
Approximating Integer Programs withPositive Right-hand SidesPeter Jonsson1⋆ and Johan Thapper2⋆⋆

1 Department of Computer and Information S
ien
e, Linköpings universitet,SE-581 83 Linköping, Sweden
2 É
ole polyte
hnique, Laboratoire d'informatique (LIX),91128 Palaiseau Cedex, Fran
eAbstra
t. We study minimisation of integer linear programs with posi-tive right-hand sides. We show that su
h programs 
an be approximatedwithin the maximum absolute row sum of the 
onstraint matrix A when-ever the variables are allowed to take values in N. This result is optimalunder the unique games 
onje
ture. When the variables are restri
ted tobounded domains, we show that �nding a feasible solution is NP-hardin almost all 
ases.1 Introdu
tionWe study the approximability of minimising integer linear programswith positive right-hand sides. Let n and m be positive integers,representing the number of variables and the number of inequalities,respe
tively. Let x

T = (x1, . . . , xn) be a ve
tor of n variables, A bean integer m×n matrix, b ∈ (Z+)m, and c ∈ (Q+∪{0})n. Finally, let
X be some given subset of Nn. We 
onsider here various restri
tionsof the following integer linear program:Minimise c

T
xsubje
t to Ax ≥ b,

x ∈ X.
(IP)Typi
ally, X is either Nn or {x ∈ Zn | 0 ≤ x ≤ d} for some

d ∈ (Z+)n, where the inequalities are to hold 
omponentwise. A
ommonly o

urring instan
e of the latter 
ase is when X = {0, 1}n,so-
alled 0-1 programming. In all but very restri
ted 
ases, (IP) is
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NP-hard to solve to optimality. Instead, the e�ort is dire
ted to-wards �nding approximation algorithms and improving the boundwithin whi
h it is possible to �nd approximate solutions. Formally,a minimisation problem Π is said to be approximable within (a real
onstant) c ≥ 1 if there exists a polynomial time algorithm A su
hthat for all instan
es x of Π , A(x)/Opt(x) ≤ c.Let aj
T = (aj1, . . . , ajn) ∈ Zn be the jth row of A. We willuse the norm ‖aj‖1 =

∑n

i=1
|aji| as well as the maximum absoluterow sum norm of A, de�ned as ‖A‖∞ = max1≤j≤m ‖aj‖1. Let (IP)kdenote the subset of (IP) where ||A||∞ ≤ k. We show that (IP)k
an un
onditionally be approximated within k when X = Nn, but
annot be approximated within k− ε, ε > 0, if Khot's unique games
onje
ture holds [9℄. We also show that �nding a feasible solution to(IP) is NP-hard in almost all 
ases when X = {0, . . . , a − 1}n.1.1 Previous workThe approximability of the program (IP) has been extensively stud-ied in the 
ase when A is restri
ted to non-negative entries. In this
ase, the problem is usually referred to as a (generalised, or 
apa
-itated) 
overing problem. Among the problems des
ribed by su
hprograms one �nds the Minimum Knapsa
k Problem, Mini-mum Vertex Cover (and its k-uniform hypergraph 
ounterpart,des
ribed below) and various network design problems [2℄. We willrefer to (IP) with non-negative A as (CIP) (
overing integer pro-gram). Here, X is often taken to be {x ∈ Zn | 0 ≤ x ≤ d}. Indeed,optimal solutions remain feasible after introdu
tion of the bounds

xi ≤ ⌈maxj bj/aji⌉.Hall and Ho
hbaum [7℄ restri
t A in (CIP) to a 0/1-matrix andgive an ‖A‖∞-approximating algorithm for the 
ase when X = {0, 1}n.Bertsimas and Vohra [1℄ study the general (CIP) with X = {0, 1}nas well as X = Nn. They use both a randomised rounding heuristi
with a nonlinear rounding fun
tion and deterministi
 rounding us-ing information about the dual program. For X = {0, 1}n, they showthat (CIP) 
an be approximated within ‖A‖∞ using both a deter-ministi
 rounding fun
tion and a dual heuristi
. For X = Nn, theyobtain an ‖A‖∞+1 approximating algorithm. Carr, Fleis
her, Leungand Phillips [2℄ lower the integrality gap of (CIP) with X = {0, 1}n



