' ' '
v v v v v v v v v v v v

FIGURE 7- The synchronous derivation graph of By, 3}

A B-perfect tree is a planar rooted tree t such that all internal nodes of t have an arity in B
and all paths connecting the root of t to its leaves have the same length. These trees and their
generating series have been studied for the particular case B := {2,3} [MPRS79,CLRS09] and
appear as data structures in computer science (see [OdI82, Knu98, FS09]).

Proposition 4.3.4. For any finite set B of positive integers, the bud generating system By g
satisfies the following properties.
(i) It is synchronously faithful.
(ii) It is synchronously unambiguous.
(iii) The synchronous language Ls (Brs) of B, is the set of all B-perfect trees.
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(iv) The set of rules Rg(1) finitely factorizes Free (Cg).
(v) When 1 ¢ B, the generating series sy (g, ;) of the synchronous language of By g is
well-defined.

Property (v) of Proposition 4.3.4 is a consequence of the fact that when 1 ¢ B, Free (Cg) is
locally finite and therefore there are only finitely many elements in Lg (9B ) of a given arity.
By Property (iii) of Proposition 4.3.4, the sequences enumerating the elements of Lg(%Byg)
with respect to their arity are, for instance, Sequence A014535 of [Slo] for B = {2,3} which

starts by
1,1,1,1,2,2,3,4,5,8,14,23, 32,43,63,97, 149, 224, 332, 489, (4.3.5)
and Sequence A037026 of [Slo] for B = {2,3, 4} which starts by
1,1,1,2,2,4,5,9,15,28, 45, 73,116,199, 345601, 1021, 1738, 2987, 5244. (4.3.6)

4.3.5. A bud generating system for balanced binary trees. Consider the bud generating
system Bpye := (Mag, {1,2}, R, {1}, {1}) where

R = {<1,&,11> , <1,&,12> , <1'§L'21> ,(2,5.,1)}. (4.3.7)

Figure 8 shows a sequence of synchronous derivations in Byy.

1211 11 1111

FIGURE 8. A sequence of synchronous derivations in $Bppe. The input colors of the elements of
Bud; »;(Mag) are depicted below the leaves. The output color of all these elements is 1. Since
all input colors of the last tree are 1, this tree is in Lg(%Bppt)-

The height of a binary tree t is the height of t seen as a monochrome syntax tree. A
balanced binary tree [AVL62] is a binary tree t wherein, for any internal node x of t, the
difference between the height of the left subtree and the height of the right subtree of x is
-1,0, or 1.

Proposition 4.3.5. The bud generating system Py satisfies the following properties.

(i) It is synchronously faithful.
(ii) It is synchronously unambiguous.
(iii) The restriction of the pruning map pru on the domain Ls (Bry) is a bijection between
Ls (Bprt) and the set of balanced binary trees.
(iv) The set of rules R(1) finitely factorizes Budy o;(Mag).

Properties (ii) and (iii) of Proposition 4.3.5 are based upon combinatorial properties of a syn-
chronous grammar G of balanced binary trees defined in [Gir12] and satisfying SG(G) = Bt
(see Section 2.3.3 and Proposition 2.3.3). Besides, Properties (i) and (iii) of Proposition 4.3.5
together imply that the sequence enumerating the elements of Ls(9By) with respect to their
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arity is the one enumerating the balanced binary trees. This sequence in Sequence A006265
of [Slo], starting by

1,1,2,1,4,6,4,17,32, 44,60, 70, 184, 476,872, 1553, 2720, 4288, 6312, 9004. (4.3.8)

4.4. Series of bud generating systems. We now consider the bud generating systems con-
structed in Section 4.3 to give some examples of hook generating series. We also put into
practice what we have exposed in Sections 3.3.4 and 3.4.2 to compute the generating series of
languages or synchronous languages of bud generating systems by using syntactic generating
series and synchronous generating series.

4.41. Hook coefficients for binary trees. Let us consider the hook bud generating system
HSMag,c where G := { :ph} . This bud generating system leads to the definition of a statistic

on binary trees, provided by the coefficients of the hook generating series hook (HSMag,(;)
which begins by

1’1001’((I'ISMag,G)=|!I + ﬁ + &Oﬁ + “Opn * nifn " 21&031 "

>
>
&
¥
>
9%%933}
5

g g Py e e
Theorem 3.3.5 implies that for any binary tree t, the coefficient (t, hook (HSpag,c)) can be
obtained by the usual hook-length formula of binary trees. This explains the name of hook
generating series for hook(%), when &3 is a bud generating system. Alternatively, the co-

efficient (t,hook (HSpag,c)) is the cardinal of the sylvester class [HNTO5] of permutations
encoded by t.

