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Abstract

Higher-order pushdown systems (PDSs) generalise pushdown systems through the use of
higher-order stacks, that is, a nested “stack of stacks” structure. These systems may be used
to model higher-order programs and are closely related to the Caucal hierarchy of infinite
graphs and safe higher-order recursion schemes.

We consider the backwards-reachability problem over higher-order Alternating PDSs (APDSs),
a generalisation of higher-order PDSs. This builds on and extends previous work on push-
down systems and context-free higher-order processes in a non-trivial manner. In particular,
we show that the set of configurations from which a regular set of higher-order APDS con-
figurations is reachable is regular and computable in n-EXPTIME. In fact, the problem is
n-EXPTIME-complete.

We show that this work has several applications in the verification of higher-order PDSs,
such as linear-time model checking, alternation-free p-calculus model-checking, the compu-
tation of winning regions of reachability games and determining whether the word language
accepted by a higher-order pushdown automata is non-empty.

CORRECTION, JAN 2011: we have recently discovered that this application to LTL is erroneous. In particular, the proof of Proposition 5.1 is
mistaken. For example, (p, [[ab]]) — (q, [[ab][ab]]) — (q, [[b][ab]]) — (p, [[ab]]) forms a loop without a repeating head. A correct and optimal

algorithm for linear-time model checking was published in FSTTCS 2010 [12].
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1 Introduction

1.1 Pushdown Automata and Pushdown Systems

Pushdown automata are an extension of finite state automata. In addition to a finite set of control
states, a pushdown automaton has a stack which can be manipulated with the usual push and
pop operations. Transitions of the automaton depend on both the current control state and the
top item of the stack. During the execution of a transition, a push or pop operation is applied
to the stack. Since there is no bound on the size of the stack, the resulting automaton has an
infinite number of “states” or configurations, which consist of the current control state and the
contents of the stack. This allows the definition of such non-regular languages as the well known
{a™" |n>0}.

Higher-order pushdown automata (PDA) generalise pushdown automata through the use of
higher-order stacks. Whereas a stack in the sense of a pushdown automaton is a order-one stack
— that is, a stack of characters — a order-two stack is a stack of order-one stacks. Similarly, a
order-three stack is a stack of order-two stacks, and so on. An order-n PDA has push and pop
commands for every 1 <1 <n. When ! > 1 a pop command removes the topmost order-/ stack.
Conversely, the push command duplicates the topmost order-I stack.

Higher-order PDA were originally introduced by Maslov [19] in the 1970s as generators of
(a hierarchy of) finite word languages. Higher-order pushdown systems (PDSs) are higher-order
PDA viewed as generators of infinite trees or graphs. These systems provide a natural infinite-
state model for higher-order programs with recursive function calls and are therefore useful in
software verification. Several notable advances in recent years have sparked off a resurgence of
interest in higher-order PDA /PDSs in the Verification community. E.g. Knapik et al. [28] have



shown that the ranked trees generated by deterministic order-n PDSs are exactly those that are
generated by order-n recursion schemes satisfying the safety constraint; Carayol and Wohrle [5]
have shown that the e-closure of the configuration graphs of higher-order PDSs exactly constitute
Caucal’s graph hierarchy [8]. Remarkably these infinite trees and graphs have decidable monadic
second-order (MSO) theories [9, 5, 28].

1.2 Backwards Reachability

The decidability results discussed above only allow us to check that a property holds from a
given configuration. Alternatively, we may wish to compute the set of configurations that satisfy
a given property, especially since there may be an infinite number of such configurations. An
important step in solving this problem is the backwards reachability problem. That is, given a set
of configurations Cf,;;, compute the set of configurations that can, via any number of transitions,
reach a configuration in Cf,;. This is an important verification problem in its own right: many
properties required in industry are safety properties — that is, an undesirable program state (such
as deadlock) is never reached.

This problem was solved for order-one pushdown systems by Bouajjani et al. [2]. In particular,
they gave a method for computing the regular set of configurations Pre*(Cry,:) that could reach a
given regular set of configurations Cr,;;. Regular sets of configurations are represented in the form
of a finite multi-automaton. That is, a finite automaton that accepts finite words (representing
stacks) with an initial state for each control state of the PDS. A configuration is accepted if the
stack (viewed as a word) is accepted from the appropriate initial state. Pre*(Cry:t) is computed
through the addition of a number of transitions, determined by the transition relation of the PDS,
to the automaton accepting C7r,¢, until a fixed point is reached. A fixed point is guaranteed since
no states are added and the alphabet is finite: eventually the automaton will become saturated.

This idea was generalised by Bouajjani and Meyer to the case of higher-order context-free
systems [1], which are higher-order PDSs with a single control state. A key innovation in their
work was the introduction of a new class of (finite-state) automata called nested store automata,
which captures an intuitive notion of regular sets of n-stores. An order-n nested store automaton
is a finite automaton whose transitions are labelled by order-(n — 1) nested store automata. In this
way the structure of a higher-order store is reflected. The procedure is similar to the algorithm
for the order-one case: transitions are added until a fixed point is reached. Termination in this
case is more subtle. Since products are formed when processing higher-order push commands, the
state space increases. However, it can be shown that only a finite number of products will be
constructed and that termination follows.

Bouajjani and Meyer also show that forward reachability analysis does not result in regular
sets of configurations.

1.3 Owur Contribution

Our paper is concerned with the non-trivial problem! of extending the backwards reachability
result of Bouajjani and Meyer to the general case of higher-order PDSs (by taking into account
a set of control states). In fact, we consider (and solve) the backwards reachability problem for
the more general case of higher-order alternating pushdown systems (APDSs). Though slightly
unwieldy, an advantage of the alternating framework is that it conveniently lends itself to a number
of higher-order PDS verification problems. Following the work of Cachat [25], we show that the
winning region of a reachability game played over a higher-order PDS can be computed by a
reduction to the backwards reachability problem of an appropriate APDS. We also generalise
results due to Bouajjani et al. [2] to give a method for computing the set of configurations of
a higher-order PDS that satisfy a given formula of the alternation-free p-calculus or a linear-
time temporal logic. Finally, we use the algorithm to provide a technique for calculating the

1 «This does not seem to be technically trivial, and naive extensions of our construction lead to procedures which
are not guaranteed to terminate.” [1, p. 145]



non-emptiness of the word language accepted by a higher-order pushdown automaton. This final
application shows that the problem is n-EXPTIME-hard.

The algorithm uses a similar form of nested automata to represent configurations and uses
a similar routine of adding transitions determined by the transition relation of the higher-order
APDS. However, nalve combinations of the multi-automaton and nested-store automaton tech-
niques do not lead to satisfactory solutions. During our own efforts with simple combined tech-
niques, it was unclear how to form the product of two automata and maintain a distinction between
the different control states as required. To perform such an operation safely it seemed that ad-
ditional states were required on top of those added by the basic product operation, invalidating
the termination arguments. We overcome this problem by using alternating automata and by
modifying the termination argument. Additionally, we reduce the complexity of Bouajjani and
Meyer from a tower of exponentials twice the size of n, to a tower of exponentials as large as n.
Hence, the problem is n-EXPTIME-complete.

Termination is reached through a cascading of fixed points. Given a (nested) store-automaton,
we fix the order-n state-set. During a number of iterations, we add a finitely bounded number of
new transitions to order-n of the automaton. We also update the automata labelling the previously
added transitions to reflect the new transition structure. Eventually we reach a stage where no new
transitions are being added at order-n, although the automata labelling their edges will continue
to be replaced. At this point the updates become repetitive and we are able to freeze the state-set
at the second highest order. This is done by adding possibly cyclical transitions between the
existing states, instead of a chain of transitions between an infinite set of new states. Because the
state-set does not change, we reach another fixed point similar to that at order-n. In this way the
fixed points cascade to order-one, where the finite alphabet ensures that the automaton eventually
becomes saturated. We are left with an automaton representing the set Pre*(Crpt).

1.4 Related Work
1.4.1 Higher-Order Pushdown Games

The definition of higher-order PDSs may be extended to higher-order pushdown games. In this
scenario, control states are partitioned into to sets 3 and V. When the current configuration
contains a control state in 3, the player Eloise chooses the next configuration with respect to the
transition relation. Conversely, Abelard chooses the next transition from a control state in V. The
winner of the game depends on the winning condition. A configuration is winning for Eloise if she
can satisfy the winning condition regardless of the choices made by Abelard. A winning region for
Eloise is the set of all configurations from which Eloise can force a win. Two particular problems
for these games are calculating whether a given configuration is winning for Eloise and computing
the winning region for Eloise.

In the order-one case, the problem of determining whether a configuration is winning for
Eloise with a parity winning condition was solved by Walukiewicz in 1996 [13]. The order-one
backwards reachability algorithm of Bouajjani et al. was adapted by Cachat to compute the
winning regions of order-one reachability and Biichi games [25]. Techniques for computing winning
regions in the order-one case when the winning condition is a parity condition have been discovered
independently by both Cachat [25] and Serre [20]. These results for pushdown games have been
extended to a number of winning conditions [27, 3, 11, 21, 7]. In the higher-order case with a parity
winning condition, a method for deciding whether a configuration is winning has been provided
by Cachat [25].

1.4.2 C-Regularity

Prompted by the fact that the set of configurations reachable from a given configuration of a
higher-order PDS is not regular in the sense of Bouajjani and Meyer (the stack contents cannot be
represented by a finite automaton over words), Carayol [4] has proposed an alternative definition
of regularity for higher-order stacks, which we shall call C-regularity. Our notion of regularity



coincides with that of Bouajjani and Meyer, which, when confusion may arise, we shall call BM-
regularity.

A set of order-n stacks is C-regular if it is obtained by a regular sequence of order-n stack
operations. This notion of regularity is not equivalent to BM-regularity. For example, the set of
order-2 stacks defined by the expression (push,)*; pushs are all stacks of the form [[a"][a"]]. This
set is clearly unrecognisable by any finite state automaton, and thus, it is not BM-regular.

Carayol shows that C-regularity coincides with MSO definability over the canonical structure

4 associated with order-n stacks. This implies, for instance, that the winning region of a par-
ity game over an order-n pushdown graph is also C-regular, as it can be defined as an MSO
formula [25].

In this paper we solve the backwards reachability problem for higher-order PDSs and apply the
solution to reachability games and model-checking. In this sense we give a weaker kind of result
that uses a different notion of regularity. Because C-regularity does not imply BM-regularity,
our result is not subsumed by the work of Carayol. However, a detailed comparison of the two
approaches may provide a fruitful direction for further research.

1.4.3 Higher-Order Recursion Schemes

Higher-order recursion schemes (HORSs) represent a further area of related work. A long standing
open problem is whether a condition called safety is a genuine restriction on the expressiveness of
a HORS. If not, then HORSs are equivalent to higher-order PDSs. It is known that safety is not
a restriction at order-two for word languages [16]. This is conjectured not to be the case at higher
orders.

MSO decidability for trees generated by arbitrary (i.e. not necessarily safe) HORSs has been
shown by Ong [22]. A variant kind of higher-order PDSs called collapsible pushdown automata
(extending panic automata [29] or pushdown automata with links [16] to all finite orders) has
recently been shown to be equi-expressive with HORSs for generating ranked trees [17]. These
new automata are conjectured to enrich the class of higher-order systems and provide many new
avenues of research.

1.5 Document Structure

In Section 2 we give the definitions of higher-order (A)PDS and n-store multi-automata. We
describe the backwards-reachability algorithm in the order-two case in three stages in Section 3:
firstly we use an example to give an intuitive explanation of the algorithm. We then give a
description of its framework and explain how we can generate an infinite sequence of 2-store
multi-automata capturing the set Pre*(Cry;:). Finally, we show how this sequence can be finitely
represented (and constructed). In Section 4 we go on to give a description of the algorithm in
the order-n case. This section includes some further examples to illustrate the construction and
a complexity analysis. Section 5 discusses the applications of the main result to LTL model-
checking, reachability games, alternation-free p-calculus model checking over higher-order PDSs
and determining whether the language accepted by a higher-order pushdown automata is empty.
This final application provides a proof that the backwards reachability problem is n-EXPTIME-
complete. Finally, we conclude in Section 6. Additional proofs and algorithms are given in the
appendix.

2 Preliminaries

2.1 Alternation

In the sequel we will introduce several kinds of alternating automata. For convenience, we will use
a non-standard definition of alternating automata that is equivalent to the standard definitions of
Brzozowski and Leiss [14] and Chandra, Kozen and Stockmeyer [6]. Similar definitions have been
used for the analysis of pushdown systems by Bouajjani et al. [2] and Cachat [25]. The alternating



transition relation A C Q@ x I’ x 22 — where I is an alphabet and Q is a state-set — is given in
disjunctive normal form. That is, the image A(g,v) of g € Q and v € Tisa set {Q1,...,Qm} with
Q; € 29 for i € {1,...,m}. When the automaton is viewed as a game, Eloise — the existential
player — chooses a set Q € A(q,7); Abelard — the universal player — then chooses a state ¢ € Q.
The existential component of the automaton is reflected in Eloise’s selection of an element (g, v, Q)
from A for a given ¢ and . Abelard’s choice of a state ¢ from @ represents the universal aspect
of the automaton.

2.2 (Alternating) Higher-Order Pushdown Systems

A higher-order pushdown system comprises a finite set of control states and a higher-order store.
Transitions of the higher-order PDS depend on both the current control state and the top symbol
of the higher-order store. Each transition changes the control state and manipulates the store.

The main result of this paper is presented over alternating higher-order pushdown systems.
This is because, although we apply our results to higher-order PDSs, the power of alternation
is required to provide solutions to reachability games and alternation-free mu-calculus model-
checking over higher-order PDSs.

We begin by defining higher-order stores and their operations. We will then define higher-order
PDSs in full.

Definition 2.1 [n-Stores|] The set C} of 1-stores over an alphabet X is the set of words of the
form [a1,...,an,] with m > 0 and a; € X for all i € {1,...,m}, [¢ ¥ and | ¢ . For n > 1,
CZ = [wy,...,wy] withm > 1 and w; € C>_, for all i € {1,...,m}.

There are three types of operations applicable to n-stores: push, pop and top. These are defined
inductively. Over a 1-store, we have (for all w € ¥*),

pushylar ...ap] = [was...an]
topilay ...am] = a1

We may define the abbreviation pop; = push.. When n > 1, we have,

= [pushy(y1)v2 -+ - Yo
[pushi(v1)y2...vm] if2<l<n

3
<
vl
>
S
-2
=
22
3

[ ]
[ m)
pushp[yi--.vm] = [m7M72. . Yml
popi [’Yl ce ’Ym} = [popl(’h)’m ce 77n] if 1 S l<n
PopulY1 - Ym] = [v2-.-Vm) ifm>1
topi[y1---vm] = topi(y1) if1<i<n
topa[y1---vml = m

Note that we assume without loss of generality X NN = (), where N is the set of natural numbers.
Furthermore, observe that when m = 1, pop, is undefined. We define O,, = { push,, | w €
¥* YU { pushy,pop; | 1 <1 <n }. The definition of higher-order PDSs follows,

Definition 2.2 An order-n PDS is a tuple (P, D,X) where P is a finite set of control states p,
DCPxXx0O, xPis a finite set of commands d, and X is a finite alphabet.

A configuration of a higher-order PDS is a pair (p,~) where p € P and ~ is an n-store. We
have a transition (p,~) < (p’,~') iff we have (p,a,0,p’) € D, top1(y) = a and v’ = o(y).

We define <> to be the transitive closure of <. For a set of configurations Crn;; we define
Pre*(Crnit) as the set of configurations (p,+) such that, for some configuration (p’,y") € Crpit,

we have (p,7) <> (p/,7').

We may generalise this definition to the case of Alternating higher-order PDSs.

Definition 2.3 An order-n APDS is a tuple (P, D,X) where P is a finite set of control states p,
D C P xX x29 %P ig a finite set of commands d, and ¥ is a finite alphabet.



Figure 1: The configuration graph (excerpt) of an example higher-order APDS.

A configuration of a higher-order APDS is a pair (p,~) where p € P and ~ is an n-store. We
have a transition (p,~) — C' iff we have (p,a, OP) € D, top1(y) = a, and

C={®,7)]|(0,p) €OP A v =0(7y) }U{ (p,V) | if (0,p") € OP and o(v) is not defined }
The transition relation generalises to sets of configurations via the following rule:

(p,7) = C ’
GUlp) = ouc PNEC

We define < to be the transitive closure of <. For a set of configurations Cy,;; we define
Pre*(Crnit) as the set of configurations (p,~) such that we have (p,~) < Cand C C Crit-

Example 2.1 We present an example to illustrate the definition of Pre*(Crpit) for higher-order
APDSs. Figure 1 shows an excerpt of the configuration graph of a higher-order APDS with the

commands,
(pl,,,{(OQ,p ) ( 03, D )})
®?, - {(0a,p")})
(pgaﬂ{(o&p )})

We consider a number of different values of Crpit-

1. Let Crpir = {(p%, 02(7))}. In this case Pre*(Crnit) = Crnit. The configuration (p*,~y) is not
in Pre*(Crnit) since the configuration (p3,03(7)) cannot be in Pre*(Crp;t).

2. Let Crnie = {(p?,02(7)), (0>, 03(7))}. In this case Pre*(Crpit) = Crnie U {(p*,¥)}. This is
because the transition from (pl,) reaches a set that is a subset of Crpt.

3. Let Crnie = {(p*, 04(02(7)))}. In this case Pre*(Crpit) = Crni U {(p?,02(y)}. The con-
figuration (p?,09(7y)) is in the set because its transition moves to a set which is a subset of
Crnit- The pair (p*,~) is not in the set because, although (p*,02(7)) is in Pre*(Crnit), the
configuration (p3,03(7)) is not.

4. Let Crpir = {(p*, 04(02(7))), (P>, 03(7))}. In this case Pre*(Crnit) is the set Crnis U{(p?, 02(7)), (p',7)}-
We have (p?,02(7)) € Pre*(Crnit) as before. Furthermore, we have the following run from

(r',7),
') = % 02(0)), (0*, 03(7))} = {(p*, 04(02(1))), (P, 03(7))}

Hence, (p',v) € Pre*(Crnit)-



Finally, suppose the higher-order APDS also has a command of the form,

(0°, -, {(pushi, p*)})

And it is the case that (only) pushi(os(03(7))) is undefined. If Crniy = {(p°, V) }, then Pre*(Crpit) =
Crnit U{(p°, 05(03(7))), (p*, 03(7))}-

Observe that since no transitions are possible from an “undefined” configuration (p, V) we can
reduce the reachability problem for higher-order PDSs to the reachability problem over higher-
order APDSs in a straightforward manner.

In the sequel, to ease the presentation, we assume n > 1. The case n = 1 was investigated by
Bouajjani et al. [2].

2.3 n-Store Multi-Automata

To represent sets of configurations symbolically we will use n-store multi-automata. These are
alternating automata whose transitions are labelled by (n — 1)-store automata, which are also
alternating. A set of configurations is regular iff it can be represented using an n-store multi-
automaton. This notion of regularity coincides with the definition of Bouajjani and Meyer (see
Appendix A). In Appendix B we give algorithms for enumerating runs of n-store automata, testing
membership and performing boolean operations on the automata.

Definition 2.4

1. A 1-store automaton is a tuple (Q,3, A, qo, Qf) where Q is a finite set of states, ¥ is a
finite alphabet, gy is the initial state and Q; C Q is a set of final states. It is the case that
A C QO x Y x 22 is a finite transition relation.

2. Let BZ_, be the (infinite) set of all (n — 1)-store automata over the alphabet . An n-store
automaton over the alphabet X is a tuple (Q,%, A, go, Qf) where Q is a finite set of states,
qo ¢ Qy is the initial state, @y C Q is a set of final states, and A C O x ‘3571 x 22 is a
finite transition relation. Furthermore, let B3 = X.

3. An n-store multi-automaton over the alphabet ¥ is a tuple
(Q7 Z7 A7 {q17 MR qz}’ Qf)

where Q is a finite set of states, ¥ is a finite alphabet, ¢* for i € {1,..., 2} are pairwise
distinct initial states with ¢* ¢ Qs and ¢" € Q; Qf C Q is a set of final states, and,

AC(@x®By 1 x29)U({d',..., "} x {V} x {47})
is a finite transition relation where ¢; € Qy has no outgoing transitions.

