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Growth rate of a finitely generated monoid

In a monoid M generated by a finite family F ,
|τ | “ #generators (in F) needed to write τ
mk “ #elements of size k

Lemma: mk`` ď mkm` (logmk is sub-additive)

Corollary: The sequence m
1{k
k converges!

Proof: If mk “ 0 for some k ě 0, then m` “ 0 for all ` ě k .
Otherwise, set xk “ plogmkq{k ě 0 and Xk “ maxtx1, . . . , xku.
For all ` ď k and q ě 1, we have

xqk`` ď pk q xk ` ` x`q{pq k ` `q ď xk ` Xk{q
qÑ8
ÝÝÝÑ xk

and thus lim supkÑ8 xk ď xk .
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Growth rate of trace monoids

T4 “

B

S1,S2,S3,S4

ˇ

ˇ

ˇ

ˇ

SiSj “ SjSi

if i ‰ j ˘ 1

F`

λ4,k “ #tτ P T4 : |τ | “ ku

How does λ4,k precisely behave when k Ñ `8?

Generating function

G4pzq “
ÿ

kě0

λ4,kz
k “

ÿ

τPT4

z |τ |

ρ4 “ 1{3 and λ4,k „
´1

ρk`14 P 14pρ4q

Möbius polynomial

P4pzq “ G4pzq´1 “ 1´ 4z ` 3z2

0 1{3 1
0

1 P4pzq

z

Corollary: λ1{k4,k Ñ 1{ρ4 “ 3
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Growth rates of wide trace monoids

How does ρn behave when nÑ `8?

Recurrence equation

P´1pzq “P0pzq “ 1
Pnpzq “Pn´1pzq ´ zPn´2pzq

if n ě 1

ρn “
1

4 cosp π
n`2q

2

Recurrence equation

ρ1ρ2ρ3ρ4ρ50
0

1 Pnpzq

z

ρn Ñ ρ8 ě 0

“ 1{4
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How did this proof work?

— Part #1: Introducing Möbius polynomials[3,7] —

Define the Möbius polynomial Pnpzq

Prove that PnpzqGnpzq “ 1

— Part #2: Computing Möbius polynomials —

Find induction relation on polynomials Pnpzq

Derive a closed-form expression of Pnpzq

— Part #3: Conclusion —

Compute the limit ρ8 of roots ρn
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Part #1: Introducing Möbius polynomials (1/2)

A few preliminary properties. . .
1 length is additive: |τ | ` |σ| “ |τ ¨ σ|
2 Tn is left-cancellative: τ ¨ σ “ τ ¨ σ1 ô σ “ σ1

3 pTn,ďq is a lower-semilattice: GCDs exist pτ ď τ ¨ σq

§ Corollary: when a set S has a common multiple, it has a LCM
4 Fn “ tS1, . . . ,Snu is parabolic: for all F 1 Ď Fn,

§ TF 1 “ tτ P Tn : all factors Sj of τ belong to F 1u is a sub-monoid
§ for all S Ď TF 1 , if S has a LCM, then LCMpSq P TF 1

and key objects:

5 left set of a heap: Lpτq “ tSi : Si ď τu

6 left set of Tn: Ln “ tX Ď Fn : X has a LCMu “ tLpτq : τ P Tnu

This also holds in braid monoids!
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Part #1: Introducing Möbius polynomials (2/2)

Theorem: In the ring ZrTns, (∆X “LCMpX q)

Corollary: In the ring Zrzs,

pS1 ` S2 ` 2S3q ¨ pS1 ´ S3q “ S21 ` S2 ¨ S1 ` 2S3 ¨ S1
“ S21 ´ S1 ¨ S3 ´ S2 ¨ S3 ´ 2S23

ÿ

XPLn

p´1q|X |∆X ¨
ÿ

τPTn

τ “ 1

ÿ

τPTn

ÿ

XPLn

p´1q|X | p∆X ¨ τq

“
ÿ

θPTn

ÿ

XĎLpθq

p´1q|X | θ

“
ÿ

θPTn

1Lpθq“Hθ “ 1.
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Parts #2 & #3: Computing Möbius polynomials and ρ8

Theorem: P´1pzq “ P0pzq “ 1 and Pnpzq “ Pn´1pzq ´ zPn´2pzq if n ě 1

Proof: Ln “ tX P Ln : Sn R X u \ tX P Ln : Sn P X u
“ Ln´1 \ tX Y tSnu : X P Ln´2u and L´1 “ L0 “ H

∆XYtSnu “ ∆X ¨ Sn if X Ď Ln´2 and ∆H “ 1

Computing Pnpzq and its roots:
For all z P C, the sequence pPnpzqqně´1 is recurrent linear of order 2

