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From book to algorithm

Analytic Combinatorics is a general approach:

• that starts from a combinatorial description

• translates this description into equations
satisfied by generating functions

• views them as analytic functions

• and exploits their singular behavior to deduce
asymptotic properties of the objects.
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From book to algorithm

Analytic Combinatorics is a general approach:

• that starts from a combinatorial description

• translates this description into equations
satisfied by generating functions

• views them as analytic functions

• and exploits their singular behavior to deduce
asymptotic properties of the objects.

What we did: develop computational tools
that automate large parts of this approach.

Today: outline of the main steps.
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First part: Combinatorics



Combinatorial systems



The symbolic method with a touch of species

Definition (Combinatorial system)

A combinatorial system Y = H(Z,Y) for an m–tuple Y = (Y1, · · · ,Ym)
of species (labeled classes) is a vector

Y1 = H1(Z,Y1,Y2, · · · ,Ym),

Y2 = H2(Z,Y1,Y2, · · · ,Ym),
...

Ym = Hm(Z,Y1,Y2, · · · ,Ym),

where each Hi denotes a multisort species (constructions).

Definition (Specification)

A specification is a combinatorial system where the Hi are combinations
of

1,Z,+,×,Seq,Cyc,Set.

Let S be a species,

• the size of a S-structure is the number of Z it contains;

• the number of S-structures of any given size is finite.
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Simple examples(?)

• Permutations: P = Set(Cyc(Z))

• Binary trees: B = Z + B × B
• General (Cayley) trees: T = Z × Set(T )

• Functional graphs: F = Set(K),K = Cyc(T ), T = Z × Set(T )

Part I
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Figure 1: The diagram and the set of cycles representations of ω = 6321745.

1.1 Background and definition of record-biased permutations

We review here some basics on permutations and some known results on the Ewens distri-
bution [Ewe72]. We define record-biased permutations and present the link between Ewens
permutations and record-biased permutations through Foata’s bijection [Lot97, §10.2].

1.1.1 Permutations

For any integers a and b, let [a, b] = {a, . . . , b} and for every integer n → 1, let [n] = [1, n].
By convention [0] = ↑. If E is a finite set, let S(E) denote the set of all permutations on
E, i.e., of bijective maps from E to itself. For convenience, we write S([n]) as Sn. For a
permutation ε in Sn, the integer n is called the size of ε and is denoted by |ε|. Permutations
in Sn can be viewed in several ways (see, e.g., [Bón12]); in what follows, we alternate between
their representations as words, diagrams, and sets of cycles.

A permutation ε in Sn can be represented as a word w1w2 · · · wn, where each symbol in [n]
appears exactly once, by setting wi = ε(i) for all i ↓ [n]. The diagram of a permutation ε of
size n is the set of points (i, ε(i)) in an n↔ n grid. An example is given in Fig. 1. A cycle of
size k in a permutation ε ↓ Sn is a subset {i1, . . . , ik} of [n] such that i1

ω↗↘ i2 . . .
ω↗↘ ik

ω↗↘ i1,
written as (i1, i2, . . . , ik). Any permutation can be decomposed into its cycles. For instance,
the cycle decomposition of ω = 6321745 is (32)(641)(75), as illustrated in Fig. 1.

1.1.2 Ewens model

The Ewens distribution on permutations (see, e.g., [ABT03, Ewe72]) is a generalization of
the uniform distribution on Sn: the probability of a permutation depends on its number of
cycles. Let cyc(ε) denote the number of cycles of a permutation ε, the Ewens distribution of
parameter ϑ on Sn (where ϑ > 0) assigns to each ε ↓ Sn the probability

ϑcyc(ω)

∑
ε→Sn

ϑcyc(ε)
. (1)

Setting ϑ = 1 yields the uniform distribution on Sn. The normalization constant
∑

ε→Sn
ϑcyc(ε)

is equal to the rising factorial ϑ(n), where for any real number x, the rising factorial x(n) is
defined by x(n) = x(x + 1) · · · (x + n≃ 1), with x(0) = 1. Forgetting the normalizing constant,
we sometimes refer to the numerator ϑcyc(ω) in Eq. (1) as the weight of the permutation ε;
this weight can be interpreted as a product of weights, one from each element of ε. Here, we
assign weight ϑ to each element that is the smallest in its cycle, and weight 1 to all others.

For fixed ϑ, the expected number of cycles in a random permutation of size n under
the Ewens distribution is

∑n↑1
j=0

ϑ
ϑ+j , which is asymptotically equivalent to ϑ log n, and it is

asymptotically normal.
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Arbre non planaire Alcool acyclique Circuit série-parallèle

Fig. 1 – Exemples de structures générées.

La première partie de ce mémoire est consacrée à l’étude des générateurs de Boltzmann pour
les structures non étiquetées. Ces structures peuvent présenter des symétries qui les rendent na-
turellement plus di�ciles à engendrer de façon uniforme. Les expressions des séries génératrices
associées aux spécifications non étiquetées induisent une décomposition des structures qui per-
met de prendre en compte ces symétries pour l’énumération. Nous montrons que les générateurs
de Boltzmann peuvent être conçus en suivant cette même décomposition. Nous présentons en
détails les algorithmes génériques pour chaque construction combinatoire non étiquetée, en nous
assurant de leur validité et en les illustrant par des exemples classiques (la figure 1 représente
di↵érentes structures engendrées). Des données expérimentales viennent également souligner les
performances de ces générateurs et une application à la génération aléatoire de partitions planes
complète cette étude.

