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Multiplying braids

What are braids?
1 Intertwined strands

2 Intertwined strands up to isotopy

, endowed with a product

ˆ “ “ “

What properties for this product?
3 Simplifications 3´ 3 “ 0 and 3˜ 3 “ 1

4 Partial commutativity 2ˆ 3 “ 3ˆ 2 and 2` 3 “ 3` 2
5 Braid relations
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What are braids?
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Positive braids and permutations

What are positive braids?
1 Braids with σi moves only

7 3 3

What are permutations?

2 Braids where we do not know which strand is in the foreground
pσi “ σ´1

i q
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Divisibility and positive braids

Divisibility in non-negative integers: a | b

An integer a divides an integer b iff D an integer c such that b “ aˆ c .

3 | 12, 2 | 14, 7 | 0 and 0 | 0 but 4 - 7

Divisibility in positive braids: α ď` β and β ěr α

1 The braid α left-divides the braid β iff D a braid γ s.t. β “ αˆ γ.
2 The braid α right-divides the braid β iff D a braid γ s.t. β “ γ ˆ α.

σ1 ď` σ1σ2σ1, σ1 ď` σ2σ1σ2, σ1σ2σ1 ěr σ1 and σ2 ď` σ2σ1 but
σ1 ę` σ2σ1
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Divisibility diagrams: GCD and LCM

In non-negative integers: GCDp4, 7q “ 1 and LCMp3, 5q “ 15

1

2 3 5 7 . . .

4 6 9 10 15 25 . . .

0
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Divisibility diagrams: GCD and LCM

In 4-strand positive braids (left division):
GCDpσ1σ3σ2, σ3σ3q “ σ3 and LCMpσ1, σ2q “ σ1σ2σ1

ε

σ1 σ2 σ3

σ1σ1 σ1σ2 σ1σ3 σ2σ1 σ2σ2 σ2σ3 σ3σ2 σ3σ3

σ1σ3σ2 σ1σ2σ1 σ2σ1σ3 σ2σ3σ2 σ3σ2σ1 . . .
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Showing that there exist GCDs and LCMs: simple braids

What are simple braids?
Braids whose strands cross at most once.

ε σ1 σ2 σ1σ2 σ2σ1 σ1σ2σ1

The set of simple braids is:

1 closed by left and right divisions
2 in bijection with permutations

1
2
3
4

1
2
3
4
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Divisibility of simple braids
For a simple β, let Lpβq “ tpi , jq : i ă j , strandiÑ crosses strandjÑu.

If you please – draw me a Lpβq

The set S belongs to tLpβq | β is simpleu if and only if, for all i ă j ă k :

pi , jq P S and pj , kq P Sñ pi , kq P S, and
pi , jq R S and pj , kq R Sñ pi , kq R S.

1 Choose a pair pi , i ` 1q in S

and delete it.

2 Swap i ’s and pi ` 1q’s.
3 Build a braid γ by induction on |S|.
4 We have S “ Lpσiγq!

S “ tp1, 2q, p1, 4q, p3, 4quS1 “ tp1, 4q, p3, 4quS2 “ tp2, 4q, p3, 4quS2 “ tp2, 4q, p3, 4quS “ tp1, 2q, p1, 4q, p3, 4qu
Bonus:

β ď` γ iff Lpβq Ď Lpγq
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1 Choose a pair pi , i ` 1q in S
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2 Swap i ’s and pi ` 1q’s.
3 Build a braid γ by induction on |S|.
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S “ tp1, 2q, p1, 4q, p3, 4quS1 “ tp1, 4q, p3, 4quS2 “ tp2, 4q, p3, 4quS2 “ tp2, 4q, p3, 4quS “ tp1, 2q, p1, 4q, p3, 4qu

Bonus:
β ď` γ iff Lpβq Ď Lpγq
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Obtaining GCDs and LCMs 1/3
GCDs and LCMs for simple braids

1 Simple braids have LCMs.

: LpLCMpβ, γqq “ clpLpβq Y Lpγqq.
2 Simple braids have GCDs:

GCDpβ, γq “ LCMptδ | δ ď` β and δ ď` γuq.

_ “

p3, 4q

p2, 4q

p1, 2q

p3, 4q

p2, 4q

p1, 4q

p1, 2qε

β

γ
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Obtaining GCDs and LCMs 2/3
The greatest simple divisor β and γ are simple braids

1 Complement Cpβ, γq

2 Head Hpx1, x2, . . . , xkq “ Cpx1,Hpx2, . . . , xkqq Hp¨q “ ε

Lemma:

ε β
β

∆n
Bβ

βγ

γ

β∆n

BBβ

Bγ

γ
^
B β

^

β
pγ
^
B
β q

x

∆n

xy

x∆n

xyz

x

B x

y By

z

^

B
xy

BBx

Hpx , y , zq
Hpx , y , zq

ε
^
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Obtaining GCDs and LCMs 3/3
GCDs and LCMs for everybody

1 Positive braids have GCDs.

2 Positive braids have LCMs: LCMpβ, γq “ GCDptδ | β ď` δ, γ ď` δuq.

ε

∆n β

γ

∆n ^ γ

∆n ^ β

∆n ^ β ^ γmax
^

^
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Obtaining GCDs and LCMs 3/3
GCDs and LCMs for everybody

1 Positive braids have GCDs.
2 Positive braids have LCMs: LCMpβ, γq “ GCDptδ | β ď` δ, γ ď` δuq.

Three lemmas

3 σi∆n∆n “ ∆n∆nσi for all i

4 β∆2
n “ ∆2

nβ for all β
5 β ď` ∆

2|β|
n for all β
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GCDs and LCMs for everybody

1 Positive braids have GCDs.
2 Positive braids have LCMs: LCMpβ, γq “ GCDptδ | β ď` δ, γ ď` δuq.

Three lemmas

3 σi∆n∆n “ ∆n∆nσi for all i
4 β∆2

n “ ∆2
nβ for all β

5 β ď` ∆
2|β|
n for all β

σ1σ3σ2σ1∆2
n “ σ1σ3σ2∆2

nσ1 “ . . . “ ∆2
nσ1σ3σ2σ1
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GCDs and LCMs for everybody

1 Positive braids have GCDs.
2 Positive braids have LCMs: LCMpβ, γq “ GCDptδ | β ď` δ, γ ď` δuq.

Three lemmas

3 σi∆n∆n “ ∆n∆nσi for all i
4 β∆2

n “ ∆2
nβ for all β

5 β ď` ∆
2|β|
n for all β

σ1σ3σ2σ1 ď` σ1σ3σ2∆2
n “ ∆2

nσ1σ3σ2 ď` ∆2
nσ1σ3∆2

n ď` . . . ď` ∆8
n
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Thank you!

Vincent Jugé (CNRS, LSV & ENS Paris-Saclay) Combinatorics of braids and Garside normal forms


	Positive braids

