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A PhD about braids?

Some questions of interest. . .

1 What are braids?

Mathematical objects interacting with each other.

2 What is a complicated braid?

Define notions of complexity.

3 How do complicated braids typically behave?

Choose a dynamic framework/probability measure.
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What are braids? – Algebra

Isotopy classes of braid diagrams (Artin 1926)
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B

σ1, . . . , σn´1

ˇ

ˇ

ˇ

ˇ

σiσj “ σjσi (if |i ´ j | ě 2)
σiσi`1σi “ σi`1σiσi`1

F
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What are braids? – Geometry

Isotopy classes of laminations of the punctured plane (Birman 1975)

Trivial lamination

Trivial class of laminations Non-trivial class of laminations

Braid acting on a lamination

σ2
σ2

σ2

1
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What are braids? – Geometry

Braids are isotopy classes of which laminations?

Open lamination

Closed lamination

Curve diagram
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What are braids? – Checking braid equality

Garside normal form (Garside 1969, Adian 1984)
1 The monoid of positive braids B`n “ xσ1, . . . , σn´1y` is a lattice for

the divisibility ordering ď. (α ď β ô Dγ P B`n , αγ “ β)

1

σ1 σ2 σ3

σ1σ2 σ2σ1 σ1σ3 σ2σ3 σ3σ2

σ1σ2σ3 σ1σ2σ1 σ1σ3σ2 σ2σ1σ3 σ2σ3σ2 σ3σ2σ1

σ1σ2σ1σ3 σ1σ2σ3σ2 σ2σ1σ3σ2 σ1σ3σ2σ1 σ2σ3σ2σ1

σ1σ2σ1σ3σ2 σ1σ2σ3σ2σ1 σ2σ1σ3σ2σ1

∆4

The Garside normal form:
can be extended to the group Bn;
is automatic: for all i P t1, . . . , n ´ 1u, the languages

§ tpGarpαq,Garpασi qq : α P Bnu; § tpGarpαq,Garpσiαqq : α P Bnu

are regular;
solves the equality problem: α “ β iff Garpαq “ Garpβq.
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What are braids? – Checking braid equality
Tight laminations/curve diagrams

A lamination/curve diagram is tight if it minimises crossings or .

Non-tight laminations/curve diagrams

Tight laminations/curve diagrams

Two tight laminations/curve diagrams represent the same braid iff
they are visibly isotopic to each other. (« normal form)
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What are braids? – Checking complexity
Which braid is the most complicated?

A B C D E F

Several approaches to braid complexity
“Naive” Artin length: E ą F ą D ą A « B « C;

“Real” Artin length: E ą D ą A « B « C “ F;
Symmetric Garside length: D ą C “ F ą B « E ą A;
Open laminated complexity: C “ F ą D « E ą B ą A;
Diagrammatic complexity: C “ F ą D « E ą B ą A.

|A| “ 6 |B| “ 8 |C| “ |F| “ 14 |D| “ 10 |E| “ 10|A| “ 6 |B| “ 8 |C| “ |F| “ 14 |D| “ 10 |E| “ 10
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What are braids? – Checking complexity
Which braid is the most complicated?

A B C D E F

Several approaches to braid complexity
“Naive” Artin length: E ą F ą D ą A « B « C;
“Real” Artin length: E ą D ą A « B « C “ F;
Symmetric Garside length: D ą C “ F ą B « E ą A;
Open laminated complexity: C “ F ą D « E ą B ą A;

Diagrammatic complexity: C “ F ą D « E ą B ą A.
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What are braids? – Checking complexity

How fast can you compute the complexity
of a braid α P Bn of length k?