To indicate a transition (¢, B,{q1,...,qm}) € A we write,

B
q—>{CI1a---7Qm}

A transition of the form ¢/ —— {g7} indicates that the undefined configuration (p?, V) is accepted.
Runs of the automata from a state ¢ take the form,

E E 5771
q—0>{q%,...,q}nl —1>...—>{q{n+1,...,q$l+l}
where transitions between configurations {qf,...,q,, } Le, {g7T, ... ,qﬁ;il} are such that we
B’l .
have gy —> Qy for all y € {1,...,me} and Uyeqy oy Qy = {q7, ..., gt} and additionally



Uyeqr,.m 3 {Byt = B,. Observe that By is necessarily a singleton set. A run over a word

Y1 .. Ym, denoted ¢ MASILIN Q, exists whenever,

g 2o B

and for all 0 < i < m.y; € L(B;), where v € L(B) iff v € £(B) (defined below) for all B € B. If
a run occurs in an automaton forming part of a sequence of automata Ag, Ay, ..., we may write
—; to indicate which automaton A; the run belongs to.

We define L£(a) = a for all @ € ¥ = BF. An n-store [y;...7vm] is accepted by an n-store
automaton A (that is [y1 ...7m] € L(A)) iff we have a run g ~—2" Q in A with Q C Q. For a
given n-store multi-automaton A = (Q, X, A, {¢*,...,¢*}, Qf) we define,

LAT) = {bnyml | QA QCQy}
U{vleg S {¢}}

and v
LA ={ W N [jie{l,....2} Ay e L(AT)}

Finally, we define the automata Bj' and X} for all 1 <! < n and @ € ¥ and the notation
¢’. The I-store automaton B{* accepts any [-store v such that top;(y) = a. The (n — 1)-store
automaton X;* accepts all (n — 1)-stacks such that top;(y) = a and top;4+1(y) = [[w']] for some w'.
That is, pop;(7y) is undefined. If @ represents a store automaton, the state ¢° refers to the initial

state of the automaton represented by 6.

3 The Order-Two Case

Before introducing the full algorithm, we give an example and a description of the algorithm for
the order-2 case. This will provide an introduction to the important features of the solution whilst
reducing the notational complexity.

Theorem 3.1 Given an 2-store multi-automaton Ay accepting the set of configurations Crnie of
an order-2 APDS, we can construct in 2-EXPTIME (in the size of Ag) an 2-store multi-automaton
A, accepting the set Pre*(Crpit). Thus, Pre*(Crpi) is regular.

Fix an order-2 APDS. We begin by showing how to generate an infinite sequence of automata
Ag, Ay, ..., where Ag is such that £(Ag) = Crnit. This sequence is increasing in the sense
that £(A4;) C L(A;+1) for all 4, and sound and complete with respect to Pre*(Cry,it); that is
U;>0 £(4;) = Pre*(Crpit). To conclude the algorithm, we construct a single automaton A, such
that L(A,) = Uizo L(A;).

We assume without loss of generality that all initial states in Ay have no incoming transitions
and there exists in Ay a state q% from which all valid 2-stores are accepted and a state q5 € Qf
which has no outgoing transitions.

3.1 Example

We give an intuitive explanation of the algorithm by means of an example. Fix the following
two-state order-two PDS:

di = (p*, a, pushsg,p')

dy = (p*, a,pushe,pt)

ds = (p?, a, pushy,, p')

dy = (p?, a, pop2,p")
And a 2-store multi-automaton Ag shown in Figure 2 with some By, By, Bs and By. We proceed
via a number of iterations, generating the automata Ay, Ay,.... We construct A;;; from A; to
reflect an additional inverse application of the commands dq,...,d4.



By

By

Figure 2: The initial 2-store multi-automaton

1
(¢*,q5)

- -

Figure 3: The automaton A;

During the construction of Aj, rather than manipulating the order-1 store automata labelling
the edges of Ay directly, we introduce new transitions (at most one between each pair of states
¢1 and ¢2) and label these edges with the set G%ql @) This set is a recipe for the construction of

an order-1 store automaton that will ultimately label the edge. The set G! is the set of all sets
G%ql ) introduced. After the first stage of the algorithm, the resulting A; is given in Figure 3
where the contents of

~1 __ ~1 ~1 ~1 ~1
g = {Gml,owG(ql,qn»G(q?,o)’G(qz,q1>}

are given in Table 1. The columns indicate which command introduced each element to the set.

To process the command d; we need to add to the set of configurations accepted by A; all con-
figurations of the form (pi, [y1...vm]) with top1(71) = a for each configuration (p1, [v171 - - - Ym])
accepted by Ag. This is because pusha[vy1...vm] = [v171---7¥m]. Hence we add the transition
from ¢' to gs. The contents of é%q17qf) indicate that this edge must accept the product of B{, By
and Bs.

The commands do and ds update the tops stack of any configuration accepted from ¢! or
q° respectively. In both cases this updated stack must be accepted from q' in Ag. Hence, the
contents of G%ql’o) and Ggq27o) specify that the automaton B; must be manipulated to produce
the automaton that will label these new transitions. Finally, since popa[y1i...vm] = [2---Ymls
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( dy dz ds ds )
G(q ) {(a,pushe, B1)}

Gloap) | (5581}

Gz {(a. pushu. B)))

G%qz,ql) (B}
_ J

Table 1: The contents of the sets in Qvl.

Figure 4: The automaton As.

d4 requires an additional topy stack with a as its top; element to be added to any stack accepted
from ¢'. Thus, we introduce the transition from ¢ to ¢'.

To construct Ay from A; we repeat the above procedure, taking into account the additional
transitions in A;. Observe that we do not add additional transitions between pairs of states that
already have a transition labelled by a set. Instead, each labelling set may contain several element
sets. The resulting As is given in Figure 4 where the contents of

g’ {G(q O)’Gq :4f) G(q 0)’G(q2 ql)’G(q qf)}

are given in Table 2

If we were to repeat this procedure to construct Az we would notice that a kind of fixed point
has been reached. In particular, the transition structure of Az will match that of A; and each
G3 (00" will match G ) in everything but the indices of the labels G1 0 appearing in the element

sets. We may write G = G2, [2/1] where the notation [2/1] mdlcates a substitution of the
element indices.

So far we have just constructed sets to label the transitions of A; and A;. To complete the
construction of A; we need to construct the automata G ) represented by the labels G}

(g,9") (¢,9")

(qu)

11



/ d1 d2 d3 d4 \
G(q ,0) {(a7PUSh€7Bl)}
{(CL,pu‘ShsaGl 10 )}
(q*,0)
Gl {B?’Bl’B?’} {(a, pUShs’G(q an)t
{BY.G (q Qf)’B 1}
{Bl ’ G(q o) 3}
G?qz)o) {(a,pushw,gi)}
{(a,pushw, G )}
Gl {B}
2 1
G(qgqu) {(a,pushw,G(qlﬁqf))}
- J
Table 2: The contents of the sets in G2.
the appropriate ¢, ¢’. Because each of these new automata will be constructed from By, ..., By, BY,
we build them simultaneously, constructing a single (1-store multi-)automaton G! with an initial
state g for each G 0.’ . The automaton G' is constructed through the addition of states and
tran51t10ns to the dlSJOlIlt union of By,..., By, Bf. Creating the automaton A, is analogous and

G? is built through the addition of states and transitions to G*.

The automaton G' is given in Figure 5. We do not display this automaton in full since the
number of alternating transitions entails a diagram too complicated to be illuminating. Instead
we will give the basic structure of the automaton with many transitions omitted. In particular
we show a transition derived from {Bf, By, B3} (from state g(lql’qf)), a transition derived from

{(a,push., B1)} (from state g(lqle)) and a transition derived from {B{} (from state g(q a 1))
Notably, we have omitted any transitions derived from the push,, command. This is simply

for convenience since we do not wish to further explicate By, B, B3 or By. From this automaton

we derive G%ql’o), G%ql,qu G%quo) and G%q27q1) by setting the initial state to g(lql,oyg(lql’qf),g(lqz,o)

and g} (42 respectively.

a*,q")
The automaton G2 is shown in Figure 6. Again, due to the illegibility of a complete dia-

gram, we omit many of the transitions. The new transition from g(zq ar) is derived from the set

{B¢, Bg, } One of the transitions from g( 1oy and the only transition from g( 2 g1) AT€ inher-
ited from tilell' corresponding states in the previous automaton. This inheritance enbures that we
do not lose information from the previous iteration. The uppermost transition from g(zq ) derives

from {(a, pushe, é%qlp))}. From this automaton we derive G% G(q ) G( ) and G(q o

We have now constructed the automata A; and A;. We could then repeat thls procedure to
generate As, Ay, ..., resulting in an infinite sequence of automata that is sound and complete with
respect to Pre*(L(Ap)).

To construct A, such that £(A.) = ;> £(A;) we observe that since a fixed point was reached
at A, the update to each G° to create Gt will use similar recipes and hence become repetitive.
This will lead to an infinite chain with an unvarying pattern of edges. This chain can be collapsed
as shown in Figure 7.

In particular, we are no longer required to add new states to G* to construct G for i > 2.
Instead, we fix the update instructions G% 0d) [2/1] for all ¢, ¢’ and manipulate G2 as we manipulated

12



Figure 7: Collapsing a repetitive chain of new states.



Figure 8: A selective view of C;*

the order-2 structure of Ag to create A; and A,. We write Q’ to distinguish these automata from
the automata G* generated without fixing the state-set.

Because ¥ and the state-set are finite (and remain unchanged), this procedure will reach
another fixed point Q* when the transition relation is saturated and QAz = Qi+1. The automaton
A, has the transition structure that became fixed at As labelled with automata derived from Q*
This automaton will be sound and complete with respect to Pre*(L(A)).

An abbreviated diagram of G* is given in Figure 8. We have hidden, for clarity, the transition
derived from {Bj", Bs, G(lql,o)} in Figure 6. Instead, we show the transition introduced for the set

{B{, Bs, é%ql)o)}[Q/l] = {B{, Bs, é%quo)} during the construction of G*. We have also added the

self—l90p ad@e.d by {(a,push., G%q17o))}[2/1] = {(a, pushe, G?ql,o))} that enabled the introduction
of this transition.

3.2 Preliminaries

We now discuss the algorithm more formally. We begin by describing the transitions labelled by
Géq17Q2) before discussing the construction of the sequence Ag, Ay, ... and the automaton A*.

To aid in the construction of an automaton representing Pre*(Cr,q) we introduce a new kind
of transition to the 2-store automata. These new transitions are introduced during the processing
of the APDS commands. They are labelled with place-holders that will eventually be converted
into 1-store automata.

Between any state q; and set of states ()2 we add at most one transition. We associate
this transition with an identifier G4, q,). To describe our algorithm we will define sequences
of automata, indexed by i. We superscript the identifier to indicate to which automaton in the
sequence it belongs. The identifier Gé 01,Q3) is associated with a set that acts as a recipe for
updating the 1-store automaton described by éé;l%QQ) or creating a new automaton if éé’;Qz)
does not exist. Ultimately, the constructed 1-store automaton will label the new transition. In
the sequel, we will confuse the notion of an identifier and its associated set. The intended usage
should be clear from the context.

The sets are in a kind of disjunctive normal form. A set {Si,...,S,,} represents an automaton
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that accepts the union of the languages accepted by the automata described by Sy, ..., S,,. Each

set S € {S1,...,Sm,} corresponds to a possible effect of a command d at order-1 of the automaton.
The automaton described by S = {a1, ..., @, } accepts the intersection of languages described by
its elements «; (t € {1,...,m}).

_ An element that is an automaton B refers directly to the automaton B. Similarly, an identifier
Gz(' 01.Q2) refers to its corresponding automaton. Finally, an element of the form (a, push,,, 6) refers
to an automaton capturing the effect of applying the inverse of the push,, command to the stacks
accepted by the automaton represented by 6; moreover, the top; character of the stacks accepted
by the new automaton will be a. It is a consequence of the construction that for any S added
during the algorithm, if (a, push,,,0) € S and (@, push,,0") € S then a = a’.

Formally, to each él('qth) we attach a subset of

HBUGU (S x 01 x (BUG))

where B is the set of all 1-store automata occurring in Ay and all automata of the form Bf.
Further, we denote the set of all identifiers Gi Q) in A; as G*. The sets B and O, are finite by

definition. The size of the set G* for any i is ﬁmtely bound by the (fixed) state-set of A;.
We build the automata for all G (41,Q2) e g simultaneously. That is, we create a single

automaton G' associated with the set G¢. This automaton has a state g(q Q2) for each G 01.Q2) €

Gi. The automaton G(q Q) labelling the transition g1 —; Q2 is the automaton G° Wlth g(ql’QQ)
as its initial state.

The automaton G is built inductively. We set G° to be the disjoint union of all automata in
B. We define G"*! = T, (G") where Tg;(G") is given in Definition 3.1. In Section 3.4 it will be
seen that j is not always (¢ + 1).

Deﬁmtlon 3 1 Given an automaton G = (Q%, %, A%, _, Q) and a set of identifiers (with associ-
ated sets) Gi, we define,

gi-‘rl _ T~_7~ (gz) _ (Qi-‘rl7 ¥, Ai-{-l7 77 Qf)

where Qz+1 Qz U { g (0.02) | G(ql Q2) c g } Az+1 Aznhemted U Anew Az and

Ainherited { ggql 22) ) Q| ( q1 Qg) LN Q) € Al }
Anew { g(qth) AN Q | (q1,Q S gj and b € ¥ and ( ) }

where (1) requires {a1,...,q,} € é{ql Q) Q=Q1U---UQ, and for each t € {1,...,r} we have,

o If a; = 0, then (¢ — Q;) € A
o If oy = (a, pushy,,f), then b = a and ¢ % Q is a run of G'.

There are two key parts to Definition 3.1. During the first stage we add a new initial state
for each automaton forming a part of Gi*!. By adding new initial states, rather than using the
previous set of initial states, we guarantee that no unwanted cycles are introduced, which may
lead to the erroneous acceptance of certain stores. We ensure that each 1-store accepted by G’ is
accepted by Gt — and the set of accepted stores is increasing — by inheriting transitions from
the previous set of initial states.

During the second stage we add transitions between the set of new initial states and the
state-set of G' to capture the effect of a backwards application of the APDS commands to £(A4;).

There are two different forms for the elements oy € {ay,...,a.}. If a4 refers directly to an
automaton, then we require that the new store is also accepted by the automaton referred to by
ag. We simply inherit the initial transitions of that automaton in a similar manner to the first
stage of Tg; (GY). If ay is of the form (a, push.,, ), then it corresponds to the effects of a command
(p,a,{...,(pushy,p’),...}). The new store must have the character a as its top; character, and
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the store resulting from the application of the operation push,, must be accepted by the automaton
represented by 6. That is, the new state must accept all stores of the form aw’ when the store
ww’ is accepted by 6.

3.3 Constructing the Sequence Ay, A, ...

For a given order-2 APDS with commands D we define A;y; = Tp(A;) where the operation Tp
follows. We assume A( has a state q% with no outgoing transitions and a state ¢} from which all
stores are accepted.

Definition 3.2 Given an automaton A; = (9,3, A% {¢',...,¢*}, Qf) and a set of commands D,
we define,

AZ+1_TD( ) (Q E A1+1 {q 7"'aqz}u Qf)
where A" is given below.

We begin by defining the set of labels G*1. This set contains labels on transitions present in
A;, and labels on transitions derived from D. That is,

~ Gl ; _ i
G+t = { Gitlo | (@ —2 Q) e Al and j € {1,...,2} } {Ging 1@}
The contents of the associated sets G#Q) € G are defined Gg}lQ) {S](2)} where (2)

requires (p/, a, {(01,p"), ..., (0m,p"")}) €D, Q=Q1U---UQy,, S =S U---US,, and for each
te{1,...,m} we have,

e If o, = pushsy, then Sy = {B¢} U 0, U 0y and there exists a path q’“t LT Q' —; Q¢ in A;.

o If 0; = pops, then S; = {B%} and Q; = {¢**}. Or, if ¢ ——; {g5} exists in A;, we may have
Sy ={B{} and Q; = {qi}

e If oy = push,, then S; = {(a, push,,,0)} and there exists a transition ¢*t iq Q: in A;.

Finally, we give the transition relation A‘*1,

B . Gitl N
i+1 _ B q— Q) e A (4,Q) ~id1 i1
A _{q Q'SandBe>B }U{q QlGGge €9 }

We can construct an automaton whose transitions are 1l-store automata by replacing each set
G”g) with the automaton G”Q) which is Gt with initial state g@ré), where Git1 = Tgwl (GY).
Note that G is assumed by induction. In the base case, G is the disjoint union of all automata

in B.

The above construction is similar to Definition 3.1. However, because we do not change the initial
states of the automaton, we do not have to perform the inheritance step. Furthermore the set of
commands D specify how the automata should be updated, rather than a set G:. A command
(07, a,{(o1,p*),..., (0m,p")}) takes the place of a set {a,...,am}.

The contents of S; and @ depend on the operation o;. If o is of a lower order than 2 (that is,
a push,, command) then o;(yw) = o:(y)w for any store yw. Hence we inherit the first transition
from the initial state of the automaton represented 6, but pass the required constraint (using
St = {(a, 0¢, B)}) to the lower orders of the automaton.

Otherwise o; is a pops or pushsy operation. If is a pushs command, then pushg(yw') = yyw',
and hence we use S; to ensure that the top store v of yw’ is accepted by the first two transitions
from the initial state of the automaton represented by 6 and we use Q); to ensure that the tails of
the stores match.

16



When o, is a pops operation and the new store is simply the old store with an additional 2-store
on top (that is pops(yw’) = w’), Q; is the initial state of the automaton represented by 6 and S;
contains the automaton B{. This ensures that the top; character of the new store is a. We also
need to consider the undefined store V. This affects the processing of pops operations since their
result is not always defined. Hence, when considering which new stores may be accepted by A;41,
we check whether the required undefined configuration is accepted by A;. This is witnessed by
the presence of a V transition from p?. If the result may be undefined, we accept all stores that
do not have an image under the pops operation. That is, all stores of the form [].

By repeated applications of Tp we construct the sequence Ag, Aq,... which is sound and
complete with respect to Pre*(Crpt)-

Property 3.1 For any configuration (p’,~) it is the case that v € E(Agj) for some i iff (p?,7) €
Pre*(C’Im-t).

3.4 Constructing the Automaton A,
We need to construct a finite representation of the sequence Ag, A1, ... in a finite amount of time.
To do this we will construct an automaton A, such that £(A,) = [U;5o£L(A4;). We begin by

introducing some notation and a notion of subset modulo i for the sets ééql Qs)"

Definition 3.3

1. Given # € BUG' for some i, let

o0/ { ) if0eB
1/t = J : _ (i i
G(Ql Q2) if 0= G(Q17Q2) €g

2. For a set S we define S[j/i] such that,

(a) We have 0 € S iff we have 0[j/i] € S[j/i], and
(b) We have (a,o0,60) € S iff we have (a,0,0[j/i]) € S[j/i].

3. We extend the notation [j/i] to nested sets of sets structures in a point-wise fashion.

Definition 3.4

1. We write Gl <@ iff for eachSeG(q (Qs) We have S[j—1/i—1] € el

(q1,Q2) (q1,Q2)"

i ~J ~J i ) ~ (Y
2. If G(q Q2) < G(qth) and G(qhQ?) < G(ql,Qz)’ then we write G(ql,Qz) ~ @G

(q1,Q2)"

3. Furthermore, we extend the notation to sets. That is, 'g7 < §j iff for all ééql Q) IS g” we

have é{ql € g and G <GI

(q1,Q2) N (91,Q2)"

We now show that a fixed point is reached at order-2. That we reach a fixed point is important,
since, when Gi ~ Gi*l there are two key consequences. Firstly, for all ¢; and @2, we have
G(q1 Qs € G' iff we also have GHI)Q ) € Gi*1. This means that, if we ignore the automata
labelling the edges of A; and A;;1, the two automata have the same transition structure. The
second consequence follows from the first: we have éfqth) qu Q) for all ¢; and Q5. That is,
the automata labelling the edges of A; and A;;; will be updated in the same manner. It is this

repetition that allows us to fix the state-set at order-1, and thus reach a final fixed point.