We find Pnpzq “
p1` δqn`2 ´ p1´ δqn`2

2n`2δ
, with δ “

?
1´ 4z

and Pnpzq “ p3n ` 4q{4n`1 if z “ 1{4

Pnpzq “ 0 iff z “
1

4 cospkπ{pn ` 2qq2
for some k P Z (and z ‰ 1{4)

Conclusion: ρn “
1

4 cospπ{pn ` 2qq2
Ñ ρ8 “ 1{4
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monoids vs monoids

Tn “

B

S1, . . . ,Sn

ˇ

ˇ

ˇ

ˇ

SiSj “ SjSi if i ‰ j ˘ 1
SiSi`1Si “ Si`1SiSi`1

F`

“ An

S1 S2 S1 S3 S2 S3 S1 S1 S1 S2 S3S2 S1 S2 S3 S2 S3 S1 S1 S1 S2 S3S2 S1 S2 S3 S2 S1 S3 S1 S1 S2 S3
Artin braid diagram

Si

1
i

i ` 1
n

µn,k “ #tτ P An : |τ | “ ku

Hnpzq “
ř

kě0 µn,kz
k “ Qnpzq

´1

qn Ñ q8 ě 0: What is q8?

µn,k „
´1

qk`1n Q 1npqnq

0 q4 1
0

1 Q4pzq

z
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Möbius polynomials in braid monoids

Theorem[6]: Q´1pzq “ Q0pzq “ 1 and

Qnpzq “
n
ÿ

j“0

p´1qjz jpj`1q{2Qn´1´jpzq if n ě 1

Proof: Ln “ 2Fn “
Ůn`1

i“1 tX Y tSi , . . . ,Snu : X P Li´2u and L´1 “ L0 “ H

∆tSi ,...,Snu “ Sn ¨ Sn´1 ¨ ¨ ¨Si ¨∆tSi`1,...,Snu and ∆H “ 1

∆X\tSi ,...,Snu “ ∆X ¨∆tSi ,...,Snu if X Ď Li´2

S3 S2 S1 S3 S2 S3

∆
t
S 1
,S

2
,S

3
u

S1 S3

∆
t
S 1
,S

3
u
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Möbius polynomials in braid monoids

Theorem[6]: Qnpzq “ 0 if n ď ´2, Q´1pzq “ 1 and

Qnpzq “

n

ÿ

jě0

p´1qjz jpj`1q{2Qn´1´jpzq if n ě 0

Proof: Ln “ 2Fn “
Ůn`1

i“1 tX Y tSi , . . . ,Snu : X P Li´2u and L´1 “ L0 “ H

∆tSi ,...,Snu “ Sn ¨ Sn´1 ¨ ¨ ¨Si ¨∆tSi`1,...,Snu and ∆H “ 1

∆X\tSi ,...,Snu “ ∆X ¨∆tSi ,...,Snu if X Ď Li´2

S3 S2 S1 S3 S2 S3

∆
t
S 1
,S

2
,S

3
u

S1 S3
∆
t
S 1
,S

3
u
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Computing Möbius polynomials in braid monoids (1/2)

The sequence pQnpzqqně´1 is recurrent linear of infinite order, with
Qnpzq “ 0 if n ď ´2 and Q´1pzq “ 0

Finite order

Equation:
Qnpzq “ Qn´1pzq ´ zQn´2pzq

Characteristic polynomial:
QzpX q “ 1´ X ` zX 2

General expression:
Qzpr1q “ Qzpr2q “ 0 (r1 ‰ r2):
Qnpzq “ α1r

´n
1 ` α2r

´n
2 , with

αi “ ´1{riQ1zpri q
Proof: Cauchy residue formula

Infinite order

Equation:
Qnpzq “

ř

jě0p´1q
jz jpj`1q{2Qn´1´jpzq

Characteristic function:
QzpX q “

ř

jě0p´1q
jz jpj´1q{2X j

General expression:
Qzpri q “ 0 (for i ě 0):
Qnpzq “

ř

iě0 αi r
´n
i , with

αi “ ´1{riQ1zpri q
(because ri « z´i )
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Qzpri q “ 0 (for i ě 0):
Qnpzq “

ř

iě0 αi r
´n
i , with

αi “ ´1{riQ1zpri q
(because ri « z´i )
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Computing Möbius polynomials in braid monoids (2/2)

and, some (ugly) computations later. . .

Theorem [10,11]
q8 « 0.30904 . . . is the least real z ě 0 such that Qz has a double root

Theorem [11]
The same result holds in monoids of type B and D

An: S1 S2 S3 S4 Sn
3 3 3

Bn: S1 S2 S3 S4 Sn
4 3 3

Dn: S2 S3 S4 S5 Sn

S1

3 3 3

3
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Pros and cons of our first approach

Pros:
Similar techniques work in all cases
No need for strong insights: careful computations are enough
We get a nice, long sought result

Cons:
Why does the proof work? Is this just random luck?
Computations are not so nice
What then?