Artin length: coNP-completepn, kq (Paterson & Razborov 1991);
polynomialpn ď 3, kq (Sabalka 2003);
openpn ě 5, kq;

Symmetric Garside length: polynomialpn, kq (Thurston 1988);
Open laminated complexity: polynomialpn, kq (Dynnikov & Wiest 2004);
Diagrammatic complexity: polynomialpn, kq (Dynnikov & Wiest 2004).
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Algebra Geometry

Braid

Class of words
Bn “ x generators | relations y

Garside normal form (regular)

Class of drawings
Bn “ ttight drawingsu

Relaxation normal form (regular)
Part 1/4

Complexity

Garside:
ř

αPBn
z |α| rational

Artin:
ř

αPB3
z |α| rational

Artin:
ř

αPBně4
z |α| ?

Relaxation:
ř

αPBn
z |α| rational

Geometric:
ř

αPB3
z |α|  rational

 algebraic
 holonomic

Geometric:
ř

αPBně4
z |α| ?

Part 2/4
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Depth-first exploration Width-first exploration

Braids of large size

Random walk

Which normal forms converge?
(Vershik, 2000)

Markov-Ivanovsky normal form
(Vershik & Malyutin, 2007)

Uniform measure on positive braids
of given (Artin) size

What do Garside normal forms of
large random braids look like?

(Gebhardt & Tawn, 2013)

Garside normal forms
Part 3/4 (with J. Mairesse)

Uniform measure on
infinite positive braids

Part 4/4 (with S. Abbes,
S. Gouëzel & J. Mairesse)
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Contents

1 Geometric aspects of braids
Right relaxation normal form
Counting braids with a given geometric complexity

2 Algebraic aspects of braids
Garside normal form and random walks
Drawing infinite braids uniformly at random

3 Conclusion
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What is the right relaxation normal form? (by S. Caruso &
B. Wiest)

Move your rightmost tensed puncture and relax!

Moves performed:
r2 ð 3s

r2 ð 3sr1 ó 2s

Trivial lamination!

Relaxation normal form (RNF):
r1 ô 2s ¨ r2 ñ 3s ¨ r2 ñ 3s

rk ô `s “ σk . . . σ`´1
rk ñ `s “ σk . . . σ`´1

While your lamination is not trivial:
1 Select the rightmost (mobile) puncture that lies inside a bigon;
2 Slide it along its right neighbour arc;
3 Relax your diagram!
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Tight closed lamination, cell map and lamination/arc trees

Tight closed lamination

Lamination trees (LT)

(unary-binary trees + 0/1 leaf)

Cell map

Arc trees

Bigons

(unary-binary trees)
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After a careful case analysis. . .

Given two braids α P Bn and rk ñ `s, remembering small-size subtrees
ltpαq of LTpαq is enough to:

check whether RNFpαrk ñ `sq “ RNFpαq ¨ rk ñ `s;

compute analogous subtrees ltpαrk ñ `sq (if needed).

ď 5n ` 6 nodes

ď 5n ` 6 nodes

Theorem (J. 2015)
The right relaxation normal form is regular.
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compute analogous subtrees ltpαrk ñ `sq (if needed).

ď 5n ` 6 nodes
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Going further

Some additional results

Memory requirements: nearly optimal (up to a ratio ď 20);
Dehornoy ordering: σ-positivity ô RNF in a regular language.

and open questions

Is the right relaxation normal form (bi-)automatic? (Yes if n ď 3)

Regularity of other transmission-relaxation normal forms? (wide open)
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Which complexity should we look at?
Knowing the open laminated complexity of α, can we compute its:

closed laminated complexity?

Yes: |α|c “ |α|o ` n ` 3

diagrammatic complexity?

No for n ě 4

inverse diagrammatic complexity?

Yes: |α|d “ |α|o

Tight open lamination Tight closed laminationTight open laminations

|σ1σ2σ3|o “ 11

|σ2
1σ3

2|o “ 11

Tight curve diagrams

|σ1σ2σ3|d “ 13

|σ2
1σ3

2|d “ 11

Tight open lamination Inverse tight curve diagram

Let us compute geometric generating functions!

