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2 SAMUELE GIRAUDO
INTRODUCTIONNoncrossing configurations of chords on regular polygons are combinatorial objectsappearing in various contexts (see for instance [FN99, CP92, DLRS10, PR14]). A simplegeneralization of these consists in allowing several colors for the arcs of the configurations.This has been considered in a previous work [Gir18] of the author, where the arcs arelabeled by elements of a unitary magma M. More precisely, given a unitary magma M,

CM is the set of all regular polygons p where all possible arcs of p are labeled by elementsof M. When an arc is labeled by the unit 1M of M, it is considered as missing, sothat the notion of noncrossing configurations makes sense. More precisely, noncrossingconfigurations have no diagonals labeled by elements different from 1M crossing anothersuch diagonal. These objects have been named noncrossing M-cliques and are the maincombinatorial objects studied in the present work.The linear span CM of allM-cliques (by relaxing the noncrossing condition) forms anoperad with rich algebraic and combinatorial properties, introduced and studied in [Gir18].The operad structure added on these objects allows to compose twoM-cliques p and q bygluing a special arc of q (called the base) onto a selected edge of p. The magmatic productof M encode how to relabel some edges of the resulting M-clique. We showed in thisprevious work that the subspace NCM of CM generated by all noncrossing M-cliquesforms a suboperad of CM. The purpose of the present paper is to perform a completestudy of this operad. A first particularity of NCM motivating this objective is that it has aspecial status among all the suboperads of CM. Indeed, whenM is nontrivial, CM is nota binary operad and NCM is precisely the biggest binary suboperad of CM.Let us now give an overview of the main properties of NCM and the main resultscontained in this work. First, by considering the dual trees of noncrossing M-cliques,we can see each noncrossing M-clique of NCM as a Schröder tree (a planar rooted treewhere all internal nodes have two or more children) with edges labeled on M satisfyingsome conditions. Under this point of view, NCM is an operad of such Schröder treesendowed with a composition operation which is essentially a grafting operation with arelabeling of edges or a contraction of edges. As a consequence of this alternative com-binatorial realization of NCM, we obtain a formula for its dimensions involving Narayananumbers [Nar55]. To complete the study of NCM, a natural and important question is toexhibit one of its presentations by generators and relations. In order to compute the spaceof the relations of NCM, we use techniques of rewrite systems of trees [BN98]. Thus, wedefine a convergent rewrite rule → and show that the space induced by → is the space ofrelations of NCM, leading to a presentation by generators and relations of NCM. As animportant consequence, this proves that NCM is always quadratic, regardless on M. Theexistence of such a convergent orientation of the space of the relations of NCM impliesalso by [Hof10] that this operad is Koszul.We also study some structures related with NCM. This includes the suboperads ofNCM generated by some finite families of bubbles (that are noncrossing M-cliques withno diagonals). Under some conditions on the considered sets of bubbles, we can describethe Hilbert series of these suboperads of NCM by a system of algebraic equations. We
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give two examples of suboperads of NCM generated by some subsets of triangles, in-cluding one which is a suboperad of NCD0 (D0 is the multiplicative monoid on {0, 1})isomorphic to the operad Motz of Motzkin paths defined in [Gir15]. Besides, since NCMis a binary and quadratic operad, its Koszul dual NCM! is well-defined [GK94]. We com-pute its presentation, express an algebraic equation for its Hilbert series, give a formulafor its dimensions, and establish a combinatorial realization of NCM! as a graded spaceinvolving dualM-cliques, that areM2-cliques with some constraints for the labels of theirarcs.Besides, by selecting appropriate unitary magmasM, it is possible to provide alternativeconstructions of already known operads as suboperads of NCM. We hence construct theoperad NCT of based noncrossing trees [Cha07,Ler11], the suboperad FF4 of the operadof formal fractions FF [CHN16], and the operad of bicolored noncrossing configurationsBNC [CG14]. As a consequence of this last construction, all the suboperads of BNC can beobtained from the construction NC. This includes for example the operad of noncrossingplants [Cha07], the dipterous operad [LR03, Zin12], and the 2-associative operad [LR06,Zin12].This text is organized as follows. Section 1 sets our notations about trees, syntax trees,rewrite rules on trees, free operads, and Koszul duality of operads. In Section 2, weperform the aforementioned study of the operad NCM and in Section 3, of NCM!. Finally,in Section 4, we use the construction NC to provide alternative definitions of some knownoperads.

This paper is an extended version of [Gir17], containing the proofs of the presentedresults. It is also a sequel of [Gir18].
General notations and conventions. All the algebraic structures of this article have a fieldof characteristic zero K as ground field. For any set S, K 〈S〉 denotes the linear span ofthe elements of S. For any integers a and c, [a, c] denotes the set {b ∈ N : a 6 b 6 c}and [n], the set [1, n]. The cardinality of a finite set S is denoted by #S. For any set A, A∗denotes the set of all finite sequences, called words, of elements of A. For any n > 0, An(resp. A>n) is the set of all words on A of length n (resp. at least n). The word of length0 is the empty word denoted by ε. If u is a word, its letters are indexed from left to rightfrom 1 to its length |u|. For any i ∈ [|u|], ui is the letter of u at position i. If a is a letterand n is a nonnegative integer, an denotes the word consisting in n occurrences of a. Forany letter a, |u|a denotes the number of occurrences of a in u.

1. ELEMENTARY DEFINITIONS AND TOOLSThe main purposes of this section are to provide tools to compute presentations andprove Koszulity of operads. For this, it is important to handle precise definitions aboutfree operads, trees, and rewrite rules on trees.
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1.1. Trees and rewrite rules. Unless otherwise specified, we use in the sequel the stan-dard terminology (i.e., node, edge, root, child, etc.) about planar rooted trees [Knu97]. Forthe sake of completeness, let us recall the most important definitions and set our notations.
1.1.1. Trees. Let t be a planar rooted tree. The arity of a node of t is its number ofchildren. An internal node (resp. a leaf) of t is a node with a nonzero (resp. null) arity.Internal nodes can be labeled, that is, each internal node of a tree is associated with anelement of a certain set. Given an internal node x of t, due to the planarity of t, thechildren of x are totally ordered from left to right and are thus indexed from 1 to thearity ` of x. For any i ∈ [`], the ith subtree of t is the tree rooted at the ith child of t.Similarly, the leaves of t are totally ordered from left to right and thus are indexed from1 to the number of its leaves. In our graphical representations, each planar rooted treeis depicted so that its root is the uppermost node. Since we consider in the sequel onlyplanar rooted trees, we shall call these simply trees.
1.1.2. Syntax trees. Let G := tn>1G(n) be a graded set. The arity of an element x of G is
n provided that x ∈ G(n). A syntax tree on G is a planar rooted tree such that its internalnodes of arity n are labeled by elements of arity n of G. The degree (resp. arity) of asyntax tree is its number of internal nodes (resp. leaves). For instance, if G := G(2)tG(3)with G(2) := {a, c} and G(3) := {b},

c a
b

b a (1.1.1)
is a syntax tree on G of degree 5 and arity 8. Its root is labeled by b and has arity 3.

A syntax tree s is a subtree of a syntax tree t if it possible to fit s at a certain place of
t, by possibly superimposing leaves of s and internal nodes of t. In this case, we say that t
admits an occurrence of (the pattern) s. Conversely, we say that t avoids s if there is nooccurrence of s in t.
1.1.3. Rewrite rules. Let S be a set of trees. A rewrite rule on S is a binary relation →on S such that for all trees s and s′ of S, s→ s′ only if s and s′ have the same number ofleaves. We say that a tree t is rewritable in one step into t′ by → if there exist two trees sand s′ satisfying s→ s′ and t has a subtree s such that, by replacing s by s′ in t, we obtain t′.We denote by tÑ t′ this property, so thatÑ is a binary relation on S. When t = t′ or whenthere exists a sequence of trees (t1, . . . , tk−1) with k > 1 such that tÑ t1 Ñ · · · Ñ tk−1 Ñ t′,we say that t is rewritable by Ñ into t′ and we denote this property by t

