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Automaton... with multiplicity

B “classical” automata
N, Z counting paths
Fields
Rat(B*) transducers
max-plus, min-plus | distance or cost automata

a,b a,b

b Boolean: accepts words with at least one b.
Over N: counts the number of b’s.
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Automaton... with multiplicity

B “classical” automata
N, Z counting paths
Fields
Rat(B*) transducers
max-plus, min-plus | distance or cost automata

la,1b 2a,2b
Over N: value of the number written in base 2.

— 1o | Over (N, min, +):
length of the word + nber of ¢’s at the end

LITIS - 14 december 2006 — p. 2/32



K-Automaton / K-Representation

12[1 1 o]
a4 —b 2b
M = a b a

a a b

T'= 11
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K-Automaton / K-Representation

12[1 10]
a4 —b 2b
M = a b a

a a b

T'= 11

(|A],ab) =1—-2—1+2
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K-Automaton / K-Representation

12[1 10]
a4 —b 2b
M = a b a

a a b

T'= 11

(JAl,ab) =1-2—-1+2+1=1
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K-Automaton / K-Representation

[110]
1 0 0 0 -1 2
pla)=1 1 0 1| pubd)=]0 1 0
110 0 0 1
o
T=11
1

(|Al,ab) =1—-2—-14+2+1=1=Tu(a)u(b)T
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Equivalence

Two automata are equivalent if they realize the same power series.

Decidability of equivalence depends on the semiring or on the particular form
of automata:

Boolean decidable
Field decidable
Transducers | undecidable | functional decidable
(min/max,+) | undecidable | unambiguous | decidable
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Conjugacy

A= (I,M,T),B=(J,N,U). A= B:
QX:J, MX = XN, et T:XU)
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Conjugacy

A= (I,M,T),B=(J,N,U). A= B:
QX:J, MX = XN, et T:XU)

For every w,
T(wy)...pp(wn)T = Tu(wr)...p(wy) XU
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Conjugacy

A= (I,M,T),B=(J,N,U). A= B:
QX:J, MX = XN, et TzXU)

For every w,

Tu(wy)...pp(wn)T = Jp(wy)...p(wy)U
= A and B are equivalent.

AConjugacy IS not an equivalence relation.
It is a pre-order.
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Conjugacy

Conjugated In Z.:

b
0

-1 0 1
1

0
0

-1 0 1
1

0
0

—2a 0

0 0
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Conjugacy

Two equivalent automata may be not conjugated.
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Conjugacy and eguivalence

Theorem 1: Let A and BB be two automata,

two N-automata,

two Z-automata,

two K-automata, with K field,
two functional transducers.

Y

If A and B are equivalent, there exists C such that A &5 B
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Boolean: conjugacy and deter minization

det(A) =24

*8—%@*
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Boolean: conjugacy and deter minization

A, B equivalent. Let C = det(.A U B)

*8—@ﬂ@~ oF

—_ ()

_> 62,3,4,5,9—»
83Q+ @y
1 0 0|1 0 O
1 1 0/0 1 0
1 0 111 0 1
11 11 1 1
ThusC[X:>|Y]AUB.

Finally, C = A and C = B.

— Theorem 1 holds for Boolean.
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Fields. reduction and conjugacy

A=(I,uT)
Left reduction : computing a basis of (Iu(w)).

000] — state 1
110] — state 2
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Fields. reduction and conjugacy

A=(I,uT)
Left reduction : computing a basis of (Iu(w)).

000] — state 1
110] — state 2

100 0
redg(A) => A, WithX=|0 1 1 0
10 0 1
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Fields. reduction and conjugacy

Likewise A = red(A).

Remarks:

—red,(redg(A)) is a reduced automaton (minimal number of states);

— all reduced automata are conjugated both ways with an invertible matrix
(change of basis).
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Fields. reduction and conjugacy

A, B equivalent. Let C = red (A + B)

Thus ¢ 22X 4+ B.
C=(,M,T),setC’" = (I,M,T/2).

Finally, C’ 2. Aand ¢’ == B.

— Theorem 1 holds on fields.
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| nteger s case

Over Z, every thing works like over fields: a basis of the Z-module (Iu(w)) is
computed.

Over N, a generator set of the N-semi-module containing the vectors Iu(w) is
computed using the good properties of N*.