4.4.2. Hook coefficients for words of Dias,. Let us consider the monochrome bud generating
system %y, and its set of rules 9, introduced in Section 4.3.1. Since, by Proposition 4.3.1,
R, generates Dias,, By, is a hook bud generating system HSpjas, 5, (see Section 3.3.2). This
leads to the definition of a statistic on the words of Dias,, provided by the coefficients of the
hook generating series hook (HSDiasy,D‘iy) of HSpjas,,;:, Which begins, when y = 1, by

hook (HSpias,o1,) = (0) + (01) + (10) + 3(011) + 2(101) + 3(110) + 15(0111) + 9(1011)
+ 9(1101) + 15(1110) + 105(01111) + 60(10111) + 54(11011) + 60(11101) + 105(11110)

+ 945(011111) + 525(101111) + 45(110111) + 450 (111011) + 525(111101) + 945(111110) +---
(4.4.2)
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Let us set, for all 0 < a < n —1, hpgq := (1201771, hook (HSpjas, 3,)) - By Lemmas 3.2.3
and 3.3.3, the h,  satisfy the recurrence

1 ifn=1,
2a —1)hp_14- ifa=n-1,
By =1 Jhn-ta-1 ! (4.43)
(2n —2a —3)hp_14 ifa=0,
(2a —1)h, 14-1 + (2n —2a —3)h,_ 1, otherwise.
The numbers h, , form a triangle beginning by
1
1 1
3 2 3
15 9 9 15
(4.4.%)

105 60 54 60 105

945 525 450 450 525 945

10395 5670 4725 4500 4725 5670 10395

135135 72765 59535 55125 55125 59535 72765 135135

These numbers form Sequence A059366 of [Slo].

4.4.3. Hook coefficients for Motkzin paths. It is proven in [Gir15] that G := {OO, O’O‘O} is
a generating set of Motz. Hence, HSyo1,,6 is @ hook generating system. This leads to the
definition of a statistic on Motzkin paths, provided by the coefficients of the hook generating
series hook (HSpotz,6) of HSmotz,c Which begins by

hook (HSymetzc) =@ + 00 + 2000 + 25 + 60000 + 2552 + 25%0
+ &% + 2400000 + 6505% + 666%0 *+ 366°% *+ 66%00
+ 26%% + 3¢%%¢ + 26°%% + STal 4. (445

4.4.4. Generating series of some unary-binary trees. Let us consider the bud generating
system By, introduced in Section 4.3.3. We have, for alla € {1,2}] and a € T 1,9},

2 if (a,a) = (1,01),
Xaa =11 if (a,a) = (2,20), (4.4.6)
0 otherwise,

and

g1 (v1,92) = 299, (4.4.7q) 9o (v1,92) = ¥5. (4.4.7b)

Since, by Proposition 4.3.3, By, satisfies the conditions of Proposition 3.3.12, by this last
proposition and (3.3.27), the generating series sy g, ) of L(By,) satisfies syg,,) = £1(0, t) where


http://oeis.org/A059366
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f1 (y1,92) = 1 + 2f5 (91, 92), (4.4.8a) fo (y1,92) = ¥o + 1 (v1,99)°. (4.4.8b)
We obtain that f;(y4,y,) satisfies the functional equation
v1 + 295 — f1 (91, 92) + 21 (91,92)" = 0. (4.4.9)
Hence, sy q,,) satisfies
2t — Si,,) + 287, = 0, (4.4.10)

showing that the elements of L (%,) are enumerated, arity by arity, by Sequence A052707
of [Slo] starting by

2,8,64%,640,7168, 86016, 1081344, 14057472, 187432960, 2549088256. (4.4.11)

Besides, since by Proposition 4.3.3, %y, satisfies the conditions of Theorem 3.3.14, by this
last theorem and (3.3.33), sy, satisfies, for any n > 1,

(t", sL@,,)) = (x1y5, ), (4.4.12)

where f is the series satisfying, for any a € ¢ and any type a € T 11,9, the recursive formula

(Xay™ 92, f) = Satypela) + 6a12 (x2yf111 ygz, f)

+62 Y (xayfiyi, f) (xovi'sg' f) . (4413)
dy,do,d3,dseN
ayq =d1 +d2
ag=dz+d;
(d1,ds)#(0,0)#(d2,d4)