L’uniformité des tirages e↵ectués par un générateur de Boltzmann repose sur une évaluation
numérique des séries génératrices. En supposant que ce calcul numérique est dévolu à une bôıte
noire – l’oracle de Boltzmann – les algorithmes obtenus en assemblant les générateurs associés
aux constructions de base ont une complexité linéaire en la taille de leur sortie ; ils permettent
d’engendrer sans di�culté des structures de plusieurs centaines de milliers de nœuds, ce qui
n’était pas envisageable avec les générateurs à taille fixée. C’est essentiellement la tolérance
sur la taille des structures qui permet d’améliorer la complexité des générateurs, et ce, de
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II. 5. LABELLED TREES, MAPPINGS, AND GRAPHS 129
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Figure II.12. A functional graph of size n = 26 associated to the mapping ⋆ such
that ⋆(1) = 16, ⋆(2) = ⋆(3) = 11, ⋆(4) = 23, and so on.

This happens to be solvable in terms of the Cayley function: L(z) = T ( 1
2
ez/2♥1/2) + z

2
♥

1

2
. The first few values are 0, 1, 4, 26, 236, 2752 (EIS A000311): these numbers count phylo-
genetic trees, used to describe the evolution of a genetically-related group of organisms, and

they correspond to Schröder’s “fourth problem” [129, p. 224]. The asymptotic analysis is done

in Example VII.12, p. 472.

The class of binary (labelled) hierarchies defined by the additional fact that internal nodes
can have degree 2 only is expressed by

M = Z + SET2(M) ⃝↗ M(z) = 1♥↘1♥ 2z and Mn = 1 · 3 · · · (2n ♥ 3),
where the counting numbers are now, surprisingly perhaps, the odd factorials. ✷

II. 5.2. Mappings and functional graphs. Let F be the class of mappings (or

“functions”) from [1 . . n] to itself. A mapping f ⟨ [1 . . n] ⟩∪ [1 . . n] can be repre-
sented by a directed graph over the set of vertices [1 . . n] with an edge connecting x
to f (x), for all x ⟨ [1 . . n]. The graphs so obtained are called functional graphs and
they have the characteristic property that the outdegree of each vertex is exactly equal

to 1.

Mappings and associated graphs. Given a mapping (or function) f , upon start-
ing from any point x0, the succession of (directed) edges in the graph traverses the

vertices corresponding to iterated values of the mapping,

x0, f (x0), f ( f (x0)), . . . .

Since the domain is finite, each such sequence must eventually loop back on itself.
When the operation is repeated, starting each time from an element not previously hit,

the vertices group themselves into (weakly connected) components. This leads to a

valuable characterization of functional graphs (Figure II.12): a functional graph is a

set of connected functional graphs; a connected functional graph is a collection of

rooted trees arranged in a cycle. (This decomposition is seen to extend the decom-

position of permutations into cycles, p. 120.)

• ?? Y1 = Z + ZY1, Y2 = Y1 + Y2
2

• ?? Y1 = 1 + ZY1, Y2 = Y1 + Y2
2

• ?? Y1 = 1 + ZY1, Y2 = Y1 + ZY2
2
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What if the system Y = H(Z,Y) looks like this?

• Sufficient conditions for a system to define combinatorial species?

▷ H(0,0) = 0 and ∂H/∂Y(0,0) is nilpotent [Joyal, 1981].

• Are these necessary conditions?

▷ Yes, if we do not authorize structures of size 0 and zero-coordinates.

• Can we give a characterization that allows structures of size 0?

▷ Yes, we have two different characterizations.

4/23



What if the system Y = H(Z,Y) looks like this?

• Sufficient conditions for a system to define combinatorial species?

▷ H(0,0) = 0 and ∂H/∂Y(0,0) is nilpotent [Joyal, 1981].

• Are these necessary conditions?

▷ Yes, if we do not authorize structures of size 0 and zero-coordinates.

• Can we give a characterization that allows structures of size 0?

▷ Yes, we have two different characterizations.

4/23



What if the system Y = H(Z,Y) looks like this?

• Sufficient conditions for a system to define combinatorial species?

▷ H(0,0) = 0 and ∂H/∂Y(0,0) is nilpotent [Joyal, 1981].

• Are these necessary conditions?

▷ Yes, if we do not authorize structures of size 0 and zero-coordinates.

• Can we give a characterization that allows structures of size 0?

▷ Yes, we have two different characterizations.

4/23



What if the system Y = H(Z,Y) looks like this?

• Sufficient conditions for a system to define combinatorial species?

▷ H(0,0) = 0 and ∂H/∂Y(0,0) is nilpotent [Joyal, 1981].

• Are these necessary conditions?

▷ Yes, if we do not authorize structures of size 0 and zero-coordinates.

• Can we give a characterization that allows structures of size 0?

▷ Yes, we have two different characterizations.

4/23



What if the system Y = H(Z,Y) looks like this?

• Sufficient conditions for a system to define combinatorial species?

▷ H(0,0) = 0 and ∂H/∂Y(0,0) is nilpotent [Joyal, 1981].

• Are these necessary conditions?

▷ Yes, if we do not authorize structures of size 0 and zero-coordinates.

• Can we give a characterization that allows structures of size 0?

▷ Yes, we have two different characterizations.

4/23



What if the system Y = H(Z,Y) looks like this?

• Sufficient conditions for a system to define combinatorial species?

▷ H(0,0) = 0 and ∂H/∂Y(0,0) is nilpotent [Joyal, 1981].

• Are these necessary conditions?

▷ Yes, if we do not authorize structures of size 0 and zero-coordinates.

• Can we give a characterization that allows structures of size 0?

▷ Yes, we have two different characterizations.

4/23



What if the system Y = H(Z,Y) looks like this?

• Sufficient conditions for a system to define combinatorial species?

▷ H(0,0) = 0 and ∂H/∂Y(0,0) is nilpotent [Joyal, 1981].