by introdu
ing additional inequalities into the program to obtainan approximation ratio equal to the maximal number of non-zeroentries in a row of A. Their 
laim that the proof immediately gener-alises to the 
ase when the variables are bounded by any �xed d > 1seems to be in
orre
t, but a 
omplete proof for general d is given byPrit
hard [11℄. Koufogiannakis and Young [10℄ present an approx-imation algorithm for a general framework of monotone 
overingproblems, with an approximation ratio equal to the maximal num-ber of variables upon whi
h a 
onstraint depends. The 
onstraintsmust be monotone (
losed upwards), but 
an be non-
onvex. Thisframework in parti
ular in
ludes problems su
h as (CIP) and Min-imum Set Cover.2 Unbounded domainWe assume that X = Nn throughout this se
tion. Lower bounds for(IP)k are dis
ussed in Se
tion 2.1. We aim to prove the followingresult:Proposition 1. (IP)k 
an be approximated within k.The problem (IP)1 is solvable in polynomial time: initially, let xi = 0for all i, and for ea
h inequality xi ≥ b, update xi to max{xi, b}. Anyinequality of the form −xi ≥ b implies that there are no solutions.In order to prove Proposition 1 for k ≥ 2, we give a deterministi
`rounding'-s
heme, whi
h produ
es an integer solution from a ratio-nal one, while in
reasing the value of the obje
tive fun
tion by atmost k. For an integer k ≥ 2 and x ∈ Q+ ∪ {0}, de�ne the followingoperation:
x̂ =







0 if 0 ≤ x < 1/k

1 if 1/k ≤ x < 2/k

⌈(k − 1)x⌉ otherwise.For a ve
tor x = (x1, x2, . . . , xn)T , let x̂ = (x̂1, x̂2, . . . , x̂n)T . Notethat c
T
x̂ ≤ k ·cT

x. We will show that in addition, x̂ satis�es Ax̂ ≥ bby showing that for any integer b ≥ 1, we have a · x̂ ≥ b whenever
a · x ≥ b for any ve
tor a = (a1, . . . , an)T with ‖a‖1 ≤ k. In order todo this, we �rst introdu
e a s
aling of x̂ whi
h will be easier to work



with. Let x′ = x̂/(k−1) and extend to ve
tors, x′ = (x′
1, x

′
2, . . . , x

′
k)

T ,as before.Our �rst step is to bound the di�eren
e ∆ = a · x − a · x′ fromabove. Let δi = ai(xi − x′
i) so that ∆ =

∑n

i=1
δi. Let ti = sgn(ai) · xiand t′i = sgn(ai) · x

′
i. Then, δi = |ai|(ti − t′i). Figure 1 illustrates howthe t′i are determined from the ti in the 
ases whi
h give positive
ontributions to ∆. Ea
h arrow represents an interval, and for a tiin a parti
ular interval, t′i 
an be found at the arrow head. Note thatthere are only two su
h intervals on the positive axis. To the left of

L5 follows an in�nite sequen
e of left arrows, ea
h of size equal tothat of L5.
1

k
1

k−1

2

k0

L5

︷ ︸︸ ︷
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︷ ︸︸ ︷ ︷︸︸︷︷ ︸︸ ︷ ︷ ︸︸ ︷
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k
−1
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−3

k−1

−2

k−1

−2

kFig. 1. The intervals L1, . . . , L5 represented by arrows.Formally, the intervals Li, i ≥ 1 are de�ned as follows:
L1 = {x ∈ Q | 1/(k − 1) ≤ x < 2/k}
L2 = {x ∈ Q | 0 ≤ x < 1/k}
L3 = {x ∈ Q | − 1/(k − 1) < x ≤ −1/k}
L4 = {x ∈ Q | − 2/(k − 1) ≤ x ≤ −2/k}
Li = {x ∈ Q | − (i − 2)/(k − 1) ≤ x < −(i − 3)/(k − 1)}(i ≥ 5)When k = 2, the interval L1 vanishes while L3 and L4 be
ome adja-
ent. Let L =

⋃

i≥1
Li. Now, δi 
an be bounded as follows, given thelo
ation of ti:







0 ≤ δi/|ai| < (k − 2)/k(k − 1) if ti ∈ L1

0 ≤ δi/|ai| < 1/k if ti ∈ L2

0 ≤ δi/|ai| ≤ 1/k(k − 1) if ti ∈ L3

0 ≤ δi/|ai| ≤ 2/k(k − 1) if ti ∈ L4

0 ≤ δi/|ai| < 1/(k − 1) if ti ∈ Lj , j ≥ 5

δi ≤ 0 if ti 6∈ L.