Property 3.2 There exists i1 > 0 such that §i ~ g~i1 for alli > iq.
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Proof.(Sketch) Since the order-1 state-set in A; remains constant and we add at most one tran-
sition between any state G and set of states (Do, there is some i; where no ‘more transitions are
added at order-2. That G' ~ Gi* for all 4 > 11 follows since the contents of G Q) and G(q1 Q2)

are derived from the same transition structure.

Once a fixed point has been reached at order-2, we can fix the state-set at order-1.

Lemma 3.1 Suppose we have constructed a sequence of automata G°,G', ... with the associated
sets GO, G, . ... Further, suppose there exists an i1 such that for all i > i1 we have gl ~ Q“. We
can define a sequence of automata Gir, Gt . such that the state-set in G' remains constant
and there exists ig such that G characterises the sequence — that is, the following are equivalent
for all w,

1. The run gz(ll QN Li Q1 with Q1 C Qy exists in C;Z for some i.

2. The run géé Q) Lio Q2 with Q2 C Qy exists in Qio.

3. The run gE; QN i Q3 with Q3 C Qy exists in G’ for some i’.
Proof. Follows from the definition of ,C';“‘l =T

Gt i fi1—1] (G1), Lemma B.9, Lemma B.10 and
Lemma B.11. o

We use Git! = TG iy jia—1) (G') to construct the sequence G, G+ . (with Git = G").
Intuitively, since the transitions from the states introduced to define G* for i > 4; are derived
from similar sets, we can compress the subsequent repetition into a single set of new states. The
substitution G [21 /i1 — 1] makes the sets in G self-referential. This generates the loops shown in
Figure 7. Since the state-set of this new sequence does not change and the alphabet 3 is finite,
the transition structure will become saturated.

5% __ Al : * _ i1 i1 :

We define G* = G* letting 9001,02) = (1,02 for each 9(01,02)" Finally, we show that we can

construct the automaton A,.

Property 3.3 There exists an automaton A, which is sound and complete with respect to Ag, Aq, . ..
and hence computes the set Pre*(Crpit).

Proof. By Property 3.2 there is some ¢; with Gi ~ G for all i > 11. By Lemma 3.1, we have
G* = G. We then define A, from A;, with eE%Ch tlzansition g — Q' in A, labelled with the
appropriate B € B or automaton qu o from G* = G'. a

Thus, we have the following algorithm for constructing A.,:

1. Given Ay, iterate A;11 = Tp(A4;) until the fixed point 4;, is reached.

2. Tterate Gitl = Tgn'l[il/il_l](gi) to generate the fixed point G* from G,
l

3. Construct A, by labelling the transitions of A;, with automata derived from G*.

4 The General Case

We now generalise the order-2 algorithm to APDSs of all orders.

Theorem 4.1 Given an n-store multi-automaton A accepting the set of configurations Crn of an
order-n APDS, we can construct in n-EXPTIME (in the size of Ay) an n-store multi-automaton
A, accepting the set Pre*(Crpit). Thus, Pre*(Crpit) is regular.

18



In the order-2 case, we added transitions to the 2-store multi-automaton Ay depending on
the commands D of the given APDS. The (order-1 store-)automata labelling the transitions were
updated through the addition of new initial states until the transition structure at order-2 reached
a fixed point. We were then able to stop adding new states at order-1, adding only new transitions
until a second fixed point was reached. At this point the algorithm terminated.

In the order-n case, new states are added to the automata labelling the order-n edges until the
order-n transition structure reaches a fixed point. We are then able to stop adding new states to
the order-(n — 1) automata, although we continue to add new states to the automata labelling the
transitions at order-(n — 1). Since the order-(n — 1) state-set is fixed, the order-(n — 1) transition
structure will reach a second fixed point. At this stage we are no longer required to add new states
to order-(n — 2) of the automaton, and so on. In this way we have a cascade of fixed points from
order-n of the automaton down to order-1, at which point the algorithm terminates.

4.1 Preliminaries

We generalise the definition of Géql Q) € G to any order [ of the store-automata. That is, to each

éz(-(]hQZ) at order-l we attach a subset of
SBi1 UG U (S x O x By UGY))

where B;_1 is the union of the set of all (I — 1)-store automata occurring in Ay and in automata
of the form Bj or Xj; for some !' (defined in Section 2.3). Further, we denote the set of all

order-(I — 1) identifiers G(q Q) in A; as gl 1- The sets B;_1 and O; are finite by definition. If

the state-set at order-/ is fixed, there is a finite bound on the size of the set QF1 for any 1.
Similarly, we generalise the definition of the operation Tgz;. When [ = 1, the definition is
l

identical to Definition 3.1. When [ > 1, the definition is similar to the definition of T’p in the
order-2 case, except we do not have to consider the undefined store vV which only occurs at order-n
of an n-store multi-automaton.

Definition 4.1 Given an automaton g;' = (Q", 3, A%, , Qy) and a set of identifiers 97, we define,
gH_l g/ (gll) = (Qi—H?ZvAi—Hvﬂ Qf)
where Q' = Q' U { g{q1,Q2) | g{qhQQ) c 5{ } and A**! depends on I:

Case | = 1. ATl = Ainherited | j Aderived | ) At and,

Ainherited {ggqth) Q| (g(q1 00) Q) e Al } B
Aderived  _ g ) | {ag,...,a,} € ngl’QQ) €G] and
(41,Q2) beYand Q=Q,U---UQ, and (1)
where (1) requires, for each ¢t € {1,...,7} we have,

o If ay = 0, then (¢ - Q) € A
e If a; = (a, push.,, ), then b = a and ¢’ 5 @, is a run of gi.

Case | > 1. We begin by defining the set of labels Q”l This set contains labels on transitions
from G}, labels on transitions from the new states g(q1 Q2) inherited from ggq_lle) and labels on

transitions derived from éf . That is,

z (<1) :
{Jé)H g >6N}u

i+l J Jj—1 B i

G 7,Q) la= 9(q1.Q2) and (g(41aQ2) —Q)eA } u
z+1 J i cJ

G | 7= 9(a1.Q2) and G(Ql,Q2) €gj and (2 }

gz+1 _
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The contents of the associated sets ézrl S g“fl are defined as follows,

éz(;lQ) = 0if q 7& g{QhQ
~it1 _ B i
W = 1S} f (B} (gl gy 2@ eni}

where (2) requires {a1,...,q,} € égql Q) Q=Q1U---UQ,, S=5U---US, and for each
te{l,...,r} we have,

o If oy = 0, then (¢’ =, Q:) € A" and S; = {B}.

o If a; = (a,pushy, ), then ¢’ B, Qt B, Q: is a path in G and S; = {B? |} U B1 U Bo.
e If oy = (a,pop;,0), then Q; = {¢’} and S; = {B? ,}.

e If § = (a,0,0) when £(0) <[, then ¢’ L. Qe Al and S, = {(a,0,B)}

Finally, we give the transition relation A‘+!,

qu\(qu)eNandBeBl_l}u
AT = Glro ~it1 1
(T~

We can construct an automaton whose transitions are (I — 1)-store automata by replacing each set

GEHQ) with the automaton GE"’Q) which is G/t with initial state gé"'g), where G 7] = Tgins (Gi_,).

Note that g;ﬂl = g1+1 (gl 1) is a recursive call and gl | is assumed by induction.

4.2 Further Examples

We have given an outline of a fully worked example at order-two. However, there are many
situations that this example does not illuminate. In this section we give a series of short examples
showing the introduction of transitions to G; from elements in G”(q ) hot covered in the previous
case.

4.2.1 Case {(a,pushubcd,Gé;{Ql))} € qu)Q) egt

Suppose Figure 9 represents a sub-automaton of g;’*l. There is one run from the state gé;llQl)
over the word abcd. In particular we have,

bed
gqul,Ql) i1 {3 qa}

Therefore we add the transition,
g(q Q) — i{a3,qa}

to Gi.
4.2.2 Case {(a,popl,GE;{Q1 )} e qu,Q) egl

Figure 10 shows the relevant subsection of G} after the pop; has been processed. Let G =
We have {B}* ;} in G’

(L]1’Q1)

(9(g.0) @)
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i—1
9(q1,Q1)

oy

c

O—C0O-

Figure 9: An example for pushgpeq-

i
(g(iq-Q)’
; ' i—1
9(4.Q) 9(41.01)

G)

Figure 10: An example for pop.

Figure 11: An example for push;.
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Figure 12: An example for £(0) < I.

4.2.3 Case {(a, pushl»G (aan)} € Gloq) €I

Suppose Figure 11 shows a sub-automaton of g;* , where By, By, B3 € B;_1 U ’g}’j There is one
possible value for Q” when enumerating over runs of the form,

132

{g(qth)} —>z 1 Q" —i1 Q”

In particular @” = {g2,¢3}. We have By = {B1} and By = {B3, B3}. Consequently, we ensure
that the transition,
‘ (904,0y:{a2:a3})
9a.Q) {02, a3}

exists, and that {Bj* |, By, By, B3} € G(g( o205}’

4.2.4 Case {(a,0,Gi }Eéfq’Q)eéf and /(o) < I

(g1, Ql))

Suppose Figure 12 shows a sub-automaton of Qli_l, where By € B;_1 U 5;:11 There is one possible
value for ' when enumerating over runs of the form,

B
{g(fh Q1) —l)ifl Ql

In particular Q' = {¢2,¢3}. Consequently we ensure that the transition,
N'L
‘ G(gfq,Q),{qmqs})
94.Q) {42, 45}

exists, and that {(a,0,B1)} € qu(q oy L}’

i— i—1 ~i i
4.2.5 Case {(a, pushl,G (o Ql)) G(q%Q2 }€Gl0 €9

Suppose Figure 13 shows a sub-automaton of g;'—l, where By, By, B3, By € Bi_1 U é}:ll There
is one possible value for S = 51 U Sy and Q' = Q1 U Q5. That is S1 = {B}" |, B1, B2, B3} and
Q) ={g3,q4} (as in the previous push; example); and Sy = {Bs} and Q% = {¢5,96}-

Therefore, we ensure that the transition,

(3
exists, and that S € G(g(q Q)"
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i—1
9(a1,Q1)

1—1
g(‘lzsz)

:

Figure 13: An example for a two-element S.

4.3 Constructing Ay, A4, ...

For a given higher-order APDS with commands D we define 4,11 = Tp(A4;) where the operation
Tp is as follows:

Definition 4.2 Given an automaton A; = (9,3, A% {¢',...,¢*}, Q¢) and a set of commands D,
we define,

A’i+1 TD( ) (Q Z A’H’l {q a"'qu}a Qf)
where A1 is given below.

We begin by defining the set of labels QZ . This set contains labels on transitions present in
A;, and labels on transitions derived from D. That is,

G .
gith = { Gl | (@8 =2 Q) e Al and j € {1,..., 2} } G 1 @)}
The contents of the sets GHQ) € Gt are defined G”(tlQ = {S](2) } where (2) requires

(7, a,{(o1,p"),..., (0m,P")}) € D, Q = Q1 U---UQy, S = S U---US, and for each
te{l,...,m} Wehauve7

o If o, = push,,, then Sy = {B%_,} U 51 U 52 and there exists a path,

ke 01 / 92
" = Q —i Oy
in Al

o If 0; = pop,, then S; = {B® ,} and Q, = {¢*}. Or, if ¢/ —, {q7} exists in A;, we may
have S; = {Bj_;} and Q; = {q5}.

o If 0, = pushy, or o, = push; for | < n, then S; = {(a,0,0)} and there exists a transition
" o Q, in A

e If 0, = pop, for | < n, then S; = {(a,0,0)} and there exists a transition ¢** iq Q: in A;.
Or, if ¢/ ~, {qfc} exists in A;, we may have S; = {X[} and Q; = {q}i}

Finally, we give the transition relation A**1.

B . Gitl -
AZ‘+1 _ B (q — Q) c A U (q,Q) G2+1 z+1
{q—>Q and B € B 1 Q1 Caq € on
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We can construct an automaton whose transitions are (n — 1)-store automata by replacing each
set Gzr_lQ) with the automaton G’H) which is g“‘l with initial state g“‘1 where g“rl =

A (2.Q)
T(:j;"tll (Gi_,). Note that G¢_, is assumed by induction.

Our construction is sound and complete. The proofs for this result are given in Appendix B.4.

Property 4.1 For any configuration (p’,~) it is the case that v € E(Afj) for some i iff (p?,7) €
P’I"C*(C]nit).

Proof. The property follows from Property B.3 and Property B.4. O

4.4 Constructing A,

We have shown how to construct a sequence of automata Ag, A1, ... which is sound and complete
with respect to Pre*(L£(Ap)). In this section we show how to compute an automaton A, that is
a finite representation of this sequence. That is, L(A.) = Pre*(L(Ap)). We begin by defining <,
generalising the notion of subset modulo 4 for the sets éz 0.Q")

Definition 4.3

1. Given 0 € B; U QNZ for some 4 and I, let

o/ { 0 if 6 € B
J/ = J : _ (i i
G(‘ZLQz) if 0= G(leQZ) = gl

2. For a set S we define S[j/i] such that,

(a) We have 0 € S iff we have 0[j/i] € S[j/i], and
(b) We have (a,o0,6) € S iff we have (a,0,0[j/i]) € S[j/i].

3. We extend the notation [j/i] to nested sets of sets structures in a point-wise fashion.

Definition 4.4

e (T el
1. We write G(qu,) <G

(.0 T for each S € CNT"@Q/) we have S[j —1/i—1] € GJ

(¢,Q)"

2. If Gi <G

(o) S Glyqn and G, oy S G, o), then we write G, o) = G, ).

3. Furthermore, we extend the notation to sets. That is, Ql Gvf iff for all éfql Qs € é; we
have G? Qs € gl and G G

(g1 (¢,Q")"

A fixed point is reached as in the order-2 case: eventually, no more transitions are added at
order-n of the automaton, allowing us to fix the state set at order-(n — 1). This begins a cascade
of fixed points which ends at order-1, resulting in termination.

Property 4.2 There exists ip—1 > 0 such that Gi l” L foralli > i,_1.

n—1 =

Proof.(Sketch) Since the order-n state-set in A; remains constant and we add at most one tran-
sition between any state q and set of states @, there is some i, 1 where no more transitions are
added at order-n. That gn 1 Z” i for all 4 > i, follows since the contents of any G( .y and

Gzza,) are derived from the same transition structure. O

Once a fixed point has been reached at order-(I + 1), we can fix the state-set at order-I.
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Lemma 4.1 Suppose we have constructed a sequence of automata glo, Qll, ... and associated sets
GY,G},.... Further, suppose there exists an i such that for all i > i, we have G} ~ g;'. We

can define a sequence of automata Q Q”'H, ... such that the state-set in G; remains constant

(although the automata labelling the transitions may gain states when | > 1). The following are
equivalent for all w,

1. The run gé; o 5 Q with Q C Qy exists in QZ for some 1.
2. The run g( @) i Q" with Q" C Qy exists in Qf' for some i’.

Again, we use Git! = Tgiags, iy i (G) to construct the sequence Gi',Gi'*! .. with Gi' = GJ'.
RICYS
Soundness and completeness are shown in Appendix B.5. Once the state-set has been fixed at
order-l, we will eventually reach another fixed point. In this way the fixed points cascade.

Property 4.3 For a sequence of automata G ,Ql ,... such that the state-set at order-l of G
remains constant there exists i;_1 > 0 such that gl 1 gl 1 foralli>d4_4.

Proof.(Sketch) Since the order-I state-set in QNZ remains constant and we add at most one tran-
sition between any state ¢ and set of states @, there is some ;1 where no more transitions are
added at order-{. That g;‘_l ~ gl“_*f for all ¢+ > i;_, follows since the contents of any Gé 0.Q) and

éélq‘é/) are derived from the same transition structure. O

When the state-set has been fixed at order-1, the finiteness of ¥ dictates that only a finite
number of transitions can be added before saturation is reached. At this point any updates to
the automata at order-1 will not change the set of accepted 1-stores. Termination at order-1
implies termination at order-2, and so on down to order-n. That is, for any [, we are able to

define an automaton G;" which finitely represents the infinite sequence glo, g}, ... used to construct
Ag, Ay, .. ..

Lemma 4.2 Suppose we have constructed a sequence of automata GY, G}, ... and associated sets
GY,G},.... Further, suppose there exists an i; such that for all i > i, we have G ~ Gg;'. We can

define an automaton G such that the following are equivalent for all w,
1. The run gz‘q QN =, Q with Q C Qy ewists in G .
2. The run g( Q) Q" with Q" C Qy ewists in G} for some i.

Proof. The complete proof is given in Appendix B.5.3. We show here how to construct G;.

We proceed by induction over [. In the base case | = 1 and the result follows because the
alphabet is finite: there is a finite bound on the number of new transitions that can be added. Let
G'o denote this saturation point. We define G; = g;’ﬂ letting gE‘q’Q) = gé;Q) for each gé;Q).

Q“H, . by Lemma 4.1. Since the state-set remains

When [ > 1 we generate the sequence g
constant, it follows from Property 4.3 that there is some 7;_1 with Gz - Gll 11 for all 4 > 4;_.
By induction, we have G ;. We then define G/ from gll ! with Y00 = g( g for all g, Q'

and each transition ¢ —, Q' in G/ labelled with the appropriate B € B,,_; or automaton G(q o )
from G} ;.

Finally, we have the following algorithm for constructing A.:
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(1. Given Ay, iterate A; 1 = Tp(A;) until the fixed point A is reached. )

7:nfl
2. For I =n — 1 down to [ = 1: iterate G/ T = Tgil[il/il_l] (G}) to generate the fixed point
. . I
g;H from G;'.

3. For I =1tol=n—1: construct G as in Lemma 4.2.

\_ 4. Construct A, as in Property 4.4. )

Property 4.4 There exists an automaton A, which is sound and complete with respect to Ag, Ay, . ..
and hence computes the set Pre*(Crpit).

Proof. By Property 4.2 there is some i,_1 with G} | ~ ~fL"_’f for all ¢ > i,—1. By Lemma 4.2,
we have G_;. We then define A, from A;,_, with each transition ¢ —. @’ in A, labelled with

* *
the automaton G(%Q,) from G _ ;. U

4.5 Complexity
We claim our algorithm runs in n-EXPTIME. We define,
exp(m) = 2™ and expy(m) = 26pi-1(m)

Furthermore, let B = J, .., Bi-

The algorithm requires the construction of an automaton G; from g; tfor1 <[ <n-—1and fixed
point 7;. Because the construction of G;* follows the same pattern as the construction of g;'“ from
G; but with at least as many states, it follows that it dominates the complexity of the algorithm.
We calculate the complexity inductively, beginning at order-one with a fixed state-set. Ultimately,
the induction reaches order-n, where the state-set is fixed from the start of the algorithm.

Let |Q| be the number of states in G;'. When [ = 1 we can add at most O(|Q| x 22! x |2|)
transitions to g? to define G, where Q is the state-set of gil. This means we need at most
O(2|Q|) iterations before a fixed point is reached. Each iteration requires the processing of up to
O(|Q]) sets é(quQQ) (one for each state g&,@z))' To process each set we need to process up to

O(2191#1Bl) sets S. This step in turn requires the analysis of O(|Q| + |B]|) elements. The most
expensive operation is to enumerate all runs over a word for a push command. To enumerate
all runs of the form Q; —— Qo for some w (from a push,, command) we require time O(2/<!)
(Proposition B.1). Therefore, to construct G from G takes O(|Q| x (|B| + |Q]) x 2/BI+3xI<l),
That is, O(exp1(]Q|) x 2!B).