• Are these necessary conditions?

▷ Yes, if we do not authorize structures of size 0 and zero-coordinates.

• Can we give a characterization that allows structures of size 0?

▷ Yes, we have two different characterizations.

4/23



Well-founded systems

Definition (Well founded)

The combinatorial system Y = H(Z,Y) is well founded when

Y [0] = 0 and Y [n+1] = H(Z,Y [n]), n ≥ 0

is well defined for all n and defines a sequence (Y [n])n≥0 that is
convergent. Its limit S is the combinatorial solution of the system.

• well defined: for each n and each size k, there are finitely many
combinatorial structures of size k in H(Z,Y [n]);

• convergent: there is a limit class S such that for all k ≥ 0, Y [n] is
isomorphic to S for all structures of size up to k, for large enough n.

Theorem (Characterization by Leading Terms)

The system Y = H(Z,Y) is well founded if and only if the leading
terms (smallest structures) of Y [m] and Y [m+1] are equal.
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Computing the leading terms

Algorithm WellFoundedAndLeadingTerm:

Input: Y = H(Z,Y) a specification in normal form with m equations

Output: Vector of pairs (c, v) corresponding to the vector of leading terms cZv of Y;
FAIL if and only if the system is not well founded

1 w1:m := ((0,∞), . . . , (0,∞))

2 repeat m+1 times

3 v := w
4 for i = 1 to m do
5 if Hi = 1 then wi := (1, 0)
6 if Hi = Z then wi := (1, 1)
7 if Hi = Set(Yj) or Seq(Yj) then wi := (1, 0) if vj,2 ̸= 0, otherwise FAIL
8 if Hi = Cyc(Yj) then wi := vj if vj,2 ̸= 0, otherwise FAIL
9 if Hi = Yj1 × · · · × Yjk

then wi := (vj1,1 · · · vjk,1, vj1,2 + · · · + vjk,2)

10 if Hi = Yj1 + · · · + Yjk
then

11 wi,2 := min(vj1,2, . . . , vjk,2), wi,1 :=
∑

ℓ∈[1,k],vjℓ,2
=wi,2

vjℓ,1

12 if v = w then return v ◁ the system is well founded

13 if v ̸= w then FAIL
14 return v

Improvement of Paul Zimmermann’s algorithm (1991)
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A system not too big, but not that small

Specification for unordered forests of trees with red, green and blue nodes
and its normal form.




F = Set(Tr),

Tr = Z + R × Seq(Tb),

Tb = B × Seq(Tg),

Tg = G × Seq(Tr),

R = Z3 + Z × Seq(B),

B = Z × Seq(R),

G = Z + G × G.





F = Set(Tr),

Tr = Z + N1, N1 = R × N2, N2 = Seq(Tb),

Tb = B × N3, N3 = Seq(Tg),

Tg = G × N4, N4 = Seq(Tr),

R = N5 + N6, N5 = Z3, N6 = Z × N7, N7 = Seq(B),

B = Z × N8, N8 = Seq(R),

G = Z + N9, N9 = G × G

The algorithm produces the following vectors, the system is well founded:

[ 1, Z, 0, 1, 0, 1, 0, 1, 0, Z3, 0, 1, 0, 1, Z, 0 ]

[ 1, Z, 0, 1, 0, 1, Z, 1, Z3, Z3, Z, 1, Z, 1, Z, Z2 ]

[ 1, Z, Z3, 1, Z, 1, Z, 1, Z, Z3, Z, 1, Z, 1, Z, Z2 ]

[ 1, Z, Z, 1, Z, 1, Z, 1, Z, Z3, Z, 1, Z, 1, Z, Z2 ]

[ 1, 2Z, Z, 1, Z, 1, Z, 1, Z, Z3, Z, 1, Z, 1, Z, Z2 ]

[ 1, 2Z, Z, 1, Z, 1, Z, 1, Z, Z3, Z, 1, Z, 1, Z, Z2 ]
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A different system not too big, but not that small

Specification for unordered forests of trees with red, green and blue nodes
and its normal form.




F = Set(Tr),

Tr = Z + R × Seq(Tb),

Tb = B × Seq(Tg),

Tg = G × Seq(Tr),

R = Z3 + Z × Seq(B),

B = Z × Seq(R),

G = 1 + Z × G2.





F = Set(Tr),

Tr = Z + N1, N1 = R × N2, N2 = Seq(Tb),

Tb = B × N3, N3 = Seq(Tg),

Tg = G × N4, N4 = Seq(Tr),

R = N5 + N6, N5 = Z3, N6 = Z × N7, N7 = Seq(B),

B = Z × N8, N8 = Seq(R),

G = 1 + N9, N9 = Z × G × G

At some point, the leading term of Tg is 1. This breaks the condition of
being well defined for N3 = Seq(Tg) in the next iteration. The system is
not well founded anymore.

[ 1, Z, 0, 1, 0, 1, 0, 1, 0, Z3, 0, 1, 0, 1, 1, 0 ]

[ 1, Z, 0, 1, 0, 1, 1, 1, Z3, Z3, Z, 1, Z, 1, 1, Z ]

△
Tg
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A different system not too big, but not that small

Specification for unordered forests of trees with red, green and blue nodes
and its normal form.



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



F = Set(Tr),

Tr = Z + N1, N1 = R × N2, N2 = Seq(Tb),

Tb = B × N3, N3 = 1 + M, M = Tg × N3

Tg = G × N4, N4 = Seq(Tr),

R = N5 + N6, N5 = Z3, N6 = Z × N7, N7 = Seq(B),

B = Z × N8, N8 = Seq(R),

G = 1 + N9, N9 = Z × G × G

The previous condition is not broken anymore... But the last 2 vectors after
m+1 = 18 iterations are not equal. This system is (still) not well founded:

[ 1, Z, 0, 1, 0, 1, 0, 0, 1, 0, Z3, 0, 1, 0, 1, 1, 0 ]

...