∗Ñ t′. In otherwords, ∗Ñ is the reflexive and transitive closure of Ñ. We denote by ∗→ the reflexive andtransitive closure of→ and by ∗↔ (resp. ∗⇔) the reflexive, transitive, and symmetric closureof → (resp. Ñ). The vector space induced by → is the subspace of the linear span K 〈S〉of all trees of S generated by the family of all t− t′ such that t ∗↔ t′.
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For instance, let S be the set of all trees where internal nodes are labeled on {a,b, c}and consider the rewrite rule → on S satisfying

b → a a , (1.1.2a) a c → a c . (1.1.2b)
We then have the following steps of rewritings by →:

b ac b
c

Ñ a
c a

c
a b Ñ a c ac

a
b Ñ

a c ac
a

a a . (1.1.3)
We shall use the standard terminology (terminating, normal form, confluent, conver-

gent, etc.) about rewrite rules [BN98]. Let us recall the most important definitions. Let →be a rewrite rule on a set S of trees. We say that → is terminating if there is no infinitechain t Ñ t1 Ñ t2 Ñ · · · . In this case, any tree t of S that cannot be rewritten by → isa normal form for →. We say that → is confluent if for any trees t, r1, and r2 such that
t
∗Ñ r1 and t

∗Ñ r2, there exists a tree t′ such that r1 ∗Ñ t′ and r2 ∗Ñ t′. When → is bothterminating and confluent, → is convergent.
1.2. Free operads and Koszul duality. All notations and conventions about operads comefrom Section 1.1 of [Gir18].
1.2.1. Free operads. Let G := ⊕n>1G(n) be a graded vector space. In particular, G is agraded set so that we can consider syntax trees on G. The free operad over G is theoperad Free(G) wherein for any n > 1, Free(G)(n) is the linear span of the syntax treeson G of arity n. The labeling of the internal nodes of the trees of Free(G) is linear in thesense that if t is a syntax tree on G having an internal node labeled by x + λy ∈ G, λ ∈ K,then, in Free(G), we have t = tx + λty , where tx (resp. ty) is the tree obtained by labelingby x (resp. y) the considered node labeled by x + λy in t. The partial composition s ◦i tof Free(G) of two syntax trees s and t on G consists in grafting the root of t on the ithleaf of s. The unit ⊥ of Free(G) is the tree consisting in one leaf. For instance, by setting
G := K 〈G〉 where G is the graded set defined in the previous example, one has in Free(G),

a a b ◦3 c a + c = a a
c a

b + a a
c c

b . (1.2.1)
We denote by c : G → Free(G) the inclusion map, sending any x of G to the corollalabeled by x, that is the syntax tree consisting in a single internal node labeled by x attachedto a required number of leaves. In the sequel, if required by the context, we shall implicitlysee any element x of G as the corolla c(x) of Free(G). For instance, when x and y are
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two elements of G, we shall simply denote by x ◦i y the syntax tree c(x) ◦i c(y) for all validintegers i.Free operads satisfy a universality property. Indeed, Free(G) is the unique operad (upto isomorphism) such that for any operad O and any linear map f : G→ O respecting thearities, there exists a unique operad morphism φ : Free(G)→ O such that f = φ ◦ c.
1.2.2. Evaluations and treelike expressions. Let us first set a notation. If O is an operad,the complete composition map of O is the linear map

◦ : O(n)⊗ O(m1)⊗ · · · ⊗ O(mn)→ O(m1 + · · ·+mn), (1.2.2)defined, for any x ∈ O(n) and y1, . . . , yn ∈ O, by
x ◦ [y1, . . . , yn] := (. . . ((x ◦n yn) ◦n−1 yn−1) . . . ) ◦1 y1. (1.2.3)For any operad O, by seeing O as a graded vector space, Free(O) is by definition thefree operad on O. The evaluation map of O is the mapev : Free(O)→ O, (1.2.4)defined linearly by induction, for any syntax tree t on O, by

ev(t) := {1 ∈ O if t =⊥,
x ◦ [ev (t1) , . . . , ev (tk)] otherwise, (1.2.5)

where x is the label of the root of t and t1, . . . , tk are, from left to right, the subtreesof t. This map is the unique surjective operad morphism from Free(O) to O satisfyingev(c(x)) = x for all x ∈ O. If S is a subspace of O, a treelike expression on S of x ∈ O is atree t of Free(O) such that ev(t) = x and all internal nodes of t are labeled on S.
1.2.3. Presentations by generators and relations. A presentation of an operad O consistsin a pair (G,R) such that G := tn>1G(n) is a graded set, R is a subspace of Free(G), where
G := K 〈G〉, and O is isomorphic to Free(G)/〈R〉, where 〈R〉 is the operad ideal of Free(G)generated by R. We call G the space of generators and R the space of relations of O. Wesay that O is quadratic if there is a presentation (G,R) of O such that R is a homogeneoussubspace of Free(G) consisting in syntax trees of degree 2. Besides, we say that O is binaryif there is a presentation (G,R) of O such that G is concentrated in arity 2. Furthermore,if O admits a presentation (G,R) and → is a rewrite rule on Free(G) such that the spaceinduced by → is R, we say that → is an orientation of R.
1.2.4. Koszul duality and Koszulity. In [GK94], Ginzburg and Kapranov extended the no-tion of Koszul duality of quadratic associative algebras to quadratic operads. Starting withan operad O admitting a binary and quadratic presentation (G,R) where G is finite, the
Koszul dual of O is the operad O!, isomorphic to the operad admitting the presentation(
G,R⊥

) where R⊥ is the annihilator of R in Free(G), G being the space K 〈G〉, with respectto the bilinear map
〈−,−〉 : Free(G)(3)⊗ Free(G)(3)→ K (1.2.6)



OPERADS OF DECORATED CLIQUES II 7
linearly defined, for all x, x′, y, y ′ ∈ G(2), by

〈x ◦i y, x′ ◦i′ y ′〉 :=


1 if x = x′, y = y ′, and i = i′ = 1,
−1 if x = x′, y = y ′, and i = i′ = 2,0 otherwise. (1.2.7)

Then, with knowledge of a presentation of O, one can compute a presentation of O!.Recall that a quadratic operad O is Koszul if its Koszul complex is acyclic [GK94,LV12].Furthermore, when O is Koszul and admits an Hilbert series, the Hilbert series of O andof its Koszul dual O! are related [GK94] by
HO (−HO! (−t)) = t. (1.2.8)Relation (1.2.8) can be used either to prove that an operad is not Koszul (it is the case whenthe coefficients of the hypothetical Hilbert series of the Koszul dual admits coefficientsthat are not nonnegative integers) or to compute the Hilbert series of the Koszul dual ofa Koszul operad.In this work, to prove the Koszulity of an operad O, we shall make use of a tool intro-duced by Dotsenko and Khoroshkin [DK10] in the context of Gröbner bases for operads,which reformulates in our context, by using rewrite rules on syntax trees, in the followingway.

Lemma 1.2.1. Let O be an operad admitting a quadratic presentation (G,R). If there
exists an orientation→ of R such that→ is a convergent rewrite rule, then O is Koszul.

When → satisfies the conditions contained in the statement of Lemma 1.2.1, the set ofthe normal forms of → forms a basis of O, called Poincaré-Birkhoff-Witt basis. Thesebases arise from the work of Hoffbeck [Hof10] (see also [LV12]).
1.2.5. Algebras over operads. Any operad O encodes a category of algebras whose objectsare called O-algebras. An O-algebraAO is a vector space endowed with a linear left action

· : O(n)⊗A⊗nO →AO, n > 1, (1.2.9)satisfying the relations imposed by the structure of O, that are
(x ◦i y) · (a1 ⊗ · · · ⊗ an+m−1) =

x · (a1 ⊗ · · · ⊗ ai−1 ⊗ y · (ai ⊗ · · · ⊗ ai+m−1)⊗ ai+m ⊗ · · · ⊗ an+m−1) , (1.2.10)for all x ∈ O(n), y ∈ O(m), i ∈ [n], and a1 ⊗ · · · ⊗ an+m−1 ∈ A⊗n+m−1
O .Notice that, by (1.2.10), if G is a generating set of O, it is enough to define the action ofeach x ∈ G on A⊗|x|O to wholly define ·. In other words, any element x of O of arity nplays the role of a linear operation

x :A⊗nO →AO, (1.2.11)taking n elements of AO as inputs and computing an element of AO . By a slight butconvenient abuse of notation, for any x ∈ O(n), we shall denote by x(a1, . . . , an), or by
a1 x a2 if x has arity 2, the element x · (a1 ⊗ · · · ⊗ an) of AO , for any a1 ⊗ · · · ⊗ an ∈ A⊗nO .
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Observe that by (1.2.10), any associative element of O gives rise to an associative operationon AO .