4.4.5. Generating series of B-perfect trees. Let us consider the monochrome bud generating
system By p and its set of rules Mp introduced in Section 4.3.4. By Proposition 4.3.4, the
generating series sy, ) is well-defined when 1 ¢ B. For this reason, in all this section we
restrict ourselves to the case where all elements of B are greater than or equal to 2. To
maintain here homogeneous notations with the rest of the text, we consider that the set of

colors ¢ of By p is the singleton {1}. We have, for all a € T,

1 if (a,a) = (1,b) with b € B,
Xa = if (@, a) = {1,0) wi (4.414)
0 otherwise,
and
g1(y1) = Y v¥. (4.4.15)

beB
Since by Proposition 4.3.4, By p satisfies the conditions of Proposition 3.4.7, by this last
proposition and (3.4.12), the generating series sy (q,, ,) of Ls (Bp,p) satisfies si s, ,) = fi1(f)
where

fi(y1) =y1 + o <Z y?) . (4.4.16)
beB

This functional equation for the generating series of B-perfect trees, in the case where B =
{2,3}, is the one obtained in [Od182, FS09, Gir12] by different methods.
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Besides, since by Proposition 4.3.4, By g satisfies the conditions of Theorem 3.4.5, by this
last theorem and (3.4.14), siq(a,, ) satisfies, for any n > 1, the recursive formula

(" Si@n) = 6t + Y. ldy:be B! <t2besdb,sL5(%bLB)> (4.417)
dpeN,beB
n:ZbEBbdb
For instance, for B:= {2,3}, one has
dyo +d
(1", 81060, 5)) = Ot + Z < 2d 3) (t%, 81115 (4.4.18)
dy,d3 >0 2
n:2d2+3d3

which is a recursive formula to enumerate the {2,3}-perfect trees known from [MPRS79],
and for B:= {2,3,4},

<tn' SLS(%bt,{2,3,4})> =6n1 + Z ZdQ' ds, d4j! <td2 Fdsrds ’ SLS(%bt,{2,3,4})> . (4.4.19)

dy,ds,d;, >0
n=2d2 +3d3+4d,

Moreover, it is possible to refine the enumeration of B-perfect trees to take into account of
the number of internal nodes with a given arity in the trees. For this, we consider the series
sq satisfying the recurrence

(tsq) = 6na+ Y. ldy:b=20 [ []a <t2b>zdb,sq>. (4.4.20)
dpeN,b>2 b>2
”:Zbgzbdb

The coefficient of (]—[b22 ng> t" in s, is the number of N\ {0, 1 }-perfect trees with n leaves
and with d; internal nodes of arity b for all b > 2. The specialization of s, at q;, := 0 for all
b ¢ Band qp :=t for all b € B is equal to the series sy g, ,)-

First coefficients of s, are

(t,sq) =1, (4.4.21a) (t',sq) = a5 + qu, (4.4.21d)

(t*,54) = qo, (4.4.21b) (t°,54) = 245q5 + qs, (4.4.21e)

(t°,8q) = qs, (4.4.21c¢) (1% 8¢) = 43q5 + Q2G% + 2q5qs + Q5. (44.211)

(1",8q) = 3a3q5 + 240054 + 2035 + qr, (4.4.21g)

(,8q) = Q5 + Q3 Qs + 3G2G5 + 3q5q5qs + G2q; + 202q3qs + 2456 + s, (4.4.21h)

(t9,54) = 4q5qs + 4G5q3qs + 43 + 6Q2q2q + 3050305 + 2d204Gs + 242q3G6 + 245q7 + o (4.4.21i)

4.4.6. Generating series of balanced binary trees. Let us consider the bud generating system
Byt introduced in Section 4.3.5. We have

1 if (a,a) = (1,20),
2 if (a,a) = (1,11),
1 if (a,a) = (2,10),
0

otherwise,

Xaa = (4.4.22)

and
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g1(y1,¥2) = Vi + 29192, (4.4.23a) g2(y1,¥2) = y1. (4.4.23b)

Since by Proposition 4.3.5, %Byyy satisfies the conditions of Proposition 3.4.7, by this last

proposition and (3.4.12), the generating series si (g, of Ls (Byni) satisfies siqq,,) = fi(t,0)
where

f1 (v1,92) = v1 + 1 (95 + 29192, 91) - (4.4.24)

This functional equation for the generating series of balanced binary trees is the one obtained
in [BLL88, BLL97, Knu98, Gir12] by different methods. As announced in Section 3.4.2, the
coefficients of f; (and hence, those of sy q,,)) can be computed by iteration. This consists in
defining, for any ¢ > O, the polynomials fie) (y1,¥2) as