[ 1, 2Z, Z, 1, 8Z, 8, 8, 1, 1, Z, Z3, Z, 1, Z, 1, 1, Z ]

[ 1, 2Z, Z, 1, 8Z, 9, 8, 1, 1, Z, Z3, Z, 1, Z, 1, 1, Z ]

△
N3

7/23



Generating functions



Exponential generating functions for labeled structures

The exponential generating function of a species Y1:m is the power series

Y (z) =
∑

n≥0

Yn
zn

n!

where Yn is the vector of numbers of Yk-structures of size n, for k = 1..m.

species constr. exponential g.f. derivative ∂H/∂z

Union F + G F (z) +G(z) F ′(z) + G′(z)

Product F × G F (z)×G(z) F ′(z)G(z) + F (z)G′(z)

Sequence Seq(G) (1−G(z))−1 (1−G(z))−2

Cycle Cyc(G) ln
1

1−G(z)
(1−G(z))−1

Set Set(G) eG(z) eG(z)

Any specification translates into a system of equations on generating series.
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Jacobian matrix, dependency graph, and irreducible systems



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The Jacobian matrix ∂H/∂Y encodes the dependency graph of the system.

F

Tr

Tb

Tg

G

R

B

Definition (Irreducible)

A combinatorial system is irreducible when
its dependency graph is strongly connected.

The analysis of general combinatorial systems often

reduces to the special case of irreducible systems.
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Well-founded systems of generating functions

Definition

Let H1:m : Cm+1 → Cm be analytic in a neighborhood of 0.

The system Y = H(z,Y ) is called well founded when

1. Each coordinate of H has nonnegative real Taylor coefficients at 0.

2. For k = 0, . . . ,m, the iteration

U [0] := 0, U [k+1] := H(0,U [k])

that computes g.f. for the structures of size 0, is well defined.

3. The Jacobian matrix ∂H/∂Y is nilpotent at (0,U [m]).

This is by analogy with our extension of Joyal’s implicit species theorem for
combinatorial systems without the constraint H(0,0) = 0.
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Generating functions solutions of well-founded systems

C0(z) = zC1(z)C2(z)C3(z)(C1(z)+C2(z))

C1(z)=z+ z
1−C1(z)2C3(z)2

C2(z)=z+ z2

(1−zC2(z)2/(1−z))(1−C2(z))

C3(z)=z+
z(3z+z2+z2C1(z)C3(z))

1−C2
1(z)

A system of generating function equa-
tions may have many solutions...

The only solution of interest is the one that corresponds to the value of the
generating function of C.

Definition (generating function solution)

If Y = H(z,Y ) is well-founded, then it admits a unique solution Y (z)
analytic in a neighborhood of 0 with Y (0) = U [m]. This solution has
nonnegative Taylor coefficients at 0.

Y (z) is called the generating function solution of the system.

Recall that U [m] is the generating function for the structures of size 0.
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Second part: Analytic Functions



The centerpiece: computing the radius



Computation of the radius of convergence

First Principle of Coefficient Asymptotics: The location of a
function’s singularities dictates the exponential growth of its coefficients
[Flajolet and Sedgewick, 2009].

[Pivoteau, Salvy and Soria, 2012] [New]

Newton iteration
cannot converge:

▷ at least one
coordinate is
non-increasing

▷ or, it leaves the
domain of conver-
gence of H

+ Newton-Kantorovich-type
a posteriori bound

Theorem (Value of the generating function solution)

Let Y = H(z,Y ) be a well-founded system and let ρ be the radius of
convergence of its g.f. solution Y (z). Let (a,B) ∈ Rm+1

≥0 belong to the
domain of convergence of H or its boundary and satisfy B = H(a,B).

Then ρ > 0, a ≤ ρ, B ≥ Y (a) and, moreover, ΛH(a,B) ≤ 1 ⇔ B = Y (a).

▷ We can compute the radius of convergence by dichotomy...
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ΛH(x,y) is the spectral radius of the Jacobian matrix ∂H/∂Y .
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For a ≤ ρ, we can compute the
value of Y (a) by iteration

Fast computation using
Newton iteration starting at 0

Newton iteration
cannot converge:

▷ at least one
coordinate is
non-increasing

▷ or, it leaves the
domain of conver-
gence of H

+ Newton-Kantorovich-type
a posteriori bound

Theorem (Value of the generating function solution)

Let Y = H(z,Y ) be a well-founded system and let ρ be the radius of
convergence of its g.f. solution Y (z). Let (a,B) ∈ Rm+1

≥0 belong to the
domain of convergence of H or its boundary and satisfy B = H(a,B).

Then ρ > 0, a ≤ ρ, B ≥ Y (a) and, moreover, ΛH(a,B) ≤ 1 ⇔ B = Y (a).

▷ We can compute the radius of convergence by dichotomy...
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... by dichotomy, but Newton iteration is slow when a is close to ρ.
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Fig. 3 – Itérations (simple à gauche, et de Newton à droite) sur les séries formelles des arbres
généraux non planaires.
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Contribution et plan détaillé
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8

Proposition (Radius of convergence)

Let Y = H(z,Y ) be an irreducible system, let ρ be the radius of
convergence of its solution Y (z) and let τ = limu→ρ− Y (u). Then,

1. either (ρ, τ ) is on the boundary of the domain of convergence of H or
it is in the interior of it and ΛH(ρ, τ ) = 1;

2. if (a,B) is s.t. B = H(a,B) and ΛH(a,B) = 1, then (a,B) = (ρ, τ ).