2. OPERADS OF NONCROSSING DECORATED CLIQUESWe use all the notations and definitions of Sections 1.2 and 2 of [Gir18] about decorated
M-cliques and the M-clique operad CM. We perform here a complete study of the sub-operad Cro0M of noncrossing M-cliques defined in Section 3.1.3 of the aforementionedpaper. For simplicity, this operad is denoted in the sequel as NCM and named as the non-
crossing M-clique operad. The process giving from any unitary magma M the operadNCM is called the noncrossing clique construction.
2.1. General properties. As shown in [Gir18], NCM is an operad defined on the linearspan of all noncrossing M-cliques and can be seen as a suboperad of CM restrained on
M-cliques with 0 as crossing number. By definition of NCM, the partial composition p◦i qof two noncrossingM-cliques p and q in NCM is equal to the partial composition p ◦i q inCM. Recall that the partial composition p ◦i q is the the noncrossing M-clique obtainedby gluing the base of q onto the ith edge of p and by relabeling the common arcs between
p and q, respectively the arcs (i, i + 1) and (1,m + 1), by pi ? q0, where ? is the magmaticproduct of M. For instance, in CZ, one has

1 −2
−2 1 ◦2 13 2 =

1 −2
1 1

2
1 . (2.1.1)

We call fundamental basis of NCM the fundamental basis of CM restricted on noncross-ing M-cliques. Observe that the fundamental basis of NCM is a set-operad basis.
To study NCM, we begin by establishing the fact that NCM inherits from some proper-ties of CM. Then, we shall describe a realization of NCM in terms of decorated Schrödertrees, compute a minimal generating set of NCM, and compute its dimensions.

2.1.1. First properties.

Proposition 2.1.1. Let M be a unitary magma. Then,
(i) the associative elements of NCM are the ones of CM;
(ii) the group of symmetries of NCM contains the map ret (defined by (2.2.14) in [Gir18])
and all the maps Cθ where θ are unitary magma automorphisms of M;
(iii) the fundamental basis of NCM is a basic set-operad basis if and only ifM is right
cancellable;
(iv) the map ρ (defined by (2.2.16) in [Gir18]) is a rotation map of NCM endowing it with
a cyclic operad structure.
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Proof. First, since NCM is a suboperad of CM, each associative element of NCM is anassociative element of CM. Moreover, since all M-bubbles are in NCM and, as shownin [Gir18], all associative elements of CM are linear combinations of M-bubbles, eachassociative element of CM belongs to NCM. Whence (i). Besides, since for any non-crossing M-clique p, ret(p) (resp. ρ(p)) is still noncrossing and ret belongs to the groupof symmetries of CM (resp. ρ is a rotation map of CM), (ii) (resp. (iv)) holds. Finally,again since NCM is a suboperad of CM, since the fundamental basis of CM is a basicset-operad basis, and since NCM(2) = CM(2), (iii) holds. �2.1.2. Treelike expressions on bubbles. Let p be a noncrossing M-clique or arity n > 2,and (x, y) be a diagonal or the base of p. Consider the path (x = z1, z2, . . . , zk, zk+1 = y)in p such that k > 2, for all i ∈ [k + 1], x 6 zi 6 y, and for all i ∈ [k], zi+1 is the greatestvertex of p so that (zi, zi+1) is a solid diagonal or a (non-necessarily solid) edge of p. The
area of p adjacent to (x, y) is the M-bubble q of arity k whose base is labeled by p(x, y)and qi = p(zi, zi+1) for all i ∈ [k]. From a geometric point of view, q is the unique maximalcomponent of p adjacent to the arc (x, y), without solid diagonals, and bounded by soliddiagonals or edges of p. For instance, for the noncrossing Z-clique

p :=
1 1

4 12
3

1 2 1
, (2.1.2)

the path associated with the diagonal (4, 9) of p is (4, 5, 6, 8, 9). For this reason, the area of
p adjacent to (4, 9) is the Z-bubble

1
3 2

. (2.1.3)
Proposition 2.1.2. Let M be a unitary magma and p be a noncrossing M-clique of
arity greater than 1. Then, there is a unique M-bubble q with a maximal arity k > 2
such that p = q◦ [r1, . . . , rk], where each ri , i ∈ [k], is a noncrossingM-clique with a base
labeled by 1M .

Proof. Let q′ be the area of p adjacent to its base and k′ be the arity of q′. By definition ofthe partial composition of NCM, for all M-cliques u, u′, u1, and u2, if u = u′ ◦i u1 = u′ ◦i u2and u1 and u2 have bases labeled by 1M , then u1 = u2. This implies in particular thatthere are unique noncrossing M-cliques r′i , i ∈ [k′], with bases labeled by 1M such that
p = q′ ◦ [r′1, . . . , r′k′ ]. Finally, the fact that q′ is the area of p adjacent to its base implies themaximality for the arity of q′. The statement of the proposition follows. �Consider the map bt : NCM→ Free (K 〈BM〉) (2.1.4)defined linearly an recursively by bt( ) :=⊥ and, for any noncrossingM-clique p of aritygreater than 1, by bt(p) := c(q) ◦ [bt(r1), . . . ,bt(rk)] , (2.1.5)
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where p = q ◦ [r1, . . . , rk] is the unique decomposition of p stated in Proposition 2.1.2. Wecall bt(p) the bubble tree of p. For instance, in NCZ,

1
2

1
4 12

3
31 2 1 bt7−Ï

1 1

1

3
4 2

211

3 2 . (2.1.6)

Lemma 2.1.3. Let M be a unitary magma. For any noncrossing M-clique p, bt(p) is a
treelike expression on BM of p.

Proof. We proceed by induction on the arity n of p. If n = 1, since p = andbt( ) =⊥, the statement of the lemma immediately holds. Otherwise, one has bt(p) =c(q) ◦ [bt(r1), . . . ,bt(rk)] where p uniquely decomposes as p = q ◦ [r1, . . . , rk] under the condi-tions stated by Proposition 2.1.2. By definition of areas and of the map bt, q is anM-bubble.Moreover, by induction hypothesis, any bt(ri), i ∈ [k], is a treelike expression on BM of ri.Hence, bt(p) is a treelike expression on BM of p. �

Proposition 2.1.4. Let M be a unitary magma. Then, the map bt is injective and the
image of bt is the linear span of all syntax trees t on BM such that

(i) the root of t is labeled by an M-bubble;
(ii) the internal nodes of t different from the root are labeled byM-bubbles whose bases
are labeled by 1M;
(iii) if x and y are two internal nodes of t such that y is the ith child of x, the ith edge
of the bubble labeling x is solid.

Proof. First of all, since by definition bt sends a basis element of NCM to a basis elementof Free (K 〈BM〉), it is sufficient to show that bt is injective as a map from CM to the setof syntax trees on BM to establish that it is an injective linear map. For this, we proceedby induction on the arity n. If n = 1, since bt( ) =⊥ and NCM(1) is of dimension 1,bt is injective. Assume now that p and p′ are two noncrossing M-cliques of arity n suchthat bt(p) = bt(p′). Hence, p (resp. p′) uniquely decompose as p = q ◦ [r1, . . . , rk] (resp.
p′ = q′ ◦ [r′1, . . . , r′k]) as stated by Proposition 2.1.2 and

bt(p) = c(q) ◦ [bt(r1), . . . ,bt(rk)] = c(q′) ◦ [bt(r′1), . . . ,bt(r′k)] = bt(p′). (2.1.7)
Now, because by definition of areas, all bases of the ri and r′i , i ∈ [k], are labeled by 1M , thisimplies that q = q′. Therefore, we have bt(ri) = bt(r′i) for all i ∈ [k], so that, by inductionhypothesis, ri = r′i for all i ∈ [k]. Hence, bt is injective.
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The definition of bt together with Proposition 2.1.2 lead to the fact that for any non-crossing M-clique p, the syntax tree bt(p) satisfies (i), (ii), and (iii). Conversely, let t bea syntax tree satisfying (i), (ii), and (iii). Let us show by structural induction on t thatthere is a noncrossing M-clique p such that bt(p) = t. If t =⊥, the property holds becausebt( ) =⊥. Otherwise, one has t = s ◦ [u1, . . . , uk] where s is a syntax tree of degree 1and the ui , i ∈ [k], are syntax trees. Since t satisfies (i), (ii), and (iii), the trees s and ui ,

i ∈ [k], satisfy the same three properties. Therefore, by induction hypothesis, there arenoncrossing M-cliques q and ri , i ∈ [k], such that bt(q) = s and bt(ri) = ui. Set now pas the noncrossing M-clique q ◦ [r1, . . . , rk]. By definition of the map bt and the uniquedecomposition stated in Proposition 2.1.2 for p, one obtains that bt(p) = t. �

Observe that bt is not an operad morphism. Indeed,
bt( ◦1 ) = 6= = bt( )

◦1 bt( )
. (2.1.8)

Observe that (2.1.8) holds for all unitary magmas M since 1M is always idempotent.
2.1.3. Realization in terms of decorated Schröder trees. Recall that a Schröder tree is arooted planar tree such that all internal nodes have at least two children. AnM-Schröder
tree t is a Schröder tree such that each edge connecting two internal nodes is labeled on
M̄, each edge connecting an internal node an a leaf is labeled on M, and the outgoingedge from the root of t is labeled on M (see (2.1.9) for an example of a Z-Schröder tree).