Note that when k = 2, the upper bound on δi/|ai| for ti ∈ L4 isa
tually stri
t, sin
e −2/k is an integer. Thus, δi < |ai|/(k − 1), forall i ≥ 1.Lemma 1. Let b ≥ 1 and k ≥ 2 be integers. If a · x ≥ b and
‖a‖1 ≤ k, then ∆ < 1.Proof. Assume that there is an index l su
h that tl 6∈ L. Then,
|al| > 0 so ∑

i6=l
|ai| ≤ k − 1. We then have

∆ ≤
∑

i6=l

δi <
∑

i6=l

|ai|

k − 1
≤

k − 1

k − 1
= 1. (1)Therefore, we 
an assume that for all 1 ≤ i ≤ n we have ti ∈ L.Let X1 = {i | ti ∈ L1} and X2 = {i | ti ∈ L2}. We will bound

∆ by separately bounding the three parts of the sum with indexsets X1, X2 and {1, . . . , n} \ (X1 ∪ X2). Let p =
∑

i∈X1
|ai| and

q =
∑

i∈X2
|ai|. Sin
e ti ≥ 0 if and only if i ∈ X1 ∪X2, we must havethat ∑

i∈X1∪X2
|ai|ti ≥ a · x ≥ b ≥ 1, hen
e p · 2/k + q · 1/k > 1 ⇔

2p + q > k. Upper bounding the three parts yields:
∆ < p ·

k − 2

k(k − 1)
+ q ·

1

k
+ (k − p − q) ·

1

k − 1
=

k2 − 2p − q

k(k − 1)
< 1.The lemma follows. ⊓⊔We 
an now use Lemma 1 to prove the following lemma, and
omplete the proof of Proposition 1.Lemma 2. Let b ≥ 1 and k ≥ 2 be integers. If a · x ≥ b and

‖a‖1 ≤ k, then a · x̂ ≥ b.Proof. From Lemma 1, we have ∆ = a · x− a · x′ < 1 whi
h 
an berearranged to a · x′ > a · x− 1 ≥ b− 1. Multipli
ation by k − 1 nowyields
a · x̂ = (k − 1)a · x′ > (k − 1)(b − 1).When k ≥ 2 and b ≥ 1, we have (k−1)(b−1) ≥ b−1, i.e., a·x̂ > b−1.By integrality, it follows that a · x̂ must in fa
t be greater than, orequal to b. ⊓⊔



Proof (Proposition 1). It remains to prove the statement for k ≥ 2.For an instan
e of (IP)k, we solve the LP-relaxation and obtain asolution x su
h that Ax ≥ b, and c
T
x is less than or equal tothe optimum of the 
orresponding integer program. In parti
ular,

a · x ≥ b for every row ve
tor a of A. By Lemma 2, it follows that
a · x̂ ≥ b, and therefore Ax̂ ≥ b. The value of the obje
tive fun
tionfor the solution x̂ is c

T
x̂ ≤ k · cT

x, hen
e we have approximated(IP)k within k. ⊓⊔2.1 Lower boundsA k-uniform hypergraph H is a pair (V, E), where V is a set of ver-ti
es and ea
h hyperedge e ∈ E is a k-element subset of V . TheEk-Vertex-Cover problem is that of �nding a minimum size ver-tex 
over in a k-uniform hypergraph. Note that E2-Vertex-Coveris identi
al to the well-known Minimum Vertex Cover for ordi-nary graphs. Given H , there is an immediate redu
tion to a (CIP)with one variable xi for ea
h vertex vi ∈ V and one inequality of theform
xj1 + xj2 + . . . + xjk