When ΛH(ρ, τ ) = 1, the radius is a solution of the characteristic system

Y = H(z,Y ), det
(
Id− ∂H

∂Y

)
= 0.

But it may have several solutions... For instance, this characteristic system

{y1 − z(y21 + y2 + 1), y2 − z(y22 + y1 + 1), 4y1y2z
2 − 2y1z − 2y2z − z2 + 1}

has 2 solutions for (z, y1, y2), (1/3, 1, 1) and ((2
√
2− 1)/7,

√
2 + 1,

√
2 + 1).

▷ We can filter them with the criterion ΛH(a,B) = 1.

13/23



Another way to compute the radius

... by dichotomy, but Newton iteration is slow when a is close to ρ.

Proposition (Radius of convergence)

Let Y = H(z,Y ) be an irreducible system, let ρ be the radius of
convergence of its solution Y (z) and let τ = limu→ρ− Y (u). Then,

1. either (ρ, τ ) is on the boundary of the domain of convergence of H or
it is in the interior of it and ΛH(ρ, τ ) = 1;

2. if (a,B) is s.t. B = H(a,B) and ΛH(a,B) = 1, then (a,B) = (ρ, τ ).

When ΛH(ρ, τ ) = 1, the radius is a solution of the characteristic system

Y = H(z,Y ), det
(
Id− ∂H

∂Y

)
= 0.

But it may have several solutions... For instance, this characteristic system

{y1 − z(y21 + y2 + 1), y2 − z(y22 + y1 + 1), 4y1y2z
2 − 2y1z − 2y2z − z2 + 1}

has 2 solutions for (z, y1, y2), (1/3, 1, 1) and ((2
√
2− 1)/7,

√
2 + 1,

√
2 + 1).

▷ We can filter them with the criterion ΛH(a,B) = 1.

13/23



Another way to compute the radius

... by dichotomy, but Newton iteration is slow when a is close to ρ.

Proposition (Radius of convergence)

Let Y = H(z,Y ) be an irreducible system, let ρ be the radius of
convergence of its solution Y (z) and let τ = limu→ρ− Y (u). Then,

1. either (ρ, τ ) is on the boundary of the domain of convergence of H or
it is in the interior of it and ΛH(ρ, τ ) = 1;

2. if (a,B) is s.t. B = H(a,B) and ΛH(a,B) = 1, then (a,B) = (ρ, τ ).

When ΛH(ρ, τ ) = 1, the radius is a solution of the characteristic system

Y = H(z,Y ), det
(
Id− ∂H

∂Y

)
= 0.

But it may have several solutions... For instance, this characteristic system

{y1 − z(y21 + y2 + 1), y2 − z(y22 + y1 + 1), 4y1y2z
2 − 2y1z − 2y2z − z2 + 1}

has 2 solutions for (z, y1, y2), (1/3, 1, 1) and ((2
√
2− 1)/7,

√
2 + 1,

√
2 + 1).

▷ We can filter them with the criterion ΛH(a,B) = 1.

13/23



Another way to compute the radius

... by dichotomy, but Newton iteration is slow when a is close to ρ.

Proposition (Radius of convergence)

Let Y = H(z,Y ) be an irreducible system, let ρ be the radius of
convergence of its solution Y (z) and let τ = limu→ρ− Y (u). Then,

1. either (ρ, τ ) is on the boundary of the domain of convergence of H or
it is in the interior of it and ΛH(ρ, τ ) = 1;

2. if (a,B) is s.t. B = H(a,B) and ΛH(a,B) = 1, then (a,B) = (ρ, τ ).

When ΛH(ρ, τ ) = 1, the radius is a solution of the characteristic system

Y = H(z,Y ), det
(
Id− ∂H

∂Y

)
= 0.

But it may have several solutions... For instance, this characteristic system

{y1 − z(y21 + y2 + 1), y2 − z(y22 + y1 + 1), 4y1y2z
2 − 2y1z − 2y2z − z2 + 1}

has 2 solutions for (z, y1, y2), (1/3, 1, 1) and ((2
√
2− 1)/7,

√
2 + 1,

√
2 + 1).

▷ We can filter them with the criterion ΛH(a,B) = 1.

13/23



Another way to compute the radius

... by dichotomy, but Newton iteration is slow when a is close to ρ.

Proposition (Radius of convergence)

Let Y = H(z,Y ) be an irreducible system, let ρ be the radius of
convergence of its solution Y (z) and let τ = limu→ρ− Y (u). Then,

1. either (ρ, τ ) is on the boundary of the domain of convergence of H or
it is in the interior of it and ΛH(ρ, τ ) = 1;

2. if (a,B) is s.t. B = H(a,B) and ΛH(a,B) = 1, then (a,B) = (ρ, τ ).

When ΛH(ρ, τ ) = 1, the radius is a solution of the characteristic system

Y = H(z,Y ), det
(
Id− ∂H

∂Y

)
= 0.

But it may have several solutions... For instance, this characteristic system

{y1 − z(y21 + y2 + 1), y2 − z(y22 + y1 + 1), 4y1y2z
2 − 2y1z − 2y2z − z2 + 1}

has 2 solutions for (z, y1, y2), (1/3, 1, 1) and ((2
√
2− 1)/7,

√
2 + 1,

√
2 + 1).

▷ We can filter them with the criterion ΛH(a,B) = 1.

13/23



Faster computation of the radius

• We can use Newton iteration on the characteristic system...

• ... but this is not a positive (combinatorial) system: there is no
unconditional convergence.

• We prove quadratic convergence in a neighborhood of the solution.