When [ > 1 and the state-set Q of G;' is frozen, we add at most O(|Q| x 2/2) transitions to
Qlil during the construction of G;'. This means we need at most O(2/2!) iterations before a fixed
point is reached. Each iteration requires the processing of up to O(]Q|) sets é(QhQQ) (one for each
state g2217Q2)). To process each set we need to process up to (’)(2‘9““5‘) sets S. This step in turn
requires the analysis of O(|Q| + |B|) elements. The most expensive operation is to enumerate all

runs of two transitions for a push command. To enumerate all runs of the form Q1 B, Q2 B, Q3
requires time O(2U041+12D) (by Proposition B.2) Since |A| is O(2/91), the run enumeration requires
time O(crpa(| Q). o

Since the contents of the sets qu,Q') € g;‘_l are derived from the transition structure, we will
reach a fixed point one step after we have reached a point where no more transitions are added.
During this step we will add O(2/9!) states to G;' | to construct G,'7' (since there are O(212l) new
transitions added in O(2/9) steps). By induction, the construction of G;] from G ; performed
at the end of each iteration takes O(exp(l,l)(Q‘Q‘) x 21Bl) time.

Hence, to reach a fixed point we require time O(2/9 x ((|Q] + |B]) x 2!Q+Bl x exp,(|Q|) +
(expi(|Q]) x 21B))). That is O(exp;(]Q|) x 2/Bl). By induction we can construct G; ; in time

O(exp(l_l)(2|g|) x 2Bl). Hence, we can construct G; in time O(exp;(|Q|) x 2!5).

26



Finally, at order-n we can add at most O(2/9l) new transitions before a fixed point is reached.
Hence we must perform O(2/9l) iterations. Each iteration requires us to process O(2/2!) commands
(since |Q| is larger than the number of control states in the higher-order APDS). In processing
each command we must process O(|Q|) pairs of the form (o0,p). The most expensive of which
requires run enumeration that takes O(expa(]Q|)) time. Hence we construct G."7' with O(2/9)
states in O(2121 x (2121 x [Q| x expa(|Q|) + (exp(n—1)(2/9!) x 2/B1))) time. Thus, G;_; and hence
A, can be constructed in time O(exp(,—1)(2/2!) x 2181, that is O(exp, (| Q|) x 2/Bl). The algorithm
runs in n-EXPTIME.

5 Applications

In this section we discuss some of the applications of our algorithm to decision problems over
higher-order PDSs.

5.1 Model Checking Linear-Time Temporal Logics

Bouajjani et al. use their backwards reachability algorithm to provide a model-checking algorithm
for linear-time temporal logics over the configuration graphs of pushdown systems [2]. In this
section we show that this work permits a simple generalisation to higher-order PDSs.

Let Prop be a finite set of atomic propositions and (P,D,X) be a higher-order PDS with a
labelling function A : P — 279 which assigns to each control state a set of propositions deemed
to be true at that state. Given formula ¢ of an w-regular logic such as LTL or uTL, we calculate
the set of configurations C' of (P, D, ¥) such that every run from each ¢ € C satisfies ¢.

It is well known that any formula of an w-regular logic has a Biichi automaton representa-
tion [31, 18, 30] etc.. We form the product of the higher-order PDS and the Biichi automaton
corresponding to the negation of ¢. This gives us a higher-order Biichi PDS; that is, a higher-order
PDS with a set F of accepting control states. Thus, model-checking reduces to the non-emptiness
problem for higher-order Biichi PDSs. Specifically, we compute the set of configurations from
which there is an infinite run visiting configurations with control states in F infinitely often. Note
that C' is the complement of this set.

This problem can be reduced further to a number of applications of the reachability problem.
We present a generalisation of the reduction of Bouajjani et al.. Let ['a]' denote the order-1
stack consisting of a single character a and ['a]’ for [ > 1 denote the stack consisting of a single
order-(I — 1) stack [=Dqa](=1),

Proposition 5.1 Let ¢ be a configuration of an order-n Biichi PDS BP. It is the case that
BP has an accepting run from c iff there exist distinct configurations (p’,["a]™) and (p’,~y2) with
top1(y2) = a and a configuration (p?,~v1) such that pf € F and,

1. ¢ <5 (pi,~3) for some s with top1(y3) = a, and

2. (7, ["a)") < (o) = (0 ye)
Proof. See Appendix C. o

We reformulate these conditions as follows, where CZ is the set of all order-n stacks over the
alphabet ¥. We remind the reader that By is the n-store automaton accepting all n-stores v such
that top1 (v) = a.

1. c € Pre*({p’} x L(BY)),
2. (p7,["a]") € Pre*((F x Cy) N Pre* ({p’} x L(By)))

We can compute the set of pairs (p’, [*a]|") satisfying (2) in n-EXPTIME by calculating Pre* ({p’} x
L(B2)) over the following higher-order PDS:
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Definition 5.1 Given an order-n Biichi PDS BP = (P, D, X, F) we define BP' = (Px{0,1},D', %)
where,

D' = {((p,0),b,0,(p),0)) [ p€PNF A (p,b,0,p') €D} U
{ ((p,0),b,0,(p',1)) [ pEF A (p,b,0,p/) €D} U
{ ((p,1),0,0,(p', 1)) | (p,b,0,p") €D }

Lemma 5.1 There exists a run {(p,0), [*a]") < ((p,1),w’) with w' € L(B) in BP' iff {p,["a]")
satisfies (2).

Proof. See Appendix C.2. Since BP' is twice as large as BP, Pre*({p’} x L(B2)) for BP' can
be calculated in n-EXPTIME. This gives the set of configurations satisfying (2). O

To construct an n-store automaton accepting all configurations from which there is an accepting
run, we calculate the configurations (p?, ["a]") satisfying the second condition. Since there are
only finitely many p’ € P and a € ¥ we can perform a simple enumeration. We then construct an
n-store automaton A corresponding to the n-store automata accepting configurations satisfying
(2) and compute Pre*(L(A)).

Theorem 5.1 Given an order-n Biichi PDS BP = (P, D, X, F), we can calculate in n-EXPTIME
the set of configurations C such that from all ¢ € C there is an accepting run of BP.

Proof. Let expy(z) = z and exp,(z) = 2¢*P»-1(*), We appeal to Lemma 5.1 for each p’ and a
(of which there are polynomially many) to construct an n-store automaton O(exp,(2 x |P|)) in
size which accepts (p’, ["a]™) iff it satisfies (2). Membership can be checked in polynomial time
(Proposition B.3).

It is straightforward to construct an automaton A polynomial in size which accepts (p, w) iff
(p, ["top1(w)]™) satisfies (2). We can construct Pre*(L£(A)) in n-EXPTIME. Thus, the algorithm
requires n-EXPTIME. O

Corollary 5.1 Given an order-n PDS (P,D,X) with a labelling function A : P — 2F7°P and a
formula ¢ of an w-regular logic, we can calculate in (n + 2)-EXPTIME the set of configurations
C of (P,D,X) such that every run from each ¢ € C satisfies ¢.

Proof. The construction of BP is exponential in size. Hence, we construct the n-store multi-
automaton A that accepts the set of configurations from which there is a run satisfying the negation
of ¢ as described above in time O(exp, (2/?!)). To calculate C' we complement A as described in
Appendix B.3. This may include an exponential blow-up in the transition relation of A, hence we
have (n + 2)-EXPTIME. O

Observe that since we can test ¢ € C by checking ¢ ¢ £(A) where A is defined as above, we
may avoid the complementation step, giving us an (n + 1)-EXPTIME algorithm.

5.2 Reachability Games

Our algorithm may be used to compute the winning region for a player in a two-player reachability
game over higher-order PDSs. This generalises a result due to Cachat [25]. We call our players
Eloise and Abelard.

Definition 5.2 Given an order-n PDS (P, D, Y), an order-n Pushdown Reachability Game (PRG)
(P, D, X, R) over the order-n PDS is given by a partition P = P4WPg and a set R of configurations
considered winning for Eloise.

We write (p,7v) € Cg iff p € Pg and (p,v) € C4 iff p € P4. From a configuration (p,~) play
proceeds as follows:
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o If (p,v) € Ca, Abelard chooses a move (p,a,o0,p’) € D with top;(y) = a and o(y) defined.
Play moves to the configuration (p’, o(7)).

e If (p,v) € Cg, Eloise chooses a move (p,a,0,p’) € D with top;(y) = a and o(7) defined. Play
moves to the configuration (p’, o(7)).

Eloise wins the game iff play reaches a configuration (p,y) where (p,v) € R or p € P4 and Abelard
is unable to choose a move. Abelard wins otherwise.

The winning region for a given player is the set of all configurations from which that player
can force a win. The winning region for Eloise can be characterised using an attractor Attrg(R)
defined as follows,

Attry(R) = R
Attr'FH(R) = Attri(R)U{ceCp|3Ic.c—c A € Attriy(R) }
U{cels|Vdc—d = eAttr,(R) }
Attrg(R) = ;s Attrig(R)

Conversely, the winning region for Abelard is Attrg(R). Intuitively, from a position in Attrt,(R),
Eloise’s winning strategy is to simply choose a move such that the next configuration is in
Attriz 1 (R). Abelard’s strategy is to avoid Eloise’s winning region.

We can use backwards-reachability for order-n APDSs to calculate Attrg(R), and hence the
winning regions of both Abelard and Eloise. To simplify the reduction, we make a totality as-
sumption. That is, we assume a bottom-of-the-stack symbol L that is never popped nor pushed,
and for all @ € ¥ U {L} and control states p € P, there exists a command (p,a,o,p’) € D.
This can be ensured by adding sink states plb; < and pf})s . from which Eloise and Abelard lose the
game. In particular, for every p € P and a € ¥ U {L} we have (p,a,pushy, pl,,) where z = E
if p € Pg or x = A otherwise. Furthermore, the only commands available from p{ __ are of the
form (pf..,a,pushg,pf ) for x € {A, E}. To ensure that pii__ is losing for Abelard, we set
(pit..,7) € R for all v. Conversely, (pZ__,7) ¢ R for all 5.

Definition 5.3 Given an order-n PRG (P, D, X, R) we define an order-n APDS (P, D', X) where,

D' = {(p,av{(wz’ )

| (p,a,O,p/) GDAPGPE}
U { @a{ (o) ]|

(p,a,0,p') €D }) [pE€Pa}

Furthermore, let Rgtucr be the set of configurations (p, V) such that p € P4. The set Rstuck is
regular and represents the configurations reached if Abelard performs an move with an undefined
next stack.

Let C be the set of order-n configurations with an undefined stack and a control state be-
longing to Abelard.

Theorem 5.2 Given an order-n PRG, where R is a reqular set of configurations, and an order-n
APDS as defined above, Attrg(R) is regular and equivalent to Pre*(R U Rsuck) \ CY. Hence,
computing the winning regions in the order-n PRG is n-EXPTIME.

5.3 Model-Checking Branching-Time Temporal Logics

Generalising a further result of Bouajjani et al. [2], we show that backwards-reachability for higher-
order APDSs may be used to perform model-checking for the alternation-free (propositional) u-
calculus over higher-order PDSs. Common logics such as CTL are sub-logics of the alternation-free
p-calculus.
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5.3.1 Preliminaries

Given a set of atomic propositions Prop and a finite set of variables x, the propositional p-calculus
is defined by the following grammar,

¢ =meProp| Xex|[-¢|pUds| oo |puX.g

with the condition that, for a formula pX.¢, X must occur under an even-number of negations.
This ensures that the logic is monotonic. As well as the usual abbreviations for = and A, we may
also use, O¢p = =0 ¢, vX.¢(X) = ~uX.—¢(—X) and o for either u or v. A o-formula is of the
form 0 X.¢.

A variable X is bound in ¢ if it occurs as part of a sub-formula 0 X.¢’(X). We call an unbound
variable (free) and write ¢(X) to indicate that X is free in ¢. A closed formula has no variables
occurring free, otherwise the formula is open.

Formulae in positive normal form are defined by the following syntax,

¢ = mE€Prop| | XEx|PrUpa|Pp1Ng2| 09|00 | uX.d|vX.e

We can translate any formula into positive normal form by “pushing in” the negations using the
abbreviations defined above.

A o-sub-formula of ¢ X.¢(X) is proper iff it does not contain any occurrence of X. We are now
ready to define the alternation-free p-calculus:

Definition 5.4 The alternation-free p-calculus is the set of formulae in positive normal form such
that for every o-sub-formula 1 of ¢ we have,

e If ¢ is p-formula, then all v-sub-formulae of ¢ are proper, and
e If ¢ is a v-formula, then all py-sub-formulae of i are proper.

The closure cl(¢) of a formula ¢ is the smallest set such that,

o If 1 ANhgy € cl() or Y Vb € cl(@), then ¢y € cl(¢) and ¥y € cl(¢), and
o If o) € cl(¢) or Oy € cl(¢), then ¢ € cl(¢), and
o If o X4)(X) € cl(¢), then Y(c X.9p(X)) € cl(¢).

The closure of any formula is a finite set whose size is bounded by the length of the formula.
Finally, we give the semantics of the p-calculus over higher-order PDSs. Given a formula ¢, an

order-n PDS (P, D, X)), a labelling function A : P — 2F7°P and a valuation function V assigning a

set of configurations to each variable X € y, the set of configurations [¢]y satisfying ¢ is defined,

[y = A~m)xCF
Xy = V(X)
[~¢ly = (PxCH)\ [y
[v1Vely = [r]v U]y
[ov]ly = Pre([¢]v)
X yly = M{CCPxCy | [Wlvixemc SC}

where V[X +— (] is the valuation mapping all variables Y # X to V(Y) and X to C.

5.3.2 Model-Checking the Alternation-Free u-Calculus

Given an order-n PDS (P,D,¥) with a labelling function A : P — 2F7°P a formula ¢ of the
alternation-free p-calculus, and a valuation ¥V we show that we can generalise the construction of
Bouajjani et al. to produce an n-store multi-automata Ay accepting the set [¢]y.

Initially, we only consider formulae whose o-sub-formulae are p-formulae. We construct a
product of the higher-order PDS and the usual “game” interpretation of ¢ [23, 24] as follows:
observing that the commands of the form (_, a, push,, -) do not alter the contents of the stack, we
construct the order-n PRG A = (P(P:#), D?;, ¥, R) where P}E‘P’d)), pg”d’) and D% are the smallest
sets such that for every (p,¢) € P x cl(¢) and a € X,
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] If;/) - "/}1 \/Ufz, then (Pﬂ/J) € ,P(EP7¢) and ((p7 1[)), avpu‘Shaa (pa wl))v ((pvw)vavpus}l‘av (p7 7/’2)) €
DY,

L4 If;f) = 1/’1 /\1;[}23 then (p7¢) € ng’¢) and ((pa 1/})’ a,pusha, (p7 wl))a ((p7w)7aap’UJSha7 (pa 1;[}2)) S
DP,

o If ¢ = pX.4p/(X), then (p,¢b) € P and ((p, ¥), a, pusha, (p, /(1)) € D,

o If ) = oy and (p,a,0,p') € D, then (p, %) € P ? and ((p,¥), a, 0, (p, 1)) € DS,

o If ¢y = Oy, then (p,¢) € PEXP’@ and for every (p,a,0,p’) € D we have ((p,),a, o0, (p', ') €
DY,

Finally, we define the set of configurations R that indicate that the formula ¢ is satisfied by
(P,D,%), A and V. The set R contains all configurations of the form,

e ((p,m),7) where m € A(p),
(

(pa _'7T)7'7> where 7 ¢ A(p)7
e ((p,X),7), where X is free in ¢ and (p,w) € V(X).

If V(X) is regular for all X free in ¢, then R is also regular.

Commands of the form (_, a,push,,_) are designed to deconstruct sub-formulae into literals
that can be evaluated immediately. These commands require that the top order-one stack is not
empty — otherwise play would be unable to proceed. Correctness of the construction requires
the top order-one stack to contain at least one stack symbol. This condition may be ensured with
a special “bottom of the stack” symbol L€ X. This symbol marks the bottom of all order-one
stacks and is never pushed or popped, except in the case of a command (_, L, push,_). The use
of such a symbol is common throughout the literature [13, 28, 25] etc..

Proposition 5.1 Given the order-n PRG A = (P(P’(b),D%,Z,R) constructed from the order-
n PDS (P,D,X), a labelling function A, a valuation V and a formula of the alternation-free
p-calculus ¢ such that all o-sub-formulae of ¢ are p-sub-formulae, we have (p,7y) € [o]v iff

((p;9),7) € Attrg(R).

Proof. The result follows from the fundamental theorem of the propositional p-calculus [23, 15].
If {(p, §),7) € Attrg(R), then there is a winning strategy for Eloise in A. In the absence of v-sub-
formulae, this winning strategy defines a well-founded choice function and hence a well-founded
pre-model for (P,D,%), A, V and ¢ with initial state (p,~). Thus, by the fundamental theorem,
(p, ) satisfies ¢.

In the opposite direction, if (p,v) satisfies ¢, then — by the fundamental theorem — there is
a well-founded pre-model with choice function f. Since there are no vX.i) sub-formula in ¢, all
paths in the pre-model are finite and all leaves are of a form accepted by R. Hence, a winning
strategy for Eloise is defined by f and we have ((p, ¢),7) € Attrg(R). o

In the dual case — when all o-sub-formulae of ¢ are v-sub-formulae — we observe that the
negation ¢ of ¢ has only p-sub-formulae. We construct Attrp(R) for ¢ and complement the
resulting n-store multi-automaton (see Section B.3) to construct the set of configurations satisfying
o.

We are now ready to give a recursive algorithm for model-checking with the alternation-free
p-calculus. We write ® = {¢;}; to denote a set of sub-formulae such that no ¢; is a sub-formula
of another. Furthermore, we write ¢[U/®] where U = {U;}, is a set of fresh variables to denote
the simultaneous substitution in ¢ of ¢; with U; for all i € {1,...,m}. The following proposition
is taken directly from [2]:
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Proposition 5.2 Let ¢ be a p-formula (v-formula) of the alternation-free u-calculus, and let
O = {¢;}1, be the family of mazimal v-sub-formulae (p-sub-formulae) of ¢ with respect to the
sub-formula relation. Then,

[¢]v = [o[U/ @]l

where U = {U; Y, is a suitable family of fresh variables, and V' is the valuation which extends V
by assigning to each U; the set [¢;]y.

Since, given a p-formula (v-formula) ¢, the formula @¢[U/®] has only p-sub-formulae (v-sub-
formulae) we can calculate [¢;]y for all ¢; € ®, using the above propositions to calculate an
automaton recognising [¢]y.

Theorem 5.3 Given an order-n PDS (P,D,Y), a labelling function A, a valuation function V
and a formula ¢ of the alternation-free p-calculus, we can construct an n-store multi-automaton

A such that L(A) = [¢]v.

5.3.3 Complexity

A formula ¢ can be described as a tree structure with ¢ at the root. Each node in the tree is a
p-sub-formula or a v-sub-formula v of ¢. The children of the node are all maximal v-sub-formulae
or pu-sub-formulae of 9 respectively. There are at most ns nodes in the tree, where ny is the length
of ¢. Let ng be the number of states in the n-store automaton recognising R. The size of this
automata is linear in the size of the automata specifying V for each variable X.

The n-store multi-automaton recognising [¢]y for a leaf node ¢ has O(exp,(nr)) states.
Together with a possible complementation step (which does not increase the state-set) we require
O(expny1(np - ng)) time and B may be of size O(expy4+1(ny)).

Similarly, the n-store multi-automaton recognising [¢]- for an internal node ¢ with children
B1,- .., Om has O(exp, (T n; + nr) x 2%) states, where n; is the size of the automaton recog-
nising [¢:]y, for ¢ € {1,...,m} and b; is the size of B for that automaton. Due to the final
complementation step, |B| may be of size O(exp,41(Z% n; + ngr)), which is also the total time
required.

Subsequently, the automaton A recognising [¢]y has O(expn,.n(nr)) states and can be con-
structed in O(exp(n,.n)+1(nr)) time. Since we may test ¢ € C for any configuration ¢ and set of
configurations C' by checking ¢ ¢ C, we may avoid the final complementation step to give us an
O(expp,.n(nr)) time algorithm.