From the description of the image of the map bt provided by Proposition 2.1.4, anybubble tree t of a noncrossing M-clique p of arity n can be encoded by an M-Schrödertree s with n leaves. Indeed, thisM-Schröder tree is obtained by considering each internalnode x of t and by labeling the edge connecting x and its ith child by the label of the ithedge of the M-bubble labeling x. The outgoing edge from the root of s is labeled by thelabel of the base of the M-bubble labeling the root of t. For instance, the bubble treeof (2.1.6) is encoded by the Z-Schröder tree

1
2

2
1

1
4

1
2 3

3
1

, (2.1.9)

where the labels of the edges are drawn in the hexagons and where unlabeled edges areimplicitly labeled by 1M . We shall use these drawing conventions in the sequel. As a sideremark, observe that the M-Schröder tree encoding a noncrossing M-clique p and thedual tree of p (in the usual meaning) have the same underlying unlabeled tree.
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This encoding of noncrossing M-cliques by bubble trees is reversible and hence, onecan interpret NCM as an operad on the linear span of all M-Schröder trees. Hence,through this interpretation, if s and t are two M-Schröder trees and i is a valid integer,the tree s ◦i t is computed by grafting the root of t to the ith leaf of s. Then, by denotingby b the label of the edge adjacent to the root of t and by a the label of the edge adjacentto the ith leaf of s, we have two cases to consider, depending on the value of c := a ? b. If

c 6= 1M , we label the edge connecting s and t by c. Otherwise, when c = 1M , we contractthe edge connecting s and t by merging the root of t and the father of the ith leaf of s(see Figure 1). For instance, in NCN3, one has the two partial compositions
s′

a

i

◦i
t1 tk

b

. . .

(A) The expression s ◦i t to compute.The displayed leaf is the ith one of s.
s′

t1 tk. . .

a ? b

(B) The resulting treewhen a ? b 6= 1M .

s′

t1 tk. . .

(C) The resulting treewhen a ? b = 1M .
FIGURE 1. The partial composition of NCM realized on M-Schröder trees. Here, the twocases (b) and (c) for the computation of s ◦i t are shown, where s and t are twoM-Schrödertrees. In these drawings, the triangles denote subtrees.

1
1 2

1
2

◦2 1 2
1 = 1

2
1

2
2
1
2

, (2.1.10a)

1
1 2

1
2

◦3 1 2
1 = 1

1
1
1
2

2
. (2.1.10b)
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In the sequel, we shall indifferently see NCM as an operad on noncrossing M-cliquesor on M-Schröder trees.

2.1.4. Minimal generating set.

Proposition 2.1.5. Let M be a unitary magma. The set TM of all M-triangles is a
minimal generating set of NCM.

Proof. We start by showing by induction on the arity that the suboperad (NCM)TM ofNCM generated by TM is NCM. It is immediately true in arity 1. Let p be a noncrossing
M-clique of arity n > 2. Proposition 2.1.2 says in particular that we can express p as
p = q◦ [r1, . . . , rk] where q is anM-bubble of arity k > 2 and the ri , i ∈ [k], are noncrossing
M-cliques. Since q is an M-bubble, it can be expressed as

q = qk
q0 ◦1 qk−1 ◦1 · · · ◦1 q3 ◦1 q2q1 . (2.1.11)

Observe that in (2.1.11), brackets are not necessary since ◦1 is associative. Since k > 2,the arities of each ri , i ∈ [k], are smaller than the one of p. For this reason, by inductionhypothesis, each ri belongs to (NCM)TM . Moreover, since (2.1.11) shows an expression of
q by partial compositions of M-triangles, q also belongs to (NCM)TM . This implies that itis also the case for p. Hence, NCM is generated by TM .Finally, due to the fact that the partial composition of twoM-triangles is anM-clique ofarity 3, if p is anM-triangle, p cannot be expressed as a partial composition ofM-triangles.Moreover, since the space NCM(1) is trivial, these arguments imply that TM is a minimalgenerating set of NCM. �

Proposition 2.1.5 also says that NCM is the smallest suboperad of CM that contains all
M-triangles and that NCM is the biggest binary suboperad of CM.
2.1.5. Dimensions. We now use the notion of bubble trees introduced in Section 2.1.2 tocompute the dimensions of NCM.
Proposition 2.1.6. Let M be a finite unitary magma. The Hilbert series HNCM(t) ofNCM satisfies

t + (m3 − 2m2 + 2m − 1) t2 + (2m2t − 3mt + 2t − 1)HNCM(t) + (m − 1)HNCM(t)2 = 0,(2.1.12)
where m := #M.

Proof. By Proposition 2.1.4, the set of noncrossing M-cliques is in one-to-one correspon-dence with the set of the syntax trees on BM that satisfy (i), (ii), and (iii). Let us call T(t)the generating series of these trees and S(t) the generating series of these trees with theextra condition that the roots are labeled by M-bubbles whose bases are labeled by 1M .Immediately from its description, S(t) satisfies
S(t) = t +∑

n>2 ((m − 1)S(t) + t)n , (2.1.13)
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and T(t) satisfies

T(t) = t +m(S(t)− t). (2.1.14)As the set of all noncrossing M-cliques forms the fundamental basis of NCM, one has
HNCM(t) = T(t). We eventually obtain (2.1.12) from (2.1.13) and (2.1.14) by a direct com-putation. �

We deduce from Proposition 2.1.6 that the Hilbert series of NCM satisfies
HNCM(t) = 1− (2m2 − 3m + 2)t −√1− 2(2m2 −m)t +m2t22(m − 1) , (2.1.15)

where m := #M 6= 1.By using Narayana numbers, whose definition is recalled in Section 3.1.6 of [Gir18], onecan state the following result.
Proposition 2.1.7. Let M be a finite unitary magma. For all n > 2,dim NCM(n) = ∑

06k6n−2m
n+k+1(m − 1)n−k−2 nar(n, k), (2.1.16)

where m := #M.

Proof. As shown by Proposition 2.1.4, each noncrossing M-clique p of NCM(n) can beencoded by a unique syntax tree bt(p) on BM satisfying some conditions. Moreover,Proposition 2.1.5 shows that any noncrossing M-clique can be expressed (not necessarilyin a unique way) as partial compositions of several M-triangles. By combining these tworesults, we obtain that any noncrossing M-clique p can be encoded by a syntax tree on
TM obtained from bt(p) by replacing any of its nodes s of arity ` > 3 by left comb binarysyntax trees s′ on TM satisfying

s′ := c (q1) ◦1 c (q2) ◦1 · · · ◦1 c (q`−1) , (2.1.17)where the qi , i ∈ [` − 1], are the unique M-triangles such that for any i ∈ [2, ` − 1], thebase of qi is labeled by 1M , for any j ∈ [` − 2], the first edge of qj is labeled by 1M , andev(s′) = ev(s). Observe that in (2.1.17), brackets are not necessary since ◦1 is associative.Therefore, p can be encoded in a unique way as a binary syntax tree t on TM satisfyingthe following restrictions:(i) the M-triangles labeling the internal nodes of t which are not the root have baseslabeled by 1M;(ii) if x and y are two internal nodes of t such that y is the right child of x, the secondedge of the bubble labeling x is solid.To establish (2.1.16), since the set of all noncrossing M-cliques forms the fundamentalbasis of NCM, we now have to count these binary trees. Consider a binary tree t ofarity n > 2 with exactly k ∈ [0, n − 2] internal nodes having an internal node as a leftchild. There are m ways to label the base of the M-triangle labeling the root of t, mkways to label the first edges of the M-triangles labeling the internal nodes of t that havean internal node as left child, mn ways to label the first (resp. second) edges of the M-triangles labeling the internal nodes of t having a leaf as left (resp. right) child, and, since
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there are exactly n − k − 2 internal nodes of t having an internal node as a right child,there are (m − 1)n−k−2 ways to label the second edges of the M-triangles labeling theseinternal nodes. Now, since nar(n, k) counts the binary trees with n leaves and exactly kinternal nodes having an internal node as a left child, and a binary tree with n leaves canhave at most n−2 internal nodes having an internal node as left child, (2.1.16) follows. �

We can use Proposition 2.1.7 to compute the first dimensions of NCM. For instance,depending on m := #M, we have the following sequences of dimensions:1, 1, 1, 1, 1, 1, 1, 1, m = 1, (2.1.18a)1, 8, 48, 352, 2880, 25216, 231168, 2190848, m = 2, (2.1.18b)1, 27, 405, 7533, 156735, 349263, 81520425, 1967414265, m = 3, (2.1.18c)1, 64, 1792, 62464, 2437120, 101859328, 4459528192, 201889939456. m = 4, (2.1.18d)The second one forms, except for the first terms, Sequence A054726 of [Slo]. The lasttwo sequences are not listed in [Slo] at this time.
2.2. Presentation and Koszulity. The aim of this section is to establish a presentation bygenerators and relations of NCM. For this, we will define an adequate rewrite rule on theset of the syntax trees on TM and prove that it admits the required properties.
2.2.1. Space of relations. Let RNCM be the subspace of Free (K 〈TM〉) (3) generated by theelements

c( p2p1
p0
)
◦1 c( q2q1

q0
)
− c( p2r1

p0
)
◦1 c( q2q1

r0
)
, if p1 ? q0 = r1 ? r0 6= 1M, (2.2.1a)

c( p2p1
p0
)
◦1 c( q2q1

q0
)
− c( r2q1

p0
)
◦2 c( p2q2

r0
)
, if p1 ? q0 = r2 ? r0 = 1M, (2.2.1b)

c( p2p1
p0
)
◦2 c( q2q1

q0
)
− c( r2p1

p0
)
◦2 c( q2q1

r0
)
, if p2 ? q0 = r2 ? r0 6= 1M, (2.2.1c)

where p, q, and r are M-triangles.
Lemma 2.2.1. Let M be a unitary magma, and s and t be two syntax trees of arity 3
on TM . Then, s− t belongs to RNCM if and only if ev(s) = ev(t).
Proof. Assume first that s − t belongs to RNCM . Then, s − t is a linear combination ofelements of the form (2.2.1a), (2.2.1b), and (2.2.1c). Now, observe that if p, q, and r arethree M-triangles,(a) when δ := p1 ? q0 = r1 ? r0 6= 1M , we have

ev(c( p2p1
p0
)
◦1 c( q2q1

q0
)) = q2

q1 p2
p0
δ = ev(c( p2r1

p0
)
◦1 c( q2q1

r0
))

, (2.2.2)
(b) when p1 ? q0 = r2 ? r0 = 1M , we have

ev(c( p2p1
p0
)
◦1 c( q2q1

q0
)) = q2

q1 p2
p0

= ev(c( r2q1
p0
)
◦2 c( p2q2

r0
))

, (2.2.3)

http://oeis.org/A054726
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(c) when δ := p2 ? q0 = r2 ? r0 6= 1M , we have

ev(c( p2p1
p0
)
◦2 c( q2q1

q0
)) = q1

p1 q2
p0
δ = ev(c( r2p1

p0
)
◦2 c( q2q1

r0
))

. (2.2.4)
This shows that all evaluations in NCM of (2.2.1a), (2.2.1b), and (2.2.1c) are equal to zero.Therefore, ev(s− t) = 0 and hence, one has ev(s)−ev(t) = 0 and, as expected, ev(s) = ev(t).Let us now assume that ev(s) = ev(t) and let r := ev(s). As s is of arity 3, r also is ofarity 3 and thus,

r ∈
{

q2
q1 p2

p0
δ ,

q2
q1 p2

p0
,

q1
p1 q2

p0
δ : p, q ∈ TM, δ ∈ M̄} . (2.2.5)

Now, by definition of the partial composition of NCM, if r has the form of the first (resp.second, third) noncrossing M-clique appearing in (2.2.5), s and t are respectively of theform of the first and second syntax trees of (2.2.1a) (resp. (2.2.1b), (2.2.1c)). Hence, in allcases, s− t is in RNCM . �

Proposition 2.2.2. LetM be a finite unitary magma. Then, the dimension of the space
RNCM satisfies dimRNCM = 2m6 − 2m5 +m4, (2.2.6)
where m := #M.

Proof. For any x ∈ M, let f (x) be the number of ordered pairs (y, z) ∈ M2 such that
x = y ? z. Since M is finite, f :M→ N is a well-defined map.Let ≡ be the equivalence relation on the set of the syntax trees on TM of arity 3satisfying s ≡ t if s and t are two such syntax trees satisfying ev(s) = ev(t). Let also C bethe set of all noncrossingM-cliques of arity 3. For any r ∈ C, we denote by [r]≡ the set ofall syntax trees s satisfying ev(s) = r. Proposition 2.1.5 says in particular that any r ∈ C canbe obtained by a partial composition of twoM-triangles, and hence, all [r]≡ are nonemptysets and thus, are ≡-equivalence classes.Moreover, by Lemma 2.2.1, for any syntax trees s and t, one has s ≡ t if and only if s− tis in RNCM . For this reason, the dimension of RNCM is linked with the cardinalities of all
≡-equivalence classes by dimRNCM =∑

r∈C
#[r]≡ − 1. (2.2.7)

Let us compute (2.2.7) by enumerating each ≡-equivalence class [r]≡.Observe that since r is of arity 3, it can be of three different forms according to thepresence of a solid diagonal.(a) If
r = q2

q1 p2
p0
δ (2.2.8)

for some p0, p2, q1, q2 ∈ M and δ ∈ M̄, to have s ∈ [r]≡, we necessarily have
s = c( p2p1

p0
)
◦1 c( q2q1

q0
) (2.2.9)
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where p1, q0 ∈ M and p1 ? q0 = δ. Hence, #[r]≡ = f (δ).(b) If

r = q2
q1 p2

p0
(2.2.10)

for some p0, p2, q1, q2 ∈ M, to have s ∈ [r]≡, we necessarily have
s ∈

{c( p2p1
p0
)
◦1 c( q2q1

q0
)
, c( r2q1

p0
)
◦2 c( p2q2

r0
)} (2.2.11)

where p1, q0, r0, r2 ∈ M, p1 ? q0 = 1M , and r2 ? r0 = 1M . Hence, #[r]≡ = 2f (1M).(c) Otherwise,
r = q1

p1 q2
p0
δ (2.2.12)

for some p0, p1, q1, q2 ∈ M and δ ∈ M̄, and to have s ∈ [r]≡, we necessarily have
s = c( p2p1

p0
)
◦2 c( q2q1

q0
) (2.2.13)

where p2, q0 ∈ M and p2 ? q0 = δ. Hence, #[r]≡ = f (δ).Therefore, by using the fact that ∑
δ∈M

f (δ) = m2, (2.2.14)
from (2.2.7) we obtain
dimRNCM =

 ∑
p0,p2,q1,q2∈M

δ∈M̄

f (δ)− 1
+ ∑

p0,p2,q1,q2∈M
2f (1M)− 1+

 ∑
p0,p1,q1,q2∈M

δ∈M̄

f (δ)− 1


= m4
2∑

δ∈M̄

f (δ)− 1+ 2f (1M)− 1
= 2m6 − 2m5 +m4, (2.2.15)establishing the statement of the proposition. �Observe that, by Proposition 2.2.2, the dimension of RNCM only depends on the cardi-nality of M and not on its operation ?.