Algorithm

Decompose the system into irreducible components, and

• choose a “close enough” to the radius, by dichotomy, with Newton
iteration for Y = H(a,Y );

• use Newton iteration started at (a,Y (a)) on the characteristic system;

• check that ρ = a is found by verifying that ΛH(a,Y (a)) = 1.

On the previous example, starting at a = 0.05375 and the values of y1(a)
and y2(a), Newton’s iteration on the characteristic system gives (for (y1, z)):

(0.0569876, 0.05375), (1.98856, 1.76650), (−2.49792, 5.32162), (−1.25430, 5.31255), ...

(1.00003, 0.317617), (0.998510, 0.333309), (0.999996, 0.333333), (1.00000, 0.333333).
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Computation of the radius for colored trees

Jacobian matrix, dependency graph, and irreducible systems





F (z) = eTr(z)

Tr(z) = z + R(z)
1→Tb(z)

Tb(z) = B(z)
1→Tg(z)

Tg(z) = G(z)
1→Tr(z)

R(z) = z3 + z
1→B(z)

B(z) = z
1→R(z)

G(z) = z + G(z)2




0 eTr(z) 0 0 0 0 0

0 0
R(z)

(1 → Tb(z))2
0

1

1 → Tb(z)
0 0

0 0 0
B(z)

(1 → Tg(z))2
0

1

1 → Tg(z)
0

0
G(z)

(1 → Tr(z))2
0 0 0 0

1

1 → Tr(z)

0 0 0 0 0
z

(1 → B(z))2
0

0 0 0 0
z

(1 → R(z))2
0 0

0 0 0 0 0 0 2G(z)




The Jacobian matrix of a system encodes its dependency graph.

F

Tr

Tb

Tg

G

R

B

Strongly connected

components

Definition (irreducible)

A combinatorial system is irreducible when
its dependency graph is strongly connected.

↭ The analysis of general combinatorial sys-
tems often reduces to the special case of irre-
ducible systems.
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TRANSITION: translation of our previous example.

Need to define WF for generating functions

a di!erent characterization, more suited to write proofs

For this, we need the Jacobian matrix we glimpsed with Joyal’s conditions

(evaluated at 0,0)

• Jac = matrix of partial derivatives

• defined here, but exists at the combinatorial level

the Jacobian matrix encodes the dependency graph.

• the decomposition is not useful right now, but it will be.

A single nonrecursive equation is NOT irreducible

• 1st: SG = {G(z) = z +G(z)2}

◦ G(z) = 1−√
1−4z
2

→ ρG = 1/4.

• 2nd: SBR =
{
B(z) = z

1−R(z)
, R(z) = z3 + z

1−B(z)

}
◦ Find a candidate using Newton’s iteration on SBR: z = 0.2.

◦ Starting with the value of (B,R) at z = 0.2, Newton’s iteration
on the characteristic system gives ρBR ∈ [0.2462661, 0.2462662].

• 3rd:

◦ the radius is either the minimum of ρG and ρBR, or smaller
(where Λ should be 1).

◦ Newton’s iteration does not converge at 0.2462661 for ST : ρ < ρBR

• last: SF = {F (z) = exp(Tr(z))}
◦ the radius of convergence is ρBR ∈ [0.2462661, 0.2462662].
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(where Λ should be 1).

◦ Newton’s iteration does not converge at 0.2462661 for ST : ρ < ρBR

• Find a candidate using Newton’s iteration on ST : z = 0.16.

• Starting with the value of (Tr, Tb, Tg) at z = 0.16, Newton’s iteration
on the characteristic system gives ρT ∈ [0.1703916, 0.1703917].

• last: SF = {F (z) = exp(Tr(z))}
◦ the radius of convergence is ρBR ∈ [0.2462661, 0.2462662].
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◦ Newton’s iteration does not converge at 0.2462661 for ST : ρ < ρBR

• Find a candidate using Newton’s iteration on ST : z = 0.16.

• Starting with the value of (Tr, Tb, Tg) at z = 0.16, Newton’s iteration
on the characteristic system gives ρT ∈ [0.1703916, 0.1703917].

• last: SF = {F (z) = exp(Tr(z))}
◦ the radius of convergence is ρT ∈ [0.1703916, 0.1703917].
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Computation of the radius for colored trees

Jacobian matrix, dependency graph, and irreducible systems





F (z) = eTr(z)

Tr(z) = z + R(z)
1→Tb(z)

Tb(z) = B(z)
1→Tg(z)

Tg(z) = G(z)
1→Tr(z)

R(z) = z3 + z
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B(z) = z
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G(z) = z + G(z)2




0 eTr(z) 0 0 0 0 0

0 0
R(z)

(1 → Tb(z))2
0

1

1 → Tb(z)
0 0

0 0 0
B(z)

(1 → Tg(z))2
0

1

1 → Tg(z)
0

0
G(z)

(1 → Tr(z))2
0 0 0 0

1

1 → Tr(z)

0 0 0 0 0
z

(1 → B(z))2
0

0 0 0 0
z

(1 → R(z))2
0 0

0 0 0 0 0 0 2G(z)




The Jacobian matrix of a system encodes its dependency graph.

F

Tr

Tb

Tg

G

R

B

Strongly connected

components

Definition (irreducible)

A combinatorial system is irreducible when
its dependency graph is strongly connected.

↭ The analysis of general combinatorial sys-
tems often reduces to the special case of irre-
ducible systems.
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TRANSITION: translation of our previous example.

Need to define WF for generating functions

a di!erent characterization, more suited to write proofs

For this, we need the Jacobian matrix we glimpsed with Joyal’s conditions

(evaluated at 0,0)

• Jac = matrix of partial derivatives

• defined here, but exists at the combinatorial level

the Jacobian matrix encodes the dependency graph.