Onpzq “
ÿ

αPBn

z |α|o Cnpzq “
ÿ

αPBn

z |α|c Dnpzq “
ÿ

αPBn

z |α|d

Cnpzq “ zn`3Onpzq “ zn`3Dnpzq
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Generalised tight curve diagrams and coordinates

Generalising tight curve diagrams
Tight curve diagram Tight generalised curve diagram

(not necessarily connected)

and encoding them!

Coordinates: x(x0,x1,x2,x3,x4),(y1,y2,y3,y4)yCoordinates: x( 0 ,x1,x2,x3, 0 ),(y1,y2,y3,y4)yCoordinates: x( 0 , 1 , 2 , 2 , 0 ),(y1,y2,y3,y4)yCoordinates: x( 0 , 1 , 2 , 2 , 0 ),( 1 , 3 , 4 , 0 )y

řn´1
i“1 xi “

|α|d`1´n
2 : Let us compute Gnpzq “

ÿ

kě0

gn,kz
k “

?
z

1´nDnp
?
zq!
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And finally. . .

Theorem (J. 2015)
In the 3-strand braid group B3, we have:

G3pzq “ 21`2z´z
2

z2p1´z2q

`
ř

kě3 ϕpkqz
k
˘

` 1´3z2
1´z2 and

g3,k “ 1k“0 ` 2
´

ϕpk ` 2q ´ 1kP2Z ` 2
řtk{2u

i“1 ϕpk ` 3´ 2iq
¯

1kě1,

where ϕpkq “ #t` : 1 ď ` ď k and k ^ ` “ 1u.

Consequence: G3pzq is not

rational; (G3pzq R Rpzq)
algebraic; (for all P P Rrzs, if PpGpiq3 pzqq “ 0, then P “ 0)

holonomic.

(for all P0, . . . ,Pk P Rrzs, if
řk

i“0 Pi pzqGpiq3 pzq “ 0, then P0 “ . . . “ Pk “ 0)

G3pzq is more complicated than
ř

αPB3
z |α|Artin “ p1`zqp1´z`z2´2z3q

p2´zqp1´2zqp1´z´z2q !
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Combinatorics of positive braids
Simple positive braids
Simple positive braids are:

the left divisors of ∆n “
Ž

tσ1, . . . , σn´1u;

the right divisors of ∆n “
Ž

˚tσ1, . . . , σn´1u;

the σ2-free braids (elements of Sn “ tα P Bn : @σiu, v P Bn, α ‰ uσ2
i vu).

1

σ1 σ2 σ3

σ1σ2 σ2σ1 σ1σ3 σ2σ3 σ3σ2

σ1σ2σ3 σ1σ2σ1 σ1σ3σ2 σ2σ1σ3 σ2σ3σ2 σ3σ2σ1

σ1σ2σ1σ3 σ1σ2σ3σ2 σ2σ1σ3σ2 σ1σ3σ2σ1 σ2σ3σ2σ1

σ1σ2σ1σ3σ2 σ1σ2σ3σ2σ1 σ2σ1σ3σ2σ1

∆4

Some properties of simple braids:

1 Sn is a sublattice of B`n ;
2 Sn is a two-way Garside family (closed under _, ď, _˚ and ě);
3 local exit criterion (for all α P Sn and σi , α ě σi ô ασi R Sn).

Consequence on Garside normal forms:
4 local neighbouring criterion: w1 ¨ w2 ¨ . . . ¨ wk P GarpB`n q iff

§ w1, . . . ,wk P Snzt1u; § Rpwi q Ě Lpwi`1q for all i ă k.