A Let A= (I,u,T)and B = (J,v,U) be equivalent N-automata with resp.
dim. r and s.

During the common reduction of A + B, only vectors [x | y| such that
x.I' = y.U can be used in the generator set.
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Functional transducers. sequentialization

7 = (I, u, T) functional transducer

a b 0 b 0 0] 0 |
I=[100], wla)=10 0 a |,ub)=100 0|, T=1|0
0 0 O 0 0 O 1
ala,b|b blb

RO O g
— —_— 1,0,0
T L.0.0,
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Functional transducers. sequentialization

7 = (I, u, T) functional transducer

a4 b 0] b 0 0 0
I=[100], wla)=10 0 a |,ub)=100 0|, T=1|0
0 0 0 0 0 0 1

ala,b|b

alb ala
@ bl @
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Functional transducers. sequentialization

7 = (I, u, T) functional transducer

I'=[100], p(a)

a
0

o o o

oS Q@ O

(éaa,aab,abé)
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Functional transducers. sequentialization
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Functional transducers. sequentialization

7 = (I, u, T) functional transducer

a4 b 0] b 0 0 0
I=[100], wla)=10 0 a |,ub)=100 0|, T=1|0
0 0 0 0 0 0 1

ala,b|b

alb ala
@ bl @
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Functional transducers. sequentialization

7 = (I, u, T) functional transducer

Seqguentialization: o words vector
O .
a: largest common prefix

A 7 non sequentializable = seq(7) infinite
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Functional transducers. quasi-sequentialization

ldea: if components of « are too different, they cannot be used for the same
words.

—We require:

— every « has to contain the empty word

— if ; Is non minimal, there exists «a;, prefix of a; such that
joi| — || < K(T)

Otherwise « Is split into a union of disjoint support vectors that fit these
properties. The transducer that follows is not sequential. —qseq(7)

b|b ala blb
b|1 b|1

O —®- @
|

T]bb alaa T\b alab T
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properties. The transducer that follows is not sequential. —qseq(7)

b|b ala blb
b|1 b|1

S oi o R o S T
l

T]bb alaa T\b alab T
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Functional transducers. quasi-sequentialization

ldea: if components of « are too different, they cannot be used for the same
words.

—We require:

— every « has to contain the empty word

— if ; Is non minimal, there exists «a;, prefix of a; such that
joi| — || < K(T)

Otherwise « Is split into a union of disjoint support vectors that fit these
roperties. The transducer that follows is not sequentie =saq (7
prop q Q( )

baa, 0,
b|b ala b|b a\l/'
p1 p1 ()
o= BTy
b
T]bb alaa T\b ala T l a‘k
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Functional transducers. quasi-sequentialization

ldea: if components of « are too different, they cannot be used for the same
words.

—We require:

— every « has to contain the empty word

— if ; Is non minimal, there exists «a;, prefix of a; such that
joi| — || < K(T)

Otherwise « Is split into a union of disjoint support vectors that fit these

properties. The transducer that follows is not sequential eq!(lT )
0)—
albaa "
bl ala bybo / a
b|1 b|1 /
— 0@ @

I l m\baa A//'

0,b,1
a]aU
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Functional transducers. quasi-sequentialization

ldea: if components of « are too different, they cannot be used for the same
words.

—We require:

— every « has to contain the empty word

— if ; Is non minimal, there exists «a;, prefix of a; such that
joi| — || < K(T)

Otherwise « Is split into a union of disjoint support vectors that fit these
properties. The transducer that follows is not sequential. —qseq(7)

What is the mean ?
— The transducer is unambiguous
— qgseq(7) = T
—gseq(7 U7T") is conjugated to 7 and a 7’ (if they are equivalent).
— Theorem 1 holds for functional transducers.
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Covering/ Quotient
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Coverlng