Let us find another proof!
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Growth rates of trace monoids: an algebraic proof

Useful tools. . .

Direct limit of monoids: T0 Ď T1 Ď T2 Ď . . . Ď T8

Enbedding T8 into Zrz ,T8s: S Ø
ř

τPS τ Ø Spzq “
ř

τPS z
|τ |

Shift endomorphism: sh : Si ÞÑ Si`1

Left-constrained traces: Ln
i “ tτ P Tn : Lpτq Ď tS1, . . . ,Siuu

(Tn “ Ln
n)

and associated results:

Ln`1
i`1 “ shpLn

i q ¨ L
n`1
1

Ln
1 “ Ln

0 ` S1 ¨ Ln
2

Ln
1pzq “ 1` zLn´1

1 pzqLn
1pzq:

§ Ln
1pzq ď 1{z when z ă p8

pn “ radLn
1 ě radL81

Ln
1 Ñ L81 on p0, p8q

§ L81 pzq “ p1´
?

1´ 4zq{2z

p8 “ radL81 “ 1{4
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Growth rates of braid monoids: an algebraic proof (1/2)

Adapting previous tools. . .

Direct limit of monoids: A0 Ď A1 Ď A2 Ď . . . Ď A8

Left-constrained traces: Ln
i “ tτ P An : Lpτq Ď tS1, . . . ,Siuu

Left-constrained traces: Ln
i “ tτ P An : Lpτq “ tS1, . . . ,Siuu

and associated results:

Ln`1
i`1 “ shpLn

i q ¨ L
n`1
1

Ln
1 “ Ln

0 ` Ln
1

∆tS1,...,Siu
¨ Ln

i`1 “ Ln
i ` Ln

i`1
řn`1

i“0 p´1q
i∆tS1,...,Si´1u ¨ L

n
i “ 0

qn “ radLn
1 ě radL81

QzpL81 pzqq “ 0 when ză radL81
No proof that q8 ď radL81 !
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Growth rates of braid monoids: an algebraic proof (2/2)

Go into Zrz ,Θ,A8s and study Q8 “
ř

ně0
ř

TPLn´1
Θnp´1q|T |∆T

Go into Zrz ,Θ,A8s set maxT “ maxti : Si P T u and maxH “ ´1

Lemma: Each T Ď L8 factors uniquely as T “ tS1, . . . ,Sk´1u \ shkpT̂ q
. and maxT “ max T̂ ` k ´ 1T“H

Theorem: QzpΘq ¨ Q8pzq “ QzpΘq ¨
ř

ně0 ΘnQnpzq “ 1

Proof:

Q8 “
ÿ

ně0

ÿ

TPLn´1

Θnp´1q|T |∆T

“
ÿ

TPL8

ÿ

němaxT

Θn`1p´1q|T |∆T

“ 1`
ÿ

kě1

ÿ

T̂PL8

ÿ

němax T̂

Θk`n`1p´1qk´1`|T̂ |∆tS1,...,Sk´1u ¨ sh
k
p∆T̂ q

“ 1´
ÿ

kě1

p´1qkΘk∆tS1,...,Sk´1u ¨ sh
k
pQ8q

Q8pzq “ 1´
ÿ

kě1

p´1qkΘkzkpk´1q{2Q8pzq
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Proof: Pnpzq{Pn`1pzq “ Ln`1

n`1pzq{Ln
npzq “ Ln`1

1 pzq Ñ L81 pzq “ `8,
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Theorem [11]
In monoids of type A, B and D, we have q8 “ radL81 « 0.30904 . . .
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Open problems & future research

Generating random infinitely wide & tall heaps: PrSi ¨ ¨ ¨ s “ 1{4

λn,k
λn,k´1

i i+1
. . .. . . Si

. . .. . .
-4 -3 -2 -1 0 1 2 3 4 5
S´4 S´1 S4
S´4 S´1 S3

S´5 S´3 S0 S3
S´2 S1 S4

` ` ´ ´ ` ´ ´ ´ ` ` ´ `

´ ` ´ ` ` ´ ` ´ ` ´ ´ `

´ ´ ` ´ ´ ` ` ` ´ ´ ` `

` ` ` ` ´ ` ´ ´ ` ` ` `

` ` ´ ´ ` ´ ´ ´ ` ´ ´ `

´ ´ ` ` ´ ` ` ´ ` ´ ` `

´ ` ` ´ ´ ` ` ` ´ ` ` `

` ´ ` ´ ´ ` ´ ´ ` ´ ´ `

´ ` ` ` ´ ` ` ´ ´ ` ` `

What about infinitely wide & tall braids? PrSi ¨ ¨ ¨ s “ q8 « 0.30904

Investigating other classes of Artin-Tits monoids:
Coincidence or not? QzpΘq ¨ Q8pzq “ 1 and QzpL81 pzqq “ 0
Coincidence or not? q8 “ radL81
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