(Lpαq “ tσi : σi ď αu and Rpαq “ tσi : α ě σiu)
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Generalising braid monoids

B

Garside Artin–Tits

S

T

FC
Garside Artin–Tits

B

S

T

Braid monoid: xσi | σiσi`1σi “ σi`1σiσi`1, i ‰ j ˘ 1ñ σiσj “ σjσiy
`;

Garside monoid: finite generating set Σ, cancellative, ď- and ě-lattice,
with a Garside element ∆ such that tx : x ď ∆u “ tx : ∆ ě xu Ě Σ;
Artin–Tits monoid: xσi | rσiσj s`pi,jq “ rσjσi s`pi,jqy`;

`pi , jq “ 2ñ σiσj “ σjσi

A–T monoid with spherical type: A–T and Garside; (3/4)

Trace monoid: Artin–Tits with `pi , jq P t2,`8u;
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Random walk in a braid monoid (with J. Mairesse)

Random walk
1 Select i.i.d. generators pYkqkě0 uniformly chosen in tσ1, . . . , σn´1u.

2 Random process pXkqkě0 defined by X0 “ 1 and Xk`1 “ XkYk .

Several Garside normal forms:

1 Gar`pβq “ β1 ¨ . . . ¨ βk with Rpβi q Ě Lpβi`1q;
2 Garr pβq “ β1 ¨ . . . ¨ βk with Rpβi q Ď Lpβi`1q;
3 Gar∆

` pβq “ β1 ¨ . . . ¨ βk ¨∆˚ with β1 ‰ ∆ and Rpβi q Ď Lpβi`1q.

Chronological
form:
Left Garside
normal form:
Right Garside
normal form:

Left∆ Garside
normal form:

1st step2nd step3rd step4th step5th step6th step

∆

∆

∆
12th step

∆ ∆
50th step

∆ ∆ ∆ ∆
100th step

∆ ∆ ∆ ∆
150th step

∆ ∆ ∆ ∆
8th step
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Blocking patterns: Going to infinity. . .
Blocking pattern
Braid P P B`n such that, for all α, β P B`n such that ∆n /ď αPβ:

1 Garr pPβq “ Garr pPq ¨ Garr pβq iff Garr pαPβq “ Garr pαPq ¨ Garr pβq;

2 Garr pαPq “ Garr pαq ¨ Garr pPq iff Garr pαPβq “ Garr pαq ¨ Garr pPβq.

Blocking patterns exist in all braid monoids! (Caruso & Wiest 2012)
Blocking patterns exist and in all irreducible A–T monoids of FC type!

βP
õ

α P β

Some properties of blocking patterns

3 Cαβ ď Cα ` Cβ `K for all braids α, β P B`n
(K = constant and Cx “ #toccurrences of P or ∆´1

n P∆n in Garr pxqu);
4 ErCXk

s “ Θpkq. (transience of pXkqkě0)

Theorem (J. & Mairesse 2016+)
Prefixes of the words Garr pXkqkě0 almost surely converge.
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. . . and beyond!

What is our limit object? How fast do we reach it?

1 Limit of an infinite-state Markov chain with L1 factors;
2 Ergodic process;
3 Finite penetration distance;
4 Maximal linear convergence speed.

M1 M2 M3 M4 . . .

L1 L1 L1 L1

Stable prefix ˚ ∆

„ αn “ opnq „ βnTheorem (J. & Mairesse 2016+)
Computing Garr pXk`1q when knowing Garr pXkq and Yk

in expected time Opkq.
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Going even further

Generalised framework

Braid monoid

ñ irreducible A–T monoid with spherical type

Braid monoid

ñ irreducible A–T group with spherical type;
Simple random walk

ñ Random walk with bounded steps

Simple random walk

(ñ Random walk with L1 steps);

Right Garside normal form

ñ Left∆ Garside normal form.

and open questions

Convergence with arbitrarily large steps? (wide open)

Ergodicity/speed of convergence with L1 steps? (wide open)
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Contents

1 Geometric aspects of braids
Right relaxation normal form
Counting braids with a given geometric complexity

2 Algebraic aspects of braids
Garside normal form and random walks
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(with S. Abbes,
S. Gouëzel &
J. Mairesse)

uniformly at random in Bk
n “ tβ P B`n : |β|Artin “ ku

Two algorithms

Inductively constructing sets tβ P Bk
n : β ^∆n “ αu (time n!` 22nk)

Efficient variant (Gebhardt & González-Meneses 2013) (time Opk2n4q)

does drawing β P Bk
n help drawing β P Bk`1

n ?
:

1 Draw α P Bk
n ; 2 Draw ασi P Bk`1

n with prob. pα,i .