Covering/ Quotient

JNU

LITIS - 14 december 2006 — p. 18/32



Covering/ Quotient

Coverlng
JN U
a CD 2h
¢ (>::::, [—a b
(b  al —
S=—==x } a a-+b
a l\___b/)_
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- —a =

a t:b_

o a

—a —b 2b |
a b a
a a b

I pol

INSY

A

S|

Covering/ Quotient

B
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Covering/ Quotient

—a =b 2b
>===Z —a b
a b Q) —
pow e Pt
_O_
o b 2w |1 0] [1 0 ;
—a
a b a O 1| =101 [
a a-+b
a a b 0 1 0 1
1 0 | o] [1 0 ;
|nitia|:[11o] 0 1 =[1 1},Fina|: 11l=10 1 [1]
0 1 1 0 1
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Covering/ Quotient

Definition: A= (I,M,T) and B = (J, N,U), Z-automata.
A is a covering of B

. . I I 1 T h h
B is a quotient of A If there exists an amalgamation matrix X such that

IX=J MX=XN, etT=XU.

Definition: A= (I,M,T)and B = (J,N,U)
A is a co-covering of B

B is a co-quotient of A
that

If there exists an amalgamation matrix X such

I=J%X, XM=N'%X, et XT=U.
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co-covering / co-quotient
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CO-covering

co-covering / co-quotient
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a b
a a
T Ny

co-covering / co-quotient

CO-covering
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Circulation of invertible elements

a -+ 2b 2a + b
\b/g
a
(I,M,T)
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Circulation of invertible elements

a -+ 2b —2a — b

8638

a
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a -+ 2b 2a + b
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Circulation of invertible elements

a -+ 2b 2a + b
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Conjugacy and coverings

Theorem 2: Let A and B be| two Z-automata
two K-automata, where K field

two functional trim transducers

Circulation
co-covering / \covering
If A == B, then A B
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Conjugacy and coverings

Theorem 2: Let A and B be ‘ two trim automata
two trim N-automata

co-CO\ieriy covering

If A é B, then A B
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Conjugacy and coverings

2a + 2b a -+ 2b 2a + b

5 —6- g6

co-covering

. covering
Let build C = (K, C, V) such that / \
B
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Conjugacy and coverings

a+b b b
S P L
? ? ?

? ? ?

? ? ?
e e

0 2a + 2b 2a + 2b

a+b b 100_1000
01 1| |0 11

0 2a + 2b
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Conjugacy and coverings

a+b b b
e ——
a-+20H| 2 ? } [ 2 |[H-b

_{
a+ 2b—{ ?
(
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Conjugacy and coverings

a+b b b

0 a-+2b b

0 a 2a -+ 2b
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Conjugacy and coverings

2a + 2b a—+ 2b 20 +b R
i a
1 0 0

[O | 1] a-+b 2a + b 10
’ 1 0
0 1

b o) Ja

C
a -+ 2b
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Equivalence and coverings

|A| = [B
Theorem 1:

N
A
a
\J
=
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Equivalence and coverings

|A| = [B
Theorem 2:
. circulation .
covering/ co—covering\
X Y
A < C > BB
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Equivalence and coverings

Al = |B]

~circulation . ) circulation
coverlng/ co-coveringo\ /Oco-covering \coverlng
X Y
A <

> 5
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Equivalence and coverings

Al = |B]
co-covering \i:o covering
~circulation circulation
covering/ \covering
X Y

C > 3
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Equivalence and coverings

Al = |B|
. circulation :
co—coveringz/ \i:o-covering
) circulation
covering/ ) ' \covering
X Y
A < C > B
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Equivalence and coverings

Al = |B|
. circulation L circulation
co—coveringz/ \co-covering
covering/ \covering
X Y
A < C > B3
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Application

Proposition: If two rational languages have the same growth function, there
exists between them a letter-to-letter rational bijection.

Example: L1 = a(a+b)" and Ly = (¢ + dc + dd)* ~ cc(c + d)*:

o9 660
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co-covering

_,@

co-covering

-6

Application

(¢) Q
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Application

(¢) U
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Conjugacy and dynamical systems

Finite Equivalence Theorem (Parry):

Two sofic subshifts are image by a bloc-map finite-to-one mapping of
the same finite type subshift iff they have the same entropy.

proof (very sketchy):

Furstenberg Lemma: X, Y same entropy = XF =FY,F >0, F #0
XF = FY = existence of bloc-map finite-to-one mappings
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L I

Conclusion

Work in progress...

What can we say about non functional transducers, (max/min,+)
automata, etc. ?

What is the link between the decidability of equivalence and the
decidability of conjugacy ?
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