5.4 Non-emptiness of Higher-Order Pushdown Automata

We show that the n-EXPTIME complexity of the algorithm is optimal. In fact, the backwards-
reachability problem for order-n PDSs is n-EXPTIME-complete. This result is widely regarded
to follow from the work of Engelfriet [10]. However, because Engelfriet considers a broad range of
automata, it is not immediately clear that his work can be applied directly to our own. We provide
another proof of the result which uses a clearly stated theorem of Engelfriet: the non-emptiness
problem for (non-deterministic) order-n pushdown automata is (n — 1)-EXPTIME-complete [10]2

Walukiewicz and Cachat have provided another proof of this property [26]. Initially this proof
was not published due to Engelfriet’s result. The following proof was constructed before their
paper was made available. The proof strategy is due to Olivier Serre.

We show that the reachability problem for order-n APDS is n-EXPTIME-hard via a polynomial
reduction from the non-emptiness problem over non-alternating order-(n+1) pushdown automata.
Let L€ X be a dedicated “bottom of the stack” symbol that is neither popped from nor pushed
onto the stack. We define L= [1] and L, = [L,_1]. In this case, the initial configuration of the
automaton is of the form (pg, L,) for some pg.

2Completeness follows from Theorem 2.6, which states that 2N(multi)-P* = (k — 1)-EXPTIME, and Theorem
7.11, which can be instantiated to show that one-way non-deterministic order-k pushdown automata are log-space
complete in 2N (multi)-P¥.
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We define the order-n PRG Pg which can be used to determine whether the order-(n + 1)
pushdown automaton P is non-empty. Note that the construction is polynomial in size. Also,
observe that commands of the form (p, a, pushg, p’) leave the stack contents unchanged.

Definition 5.5 Given an order-(n + 1) pushdown automaton P = (P, D, X,T",pg, Ps) we define
the order-n PRG Pg = (P, D', %2, R) where,

P = PLUP,

P = Px(Pu{®}) U {£f}

Py = Px(PuU{e}) x(Pu{x}) U {tt}
with tt,ff, ® ¢ P. Furthermore,

R = (P x{®} x C})

Finally,
D' = {((p,pr),a,0,(0',pr)) | (p,a,0,p) €D N 0€ Oy } U
{ ((p,pr),CLpUSha,tt) | (p7 ﬂa,popn+lap’r) eD } U
{ ((p,pr), a,pusha, ££) | (p, -, a, popps1,p’) €D A p#p, } U
{ ((pva')aa7pU'8haa (p/ap;?pT)) | (pvﬂaaPUSthrlap/) € D /\ p;" S (7) U {®}) } U
{ (W, 0, pr); @, pusha, (0',py)) | P €P A propr € (PU{®}) A a€X } U
{ (@' prspr)s aspusha, (pr,pr)) | D' 0, € P A pr€ (PU{®}) A a€X }
Property 5.1 L(P) # 0 iff ((po,®), Ln) € Attrg(R).
Proof. From Property C.1 and Property C.2 in Appendix C.4. O

Intuitively, Pg is defined to directly simulate any order-n moves of the pushdown automaton.
When a push,; move is to be played, Eloise is required to give a control state p, which she
claims play will be returned to when the top store added by the push,+; command is removed. If
the top store will never be removed, she is able to play p, = ®. Abelard then has a choice: either
he can accept this assertion and let play continue from p, with the current store contents, or he
can challenge it. If he challenges Eloise’s claim, play moves to the control state specified by the
pushy+1 command. From this configuration, Eloise is required to move play to the state p, as the
current top store is pop,41-ed. If she succeeds, she wins the game, otherwise the play is a victory
for Abelard.

Corollary 5.2 The backwards reachability problem for order-n APDSs is n-EXPTIME-hard.

Proof. The non-emptiness problem for an order-(n + 1) pushdown automata is n-EXPTIME-
hard [10]. By Definition 5.5 and Property 5.1 there is a polynomial reduction of this problem
to computing the Eloise’s winning region in an order-n pushdown game. By Theorem 5.2 there
is a further polynomial reduction of this problem to backwards reachability over an order-n al-
ternating pushdown system. Hence, the backwards reachability problem for order-n APDSs is
n-EXPTIME-hard. m]

6 Conclusion

Given an automaton representation of a regular set of higher-order APDS configurations Cyy;,
we have shown that the set Pre*(Cr,t) is regular and computable via automata-theoretic meth-
ods. This builds upon previous work on pushdown systems [2] and higher-order context-free
processes [1]. The main innovation of this generalisation is the careful management of a complex
automaton construction. This allows us to identify a sequence of cascading fixed points, resulting
in a terminating algorithm.

33



Our result has many applications. We have shown that it can be used to provide a solution to
the model-checking problem for linear-time temporal logics and the alternation-free p-calculus. In
particular we compute the set of configurations of a higher-order PDS satisfying a given constraint.
We also show that the winning regions can be computed for a reachability game played over an
higher-order PDS.

There are several possible extensions to this work. We plan to investigate the applications
of this work to higher-order pushdown games with more general winning conditions. In his PhD
thesis, Cachat adapts the reachability algorithm of Bouajjani et al. [2] to calculate the winning
regions in Biichi games over pushdown processes [25]. It is likely that our work will permit similar
extensions. We also intend to generalise this work to higher-order collapsible pushdown automata,
which can be used to study higher-order recursion schemes [29, 17]. This may provide the first
steps into the study of the global model-checking problem over these structures. Finally, an
alternative definition of higher-order pushdown systems defines the higher-order pop operation as
the inverse of the push operation. That is, a stack may only be popped if it matches the stack
below. The results of Carayol [4] show that the set Pre*(Crp;:) over these structures is regular,
using Carayol’s notion of regularity. However, the complexity of computing this set is unknown.
We may attempt to adapt our algorithm to this setting, proving the required complexity bounds.
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A Notions of Regularity

We show that our notion of a regular set of n-stores coincides with the definition of Bouajjani and
Meyer [1]. Bouajjani and Meyer show that a set of n-stores is regular iff it is accepted by a level
n nested store automata.

Because we are considering n-stores rather than configurations, we assume that there is only
one control state, and hence, an n-store multi-automaton has only a single initial state. We also
disregard the undefined store V, since it is not strictly a store. Observe that we are left with
n-store automata.

In the absence of alternation, the set of n-store automata is definitionally equivalent to the set
of level n nested store automata in the sense of Bouajjani and Meyer. Hence, it is the case that
every level n nested store automaton is also an n-store automaton.

We need to prove that every n-store automaton has an equivalent level n nested store automata.
We present the following definition:

Definition A.1 Given an n-store automaton A = (Q,3, A, qp, Qf) we define a level n nested
store automaton A = (29,3, A, {qo0},297), where, if n = 1,

A={{aq, . qm}a, Q)| Vie{l,...,m}.(3gi,a,Q:) EA)ANQ =Q1U...UQm }
and if n > 1,

A A ’ Vi € {1,,m}(§|(ql,Bl,Ql) EA)/\
A_{({ql’“"qm}’B’Q)' Q=Q1U...UQmAB=BN...N By, }

where B is defined recursively and the construction of By N---N B, is given in section B.3.

Property A.1 For any w, the run {qi,...,qm} — Q' exists in the n-store automaton A iff the
run {q1, ..., qm} = Q' exists in A.

Proof. The proof is by induction over n and then by a further induction over the length of w.
Suppose n = 1. When w = ¢ the proof is immediate. When w = aw’ we have in one direction,

{Q17-~-7Qm}L>Q1L)QI

in A, and by induction over the length of the run, Q; — @’ in A. By definition of the runs of A we
have ¢; — Q! for each i € {1,...,m} with Q' = Q}U...UQ"". Hence, by definition of A we have
the transition {q1,...,¢m} — Q1 U...U Q7 = Q. Hence we have the run {q1,...,¢n} — Q1
in A as required.

In the other direction we have a run of the form

{qla"w(Im}L)QlLQl

in A, and by induction over the length of the run, Q, o, Q' in A. By definition of the transition
relation of A we have ¢; —— Q% in A for each i € {1,...,m} with Q' = Q' U...U Q. Hence,
we have the transition {qi,...,qm} — QI U...UQP = Q; in A. Thus, we have the run
{q1,.. . qm} — Q1 in A as required.

When n > 1, when w = € the proof is immediate. When w = yw’ we have in one direction,

{Qh .. -an} = Q1 S Q/
in A, and by induction over the length of the run, Q1 — Q' in A. By definition of the runs of A

we have q; 25 @} with v € L(B;) for each i € {1,...,m} with Q" = Q1 U...UQ7". Consequently,
we have v € L(B) where B = B;N...N B,,. By induction over n we have v € £(B). Hence, by
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definition of A we have the transition {q1,--qm} SN Qi U...UQT = Q. Hence we have the
run {qi,...,qm} — Q1 in A as required.
In the other direction we have a run of the form

{q17"'aqm}l>Qll)Q/

in A. In particular, we have {q1,-- s am} =, Q: in A with v € E(B) By induction over the
length of the run, @, SN Q' in A. By definition of the transition relation of A we have qi N Q
for each i € {1,...,m} with B=B;N...NB,, and Q' = Q1 U...U QY. By induction over n we
have v € £(B) and hence v € £(B;) for all i € {1,...,m}. Whence we have ¢; — Q% in A for
all i € {1,...,m}. Thus, we have the transition {qi,...,gn} — QI U...UQP = Q; in A and
the run {q1,...,qm} — Q; as required. o

Corollary A.1 A set of n-stores is definable by an n-store automaton iff it is definable by a level
n nested store automaton.

B Algorithms over n-Store (Multi-) Automata

In this section we describe several algorithms over n-store automata and n-store multi-automata.
Observe that an n-store automaton is a special case of an n-store multi-automaton.

B.1 Enumerating Runs

Proposition B.1 Given a 1-store (multi-)automaton A = (Q,%, A, _, Qf), a set of states Q and
word w, the set of all Q' reachable via a run Q —— Q' can be calculated in time O(2!9!).

Proof. We define the following procedure, which given a set of sets of states (J; computes the set
of sets Q' with Q € Q; and Q % Q'.

EXPAND(Q1)

let Qne.’ct = @
for each {q1,...,qn} € Q1
let ok = (3(q1,a,.) € A)
let Q@ = A(q1,a)
for i =2tom
ok = ok A (3(g;,a,_) € A)
Q={QUQ"|Q€QA(g:,0,Q") €A}
if ok then Qnert = Qneat UQ

return Q..+

The outer loop repeats O(2/9!) times and the inner loop O(]Q|). Since the number of Q' € Q is
O(2/2!) and the number of (¢;,a,Q"”) € A is also O(2!9l), construction of Q takes time O(2/9).
Hence the procedure takes time O(2/9! x |Q] x 2/91), that is O(2/<).
EXPAND is correct since QQ € Qneqt at the end of the procedure iff we have {q1,...,qn} € Q1
and some (g;,a, Q%,.,;) € A for each i € {1,...,m} with Qnest = QL. U...UQ™ ..
Over a word w = ay . .. a,, we define the following procedure,

EXPANDWORD(ay . . . Gy, Q)

let Ql = {Q}

fori=1tom

38



@1 = ExpAND(a;, Q1)
return
This procedure requires m runs of EXPAND and consequently runs in time O(2/9).
We prove the correctness of EXPANDWORD by induction over the length of the word. When
w = ay correctness follows from the correctness of EXPAND. In the inductive case w = a1 ...a,.

We have all runs of the form Q@ —% Q) as before, and all runs over as...a,, from all Q; by
induction. We have all runs of the form Q — @’ therefrom. a

Proposition B.2 Given an l-store (multi-)automaton A = (Q, %X, A, _, Qf) with 1 > 1, and a set
of states Q, the set of all Q' reachable via a run Q i Q' E» Q" can be calculated in time
O(2/AI+ICl,
Proof. We define the following procedure, which given a set of states (1 computes the set of sets
Q' and set of (I — 1)-store automata B with Q € @, and Q B, Q.
EXPAND(Q1)
let Qneat =0

for each {q1,...,qm} € @1

for each set {(q1, B1,QLort)s- - s (Gms B, Q™ )} € A

Qnezt = Qnemt U {({Bla R Bm}a Q}Lemt u...u Qzlezt)}
return Q..+

The outer loop repeats at most O(2/9!) times. At most O(2/2]) sets need to be enumerated
during the inner loop. Hence, EXPAND runs in time O(2/217121). The correctness of EXPAND is
immediate.

To complete the algorithm, we define the following procedure,

ExXPANDETIMES(e, Q)

let Q1 = ExpanD({Q})
forh=1toe
for each (By,...,B,, Q") € Q1
@ =QU{(B1,.... By} xExpanp({Q'})
return Q; N ((B;)¢ x 29)
This procedure requires O(e x (e x 2141) x 2191) iterations of the loop. Each iteration requires time

O(2121%121) and consequently the procedure runs in time O(2/41+121).

By the correctness of EXPAND we have (é, Q') € Q1 iff we have the path @ N Q' in A. After

execution of the loop we have, by correctness of EXPAND, (El, ...,B., Q' ) € @ iff we have the
following path in A: @ NN Q. ]

B.2 Membership

Proposition B.3 Given an n-store (multi-)automaton A = (Q,%, A, Qf) and an n-store w we
can determine whether there is an accepting run over w in A from a given state ¢ € Q in time

O(|wllAllQ)-

Proof. When w = ¥V we can check membership immediately. Otherwise the algorithm is recursive.
In the base case, when n =1 and w = a1 ... a,, we present the following well-known algorithm,
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letQ:Qf

for i = m downto 1
Q={d1(da,Q)eEANQ CQ}
return (q € Q)

This algorithm requires time O(m|A[|Q|). We prove that this algorithm is correct at order-1 by

induction over m. When m = 1, we have ¢ € @ at the end of the algorithm iff there exists a

transition (q,a1,Q’) € A where Q' C Q. When w = ajasz...a, we have ¢ € @ at the end of

the algorithm iff there exists a transition (g, a1, Q") where, by induction if ¢ € @’ then the word

as ...an is accepted from ¢'. Hence, we have ¢ € Q iff there is an accepting run over w from gq.
When n > 1 we generalise the algorithm given above. Let w = vy ... v,

letQ:Qf

for i = m downto 1
Q={d1(BQ)EANYELBINQ CQ}
return (q € Q)

The outer loop of the program repeats m times, there are |A| transitions to be checked. By
considering all labelling automata as a single automaton with an initial state for each (as in the
backwards reachability construction), we make a single recursive call (for each v in w), obtaining
all states accepting . Checking v € £(B) then requires checking whether the appropriate initial
state is in the result of the recursive call. We have |w| = |y1| + - - + |ym|, hence the algorithm
requires O(|71]|A1]|Q] + - -+ + |vm||A1]|Q]) = O(Jw||A4]|Q|) time for the pre-computation, then
O(m|Az||Q]) time for the body of the algorithm, where A = A; U A, is the partition of A into
the order-n and lower-order parts. Hence, we require O(|w||A]|Q]) time.

We prove that this algorithm is correct at order n > 1 by induction over m. When m = 1, we
have ¢ € @ at the end of the algorithm iff there exists a transition (¢, B, Q') € A with v € L(B)
and Q" C Qy. When w = y172...7, we have ¢ € Q at the end of the algorithm iff there exists
a transition (q, B,Q’) where v € £(B) and, by induction, if ¢ € @ then the word as...a,, is
accepted from ¢'. Hence, we have ¢ € Q iff there is an accepting run over w from gq. O

B.3 Boolean Operations

We define the boolean operations on n-store multi-automata.

Definition B.1 Given two n-store multi-automata A' = (Q1,%, A1, {ql,..., ¢}, Q}) and A% =
(QQ7 27 AQ; {Q%7 s 7q§}7 Q?‘)a we deﬁnev

Al UA2 = (Ql U QZ U{q17~"7qz}727AU7{q17"‘7q2}7Q}J)

where ¢' ¢ Q1 U Qs for i € {1,...,z} and

AU = A1UA'2 ,
U{(@ BQ)|(¢,B.QE€eEA N1<i<z}
U {(¢"B,Q)|(¢BQ) €A N1<i<z}

Qf = QjUQZ '
U{g|geQ; N1<j<2A1<i<z}

We define,
AN A2 =(Q U Q U{d', ..., 2 A0 {dh, ..., ¢, Q?)

40



where ¢ ¢ Q1 U Qy for i € {1,..., 2} and at order-1 we have,
An = A TUAU{(¢5a,Q1UQ2) | (¢8,a,Q1) € Ay A(gh,a,Q2) €Ay A 1<i< 2}
Qf = QiU
U{d|¢ieQf Nghe Qi N1<i<z}
Otherwise we have,

An = Ao, | |
U{ (¢ BiNB2,Q1UQ2) | (¢1,B1,Q1) € A1 A (g5, B2,Q2) €A N1 <i< 2}
U { (qlavv{q?}) | (qi7v7{q?}) €A1 A (qéavv{qi}) €M AN1<i<z}

n _ 1 2
Q) = Qlug?
Where By N Bs is defined recursively.

Property B.1 Given two n-store multi-automata Ay and Az, we have L(A1)NL(As) = L(A1NA2)
and ,C(Al) @] £(A2) = ,C(Al U AQ)

Proof. To prove the property for A; U Ay in the case of an empty stack ¢ we have for all
i€ {1,...,2} that ¢’ € QF iff we have ¢} € Q7 for j = 1 or j = 2. Otherwise, we observe that we
have for any i € {1,..., 2z} an accepting run in A; U As of a store yw,

¢ Q-5 Qs
with Q¢ C Qy iff we have a run,
¢ Q-5 Qy
in A; forj=1orj=2.
For A; N Ay we proceed by induction over n. When n = 1, in the case of the empty stack € we

have for any i € {1,..., 2} that ¢’ € Q7 iff ¢} € Q} for j =1 and j = 2. Otherwise, we have an
accepting run of A; N Ay over the word aw,

¢ > QUQs — QFUQF
with Q} U Q? C Qy iff we have the accepting runs,
g5 = Q; —> Q]

inAjforj=1and j=2.
When n > 1, we have an accepting run of A; N A, over the word yw,

Q@0 — Q1UQ> LQ}UQ?
with Q} U Q? C Qy iff (via the induction hypothesis) we have the accepting runs,
qi - Qi - Q?
inA; fori=1andi=2. O

We now show how to complement n-store multi-automata. We begin by defining an operation
on sets of sets.

Definition B.2 Given a set of sets {Q1, ..., Q. } we define,

invert({Q1, ..., Qm}) ={ {1, - yam} | €QiN1<i<m}
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Definition B.3 Given an n-store multi-automaton 4 = (9,3, A, {q¢',...,¢*}, Qy), we define A
as follows.

e When n =1 we assume A is total (this is a standard assumption that can easily be satisfied
through the addition of a sink state). We define A = (Q, %, A’ {¢',...,¢*},Q\ Q) where
A’ is the smallest set such that for each ¢ € Q and a € ¥ we have,

1. The transitions from ¢ in A over a are (q,a,Q1),...,(q,a,Qm), and
2. Q, = invert (Ule{l,...,m}{Qi}>’ and
3. A'(q,a) = Q.

Since @, may be polynomial in size, the construction runs in polynomial time when n = 1.
e When n > 1 we define A = (QU {7,651, 2,47 {d", ...}, (Q U {q}, ¢5}) \ Qy) where
q;‘c, a5 ¢ Q, all n-stores are accepted from q;‘c and a5 has no outgoing transitions.
Furthermore A’ is the smallest set such that for each ¢ € Q we have,
1. The non-V transitions from ¢ in A are (¢, B1,Q1),- -, (¢, Bm, @m) (we assume m > 1),
and

2. For all B € 2B1-Bm we have,

[ e if B=0
Qp = invert (UBleé{Q7}) otherwise

Note we have B; recursively; and
3. A/(q,B§> = QE’ and

4. For all j € {1,...,2} we have (¢/, v, {q5}) € A" iff there is no V transition from ¢ in
A.

Overall, when n > 1 there may be an exponential blow up in the number of transitions
and the construction of each Bz may take exponential time. The construction is therefore
exponential.

We now show that the above definition is correct.