2.2.2. Rewrite rule. Let → be the rewrite rule on the set of the syntax trees on TMsatisfying
c( p2p1

p0
)
◦1 c( q2q1

q0
)
→ c( p2δ

p0
)
◦1 c( q2q1

)
, if q0 6= 1M, where δ := p1 ? q0,(2.2.16a)c( p2p1

p0
)
◦1 c( q2q1

q0
)
→ c( q1

p0
)
◦2 c( p2q2

)
, if p1 ? q0 = 1M, (2.2.16b)

c( p2p1
p0
)
◦2 c( q2q1

q0
)
→ c( δp1

p0
)
◦2 c( q2q1

)
, if q0 6= 1M, where δ := p2 ? q0,(2.2.16c)
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where p and q are M-triangles.
Lemma 2.2.3. Let M be a unitary magma. Then, the vector space induced by the
rewrite rule → is RNCM .

Proof. Let s and t be two syntax trees on TM such that s→ t. We have three cases toconsider depending on the form of s and t.(a) if s (resp. t) is of the form described by the left (resp. right) member of (2.2.16a), wehave
ev(s) = q2

q1 p2
p0
δ = ev(t), (2.2.17)

where δ := p1 ? q0.(b) If s (resp. t) is of the form described by the left (resp. right) member of (2.2.16b), wehave
ev(s) = q2

q1 p2
p0

= ev(t). (2.2.18)
(c) Otherwise, s (resp. t) is of the form described by the left (resp. right) memberof (2.2.16c). We have

ev(s) = q1
p1 q2

p0
δ = ev(t), (2.2.19)

where δ := p2 ? q0.Therefore, by Lemma 2.2.1 we have s− t ∈ RNCM for each case. This leads to the fact that
s
∗↔ t implies s− t ∈ RNCM , and shows that the space induced by→ is a subspace of RNCM .Let us now assume that s and t are two syntax trees onTM such that s−t is a generatorof RNCM among (2.2.1a), (2.2.1b), and (2.2.1c).(a) If s (resp. t) is of the form described by the left (resp. right) member of (2.2.1a), wehave by (2.2.16a),

s
∗→c( p2δ

p0
)
◦1 c( q2q1

) and t
∗→c( p2δ′

p0
)
◦1 c( q2q1

)
, (2.2.20)

where δ := p1 ? q0 and δ′ := r1 ? r0. Since by (2.2.1a), δ = δ′, we obtain that s ∗↔ t.(b) If s (resp. t) is of the form described by the left (resp. right) member of (2.2.1b), wehave by (2.2.16b) and by (2.2.16c),
s→ c( q1

p0
)
◦2 c( p2q2

) and t
∗→c( q1

p0
)
◦2 c( p2q2

)
. (2.2.21)

We obtain that s ∗↔ t.(c) Otherwise, s (resp. t) is of the form described by the left (resp. right) memberof (2.2.1c). We have by (2.2.16c),
s
∗→c( δp1

p0
)
◦2 c( q2q1

) and t
∗→c( δ′p1

p0
)
◦2 c( q2q1

)
, (2.2.22)

where δ := p2 ? q0 and δ′ := r2 ? r0. Since by (2.2.1c), δ = δ′, we obtain that s ∗↔ t.
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Hence, for each case, we have s

∗↔ t. This shows that RNCM is a subspace of the spaceinduced by →. The statement of the lemma follows. �

Lemma 2.2.4. For any unitary magma M, the rewrite rule → is terminating.

Proof. By denoting by Tn the set of all syntax trees on TM of arity n, let φ : Tn → N2 bethe map defined in the following way. For any syntax tree t of Tn , φ(t) := (α, β) where α isthe sum, for all internal nodes x of t, of the number of internal nodes in the left subtree of
x, and β is the number of internal nodes of t labeled by an M-triangle whose base is notlabeled by 1M . Let s and t be two syntax trees of T3 such that s→ t. Due to the definitionof →, we have three configurations to explore. In what follows, η : M → N is the mapsatisfying η(a) := 0 if a = 1M and η(a) := 1 otherwise.(a) If s (resp. t) is of the form described by the left (resp. right) member of (2.2.16a), wehave, by denoting by 6 the lexicographic order on N2,

φ
(c( p2p1

p0
)
◦1 c( q2q1

q0
)) = (1, η(p0) + 1)

> (1, η(p0)) = φ
(c( p2δ

p0
)
◦1 c( q2q1

))
,

(2.2.23)
where δ := p1 ? q0.(b) If s (resp. t) is of the form described by the left (resp. right) member of (2.2.16b), wehave

φ
(c( p2p1

p0
)
◦1 c( q2q1

q0
)) = (1, η(p0) + η(q0))

> (0, η(p0)) = φ
(c( q1

p0
)
◦2 c( p2q2

))
.

(2.2.24)
(c) Otherwise, s (resp. t) is of the form described by the left (resp. right) memberof (2.2.16c). We have

φ
(c( p2p1

p0
)
◦2 c( q2q1

q0
)) = (0, η(p0) + 1)

> (0, η(p0)) = φ
(c( δp1

p0
)
◦2 c( q2q1

))
,

(2.2.25)
where δ := p2 ? q0.Therefore, for all syntax trees s and t such that s→ t, φ(s) > φ(t). This implies that for allsyntax trees s and t such that s 6= t and s

∗→t, φ(s) > φ(t). Since (0, 0) is the smallest elementof N2 with respect to the lexicographic order 6, the statement of the lemma follows. �

Lemma 2.2.5. Let M be a unitary magma. The set of the normal forms of the rewrite
rule → is the set of the syntax trees t on TM such that, for any internal nodes x and
y of t where y is a child of x,
(i) the base of the M-triangle labeling y is labeled by 1M;
(ii) if y is a left child of x, the first edge of the M-triangle labeling x is not labeled
by 1M .
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Proof. By Lemma 2.2.4, → is terminating. Therefore, → admits normal forms, which areby definition the syntax trees on TM that cannot be rewritten by →.Let t be a normal form of →. The fact that t satisfies (i) is an immediate consequenceof the fact that t avoids the patterns appearing as left members of (2.2.16a) and (2.2.16c).Moreover, since t avoids the patterns appearing as left members of (2.2.16b), one cannothave p1 ? q0 = 1M , where p (resp. q) is the label of x (resp. y). Since by (i), q0 = 1M , wenecessarily have p1 6= 1M . Hence, t satisfies (ii).Conversely, if t is a syntax tree on TM satisfying (i) and (ii), a direct inspection showsthat one cannot rewrite t by →. Therefore, t is a normal form of →. �

Lemma 2.2.6. Let M be a finite unitary magma. The generating series of the normal
forms of the rewrite rule → is the Hilbert series HNCM(t) of NCM.

Proof. First, since by Lemma 2.2.4, → is terminating, and since for any n > 1, due to thefiniteness of M, there are finitely many syntax trees on TM of arity n, the generatingseries T(t) of the normal forms of → is well-defined.Let S(t) be the generating series of the normal forms of → such that the bases of the
M-triangles labeling the roots are labeled by 1M . Immediately from the description of thenormal forms of → provided by Lemma 2.2.5, we obtain that S(t) satisfies

S(t) = t +mtS(t) + (m − 1)mS(t)2. (2.2.26)
Again by Lemma 2.2.5, we have

T(t) = t +m(S(t)− t). (2.2.27)
A direct computation shows that T(t) satisfies the algebraic equation

t + (m3 − 2m2 + 2m − 1) t2 + (2m2t − 3mt + 2t − 1)T(t) + (m − 1)T(t)2 = 0. (2.2.28)
Hence, by Proposition 2.1.6, we observe that T(t) =HNCM(t). �

Lemma 2.2.7. For any finite unitary magma M, the rewrite rule → is confluent.