• the decomposition is not useful right now, but it will be.

A single nonrecursive equation is NOT irreducible

• 1st: SG = {G(z) = z +G(z)2}

◦ G(z) = 1−√
1−4z
2

→ ρG = 1/4.

• 2nd: SBR =
{
B(z) = z

1−R(z)
, R(z) = z3 + z

1−B(z)

}
◦ Find a candidate using Newton’s iteration on SBR: z = 0.2.

◦ Starting with the value of (B,R) at z = 0.2, Newton’s iteration
on the characteristic system gives ρBR ∈ [0.2462661, 0.2462662].

• 3rd: ST =
{
Tr(z) = z+R(z)Tb(z)

2, Tb(z) = B(z)Tg(z)2, Tg(z) = G(z)Tr(z)2
}

◦ the radius is either the minimum of ρG and ρBR, or smaller
(where Λ should be 1).

◦ Newton’s iteration converges at 0.2462661 for ST

• ΛST
(0.2462661) ≈ 0.127 < 1.

• This implies that ρ = ρBR ∈ [0.2462661, 0.2462662],
from the component SBR.

• last: SF = {F (z) = exp(Tr(z))}
◦ the radius of convergence is ρBR ∈ [0.2462661, 0.2462662].
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The last pieces fall into place



Singularity Analysis [Flajolet and Odlyzko, 1990]

First Principle of Coefficient Asymptotics:
The location of a function’s singularities dictates the
exponential growth of its coefficients.

Second Principle of Coefficient Asymptotics:
The nature of a function’s singularities determines
the associated subexponential factor.

Next steps:

• locate all the dominant singularities;

• computation of the local expansions of the generating functions in
the neighborhood of these singularities;

• asymptotic behavior of the coefficients using transfer theorems.
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Dominant singularities

The radius of convergence ρ is a dominant singularity.

There might be others on the circle |z| = ρ.

Their arguments are rational multiples of π, in-
duced by periodicity properties that can be computed
from the combinatorial equations.

0

2π/5

4π/5

6π/5

8π/5

Im(z)

Re(z)

radius of convergence ρ

We extend scattered known results to all the well-founded specifications:

• An algorithm to compute the periods of the generating functions.
▷ Valuations + fixed-point iteration

• Decompose the system into strongly connected components and
proceed bottom-up, restricting to the components having ρ as radius.

• Treating separately:

◦ nonrecursive components
◦ irreducible linear/nonlinear components
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Dominant singularities of irreducible systems: examples
Dominant singularities

The radius of convergence ω is a dominant singularity.

There might be others on the circle |z| = ω.

Their arguments are rational multiples of ε, induced
by periodicity properties that can be computed from
the combinatorial equations.

0ε

Im(z)

Re(z)

radius of convergence ω

We extend known results to all constructive systems:

• An algorithm to compute the periods.

• Decompose the system into strongly connected components and
proceed bottom-up, restricting to the components having ω as radius.

• Treating separately:

→ non recursive components
→ irreducible (non) linear components

20/26

Dominant singularities

The radius of convergence ω is a dominant singularity.

There might be others on the circle |z| = ω.

Their arguments are rational multiples of ε, induced
by periodicity properties that can be computed from
the combinatorial equations.

0

2ε/5

4ε/5

6ε/5

8ε/5

Im(z)

Re(z)

radius of convergence ω

We extend known results to all constructive systems:

• An algorithm to compute the periods.

• Decompose the system into strongly connected components and
proceed bottom-up, restricting to the components having ω as radius.

• Treating separately:

→ non recursive components
→ irreducible (non) linear components

20/26

Nonlinear case:

A = Z2 + Z2 × B2, B = Z3 + Z3 ×A2.

The valuations are vA = 2 and vB = 3 and the periods are solutions to the
system qA = gcd(6, qB), qB = gcd(4, qA).

Our algorithm gives (0, 0) 7→ (6, 4) 7→ (2, 2) 7→ (2, 2), which places dominant

singularities at arguments at e2ikπ/2 for k = 0 and k = 1.

Linear case:
A = Z2 + Z2 × B, B = Z3 + Z3 ×A.

The equations for the periods are qA = gcd(3, qB) and qB = gcd(2, qA),
which gives qA = qB = 1... but the generating functions solutions are

A(z) = z2 1+z3

1−z5
, B(z) = z3 1+z2

1−z5
, ...

... which indicates dominant singularities at e2ikπ/5 for k = 0, . . . , 4.
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Dominant singularities of irreducible systems: algorithm

Algorithm Dominant singularities of the generating function:

Input: Y = H(Z,U ,Y) an irreducible constructive component with ∂H/∂U ̸= 0;

R radius of convergence of its generating function solution Y ;
SU := U = G(Z,U)

∆U :=
⋃

U∈U ∆U (R) with ∆U (R) ⊇ {α | Reiα singularity of U}
Output: S ⊇ {α | Reiα singularity of Y }

1 if ∂2H/∂Y2 ̸= 0 then ◁ nonlinear case

2 q := Periods(Y = H(Z,U ,Y),SU )

3 return {2kπ/q1 | k = 0, . . . , q1 − 1} ◁ Theorems

4 else ◁ linear case

5 if ΛH(R) < 1 then ◁ inequality

6 return ∆U

7 else
8 Define A(Z,U), B(Z,U) by H = A + BY ◁ Y = (Id − B)−1A
9 q := gcd(Periods(V = B(Z,U), SU ))

10 if q = 0 then
11 Q := Periods(Y = Id + B(Z,U)Y, SU )

12 q := gcd(diagonal(Q))

13 return ∆U ∪ {2kπ/q | k = 0, . . . , q − 1} ◁ Theorems
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Singular behavior (1/2)

We classify the singular behaviors for all constructive systems and
prove a gap property: the generating function...