Property B.2 Given an n-store multi-automaton A, we have L(AT) = L(AY) for all ¢¢ €
{¢*, ..., ¢}

Proof. We propose the following induction hypothesis: an accepting run ¢ — @ exists in A
iff there is no accepting run ¢ — Q’ in A. We proceed first by induction over n and then by
induction over the length of the run.

When n = 1, and the length of the run is zero, the induction hypothesis follows since QN (Q\
Qy) = (. When the length of the run is larger than zero, we begin by showing the if direction.
Assume we have an accepting run,

a 1 w
1 —Q —Q

in A for some a and w. Suppose for contradiction we have a run,
a 2 w /
g—Q —Q

in A with Q’ C Qy. Then, by induction over the length of the run, there are no accepting runs
over w in A from any state in Q?. In A we have the transition (¢, a, Q?). By definition there is
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some ¢ € Q2 with ¢’ € Q' and consequently the accepting run Q' —- @Q cannot exist in A. We
have a contradiction.
In the only-if direction, assume there is no run,

g—Q' = Q'
with Q' C Qy in A. For all transitions of the form ¢ —~ Q! (guaranteed to exist since A is total)
there is no accepting run Q' —- @Q’. Hence, there is some ¢’ € Q! with no accepting run over w,
and by induction over the length of the run, there is an accepting run from ¢’ over w in A.
Let {(q,a,Q]),...,(q,a,Q))} be the set of all transitions in A from ¢ over a. For each
i€{l,...,e}, let ¢/ € Q] be the state from which there is no accepting run over w in A and

hence an accepting run over w in A. By definition of A’ the transition ¢ — {q],...,q] } exists
in A. Hence we have the accepting run,

g 4ql,..q] 5 Q

in A as required.

We now consider the inductive case n > 1. If ¢ = ¢} or ¢} the result is immediate. Similarly,
when the length of the run is zero, then the property follows since Q; N (Q U {qo}) \ Qf = 0.
Furthermore, since we have an (accepting) V-transition from ¢’ for all j € {1,...,2} in A iff we
have an (accepting) V-transition from ¢’ in A the result is also straightforward in this case.

Otherwise, in the if direction, assume we have an accepting run,

g— Q" —Q
in A for some v and w. Suppose for contradiction we have a run,
Q> qQ

in A with @ C Q. Then, by induction over the length of the run, there are no accepting runs
over w in A from any state in Q2. In A we have the transition (¢, B, Q%) with v € £(B), hence
B must appear positively on the transition in A’ from ¢ to Q! (else B appears, and by induction
over n, v ¢ L(B)). By definition there is some ¢’ € Q? with ¢’ € Q' and consequently the run
Q' - @ cannot exist in A. We have a contradiction.

In the only-if direction, assume there is no run,

Q" - qQ
with @’ C Qy in A. There are two cases.

e If there are no transitions ¢ 5 Q' in A then for all ¢ 2, Q' we have v € B by induction
over n. Hence, in A we have a run,

Y * *
q—q; —Q
which is an accepting run as required.

e If there are transitions of the form ¢ —— Q! in A then for each of these runs there is no
accepting run Q' —— @’. Hence, there is some ¢’ € Q' with no accepting run over w, and
by induction over the length of the run, there is an accepting run from ¢’ over w in A.

Let {(q, B, Q%),...,(q, B, Q"),(q, B{, QN,... (g Bg, Q,{)} be the set of all transitions in
A from g such that v € B! for all i € {1,...,e} and v ¢ B for all i € {1,...,h} (and
consequently v € Blf) For each i € {1,...,e} let ¢! € Q! be the state from which A has no
accepting run over w in A and hence has an accepting run over w in A. By definition of A’
the transition ¢ — {q!,...,q'} with B=B{n...Nn Bt N B{ n...N B! exists in A. Hence
we have the accepting run,

g —{dgf,.-,q} Q'

in A as required.
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We have shown that A has an accepting run from any state iff there is no accepting run from that
state in A as required. o

B.4 Soundness and Completeness for Agp, Ay, ...

In this section we show that the sequence Ag, Ajp,... is sound and complete with respect to
Pre*(Crnit), where Crni = L(Ay).

B.4.1 Preliminaries

We begin by proving some useful properties of the automaton construction. These properties
assert that the automata constructed from the sets in G; are well-behaved. Once this has been
established, we need only consider order-n of the automata Ag, Ay,... to show soundness and
completeness. Note that since no gfql’Qg) is accepting, any store accepted by some qulsz) has a
topy element.

In order to reason about a particular transition, we need to know its origin. Hence we intro-
duce the notion of an inherited and a derived transition. The remaining lemmata fall into four
categories:

1. Lemma B.3 shows that inherited runs are sound.
2. Lemma B.2 shows the completeness of inherited runs.
3. Lemma B.1, Lemma B.4 and Lemma B.5 show that derived runs are sound.
4. Lemma B.6 shows the completeness of derived runs.
Definition B.4 A non-empty run gfqth) 5 Q of G or ¢ —%; Q of A; can be characterised
by its initial transition géqth) 5, @ where w = yw'. There are several cases,
o [ =1.
Then we have gfql, Q») —%5; @'. If the transition was inherited from géq_l%Qz) then we say that
the run is an inherited run. Otherwise the transition was introduced by some S € GthQz).
We say that the run was derived from S.

o [>1.

Then we have gqu Q) =R Q' with v € L(G). There are three cases depending on the
accepting run of G and the source of the transition from géql Q2)"

— If the accepting run of G is an inherited run, then the run gqu @2) -, Q is also
inherited.

— If the accepting run of G is derived from some S’ € G and S’ was added to G when
inheriting transitions from gz;l,QQ), then the run gfql,Qz) %5, Q is inherited.

— If the accepting run of G is derived from some S’ € G and S’ was added to G by
some S € quh%) or —if I = n—1— by Tp and the command d, then the run
géqh%) 5, Q is derived from S or d respectively.

The first lemma states that runs derived from a set S which is the conjunction of several
automata behaves correctly:

Lemma B.1 The run gé;tlQQ) 11 Q derived from S = {01,...,0,,} C B U C?ll exists in g;'“
iff the Tun,
w
{q017"' aqem} ) Q

exists in Gi.
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Proof. We prove the lemma by induction over [. Observe that a derived run cannot be empty.
When [ = 1, we have w = aw’ for some character a and word w’ and,

N B
derived from S exists iff the run ¢% —%; Q) exists in G} for all t € {1,...,m} and the run,

{q017"'aq0m} L’i QIIUUQ;n L}ZQ

exists in G} as required.

When [ > 1, we have w = yw’. The transition g&l%) iiﬂ Q' derived from S and the run
Q L/M Q exist in G/ 7' where v € L(G) if Q' = Q,U---UQ, angl‘the transition~q9t B, Q:
exists in G/ for all t € {1,...,m}. We have {B1,...,B,} =9 € Gl € G/ | and the

(904,.00)°@")
accepting run of G is derived from S’ iff we have v € L(B;) for all ¢ € {1,...,m} (by induction)
and the run,

{qelw"qum} L’i«kl Q/ L)Z Q

in G/ as required. m]

The language accepted by the sequence Ay, A1, ... or any sequence G, G}, ... is increasing. In
particular, if ¢ —; Q exists in A;, then ¢ —; 4, Q exists in A;;;.

Lemma B.2

1. Ifiéql,Qz) =i Q s a run of G{, o, for some i and, then gééﬁ{Qz) i1 Q is a run of
(2
(q1,Q2)"

2. For all transitions ¢ ——; Q' in A; for some i, we have the transition q L>Z-+1 Q in Ajy.
3. For all runs ¢ ——; Q' of A; for some i, we have the run q ——; 1 Q" in Ajq1.

Proof. To prove (2) we observe that there are two cases. In the first case, the transition from ¢
to @’ is labelled by an automaton B € B; or V. Because this transition will remain unchanged by
Tp, the lemma follows immediately. In the second case, the transition is labelled by GE 0.Q") and

the property follows directly from (1) and the run géq o 2, Q with Q C Qy for [w,] = ~. Since
gzq QN is not an accepting state, it is the case that w, # e.

We note that (3) can be shown by repeated applications of (2).
Finally, we show (1). The automaton Gi('q1 @) has the run,

%

9(q1,Q2) l)l Ql Ll Q

where w = yw'.

In case ééql 0. € ('j; and [ = 1, by definition the automaton Gé;le) has the transition
gélle) —5; Q2 for every transition géql Q) —; Q2. Hence, as required, we have the run,
9?;17@2) i1 Q' —i Q

When~éfqva2) € ,C'jl’ and [ > 1, by definition the automaton Gé;{Qz) has the transition

i+1

I 0m) 9., Q? with {B} € G for every transition gfql Q) L., Q2. Since we have v € L(B) (for
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some B) and ¢? is of the form gf ., (and hence not an accepting state) we have vy # [¢] and
v € £(G) by Lemma B.1 and {B} € G. Hence we have the run,

i+1 8l 1w
Gy — i1 @1 =i Q
as required. O

We now show that inheritance does not introduce spurious runs:

Lemma B.3 If a run g( Qz) —si41 Q in G is inherited, then the run gfql,%) . Q emists
mn gl .

Proof. We proceed by induction over [. Observe that an inherited run cannot be empty.
When | = 1 we have w = aw’ and,

. ,
QE;E,QZ) i1 Q@ i Q

. . . . ; a . .
Since the run is an inherited run, we have gqu Qs i @’ in G} and hence,

gzlhsz)) L)i Q/ L}Z Q
in G! as required.

"’i+1

G
When [ > 1 we have w = yw’ and gg;l%) @ with @ S, Qin G/t and y € L‘(G”“l)

There are two cases depending on the accepting run of GEH)
If the accepting run of GiJrl is inherited, then we have v € E(Gi )) by induction on [ and

hence the transition g(q Qy) Q' in G}. Therefore, as required, we have the run,

géleQQ i Q/ i —i Q

If the accepting run of Gzﬂ) is derived from some S introduced to éEH) when inheriting tran-

sitions from gfqth), then S = {B} for some B and we have gfqth) iq Q' in G}. Furthermore,
by Lemma B.1 we have v € £(B) and the run,

. ’Y ’
Y. —iQ —i Q
as required. O

The next two lemmata assert that derived runs are justified.

i+1
] (q1,Q2)
have ¢"* =5, Q' in G, where Q' C Q.

Lemma B.4 Suppose the run g i1 Q derived from S exists in g;'“ and 01 € S. We

Proof. The proof is by induction over {. Observe that, since the run is derived, we have w # €.
In the base case | = 1. Let w = aw’. We have the followmg run in g”l

. 1 !
9&7@2) i Q5 Q

and by definition, since the run is derived from S and #; € S, we have ¢** %, Q? in G/ where
Q? C @', and hence,

¢ Q2
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with Q' C Q as required.
When [ > 1, let w = yw’. We have the run,

’Y !
Il —it1 Qi Q

in g”‘l. In particular, we have g(q Q) <, —;11 Q' with an accepting run of G over v that is

derived from S’ € G which was introduced by S. By definition, since #; € S, we have ¢” in— Q?
with @2 C Q! and 6 € S’. By induction, we have v € £(#) and hence the run,

¢ L QP

with Q' C Q as required. O

Lemma B.5 Suppose the run géEQz) i1 Q derived from S exists in QZH and (a,0,61) € S.
Let [w'] = o([w]), we have ¢** L/n Q' in G}, where Q' C Q.

Proof. The proof is by induction over [. Since the run is derived, we have w # €.
In the base case | = 1. We have w = aw”. There is only one value of o,

e 0= push,,. Then [w'] = o([w]) = [w,w”]. We have the following run in G; ',
Glan ~ i1 @ T Q

and by definition, since the run is derived from S and (a,0,6;) € S, we have ¢%1 22, Q? in
G} where Q* C Q', and hence,

q01 — Q2 i Q
with @ C @ as required.

When [ > 1, let w = yw" and we have the run,
9?33,@2> i Qi Q

in g”l In particular g(q Qy) il Q" and there is an accepting run of G over 7 derived from

some S’ € G. There are now three cases depending on o,

e 0 = push;. By definition, since (a,push;, 1) € S we have in G/ the run

01 i Q? i Q3
with Q3 C Q' and {B#}U#, Uf, C S'. Hence, by Lemma B.4, we have v € L({B*}U6; Ub,),
and hence [w'] = o([w]) = [yyw”] and we have the following run of G/,
QP QP Q)
with Q' C Q as required.

e 0 = pop,. Since (a,pop;,61) € S, we have ¢”* € Q' and B € S’. Furthermore w” is non-
empty since ¢’ ¢ Q; by definition of n-store automata. By Lemma B.4 v € £(B{*). Hence

[w'] = o([w]) = [w"] and we have ¢ L//n Q' with Q' C @ as required.
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e /(o) < I. By definition, [w'] = o([w]) = [o(y)w"]. Since (a,o0,6;) € S we have ¢ e Q?
with @2 C Q' and (a,0,0) € S’. By induction over | we have o(y) € £(f) and hence,

" @n Q? w—ﬁ’z Q'
with Q' C Q as required.
This completes the proof of the lemma. o
Finally, we show that the derived runs completely represent their source.

Lemma B.6 Let S ={ay,...,am} € é’(:}HQ) Given some v with top1(y) = a such that for each
ee€{l,...,m} we have,

o Ifa, =0, then v. = and 7. € L(6.)
o Ifa. = (b,0.,0.) then a =b, 0.(7) = . and v € L(6,)

we have v € E(Gg’g)).

Proof. We have égl@) € Q~Z+1 for some [. The proof is by induction over [.
When [ =1 let v = [aw]. We have a, = 0, or o, = (a,push,,,,0.). We have,

e When a, = 6., the run,
qee L)i Qe i’z Qf‘
with Q? CQyin Qli. Furthermore, v, = 7.
e When a, = (a, pushy,,0.), the run,
qf)e &)i Qe i)z Q?
with QF C Qy in Gj. Furthermore, we have v, = [wew].

Hence, since S € Gitl , we have from the definition of G+ the run,
(¢,Q) (¢,Q)
92;22) i1 QLU UQm — QU UQT

with Q} U--UQY C Qf. Hence v € E(Ggl@) as required.

When [ > 1 let v = [y'w]. We have S’ =S{U---US/, and Q' = Q1 U---UQ,, where,

0/ .
e When a, = 0., v = 7. and we have the transition ¢’ —=; Q. in G/ with v/ € £(¢) and the
run Q. —; Q% with Q¢ C Qy. Furthermore S; = {6, }.

e When a, = (a,pushy,8.), v = [7'7'w]. Additionally, we have the transitions,
0c 0:
qﬂe —i Q/ i Qe

in G} wherey’ € L({B}" 4, 01}U62). Furthermore, we have the run Q, —; Qf with Q% C Qf
and S, = {B¢,,01} U62.

e When «, = (a,popy, 0.), ve = [w] and we have the run,
¢’ 5 Q%

with Q C Qy, S ={Bf"1}, 7' € L(B}*;) and Q. = {q%}.
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e a. = (a,0.,0.) with £(0.) < I, we have 7, = [0.(7')w], and the transition g% Ai Q. and
run Q. —; Q5 with Q% C Qy in G}. Additionally, o.(y') € £(6;) and S. = {(a, 0, ;)}.

Hence, by definition of G@%), we have the transition,

; G
9o i1 QU UQ,
with §” € G and by induction over I, 7' € £(G). Hence we have the run,
92;22) Tt QU UQp —5 QU UQT

with Q} U--- U@y C Qrin Gab). That is, v € L(GZ;Q)) as required. ]

B.4.2 Soundness

We show that for any configuration (p’, ) such that v € E(A;:‘J ), for some i, we have (p7,7) o
with C C Crpie. Let I = {q',...,¢*}. The following lemma describes the relationship between
added transitions and the evolution of the order-n PDS. The restrictions on w’ are technical
requirements in the case of pop, operations. They may be justified by observing that only the
empty store is accepted from the state 4% and that, since initial states are never accepting, the
empty store cannot be accepted from an initial state.

Lemma B.7 For a given run ¢¢ —; Q of A; there exists, for any w' satisfying the conditions
below, some C such that (p?, [ww']) < C, where C contains configurations of the form (p*,w'w')

with ¢* “—=q Q' or (p?,V) with ¢’ s Q'. Furthermore, the union of all such Q' is Q. We
require w' # V and,

1. If g5 € Q then w' =,
2. If ¢* € Q for some ¢* then w' # «.

Proof. The proof proceeds by induction on ¢. In the base case ¢ = 0 and the property holds
trivially. We now consider the case for ¢ + 1. Since Tp does not add any V-transitions, we can
assume w # V.

We perform a further induction over the length of the run. In the base case we have w = 7 (the
case w = ¢ is immediate with C' = {(p/, [w'])}) and consider the single transition ¢/ —=;; Q. We
assume that the transition is not inherited, else the property holds by Lemma B.3 and induction
over . If the transition is not inherited, then the run is derived from some d and we have
v E ﬁ(Gl(;rj{Q)) and the accepting run of G’(-;Z-{Q) is derived from some S € GZ(;LJ-{Q) introduced by
during the processing of d.

Let d = (p’,a,{(01,p"), ..., (0m,p"™)}). We have (p’, [yw']) — C” where,

¢ = { <pkt77/> | te {1,...7m} Ay = Ot([’yw’]) }
U { (7, V) [ if or([yw']) with ¢ € {1,...,m} is not defined }

We can decompose the new transition as per the definition of Tp. That is Q@ = Qi U---UQ),.
There are several cases:
e 0, = push,,.
By definition of T, we have the run,

" Q- Q)
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with {B? ;}U6; Uf, C S. By Lemma B.4 we have v € L({B%_,} U6, U6,). Hence we
have,

¢ i Qi Q)
We have push,[yw'] = [yyw'] and (p*¢, [yyw']) € C’. Via induction over i we have the set
C; with (p*, os[yw']) <> C; which satisfies the lemma.

® 0; = pop,.
We have B%_; € S. We have, by Lemma B.4, v € L(B%_,).
If Q; = {¢**} we have pop,[yw'] = [w'] since w’ is non-empty and C; = {{p**, [w’])}. Note
¢ —o {q"}.
If Q; = {¢7} then w’' = ¢ and pop,[yw'] is undefined. By definition of Tp we have ¢/ 0
{¢5}- Let C, = {(p",V)}.

e /(0;) < n and if o = pop; then Xf(ot) ¢S.

By definition, we have ¢* in— Q¢ in A; with (a,04,0) € S. Therefore, by Lemma B.5, we
have o,[y] € £(#) and the run ¢** ﬂg Q: in A;.
Furthermore, we have (p*t, o;[yw']) € C' and via induction over i we have a set C; with

(p*, ot]yw']) < C; which satisfies the lemma.

e /(o) < n, oy = pop; and X0 €5
Since X/ € S by Lemma B.4 we have v € L(X}*). Hence o,[yw'] is undefined and we have
(p?,v) € C'. Because X' € S, by definition we have ¢/ 5 {g5}. Since V transitions are
never added, it must be the case that ¢/ —— {g7}. Let Gy = {(p",V)}.

Hence, we have (p/, [ww']) < €’ <> Cy U--- U Cp, = C where C satisfies the lemma.
This completes the proof of the single transition case. Let w = 71 ..., and (for any Q) let
Q = QTUQ\ where Q' contains all initial states in Q and Q\ = Q \ Q. We have the run,

i1 Y2 Ym
¢ i1 Q1 i1 .. i1 Qm

For each ¢* € Q! we have a run,

k72 k 73 Ym k
q" —ir1 Q3 g1 ... —ip1 @

and by induction on the length of the run we have Cj, such that (p¥, [z ... ymw’]) < Oy and Oy
satisfies the lemma. Furthermore, since we only add new transitions to initial states, we have,

I 2
Q} —2}0-~-£>0 Q;n

and Qm, = Q'/m, U queQ{ an

From ¢ 5,1 Q; we have C; with P, - ymw']) <o satisfying the lemma for a single
transition. Let Cf be the set of all (p*, vy ...y,w') € C; and Cf = Oy \ CF. For each ¢* € QI we
have (p¥, [y2 ... ymw']) € O} since there are no transitions to initial states in A (and hence we must
s A’]) < G
o @), it is the case that the set C = C] U Ugreqr Cr which has

have ¢* —=+¢ {¢*} to satisfy the conditions of the lemma for Cy). From (p

. I 72--Um
and since we have Q} =

P, 71 - ymw’]) < C1 <> C and satisfies the lemma as required. O

Property B.3 (Soundness) For any configuration (p’,~) such that v € E(A:-Ij) for some i, we
have (p?,~) < C such that C C Crpy. That is, (p?,7) € Pre*(Crnit)-
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Proof. Let v = [w,]. Since v € E(A'i]j) we have a run ¢f —5; Q5 with Q¢ C Qy. Since Qf con-

. * k
tains no initial states, we apply Lemma B.7 with w’ = e. Therefore, we have (p/,v) — C C L(AQ ).
Since Ay is defined to represent Cr,;;, soundness follows. O

B.4.3 Completeness
Property B.4 (Completeness) For all (p7,7) € Pre*(Crny) there is some i such that €
£(AT).