Proof. By contradiction, assume that → is not confluent. Since by Lemma 2.2.4, → isterminating, there is an integer n > 1 and two normal forms t and t′ of → of arity nsuch that t 6= t′ and t
∗⇔ t′. Now, Lemma 2.2.1 together with Lemma 2.2.3 imply thatev(t) = ev(t′). By Proposition 2.1.5, the map ev : Free (K 〈TM〉) → NCM is surjective,leading to the fact that the number of normal forms of → of arity n is greater than thenumber of noncrossing M-cliques of arity n. However, by Lemma 2.2.6, there are asmany normal forms of → of arity n as noncrossing M-cliques of arity n. This raises acontradiction and proves the statement of the lemma. �

2.2.3. Presentation and Koszulity. The results of Sections 2.2.1 and 2.2.2 are finally usedhere to state a presentation of NCM and the fact that NCM is a Koszul operad.
Theorem 2.2.8. Let M be a finite unitary magma. Then, NCM admits the presenta-
tion (TM,RNCM).
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Proof. First, since by Lemmas 2.2.4 and 2.2.7, → is a convergent rewrite rule, and sinceby Lemma 2.2.3, the space induced by → is RNCM , we can regard the underlying space ofthe quotient operad

O := Free (K 〈TM〉) /〈RNCM〉 (2.2.29)as the linear span of all normal forms of→. Moreover, as a consequence of Lemma 2.2.1,the map φ : O → NCM defined linearly for any normal form t of → by φ(t) := ev(t) is anoperad morphism. Now, by Proposition 2.1.5, φ is surjective. Moreover, by Lemma 2.2.6,we obtain that the dimensions of the spaces O(n), n > 1, are the ones of NCM(n). Hence,
φ is an operad isomorphism and the statement of the theorem follows. �

Let us use Theorem 2.2.8 to express the presentations of the operads NCN2 and NCD0,where N2 is the cyclic monoid Z/2Z and D0 is the multiplicative monoid on {0, 1}. Theoperad NCN2 is generated by
TN2 = { , 1 , 1 , 11 , 1 , 1 1 , 11 , 11 1

}
, (2.2.30)

and these generators are subjected exactly to the nontrivial relations
b3
a
◦1 b2b11 = b31

a
◦1 b2b1 , a, b1, b2, b3 ∈ N2, (2.2.31a)

b31
a
◦1 b2b11 = b3

a
◦1 b2b1 = b1

a
◦2 b3b2 = 1b1

a
◦2 b3b21 , a, b1, b2, b3 ∈ N2,(2.2.31b)

b1
a
◦2 b3b21 = 1b1

a
◦2 b3b2 , a, b1, b2, b3 ∈ N2. (2.2.31c)

On the other hand, the operad NCD0 is generated by
TD0 = { , 0 , 0 , 00 , 0 , 0 0 , 00 , 00 0

}
, (2.2.32)

and these generators are subjected exactly to the nontrivial relations
b3
a
◦1 b2b10 = b30

a
◦1 b2b10 = b30

a
◦1 b2b1 , a, b1, b2, b3 ∈ D0, (2.2.33a)

b3
a
◦1 b2b1 = b1

a
◦2 b3b2 , a, b1, b2, b3 ∈ D0, (2.2.33b)

b1
a
◦2 b3b20 = 0b1

a
◦2 b3b20 = 0b1

a
◦2 b3b2 , a, b1, b2, b3 ∈ D0. (2.2.33c)

Theorem 2.2.9. For any finite unitary magma M, NCM is Koszul and the set of the
normal forms of → forms a Poincaré-Birkhoff-Witt basis of NCM.

Proof. By Lemma 2.2.3 and Theorem 2.2.8, the rewrite rule → is an orientation of thespace of relations RNCM of NCM. Moreover, by Lemmas 2.2.4 and 2.2.7, this rewrite ruleis convergent. Therefore, by Lemma 1.2.1, NCM is Koszul. Finally, the set of the normalforms of → described by Lemma 2.2.5 is, by definition, a Poincaré-Birkhoff-Witt basisof NCM. �
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2.3. Suboperads generated by bubbles. In this section, we consider suboperads of NCMgenerated by finite sets of M-bubbles. We assume here that M is endowed with anarbitrary total order so that M = {x0, x1, . . . } with x0 = 1M .

If p is an M-clique, the border of p is the word bor(p) of length n such that for any
i ∈ [n], bor(p)i = pi.
2.3.1. Treelike expressions on bubbles. Let B and E be two subsets of M. We denote by
BB,E
M the set of all M-bubbles p such that the bases of p are labeled on B and all edges of

p are labeled on E. Moreover, we say that M is (E,B)-quasi-injective if for all x, x′ ∈ Eand y, y ′ ∈ B, x ? y = x′ ? y ′ 6= 1M implies x = x′ and y = y ′.
Lemma 2.3.1. Let M be a unitary magma, and B and E be two subsets of M. If M
is (E,B)-quasi-injective, then any M-clique admits at most one treelike expression on
BB,E
M of a minimal degree.

Proof. Assume that p is anM-clique admitting a treelike expression on BB,E
M . This impliesthat the base of p is labeled on B, all solid diagonals of p are labeled on B?E, and all edgesof p are labeled on E. By Proposition 2.1.2 and Lemma 2.1.3, the tree t := bt(p) is a treelikeexpression of p on BM of a minimal degree. Now, observe that t is not necessarily asyntax tree on BB,E

M as required since some of its internal nodes can be labeled by bubblesthat do not belong to BB,E
M . Since M is (E,B)-quasi-injective, there is one unique way torelabel the internal nodes of t by bubbles of BB,E

M to obtain a syntax tree on BB,E
M such thatev(t′) = ev(t). By construction, t′ satisfies the properties of the statement of the lemma. �

2.3.2. Dimensions. Let G be a set of M-bubbles and Ξ := {ξx0 , ξx1 , . . . } be a set of non-commutative variables. Given xi ∈ M, let Bxi be the series of N〈〈Ξ〉〉 defined by
Bxi (ξx0 , ξx1 , . . . ) := ∑

p∈BG
M

p6=
∏
i∈[|p|] ξpi , (2.3.1)

where BG
M is the set of all M-bubbles that can be obtained by partial compositions ofelements of G. Observe from (2.3.1) that a noncommutative monomial u ∈ Ξ>2 appearsin Bxi with 1 as coefficient if and only if there is in the suboperad of NCM generated by

G an M-bubble with a base labeled by xi and with u as border.
Let also for any xi ∈ M, the series Fxi of N〈〈t〉〉 defined by

Fxi (t) := Bxi

(
t + F̄x0 (t), t + F̄x1 (t), . . .) , (2.3.2)

where for any xi ∈ M, F̄xi (t) := ∑
xj∈M

xi?xj 6=1M
Fxj (t). (2.3.3)
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Proposition 2.3.2. LetM be a unitary magma and G be a finite set ofM-bubbles such
that, by denoting by B (resp. E) the set of the labels of the bases (resp. edges) of the
elements of G, M is (E,B)-quasi-injective. Then, the Hilbert series H(NCM)G (t) of the
suboperad of NCM generated by G satisfies

H(NCM)G (t) = t + ∑
xi∈M

Fxi (t). (2.3.4)
Proof. By Lemma 2.3.1, any M-clique of (NCM)G admits exactly one treelike expressiononM-bubbles of (NCM)G of a minimal degree. For this reason, and as a consequence ofthe definition (2.3.3) of the series F̄xi (t), xi ∈ M, the series Fxi (t) is the generating series ofallM-cliques of (NCM)G different from and with a base labeled by xi ∈ M. Therefore,the expression (2.3.4) for the Hilbert series of (NCM)G follows. �

As a side remark, Proposition 2.3.2 can be proved by using the notion of bubble de-compositions of operads developed in [CG14]. This result provides a practical methodto compute the dimensions of some suboperads (NCM)G of NCM by describing the se-ries (2.3.1) of the bubbles ofBG
M . This result implies also, when G satisfies the requirementof Proposition 2.3.2, that the Hilbert series of (NCM)G is algebraic.

2.3.3. First example : a cubic suboperad. Consider the suboperad of NCE2 generated by
G := { e1e1 , e2e2

}
. (2.3.5)

Computer experiments show that the generators of (NCE2)G are not subjected to anyquadratic relation but are subjected to the four cubic nontrivial relations
e1e1 ◦2

( e1e1 ◦2 e1e1
) = e1e1 ◦2

( e2e2 ◦2 e1e1
)
, (2.3.6a)

e1e1 ◦2
( e1e1 ◦2 e2e2

) = e1e1 ◦2
( e2e2 ◦2 e2e2

)
, (2.3.6b)

e2e2 ◦2
( e1e1 ◦2 e1e1

) = e2e2 ◦2
( e2e2 ◦2 e1e1

)
, (2.3.6c)

e2e2 ◦2
( e1e1 ◦2 e2e2

) = e2e2 ◦2
( e2e2 ◦2 e2e2

)
. (2.3.6d)

Hence, (NCE2)G is not a quadratic operad. Moreover, it is possible to prove that thisoperad does not admit any other nontrivial relations between its generators. This can beperformed by defining a rewrite rule on the syntax trees on G, consisting in rewriting theleft patterns of (2.3.6a), (2.3.6b), (2.3.6c), and (2.3.6d) into their respective right patterns, andby checking that this rewrite rule admits the required properties (like the ones establishingthe presentation of NCM by Theorem 2.2.8). The existence of this nonquadratic operadshows that NCM contains nonquadratic suboperads even if it is quadratic.