B1
4 “ tσ1, σ2, σ3u and B2

4 “ tσ
2
1, σ1σ2, σ1σ3, σ2σ1, σ

2
2, σ2σ3, σ3σ2, σ

2
3u
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Another approach to uniform sampling

Smoothening uniform measures on spheres

1 Choose µp : α ÞÑ Hnppqp
|α| (Hnppq “

ř

IĎtσ1,...,σn´1u
p´1q#Ip|∆I |);

2 Some properties of µp:

§ µppαB`n q “ p|α| for all α P B`n ;
§ Markov realisation of µp:

Pµp rGar`pβq “ w1 ¨ . . . ¨ wk ¨ . . .s “ PrΘp
1 “ w1, . . . ,Θ

p
k “ wk s.

What if Hnppq Ñ 0? (i.e. p Ñ rn)

0 r3

1

1
p

H3ppq

0 r4

1

1
p

H4ppq

0 r5

1

1
p

H5ppq
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Critical case: p “ rn

Two-step limit extraction

1 Let us add infinite braids:

§ Endow B`n with a topology generated by tαB`n uαPB`
n
and replace B`n

with its completion B`n ;
§ Extend Garside normal forms to infinite braids (BB`n “ B`n zB`n ).

2 Let us increase p towards rn:

§ The Markov process pΘp
kqkě1 has a limit pΘ8k qkě1;

§ The measures µp have a weak limit µ8;
§ pΘ8k qkě1 is still a Markov realisation of µ8.

Theorem (Abbes, Gouëzel, J. & Mairesse 2016+)

Uniform probability measures on Bk
n converge weakly towards µ8

when k Ñ `8.

µ8 is a uniform probability measure on infinite braids!
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Going further

Stable region conjectures (Gebhardt & Tawn 2014)

1 The words tGar`pβq | β P BB`n u contain a geometric number of ∆n;

2 tλi pβq | β P Bk
nu

L
ÝÝÝÝÑ
kÑ`8

λi8 and λi8 ‰ λi`18 for all i ě 0.

Gar`pβq: ∆ ∆ ∆ λ1pβq λ2pβq λ3pβq λ4pβq

Pr#∆n “ ks “ r
k|∆n|
n

Going to higher dimensions

Braid monoid ñ Irreducible trace monoid (Abbes & Mairesse 2015)
Braid monoid

ñ Irreducible A–T monoid with FC type;

Weight α ÞÑ p|α| ñ positive multiplicative weight α ÞÑ vpαq.

1r30
v1

Monoid B`3
0 r4 1

v1

Monoid B`4
0 r5 1

v1

Monoid B`5
1

1

0
v1

v2

Monoid N ˚ N
1

1

0
v1

v2

Monoid
xa, b | abab “ babay`

v1

v2

v3
1

1

Monoid xa, b, c | ac “ cay`
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Main results

Geometry

1 The right relaxation normal form is regular;

2 The geometric generating function of B3 is not holonomic.

Random walks

3 Garside normal forms of random walks have an ergodic limit
(for all irreducible A–T groups of spherical type).

Uniform measures

4 Uniform measures on positive spheres converge towards a simple
critical Markov process (for all irreducible A–T monoids of FC type).
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Tresse
Hörük
Anyaman
Плитка
Kıvrım
Suka

Bulgarian
French
Indonesian
Swahili
Turkish
Uzbek

Do you have questions?
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