Proof. We take (p’,v) € Pre*(Crnit) and reason by induction over the length of the shortest
path (p/,~) <> C with C' C Cppir- _

In the base case the path length is zero and we have (p?,~) € Crnit and hence vy € E(Agj ). For
the inductive step we have (p’,~) — (4 < Cy with Cy C Crpit and some i such that Cy C L(A;)

J

by induction. We show v € L(A! +1) by analysis of the higher-order APDS command d used in
the transition (p’,v) — Cj.
Let d = (p’,a,{(01,p"),..., (0m,p")}). We have

¢, = {(pkt,y'>\t€{17...,m}A v =o0:(v) }
U{ (7, V) | if os(y) with ¢ € {1,...,m} is not defined }

By induction we have for each e € {1,...,m} that ¢* M@ Q% with @ C Qp in A; if

0c(7) = [Wo,(y)] is defined. Otherwise we have ¢/ s, {45} in A;.
Let v = [y'w]. We have §' = S{U---US/ and Q' = Q1U- - -UQ,,, where, for eache € {1,...,m},

e When o, = pushy,, o.(y) = [¥'7'w]. Additionally, we have the transitions,
fe 0;
¢ =i Q' =i Qe

in A; where v/ € L£({B%_,,0%} U#2). Furthermore, we have the run Q. —; Q% with

n—1»

Q5 C Qp and S, = {B_,, 01} UG
e When o, = pop,,. If 0.(7) = [w], we have the run,
¢ =5 Q5

in A; with Q5 C Qy, SL ={B;_1}, 7 € L(B;_,) and Q. = {g}.

If 0.(7) is undefined we have w = € and the run,
¢ i {d7}
if A;. Hence we have S{ = {B;,_,}, 7" € L(B;_;) and Q. = Q% = {¢5}.

e When £(0.) < n, and we have o0.(7) = [0.(7")w], we have the transition g" LZ— Q. and run
Qe —i Q5 with Q5 C Qy in A;. Additionally, o.(7') € £(6.) and S, = {(a, 0., 0,)}.

If 0.() is not defined we have v = [y'w], o. = pop; for some | < n and the run,
¢ i {g5}

in A;. Hence we have S; = {X['}, 7" € L(X}) and Q. = {q}} with ¢} =5 Q% and Q% C Qy.
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Hence, by definition of A; 1, we have the transition,

e
¢ i1 QU UQnm

with §’ € G and by Lemma B.6 o/ € £(G). Hence we have the run,

¢ i1 QU UQm —= QU UQYT

with Q}c U UQF C Qf in Ajyq. That is, v € L(A +1) as required. o

B.5 Proofs for A,

In this section we provide proofs of Lemma 4.1 and Lemma 4.2. The proof of the first lemma is
somewhat involved, hence we deal with the order-1 and the order-l for [ > 1 cases individually.
The main idea in both proofs is that the loops in (jl’ can simulate, correctly, the prefix of any run
in g;" and vice-versa. That is, a run in C;ll begins by traversing it’s initial loops before progressing
to its accepting states. If we unroll this looping we will construct a run of g;" for a sufficiently
large ¢’. In the other direction, the prefix of a run in g;" can be simulated by the initial looping
behaviour of Q;
We begin by proving a small lemma that will ease the remaining proofs.

Lemma B.8 Given g( Q) Qy for ally € {1,...,h} for some h, let iymq, be the maximum
iy We have {75, - ’9<31'2“bh)} Usetr....ny Qy'

Proof. By Lemma B.2 we have gé;";ay) —ie @y for each y € {1,...,h}. Hence we have the

tmax

run as required. O

B.5.1 Proof of Lemma 4.1 for [ =1

There are three parts to the proof. We first prove that a fixed point i¢ is reached. We then prove
Lemma 4.1 in both directions.

Lemma B. 9 There exists some ig such that Ql = Ai for all 1 > Q. Furthermore, we have the
run g, qny ——i Qg with Qg € Qy for some i iff we have Iy~ Qf in Gi°.

Proof. This is a simple consequence of the finiteness of ¥ and that T(‘jil lir fi1—1] only adds transi-
1

tions and never states. The automaton will eventually become saturated and no new transitions
will be added. U

Lemma B.10 For all w, ifgfq o s Q1 with Q C Qy is a run in Gi for some i, then we have
g(qQ) io Q2 with Q2 C Qf in gl .

Proof. We prove the following property. For any path géq o i {aq1,--.,qn} in Gi, we have a
path g(q Q) o {d},...,q,} in QAiO with,

i . o L
q! _ g(q’,Q”) if Qy = g(q/ﬁQu) and ¢ Z 1]
Y Qy otherwise

for all y € {1,...,h}. Since q} = gy for all ¢y € Qy, the lemma follows. When Q = {q1,...,qn}
we write Q' to denote the set {q},...,q}.
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There are two cases. When ¢ < 47, then using that we have only added transitions to g{l to
define C;i“ and that qé = gy for all y, we have gé;Q,) L% {q},... ,q}L} in GA{O
We now consider the case i > i;. We begin by proving that for a single transition,

; b
géq,Q/) —i a1, -, qn}
in Gi with b € ¥, we have the following transition in ng oy
i1 b ! !
012 o) ~oia L)

We consider the source S = {ay,...,an} € CNT”('(LQ,) of the transition from gf, ;. Since é%q,Q’) o~

é@,@) we have S[i;/i—1] € éz;,Q,)[il/il —1]. Furthermore, we have {q1,...,qn} = Q1U---UQn.
For e € {1,...,m} there are two cases,

o If a, = 6, then let g = ¢°. We have g Lq-,l Q. exists in g;’*l. By induction over ¢ we have
r b s Ao
g —i, Q. in G°.

o a. = (a,pushy,,0). Then b= a. Let g = ¢?. By definition of T we have the path

il[il/il—l]’
g LN Q. in Gi. By induction on i we have the path ¢' ﬂ»io Q. in C;io
We have Q4 U---UQ", = {q},...,q,}. Since C:’%q oy =~ G

by definition of QA{O, we have,

(g and S[in/i— 1] € G} g lin/in — 1],

1 b ! 1
gz;’Q/) —71'0 {q1v oo 7qh}

in G{O as required.

We now prove the result for a run of more than one step by induction over the length of the
run. In the base case we have a run of a single transition. The result in this case has already been
shown. In the inductive case we have a run of the form,

Ilgoy —=idats - ah } —i 2 )
in Gi. For each y € {1,...,h1} we have a run g, Htm,. Q, such that Upettny Qv =
{q7", ... ,q,’[;}. By induction over the length of the run we have q;} wno Q; for each y.
Hence, since we have g@@’) ﬂ)io {q!f7 ... 7q!hll} from the above proof for one transition, we have
a run of the form,

i a | ! a Am ! !

ngllyQ/) _0>’L'0 {qil7 s 7thl —1>’L'0 S T g {qlma SERE) q};n:l}

in g}’o as required. O

Lemma B.11 For all w, if we have gé; Q) =, Qy with Q5 C Qf in ,C';{ for some i, then there

is some i’ such that the run gf/q’Q,) i Qf eists in Gi .

Proof.

We take a run of QAzq’Q,),

gz;)Q/) i’i {Q17 e »Qh}

We show that for all i' > iy, there is some i? > i! such that,

-2
Jia) —e {ds )
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in G@Q,) where, for y € {1,...,h},

it ; — g
g = Yoo T0=194qn
Y qy otherwise

Since q} = gy for all ¢; € Qy, the lemma follows. For a set Q = {q1,...,qn} we write Q° =

{af,- - ai}
The proof proceeds by induction over i. In the base case i < i1 and the property holds by
Lemma B.2 and since §i' = Gy' and there are no incoming transitions to any g;, 5. in Gi'.

In the inductive case, we begin by showing for a single transition,

g(qQ) {Q17~--7Qh}

n CAY"('q o with b € ¥, we have, for all i' > i;, there is some 32 > i! such that,

5 b
dlg@) = a0}

in GZ Q- We analyse the S € ézlq Q,)[il/il — 1] that spawned the transition from géé o (we
assume the transition is new, else the property holds by induction). Let S = {aq,...,an}. We
have {q1,...,qn} = Q1 U---U Q. For each e € {1,...,m}, there are several cases,

o o, = 0.
Let g, = qe. By definition of Q{ we have the transition g. Li,l Q. in Qf*l.
-2
Ifo = ( Q) then by induction we have zg > ! such that 922’,62”) L)ig QZ in gie.
Otherwise g, is initial in some B € B; and the transition g, Li_l Q. also exists in Gy and

is the same as g, Lo QZ. Let w, = b.
e a. = (a,pushy,,d). Then b= a.

Let g. = ¢°. By definition of gl we have the run g —;_1 Q. in Q

Ifo = Gzl, o then by induction we have i2 > i' such that gze, Q) ﬂ»z Q! in Gi.
Otherwise g, is 1n1t1al in some B € B; and the transition g. —>;_1 Q. also exists in GY and
is the same as g, —>0 Q. Let w, = Wp.
Let imae be the maximum 2. If g, = gé;, Qs We have, by Lemma B.2, gfm“g),,) e QL.
Also, by Lemma B.2 we have g. —%;  Q’ when g, is not of the form g( Qny Since we have
éé;”;‘g,;_l ~ é@’Q,) we have Slipmqs/i1 — 1] € GZ’"‘”‘H and since Q) U---U Q" = {¢},...,q.} we
have,

imaz+1 _b ? ?
9060 imaatt {415 Gn}

in Gz;"‘aﬁl Let 32 = 4,4 + 1 and we are done in the case of a single transition.
We now expand the result to a complete run by induction over the length of the run. That is,
we take a run of Q( Q)

gz;,Q/) i>i {Qh .. 7Qh}
and show that for all 4! > 4; there is some 2 > i! such that,

,
g(qQ) iz {qi, 04}

i2
n G(q,Q’)'
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The base case has already been shown. We now consider the run,

Gy —mifats- o any i
We have g, el Q, for each y € {1,..., hi} and Uyet,ny @y = {ai*, .. qi }. Then for
all y € {1,...,h1} via induction and Lemma B.8 we have for all i' > i1 an 4,4, with
{q(i]la e 7QZ1} M>imam {q;?mv .- ,q;{:}

We then use the result for a single transition to obtain the result for the complete run. That is,
we have for imqe an i2 > imqe such that,

i2 ceeQm
g,(Lq7Q’) &ig {q{{17 AR q;}} &)ﬂ {q({m) s aqu:}

exists in g;{z as required. |
We are now ready to prove the desired property.

Corollary B.1 Suppose we have constructed a sequence of automata GY,G1,... and associated

sets GY,G1, . ... Further, suppose there exists an iy such that for all i > i1 we have Gi ~ _6;}1 We

can define a sequence of automata QA{'HQ?H, ... such that the state-set in Q{ remains constant

and there exists ig such that QA?’ characterises the sequence — that is, the following are equivalent
for all w,

1. The run ga QN =5, Q1 with Q1 C Qy exists in QA{ for some i.
2. The run gzé QN l}io Q2 with Q2 C Qy exists in QA{O
3. The run gf; Q) i Qs with Q3 C Qy exists in g{' for some i’.

Proof. Follows from the definition of Git! = Tgil[il/il_l] (G1), Lemma B.9, Lemma B.10 and
Lemma B.11. O

B.5.2 Proof of Lemma 4.1 for [ > 1

In this section we prove Lemma 4.1 for the case when [ > 1. The structure of the proof is similar
to the previous section.

Lemma B.12 For all w, ifggq o =, Qf with Qy € Qy is a run in G! for some i, then we have

) w . A .
QZ;,Q') — Qf in G} for some 1.

Proof. We prove the following property. For any path géq o) sy {q1,...,qn} we can construct
a path g! 0 {d! i} with 7
P g(q’Q/) (3 q17"'7Qh ’

i . R 0 .
qI = g(q/,Q”) if Qy = g(q/,Q,,) and i’ > 4
Y dy otherwise

Since q} = gy for all g € Qy, the lemma follows. When @ = {q1,...,qn} we write Q' to denote

the set {q},...,q,}.
There are two cases. When ¢ < i;, using Lemma B.2, that G;' = G;' and that qé} = g, for all y,

)

we have g(;’Q,) Lil {ai,---, q|h} in gz”
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We now consider the case i > i;. We begin by proving that for a single transition,
i ¥
g(q’Q/) - {C]h oo »Qh}

in G/, we have the following transition in GE; QN for some 7/,
. - | |
gEZ’Q/) i {qlla BERE) q;z}

We consider the S = {aq,...,an} € ééq oy from which the transition from géq ) was derived (if

it was inherited, then the property holds by induction over ¢). We have {q1,...,qn} = Q1U- - - UQn,.
For each e € {1,...,m} there are several cases,

e o, =10.
Let go = ¢°. We have g —;_1 Q. in Q’ U with ¢ € §' € G

(9(4.0ry 1a15-an})
accepting run of 7 derived from S’. By Lemma B.4 we have v € L£(#’). Hence, we have

and the

Je i1 Q. in g;—l. By induction over i, we have g!e L’i’e Q’6 in GE; QN for some 7.
Furthermore, let w. = 7.
e a. = (a,pushy,0).

Let g. = ¢?. We have the path
9 0.

ge —i1 Q —i1 Qe

in Gi~! with {Bf ,6,} U6, C S €G!

(905,01 {ar,-an
from S’. By Lemma B.4 we have v € L({B"_,,01} U 65). Hence, we have the run,

D and the accepting run of v is derived

v v
Ge —i—1 Q —i—1 Qe
By induction over i, we have,
Y !
ge —ir Qe

for some i,. Furthermore, let w, = 7.

e a. = (a,pop,0).
Let g. = ¢°. We have Q. = {g.}.

L a / 7
Additionally, we have B ; € §' € G(g(qQ A a1sean}

from S’. By Lemma B.4 we have v € L(Bj_ ;). Furthermore, let w, = ¢.

) and the accepting run of ~ derived

e 0= (a,0,0) where {(d) <.

Let g. = ¢’*. We have g, —;_ 1Qe1ngl’ ! with (ao@)ES'EGZ
g(q’Ql)v{qls“wqh
the accepting run of v derived from S’. By Lemma B.5 we have o(y ) € E(G'). Hence, we

D and

have ge i—1 Qe In g ! By induction over i, we have ge Q Q") for some i/,
Furthermore, let w. = o(7).

Let ippqz be the maximum i, By Lemma B.2 we have g, —%; @' for all e. Since S[iynae/i—1] €

GE;”EJ)FI and Q4 U---UQ}, ={q},...,q,} we have via Lemma B.6,

_ X | |
904,01 Pimast1 {01 @}

in Gz(g“g‘;l as required.
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We now prove the result for a run of more than one step by induction over the length of the
run. In the base case we have a run of a single transition. The result in this case has already been
shown.

In the inductive case we have a run of the form,

gy —i{al o} i T,

For each y € {1,...,h1} we have a run q; Juem, @, such that Uye{l,...,hl} Qy ={q?",... ,q;:‘m}.
By induction on the length of the run we have qul nem,

be the maximum ¢'. We also have g@ o 20 {git,. .. ,q}}l} for some ¢’ from the above proof for
one transition. We have, via Lemma B.8, a run of the form,

! . .
i @, for each y for some . Let iyas

i1 o, 11 1y M. Ym_ Im Im
g(‘val) tmawx {ql rte ’th} tmaz """ imax {ql 9o 7qhm
in G/™* as required. O

)

Lemma B.13 For all w, if we have g("q Q) = Qf with Qy C Qy in _C';; for some i, then there is

some i’ such that the run gé; QN = Q¢ exists in gli/-

Proof.

We take a run of Q%q Q)

gz;,Q/) l’i {QL .. 7qh}
We show that for all i' > i;, there is some i > i' such that,

2

dlg@) i a0}

in GZ('Z’Q/) where, for y € {1,...,h},

it : — 4l
gl =< 9a.en a1 =909
Y qy otherwise

Since qj?c = gy for all gy € Qy, the lemma follows. Given a set Q = {q1,...,qm}, we write Q7 to
denote the set {qi,...,q>,}.

The proof proceeds by induction over 7. In the base case ¢ < 4; and the property holds by
Lemma B.2 and since Qil = il and there are no incoming transitions to any gé’q e in Qi’.

In the inductive case, we begin by showing for a single transition,

i ¥
gziI,Q’) i {th, s 7Qh}
in CAY”('q o We have, for all i! > i;, there is some %2 > i! such that,

2
ngyQ’) L’iz {qzv s 7q;}

in G’(; o)~ We analyse the S € éz’q o [i1/4; — 1] from which the transition from gE; ) was derived
(we assume the transition is not inherited, else the property holds by induction).
Let S ={a1,...,qm}t. Wehave {q1,...,qn} = Q1 U U Q. For each e € {1,...,m} there

are several cases,
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o o, = 0.

Let go = ¢°. We have g —,;_1 Q. in g U with ¢ € §' € G° and the
(g(q orytarsanl)

accepting run of v derived from S’. By Lemma B.4 we have v € £(6’). Hence, we have
e L’ifl Qe in ng71~
Ifo = Gz Loy , by induction over i, we have i2 > i! such that g( Q) =25 i2 Q! in G (0.Q")

Otherwme ge is initial in some B € B; and the transition g, 1 Q. also exists in G and
is the same as g, 5 QZ. Let we = 7.

e a. = (a,pushy,0).
Let g. = ¢°. We have the path

01 0.
ge —ic1 Q i1 Qe
in g}“ with {Bf ;,61}U 6, C S € G and the accepting run of ~y is derived
(91 gy darseean})
from S’. By Lemma B.4 we have v € L({Bj"_,,01} U 65). Hence, we have the run,

Ge Ln'q Q Ln;l Qe
If o = (q Q) by induction over i, we have i2 > i' such that,

i2

c vy ?
Iy qr) —i2 Qe

Otherwise g, is initial in some B € B; and the transition g, 27,1 Q. also exists in G and
is the same as g, 2 Q. Let we = 7.

® (e = (aapopl79)~
Let g. = ¢°. We have Q. = {g.}. Additionally, we have Bf , € S’ € G and
(g(q onytarssand)
the accepting run of y derived from S’. By Lemma B.4 we have v € £(B}* ;). Furthermore,
let w, = €.

e 0= (a,0,0) where ¢(d) < .

Let g. = ¢°. We have g. —;_1 Q. in Ql with (a,0,60") € §' € GZ and the
018 oy Laan})

accepting run of v derived from S’. By Lemma B.5 we have o(7) 6 L£(6"). Hence, we have
o(7) . Ai
ge —i—1 Qe in G/ 1.
~. -2
When 0= G’Elq/,Q”)’ we have by induction over ¢ some zg > 4! such that gz;,ﬁQ,,) M’zg QZ in
G Q") Otherwise g, is initial in some B € B; and the transition g, @q_l Q. also exists

in G and is the same as g. — o 0 Q% Let we = o(y).

?