≥ 1for ea
h hyperedge ej = {vj1, vj2, . . . , vjk
} ∈ E. Here, the domain Xmay be any superset of {0, 1}n sin
e we 
an always obtain a feasi-ble solution x

′ = min{1,x} (
omponentwise) with at least as smallmeasure. Consequently, if Ek-Vertex-Cover is not approximablewithin a 
onstant α, then (IP)k is not approximable within α either.The best lower bounds 
urrently known under the assumptionof P 6= NP is 1.3606 for Minimum Vertex Cover by Dinur andSafra [4℄ and k − 1 − ε for Ek-Vertex-Cover by Dinur et al. [3℄.Stronger bounds are obtainable by exploiting stronger 
omplexitytheoreti
al assumptions su
h as Khot's unique games 
onje
ture:Khot and Regev [9℄ show that modulo the truth of this 
onje
ture,Ek-Vertex-Cover 
annot be approximated within k − ε for any
ε > 0. Thus, we have good reasons to believe that it may in fa
t beNP-hard to approximate Ek-Vertex-Cover within k − ε for any
ε. Combined with Proposition 1, this bound yields a (
onje
tured)tight approximation 
onstant of k of (IP)k. This bound also mat
hesthe upper bound on (CIP) by Carr et al. [2℄.



3 Bounded domainLet X = {0, 1, . . . , a − 1}, a ≥ 2 and k ≥ 3, with at least one of theinequalities stri
t. In this 
ase, we show that it is NP-hard to �ndany feasible solution to (IP)k. The ex
eptional 
ase a = 2 and k = 3turns out to be approximable within 3.Proposition 2. Let a ≥ 2 and X = {0, 1, . . . , a−1}n. When k ≥ 4,it is an NP-hard problem to �nd feasible solutions to (IP)k.Proof. We redu
e from the problem One-in-three SAT, whi
hhas been shown to be NP-hard by S
haefer [12℄. An instan
e ofOne-in-three SAT is given by a set of 
lauses {C1, . . . , Cm} overvariables U = {u1, . . . , un}, where ea
h 
lause is a disjun
tion ui ∨
uj ∨ ul of exa
tly three variables. The question is whether or notthere exists a satisfying assignment su
h that pre
isely one variablein ea
h 
lause is assigned the value 1. Note that we do not allow nega-tions of the variables. This is in agreement with S
haefer's originalformulation.For ea
h propositional variable ui o

urring in a One-in-threeSAT instan
e, 
reate a variable xi, and for ea
h 
lause C = ui∨uj ∨
ul, add the following inequalities:

xi, xj , xl ≥ a − 2
xi + xj + xl ≥ 3(a − 2) + 1

(2)The �rst equation restri
ts the variables xi, xj, xl to the set {a−2, a−
1}. The se
ond equation ensures that at least one of the variables
xi, xj and xl is assigned the value a − 1. Furthermore, we add a(unique) new variable y, and the following inequalities

y ≥ a − 1
xi + xj ≤ 2y − 1 ⇔ 2y − xi − xj ≥ 1
xi + xl ≤ 2y − 1
xj + xl ≤ 2y − 1

(3)Sin
e y must be a − 1, the last three inequalities, together with thefa
t that xi, xj , xl ∈ {a− 2, a− 1} implies that at most one variablefrom {xi, xj , xl} takes the value a−1. We 
an now solve the originalOne-in-three SAT-instan
e by assigning ui = 0 if xi = a − 2 and
ui = 1 if xi = a − 1. It follows that �nding a solution to (IP)k isNP-hard. ⊓⊔



Corollary 1. If X = {0, 1, . . . , a−1}n with a > 2, then the problemof �nding a feasible solution to (IP)3 is NP-hard.Proof. The proof of Proposition 2 
an be altered in the following wayto produ
e the result in the 
orollary. First, repla
e the equations(2) with xi + xj + xl ≥ 1. Then, repla
e 2y − 1 in equations (3) with
y − (a − 2). Finally, let ui = 0 if and only if xi = 0. ⊓⊔We are left with one remaining 
ase:Proposition 3. The problem (IP)3 with domain X = {0, 1} 
an beapproximated within 3.Proof. Let x be an optimal solution to the LP-relaxation of IP3. Weround x to an integer solution x̂ as follows:

x̂i =

{

0 if xi < 1/3,
1 otherwise.This in
reases the value of the obje
tive fun
tion by at most 3. Theproof follows a similar strategy as that of Proposition 1. De�ne ti =sgn(ai) · xi and t̂i = sgn(ai) · x̂i. We note again that it su�
es toshow that