Y if £ =0,
£ wrye) =170 . (4.4.25)
yi + £, (9] + 29192, 51) otherwise.
Since
fy (v1,v2) = lim £ (v1,92) (4.4.26)

Equation (4.4.25) provides a way to compute the coefficients of f; (y4,y9). First polynomials
£\ (91, 95) are

£ (1, 92) = 1, (4.4.27a) £ (1, 92) = 91 + ¥} + 29195, (4.4.27b)
£7 (91, 99) = 91 + V5 + 29195 + 29 + hyiys + i + hyiys + byiV5, (4.4.27c)

3 5
£ (91,92) = 91 + 9 + 29192 + 29 + 4yive + Vi + hyive + V33 + 4y}

+ 16y11’y2 + 16yfy§ + 631(13 + 28y?y2 + 40y[{y§ + 16y?yg + 4yz + 24y‘13y2

+ 48y?y§ + 32y[{yg + y? + SyZyQ + 24y?y§ + 32y?y§ + 16yi‘yé. (4.4.27d)

Besides, since by Proposition 4.3.5, %y satisfies the conditions of Theorem 3.4.8, by this
last theorem and (3.4.14), 14, satisfies, for any n > 1,

(1" SLe(@Bu)) = (y?yg,f ). (4.4.28)
where f is the series satisfying, for any type a € I 1 9), the recursive formula
d; +«a
({93 f) = Sao) + Y < ! J 2> o2 <y‘f”d2y§3, f> : (4.4.29)
dy dp,dseN !
ay=2dy +do+d3
(I2=d2

CONCLUSION AND PERSPECTIVES

In this paper, we have presented a framework for the generation of combinatorial objects
by using colored operads. The described devices for combinatorial generation, called bud
generating systems, are generalizations of context-free grammars [Har78, HMUO6] generating
words, of regular tree grammars [GS84, CDG"07] generating planar rooted trees, and of
synchronous grammars [Girl12] generating some treelike structures. We have provided tools
to enumerate the objects of the languages of bud generating systems or to define new statistics
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on these by using formal power series on colored operads and several products on these.
There are many ways to extend this work. Here follow some few further research directions.

First, the notion of rationality an recognizability in usual formal power series [Sch61,Sch63,
Eil74,BR88], in series on monoids [Sak09], and in series of trees [BR82] are fundamental. For
instance, a series s € K((Jf)) on a monoid Jf is rational if it belongs to the closure of the set
K (1) of polynomials on Jf with respect to the addition, the multiplication, and the Kleene
star operations. Equivalently, s is rational if there exists a K-weighted automaton accepting it.
The equivalence between these two properties for the rationality property is remarkable. We
ask here for the definition of an analogous and consistent notion of rationality for series on
a colored operad 6. By consistent, we mean a property of rationality for G-series which can
be defined both by a closure property of the set K(G) of the polynomials on G with respect
to some operations, and, at the same time, by a acceptance property involving a notion of
a K-weighted automaton on 6. The analogous question about the definition of a notion of
recognizable series on colored operads also seems worth investigating.

A second research direction fits mostly in the contexts of computer science and compres-
sion theory. A straight-line grammar (see for instance [ZL78,SS82, Ryt04]) is a context-free
grammar with a singleton as language. There exists also the analogous natural counterpart
for regular tree grammars [LMO06]. One of the main interests of straight-line grammars is that
they offer a way to compress a word (resp. a tree) by encoding it by a context-free grammar
(resp. a regular tree grammar). A word u can potentially be represented by a context-free
grammar (as the unique element of its language) with less memory than the direct represen-
tation of u, provided that u is made of several repeating factors. The analogous definition for
bud generating systems could potentially be used to compress a large variety of combinatorial
objects. Indeed, given a suitable monochrome operad O defined on the objects we want to
compress, we can encode an object x of O by a bud generating system 9 with O as ground
operad and such that the language (or the synchronous language) of 943 is a singleton {y} and
pru(y) = x. Hence, we can hope to obtain a new and efficient method to compress arbitrary
combinatorial objects.

Let us finally describe a third extension of this work. Pros are algebraic structures which
naturally generalize operads. Indeed, a pro is a set of operators with several inputs and several
outputs, unlike in operads where operators have only one output (see for instance [Mar08]).
Surprisingly, pros appeared earlier than operads in the literature [ML65]. It seems fruitful
to translate the main definitions and constructions of this work (as e.g, bud operads, bud
generating systems, series on colored operads, pre-Lie and composition products of series, star
operations, etc.) with pros instead of operads. We can expect to obtain an even more general
class of grammars and obtain a more general framework for combinatorial generation.
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