Let imq: be the maximum i2. If g = gzl, Qryr We have, by Lemma B.2, g( Oy T imas Q..
Also, by Lemma B.2 we have g, —%

tmaz

GEZ“SJ)FI o N? Q y we have Slimae/il] € G“"‘“”+1 and since Q% U---UQ?, = {q,...,q}} we have

via Lemma

Q when g, is not of the form g( Q) Since we have

imax+1 7 )
QZq Q") —>zmaw+1 {ql, o 7qh}

in szg# Let 32 = 4,42 + 1 and we are done in the case of a single transition.
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We now expand the result to a complete run by induction over the length of the run. That is,
we take a run of gg’q Q)

gz;’Q/) i’z {C]h .. 7Qh}
and show that for all 3' > 4; there is some 2 > ¢! such that,

2

gé%Q’) i>iz {(IL s 7q;}

in Gl, g1
The base case has already been shown. We now consider the run,

3 Y Y TYm
9lan —=iddds a2 el )

We have ¢} 27, Qy for each y € {1,...,h;} and Uye{l,...,hl} Qy =1{4",...,q; }- Then for

y
all y € {1,...,h1} we have via induction and Lemma B.8 we have for all i* > i; an i,,,, with
{ai's gy = ™ g

We then use the result for a single transition to obtain the result for the complete run. That
is, we have for 4,4z a0 32 > imae such that,

-2
) 7o 71 71 ay...m m m
9(q,Q) — 2 {a 7"'aqh1} —i {q 7"')th}

as required. O

Corollary B.2 Suppose we have constructed a sequence of automata GP,G},... and associated
sets GY, G}, .... Further, suppose there exists an i; such that for all i > i; we have G! ~ g;'. We

can define a sequence of automata Q;’,Qi1+1, ... such that the state-set in Q} remains constant
(although the automata labelling the transitions may gain states). The following are equivalent for
all w,

1. The run g?i] Q) =, Q1 with Q1 C Qy exists in C;; for some 1.
2. The run gé; ) —5i Qo with Q2 C Qy exists in G for some i'.

Proof. From Lemma B.12 and Lemma B.13. O

B.5.3 Proof of Lemma 4.2

Finally, we show that the constructed automaton G; is correct.

Lemma 4.2 1 Suppose we have constructed a sequence of automata glo, Gl, ... and associated sets

@0, 3}, ... Further, suppose there exists an i; such that for all i > i, we have G ~ gf‘. We can
define an automaton G such that the following are equivalent for all w,

1. The run gz‘q QN SN Q with Q C Qy ewists in G .
2. The run géq @) —5; Q" with Q" C Qy ewists in G for some i.

Proof. We proceed by induction over [. In the base case [ = 1 and the result follows from
Corollary B.1. That is, Gf = Gi° letting gE*qu) = gzjz Q) for each g@ Q) The equivalence of (1) and
(2) is immediate.
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When [ > 1 we generate the sequence C;;Z,Qfl+l, ... by Corollary B.2. Since the state-set

remains constant, it follows from Property 4.3 that there is some ;1 with é;;l ~ é?_‘f for all
> 0.

By induction, we have G ;. We then define G/ from Q;"l with g7, o) = gélq’Q,) for all ¢, Q'
and each transition ¢ —, Q' in G/ labelled with the automaton qu,Q,) from G} ;.

We show (1) and (2) are equivalent. By Lemma 4.1 (2) is equivalent to a run géi’LQ,) i Q1
with @, C Qy in Qli/ for some 7’. ‘

We proceed by induction over the length of w. Note that gE;,Q,) = gE‘q)Q,). We prove that if
w # € arun g, o —5, @ exists in G iff a run 9ta.01 5 Q exists in G/ for some i’. Tt is
necessarily the case that ¢ < ¢;. The Lemma follows because a state of the form gfq,Q,,) is never

accepting and therefore w # ¢.
In the base case, let w =~. Let g = géq - To prove (1) implies (2) we assume the transition

Gr A
g _&, « @ In G with v € Gz‘g Q) By induction over [ we have v € ng o) for some i'. Hence,

¥ Y .

we have g — @ in G; as required.
-
2

G A
To show (2) implies (1) we assume the transition g 9, @ in G} for some ¢ with

v € G‘E'g 01) By induction over [ we have v € Gz‘g Q1) Hence, we have g 2, Q1 in G as
required. This completes the proof of the base case.
For the induction, let w = yw’ and w’ # . To show (2) follows from (1) assume we have a

P
transition g D, Q= {q1,---,qm} with v € G?g Q) in G and the run,

{(h, ceey Qm} l’* Qf

in G/. As before, we have g 2y Q in (jf' for some i'. For all e € {1,...,m}, we have a run

Ge ——, Qjc with Qy = Q} U---u Q’JP. If ¢. is of the form g{q, ) for some j, then by induction

)QII
we have g{q, Q) AN Qjc in C;lll for some i’ by induction over the length of the word. Otherwise
the run over w’ uses only states and transitions left unchanged by the algorithm. Hence we have

’UJI . 51 . . 51 .
de —i, Q? in gl“. As required, by Lemma B.8 we have in gl“"‘“” for some @4z,

g l)imuz {qla s 7qm} Limﬂx Q}‘ U---u Q}_n
s Glo.a ,
To show (1) follows from (2) assume we have a transition g —— @ = {q1,...,¢m} with
v e ng o) in G; and the run,

{qla o an} L)i' Q_f
in g;" for some i’. As in the base case, we have ¢ ——, Q in Gf. Forall e € {1,...,m}, we have
a run e —y Qf with Qy = Q} U---UQY. If g is of the form g{q, o for some j, then by

induction we have gfq, Q) =, Q% in G/ by induction over the length of the word. Otherwise the
run over w’ uses only states and transitions left unchanged by the algorithm. Hence, since G} is

derived from Q;l‘l, we have g. —, Qf in GY. Subsequently, we have,

glﬁk {q17-~‘7Qm}u_)>*Q}U"'UQ}n

in G/ as required. a
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C Applications: Proofs and Definitions

C.1 Proof of Proposition 5.1

Proof. =: Every higher-order stack may be flattened into a well bracketed string, as per Defi-
nition 2.1. Given a suffix of an n-store w, let comp(w) be a number of symbols “[” added to the
beginning of w to form an n-store proper.

Given an accepting run of BP p = ¢gc; .. ., there exists a sequence of suffixes wy,ws, ... such
that there exists an increasing sequence of natural numbers i;,42,... and for all j > 0 and 7 > i;
¢; has a stack with the suffix w;. Additionally ¢;; has the n-store comp(w;) and w; is a suffix
of w; for all ¢ < j (it may be the case that w; = w;). Take the sequence ¢;, ¢;, .... Due to the
finiteness of P and ¥ there must be p,a with an infinite number of ¢;; with control state p and a
stack whose top; element is a. Furthermore, since p is accepting, we must have distinct ¢;, and ¢;,
with p as their control states and a as the top; element, with a ¢y whose control state is pl e F,

*

* *
Co — Cj, = Cf — Cyy

We have (1) from ¢y < ¢;,. By definition of ¢, ¢, ... we have ¢;, = (p,comp(w;,)) and all
configurations between c;, and ¢;, have the suffix w;,. This implies,

. ["a]") < o u) = (p,0)
with top; (v) = a. Hence, (2) holds as required.
«: From (1) we have ¢ < (p,~1) with top1(71) = a. From (2) we can construct a path,

*

<p7 72> L <Pf773> — <p7’y4>

with pf € F and top;(74) = a for any v, with top;(72) = a. Thus, through infinite applications
of (2), we can construct an accepting run of BP. m|

C.2 Proof of Lemma 5.1
Proof. We begin by showing that if (p, [?a]™) satisfies (2), then a run ((p,0), [*a]™) < ((p,1),7)
with v € L£(B%) exists in BP. The run over BP satisfying (2) can be split into two parts,

* *

(p.["a]™) = @0, 7p) = (p.)
with v € £(B2) and p/ is the first accepting state seen in the run. We consider each part separately.
e Suppose we have a run,

(Po,70) = - = (Dm>Ym)

such that p,, is the only accepting control state in the run. This run is derived from a
sequence of commands dy,...,dn,. Let d; = (pi—1,a;,0i,p;) for all i € {1,...,m}. We show
the run,

((P0;0),70) = -+ = {(Pm; 0); Ym)

exists in BP’ by induction over m. In the base case m = 0 and the result is trivial. Suppose
we have,
<(p17 0)771> e <(pm70)’7m>

by the induction hypothesis. Since d; = (po, a1, 01,p1) and pg ¢ F, we have ((pg,0), a1, 01, (p1,0))
in D’. Hence we have the run,

<(p0’0)770> ... <(pm70)a7m>

as required.
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o Wehave (p/, ;) € (FxCZ)NPret ({p}xL(B2))), we show there exists the run {(p’, 0), v¢) <
{(p,1),~) in BP’ with v € L(B%).

We have the run (p/,~;) < (p,v) in BP with v € £(BZ). This run is of the form,
<p0770> — <p1371> — .. <pmy77n>

with m > 1, po = pf, 7 = Yf, Pm = p and vy, = 7. The run is the consequence
of a sequence of commands di,...,d,. Let d; = (pi—1,ai,04,p;). Since py € F we
have ((po,0),a1,01,(p1,1)) in D’ by definition. Furthermore, for i € {2,...,m} we have
((pi—1,1),a4,0i, (pi, 1)) in D’. We have the run

<(p070)770> — <(p171)771> — .. <(pma 1)7’7m>
in BP’ therefrom.

The proof of this direction follows immediately.

We now consider the proof in the opposite direction. Suppose we have ((p,0),["a]™) <
((p,1),v) with v € L(B%). From the definition of D’ it follows that the run is of the form,

((0,0),["a]") == ... = {(7,0),77) = (', 1),7) = .. = (0, 1), %)

where the second element of each control state/flag pair changes only in the position shown.
Furthermore, pf is the first occurrence of an accepting control state in BP. This run is the result

of a sequence of commands dy, ..., d,;;, where m > 1. From a simple projection on the first element
of each control state/flag pair, we immediately derive a sequence commands dj,...,d,, in D and

the following run of BP,

.My = ... = @) = )= = ()

Since (pf,7¢) and (p’,7) must be distinct, the existence of this run implies (p, [*a]™) satisfies (2).
Since BP' is twice as large as BP, Pre*({p’} x L(B2)) can be calculated in n-EXPTIME. O

C.3 Proof of Attrg(R) = Pre*(R’) \ C}

Proof. Let R = R U Rysuck- Since the size of an n-store multi-automaton recognising Rgsyer 18
linear, the complexity follows from the complexity of computing Pre*(R’).

We show Attrg(R) = Pre*(R')\ C}. We begin by proving Attrg(R) 2 Pre*(R')\ C}.

Take a configuration (p,~) € Pre*(R’)\C}. We show (p,7) € Attrg(R) by induction over the
shortest path (p,~) < C of the order-n APDS with C' C R'.

For the base case, we have (p,v) € R'\ C}. Hence, (p,v) € Attrg(R) since R C Attrg(R).

Now, suppose we have (p,~v) — C via the command d = (p, a, OP) in the higher-order APDS
with C € Pre*(R) \ C} and by induction C C Attri,(R) for some i. There are two cases,

e If p € P4 then for each (0,p’) € OP and hence each move (p,a,o0,p’) in the higher-order
PDS we have a corresponding (p,v’) € C. We have either (p/,y') € Pre*(R')\ C} or we

have (p',v') = (p, V).

If we have (p/,7) € Pre*(R')\ C} then (p',7) € Attrt,(R) for some i by induction.

If we have (p',+') = (p, V) then o() is undefined. Hence (p,a,0,p’) is not a valid move for
Abelard.

Hence we have (p,7y) € Ca and V¢'.(p,y) — ¢ = ¢ € Attry(R) which implies (p,7) €
Attr'FY(R) C Attrg(R).

e I p € Py then O = {{¢/.0()}} and (p.a.0,p/) € D. Thus, we have 3.{p.7) ¢ A ¢ €
Attriy(R) and (p,7) € Cp. Therefore (p,v) € Attrit ' (R) C Attrp(R).
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Thus, we have Attrg(R) 2 Pre*(R') \ C} as required.

To show Attrg(R) C Pre*(R') \ C; we use induction over i in Attrg(R) = U<, Attrt,(R).
When i = 0 we have Attry(R) =R C R'\C} C Pre*(R’)\ C}. For i > 1 there are two cases for
all ¢ such that ¢ ¢ Attriz'(R) and ¢ € Attri,(R),

ecc{celp|Ic—d N e Attry (R) ).

Hence there is some command d = (p,a,o0,p’) in the higher-order PDS and command
(p,a,{(o,p’)}) in the higher-order APDS. By induction ¢’ € Pre*(R’) \ C} and ¢ = (p,7)
and ¢ = (p/,0(7)). Hence ¢ € Pre*(R')\ C}.

ecc{cely|Vdc—d = ecAttry (R) L.

Let ¢ = (p,v). We have d = (p,a,OP) in the higher-order APDS such that for all moves
(p,a,0,p") we have (0,p’) € OP. If o(7) is defined, we have (p,v) < (p’, 0(7)) and (p’, 0o(7)) €
Pre*(R’) by induction. If o(7y) is undefined, then since we have (p, V) € R’ we have (p, V) €
Pre*(R').

Thus, we have (p,v) — C via an application of the command d such that C' C Pre*(R’).
Hence (p,7) € Pre*(R’) and since v # V, we have (p,~v) € Pre*(R’)\ C} as required.

Thus, we have Attrg(R) = Pre*(R')\ C}. 0

C.4 Non-emptiness of Order-(n + 1) Pushdown Automata
Property C.1 If L(P) # 0 then {(po, ®), L) € Attrg(R).

Proof. Assume there exists w = ay ..., € L(P). Since w € L(P) there exists a run,

[e%

[ m
<p0770> <_1’ el <pm7’7m>

with 70 =Lyn41, Pm € Py and the corresponding sequence of commands di, ..., d,, such that for
each 1 <14 < m we have d; = (p;—1, &, a;, 05, p;) with top;(vi—1) = a; and v; = 0;(vi—1).
We show by induction over the number of order-(n + 1) commands in the sequence dy, ..., dn,

that Eloise has a winning strategy in the game Pg. In particular we show that if there exists a
run,

Qm

«a
<p0770> (_1> cee <pm37m>

for arbitrary pg and 79 — with the further condition that if o; = pop,+1 for some i, then there
exists i’ < ¢ with oy = push,,1 — then from a configuration ((po,pr),topn+1(70)) of Pe Eloise
has a strategy to reach the configuration ((py, pr),t0pn+1(Ym)) or win the game. For convenience
we define the abbreviation v = top,+1(y) for all 7.

In the base case, no order-(n+1) commands appear in the sequence dy, . .., d,,. Thatis o; € O,
for all 1 <4 < m. Therefore, from the configuration {((po, pr), §) Eloise can play the sequence of
moves di,...,d,, where d; = ((p;—1,pr), @i, 0i, (pi, pr)) and reach the configuration ((pm,pr), Vi)

In the inductive case we have 0; = push,y1 for some i such that for all i < i, oy € O,. By
induction Eloise can force play into the configuration ((p;—1,pr),v/ ;) or win the game. In the
former case there are two further cases to consider. Note that 7" ; = /.

e There is no ¢/ > i such that v;,_1 = 7,+. That is, the top stack added by the push command
is never removed. In this case Eloise moves play to the configuration ((p;, ®,p,),v/*) via the
command d; = ((pi—1,pr), a, pushq, (p;, ®, pr)) where a = topy(y;—1). From this configura-
tion Abelard may only move play to the configuration {((p;, ®),~/"). By induction, Eloise has
a strategy as required from this configuration.

e There is some 7' > 4 such that v;_; = ~;. Take the least such /. We have o; =
popnt1. Eloise moves play to the configuration ((p;,pir,pr),¥) via the command d; =
((pi—1,pr), a,pushg, (pi, pir, pr)) Where a = topy(y;—1). There are two further subcases:
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— Abelard moves play to the configuration ((p;,pi), 7). By induction, Eloise can either
win from this configuration, or force play to the configuration ((py—_1,p),75_1). In
the latter case, since oy = pop,,+1, Eloise moves play to (tt,~}_;) and wins the game.

— Abelard moves play to the configuration ((pi,pr),V) = ((ps,pr),¥). By induc-
tion Eloise can either win from this configuration or force play to the configuration

((Pmspr), ) as required.

Since any run from (pg, L,11) must perform a push,;1 before a pop,y1 can occur, it is the
case that from ((pg, ®), Ln+1) Eloise can either win the game or force play to the configuration
((pm, ®),~m). Since p,, € Py, this is a victory for Eloise. ]

Property C.2 If {(py,®), L,) € Attrg(R) then L(P) # .

Proof. Assume that Eloise has a winning strategy from the configuration ((pg, ®), L,) in the
game Pg. We begin by proving that there is some bound k on the length of any play of Pg
played according to Eloise’s strategy. We then show that a word w can be constructed such that
w € L(P).

To show there is some bound % on the length of any play of P; we observe that if ((pg, ®), L,
) € Attrg(R) then ((po, ®), L,) € Attriy(R) for some i. We proceed by induction over i. We show
for any ¢ € Attr,(R), there is a bound on the length of any play according to Eloise’s winning
strategy.

When ¢ = 0 then ¢ € R and k = 0. For ¢ + 1 then in both cases ¢ € P}, or ¢ € P/, play moves
to a configuration ¢’ € Attrt,(R). By induction there is some bound k on the length of any play
according to Eloise’s strategy from ¢’. Hence, we have a bound k + 1 on the length of any play
from ¢. Thus we have a bound on the length of any play from ((pg, ®), L) as required.

We now show that there exists a word w such that w € L(P). We proceed by induction over k.
In particular, we prove the following result: if Eloise has a winning strategy from a configuration
((p,pr),7), then there exists some w € I'* with, for all 4" such that top,+1(y) = v and — if

/

pr # @ — popns1(7') is defined, a run of P of the form (p,7) <> (p',~") where either p' = py.,

7" = popn41(7’) or p’ € Py and p, = ®.
In the base case k = 0. That is p € Py and p, = ®. The property holds trivially. For k 41
there are several cases depending on Eloise’s next move d.

e d=((p,pr),a,o0,(p,pr)) and 0 € O,
By definition of D', there exists some command (p,a,a,0,p’) € D. Hence, the transition
(0,7') < (p', 0(7")) exists in P.
After Eloise moves, play continues from the configuration ((p’, p,), o(7y)) and top,11(o(v')) =

’

o(y). By induction over k there exists w’ € I'* such that P has the run (p/, 0(y)) < (p", ")

satisfying the induction hypothesis. Hence, the run (p,v’) N (p",~") exists in P and
satisfies the induction hypothesis.

o d=((p.pr), a, pushq, tt).
By definition of D’, there exists some command (p, a, a, popp+1,pr) € D. Hence, because
pr € P and thus p, # ®, the transition (p,7') <> (p,,7"') exists in P where topns1(7') = 7
and 7" = popy+1(7).-

e d=((p,pr),a,push,, £f).

In this case, play moves to the position (ff,~), which is a loss for Eloise. Since Eloise’s
strategy is winning, this case cannot occur.

o d=((p,pr),a,pushq, (p',pl.,pr)).
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By definition of D’ there exists some command (p, o, a, push,+1,p’) € D. Hence, the transi-

tion (p,7') < (p/, pushn41(y')) exists in P. Note that topui1(y) = topns1(pushnii (7)) =
5.

Play moves to the configuration ((p,pl,p),7v). Eloise’s strategy must accommodate both
of Abelard’s possible replies. In the case where Abelard moves play to the configuration
((p',pr),7), since Eloise’s strategy is winning we have by induction w’ € T such that

®', push,+1(7")) < (p",~") exists and satisfies the induction hypothesis.

If p” € Py and p, = ®, then we have the run (p,v’) SN (p"”,~4") and the induction
hypothesis is satisfied.

Otherwise we have a run (p,~’) SN (pr,7"). In the case where Abelard moves play to the
configuration ((p., pr),7), we have by induction a run (p,,~") < (", 4"y for some w” which

satisfies the induction hypothesis. We consequently have a run (p,~’) SR (", 4"y as
required.

Thus, since Eloise has a winning strategy from the configuration {(pg,®), L,), we have a run

(po; Lns1) < (p,~) for some w, p and 7. Since @ ¢ P, we must have p € Ps. Thus, L(P) # 0 as
required. O
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