• ... is either of superpolynomial growth: it grows at least
as fast as exp(c ln2(1− z/ρ)) for some c > 0.

• or it has an algebraic-logarithmic behavior.

• No other behavior is possible.

In the algebraic-logarithmic case:

• Either it behaves like:

c0 + c1(1− z/ρ)1/r + c2(1− z/ρ)2/r + · · · ,

where r is a power of 2 [Banderier and Drmota, 2015].

• Otherwise, it has an infinite limit and is equivalent to

C(1− z/ρ)α lnk
(

1
1−z/ρ

)
, C > 0, α ≤ 0, k ∈ N, (α, k) ̸= (0, 0).

• More complex exponents may occur at other singularities.
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Singular behavior (2/2)

Example: the generating function of Y = Set(Z ×Cyc(Z4)) is

Y (z) = exp

(
z ln

(
1

1− z4

))
and has 4 dominant singularities at {±1,±i}. Its local behavior is

f(z) =
1/4
1−z − 1

4 ln
(

1
1−z

)
+ 3

8 + ln 2
2 + O

(
(1 − z) ln2

(
1

1−z

))
, z → 1,

f(z) = 4(1 + z) + O
(
(1 + z)2 ln

(
1

1+z

))
, z → −1,

f(z) = 4−i(1 − z/i)−i + O
(
(1 − z/i)−i+1 ln

(
1

1−z/i

))
, z → i

and the conjugate of the last one as z → −i.

Theorem (Singular behavior)

Consider a constructive system and σ ∈ C that lies inside or on the
boundary of the domain of convergence of its generating function solution.

Our algorithm computes truncations of the expansions of all its
coordinates that are analytic or have an algebraic-logarithmic singularity
at σ. It returns Exp for the other coordinates.
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Asymptotic behavior

Jacobian matrix, dependency graph, and irreducible systems





F (z) = eTr(z)

Tr(z) = z + R(z)
1→Tb(z)

Tb(z) = B(z)
1→Tg(z)

Tg(z) = G(z)
1→Tr(z)

R(z) = z3 + z
1→B(z)

B(z) = z
1→R(z)

G(z) = z + G(z)2




0 eTr(z) 0 0 0 0 0

0 0
R(z)

(1 → Tb(z))2
0

1

1 → Tb(z)
0 0

0 0 0
B(z)

(1 → Tg(z))2
0

1

1 → Tg(z)
0

0
G(z)

(1 → Tr(z))2
0 0 0 0

1

1 → Tr(z)

0 0 0 0 0
z

(1 → B(z))2
0

0 0 0 0
z

(1 → R(z))2
0 0

0 0 0 0 0 0 2G(z)




The Jacobian matrix of a system encodes its dependency graph.

F

Tr

Tb

Tg

G

R

B

Strongly connected

components

Definition (irreducible)

A combinatorial system is irreducible when
its dependency graph is strongly connected.

↭ The analysis of general combinatorial sys-
tems often reduces to the special case of irre-
ducible systems.
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TRANSITION: translation of our previous example.

Need to define WF for generating functions

a di!erent characterization, more suited to write proofs

For this, we need the Jacobian matrix we glimpsed with Joyal’s conditions

(evaluated at 0,0)

• Jac = matrix of partial derivatives

• defined here, but exists at the combinatorial level

the Jacobian matrix encodes the dependency graph.

• the decomposition is not useful right now, but it will be.

A single nonrecursive equation is NOT irreducible

The expansion of F (z) at its dominant singularity ρ
is of the form

c0 + c1u
1/2 + c2u+ c3u

3/2 + · · · ,

with u = 1− z/ρ. Numerical values can be refined to arbitrary precision:

F = 1.801525− 0.892560u1/2 + 0.044708u+ 0.044641u3/2 + · · · .

By singularity analysis, the asymptotic behavior of the coefficients of F (z)
is deduced directly from this expansion. The nth coefficient behaves like:

ρ−n

n!

(
c1

Γ(n−1/2)
Γ(−1/2)

+ c3
Γ(n−3/2)
Γ(−3/2)

+ c5
Γ(n−5/2)
Γ(−5/2)

+O(Γ(n− 7/2))
)
, n → ∞.

With the numerical values and ρ ∈ [0.1703916, 0.1703917]:

fn

n!
= ρ−nn−3/2

(
0.251787 +

0.113309

n
+

0.112583

n2
+ · · ·

)
, n → ∞.

Theorem (Asymptotic behavior)

Let Y be a constructible generating function. An asymptotic expansion can
be computed for all Yi that have an algebraic-logarithmic dominant singularity.
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Let Y be a constructible generating function. An asymptotic expansion can
be computed for all Yi that have an algebraic-logarithmic dominant singularity.
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Conclusion

We give an almost complete algorithmic chain going from combinatorial
systems to asymptotic expansions for all the exponential generating
functions produced by the symbolic method of Flajolet and Sedgewick.

There is still work to be done:

• superpolynomial growth;

• cardinality constraints for Seq,Set,Cyc;
mostly technical;

• ordinary generating functions: for some simple cases;

• implementation: Maple worksheets, but no library.
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The End
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Decidability issues

Our algorithms need to decide equality between real values. This is a
difficult question in general. We define an oracle tailored for our needs:

Constant Oracle

Given a constructive system, the Constant Oracle can

• decide whether Y = H(z,Y ) has a solution, for a fixed z ≥ 0;

• if so, decide whether it has a solution with Λ(z,Y ) = 1;

• test equality or inequality between solutions of such systems.

Proposition

If the radius of convergence of a constructible generating function is finite,
then it can be computed with the help of the Constant Oracle.
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