∆ = a · x − a · x̂ =
n∑

i=1

|ai|(ti − t̂i) < 1,sin
e we then have a · x̂ > a · x − 1 ≥ b − 1, and the result followsfrom the integrality of a · x̂.Let X1 = {i | −1 ≤ ti ≤ −1/3} and X2 = {i | −1/3 < ti < 1/3},and let p =
∑

i∈X1
|ai| and q =

∑

i∈X2
|ai|. The values of p and qmust satisfy

b ≤ a · x ≤ p · (−1/3) + q · 1/3 + (3 − p − q) · 1 (4)whi
h implies p · 2/3 + q · 1/3 ≤ 1, where we have used 1 as a lowerbound for b. In fa
t, we have p ·2/3+q ·1/3 < 1: if q = 0, this followsimmediately from the non-stri
t inequality, and if q > 0, then theterm q · 1/3 in (4) is a stri
t upper bound on ∑

i∈X2
ti.To �nish the proof, note that {i | ti − t̂i > 0} ⊆ X1 ∪ X2. Wetherefore have the bound

∆ ≤
∑

i∈X1∪X2

|ai|(ti − t̂i) ≤ p · 2/3 + q · 1/3 < 1,and the proposition follows. ⊓⊔



4 Dis
ussion and Future WorkWe have obtained a tight approximation of a general 
lass of integerlinear programs under the parameterisation ‖A‖∞ ≤ k. It is howeverimportant to note, that the result in Se
tion 2 is tight only with re-spe
t to this parti
ular parameterisation. It is still imaginable thatthere exists an approximation algorithm whi
h approximates (IP)within, for example, the maximum number of non-zero entries inany row of A as was the 
ase for the (CIP) problems. The approa
hof Carr et al. [2℄ and Prit
hard [11℄ is based on adding so-
alledKnapsa
k Cover (KC) inequalities to the program, whi
h lowers theintegrality gap. The exponentially many inequalities are then han-dled using a separation ora
le. We note that for (IP), there seems tobe no natural 
ounterpart to the KC-inequalities. The main obsta
leis that the validity of the inequalities of (IP) does not uniformly im-prove upon in
reasing individual variables, as is the 
ase for ordinary
overing problems.A �rst step in this dire
tion 
ould be to look for a 2-approximationof (IP) with at most two variables per inequality (or, indeed, provethat su
h an algorithm is unlikely to exist.) An algorithm is knownfor arbitrary right-hand sides when the variables are bounded, seeHo
hbaum et al. [8℄. The idea behind the proof is to redu
e the prob-lem to program with only monotone inequalities (ax− by ≥ c, where
a, b > 0.) This system 
an then be solved in pseudo-polynomial time,depending on the upper bounds of the variables. The value of the�nal solution 
an then easily be seen to be o� by at most a fa
torof 2. To use a similar approa
h, one would like to prove that poly-nomial time solvability is retained for monotone inequalities, whenarbitrary right-hand sides and bounded domain is substituted withpositive right-hand sides and unbounded domain. We note that this
an be seen as a 
onstraint satisfa
tion problem over an in�nite do-main, and that the 
onstraint language of monotone inequalities isinvariant under the operations min and max.Dobson [5℄ and Fisher and Wolsey [6℄ both analyse greedy al-gorithms for (CIP) and derive bounds of O(log d), where d is themaximum 
olumn sum of A. As for the KC-inequalities, the 
or-re
tness of these algorithms 
ru
ially uses the non-negativity of the
A-matrix, and a dire
t generalisation to (IP) fails. Nevertheless, it



seems reasonable to assume that some kind of 
olumn-sum boundfor (IP) should exist.Referen
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