24 SAMUELE GIRAUDO
One can prove by induction on the arity that the set of bubbles of (NCE2)G is the set

B1 t B2 where B1 (resp. B2) is the set of all bubbles whose bases are labeled by e1 (resp.e2) and the border is 1e1 (resp. 1e2), or 111∗e1, or 111∗e2. Hence, we obtain thatB1 (ξ1, ξe1 , ξe2 ) = 0, (2.3.7a)
Be1 (ξ1, ξe1 , ξe2 ) = ξ11− ξ1 (ξe1 + ξ1ξe2 ) = Be2 (ξ1, ξe2 , ξe1 ) , (2.3.7b)Moreover, one can check that G satisfies the conditions required by Proposition 2.3.2. Wehence have

F̄1(t) = Fe1 (t) + Fe2 (t), (2.3.8a) F̄e1 (t) = F1(t) = F̄e2 (t), (2.3.8b)
and F1(t) = 0, (2.3.9a)Fe1 (t) = Be1 (t + Fe1 (t) + Fe2 (t), t, t) = Be2 (t + Fe1 (t) + Fe2 (t), t, t) = Fe2 (t), (2.3.9b)By Proposition 2.3.2, the Hilbert series of (NCE2)G satisfies

H(NCE2)G (t) = t + F1(t) + Fe1 (t) + Fe2 (t) = t + 2Fe1 (t), (2.3.10)and, by a straightforward computation, we obtain that this series satisfies the algebraicequation
t + (t − 1)H(NCE2)G (t) + (2t + 1)H(NCE2)G (t)2 = 0. (2.3.11)The first dimensions of (NCE2)G are1, 2, 8, 36, 180, 956, 5300, 30316, (2.3.12)and form Sequence A129148 of [Slo].

2.3.4. Second example : a suboperad of Motzkin paths. Consider the suboperad of NCD0generated by
G := { ,

0 }
. (2.3.13)

Computer experiments show that the generators of (NCD0)G are subjected to four qua-dratic nontrivial relations
◦1 = ◦2 , (2.3.14a)

0
◦1 = ◦2 0

, (2.3.14b)
◦1 0 = 0

◦2 , (2.3.14c)
0
◦1 0 = 0

◦3 0
. (2.3.14d)

It is possible to prove that this operad does not admit any other nontrivial relations betweenits generators. This can be performed by defining a rewrite rule on the syntax trees on
G, consisting in rewriting the left patterns of (2.3.14a), (2.3.14b), (2.3.14c), and (2.3.14d) into

http://oeis.org/A129148
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their respective right patterns, and by checking that this rewrite rule admits the requiredproperties (like the ones establishing the presentation of NCM by Theorem 2.2.8).

One can prove by induction on the arity that the set of bubbles of (NCD0)G is the set ofall bubbles whose bases are labeled by 1 and borders are words of {1, 0}>2 such that eachoccurrence of 0 has a 1 immediately at its left and a 1 immediately at its right. Hence, weobtain that
B1 (ξ1, ξ0) = 11− ξ1 − ξ1ξ0 ξ1−ξ1, (2.3.15a) B0 (ξ1, ξ0) = 0. (2.3.15b)

Moreover, one can check that G satisfies the conditions required by Proposition 2.3.2. Wehence have
F̄1(t) = F0(t), (2.3.16a) F̄0(t) = F1(t) + F0(t), (2.3.16b)

and
F1(t) = B1 (t, t + F1(t)) , (2.3.17a) F0(t) = 0. (2.3.17b)

By Proposition 2.3.2, the Hilbert series of (NCD0)G satisfies
H(NCD0)G (t) = t + F1(t), (2.3.18)

and, by a straightforward computation, we obtain that this series satisfies the algebraicequation
t + (t − 1)H(NCD0)G (t) + tH(NCD0)G (t)2 = 0. (2.3.19)The first dimensions of (NCD0)G are

1, 1, 2, 4, 9, 21, 51, 127, (2.3.20)
and form Sequence A001006 of [Slo]. The operad (NCD0)G has the same presentation bygenerators and relations (and thus, the same Hilbert series) as the operad Motz definedin [Gir15], involving Motzkin paths. Hence, (NCD0)G and Motz are two isomorphic operads.Note in passing that these two operads are not isomorphic to the operad MotD0 constructedin Section 3.2.4 of [Gir18] and involving Motzkin configurations. Indeed, the sequence ofthe dimensions of this last operad is a shifted version of the one of (NCD0)G and Motz.
2.4. Algebras over the noncrossing clique operads. We begin by briefly describingNCM-algebras in terms of relations between their operations and the free NCM-algebrasover one generator. We continue this section by providing two ways to construct (non-necessarily free) NCM-algebras. The first one takes as input an associative algebra en-dowed with endofunctions satisfying some conditions, and the second one takes as inputa monoid.

http://oeis.org/A001006
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2.4.1. Relations. From the presentation of NCM established by Theorem 2.2.8, any NCM-algebra is a vector space A endowed with binary linear operations

p2p1
p0 :A⊗A →A, p ∈ TM, (2.4.1)

satisfying, for all a1, a2, a3 ∈ A, the relations(
a1 q2q1

q0 a2) p2p1
p0 a3 = (a1 q2q1

r0 a2) p2r1
p0 a3, if p1 ? q0 = r1 ? r0 6= 1M, (2.4.2a)(

a1 q2q1
q0 a2) p2p1

p0 a3 = a1 r2q1
p0

(
a2 p2q2

r0 a3) , if p1 ? q0 = r2 ? r0 = 1M, (2.4.2b)
a1 p2p1

p0
(
a2 q2q1

q0 a3) = a1 r2p1
p0

(
a2 q2q1

r0 a3) , if p2 ? q0 = r2 ? r0 6= 1M, (2.4.2c)where p, q, and r areM-triangles. Remark thatM has to be finite because Theorem 2.2.8requires this property as premise.
2.4.2. Free algebras over one generator. From the realization of NCM coming from itsdefinition as a suboperad of CM, the free NCM-algebra over one generator is the linearspan NCM of all noncrossing M-cliques endowed with the linear operations

p2p1
pO

: NCM(n)⊗NCM(m)→ NCM(n +m), p ∈ TM, n,m > 1, (2.4.3)
defined, for any noncrossing M-cliques q and r, by

q p2p1
p0 r := ( p2p1

p0 ◦2 r
)
◦1 q. (2.4.4)

In terms of M-Schröder trees (see Section 2.1.3), (2.4.4) is the M-Schröder tree obtainedby grafting the M-Schröder trees of q and r respectively as left and right children of abinary corolla having its edge adjacent to the root labeled by p0, its first edge labeled by
p1 ? q0, and second edge labeled by p2 ? r0, and by contracting each of these two edgeswhen labeled by 1M . For instance, in the free NCN3-algebra, we have

1 2
1

1
2

12 1 1
2

2 = 1
1

2
1

22
1
1 1

1
, (2.4.5a)

1 2
1

1
2

11 1 1
2

2 = 1 1
2

2
1

1
1

2

1
, (2.4.5b)

1 2
1

1
2

02 1 1
2

2 = 1
1

2
2

2
1
1

1
1

, (2.4.5c)
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1 2
1

1
2

01 1 1
2

2 = 1 22
1

1 1
2

1
. (2.4.5d)

2.4.3. From associative algebras. LetA be an associative algebra with associative productdenoted by �, and
ωx :A →A, x ∈ M, (2.4.6)be a family of linear maps, not necessarily associative algebra morphisms, indexed by theelements of M. We say that A together with this family (2.4.6) of maps is M-compatibleif

ω1M = IdA (2.4.7)where IdA is the identity map on A, and
ωx ◦ ωy = ωx?y , (2.4.8)

for all x, y ∈ M. Let us now use M-compatible associative algebras to construct NCM-algebras.
Theorem 2.4.1. LetM be a finite unitary magma and A be anM-compatible associa-
tive algebra. The vector space A endowed with the binary linear operations

p2p1
p0 :A⊗A →A, p ∈ TM, (2.4.9)

defined for each M-triangle p and any a1, a2 ∈ A by

a1 p2p1
p0 a2 := ωp0 (ωp1 (a1)� ωp2 (a2)) , (2.4.10)

is an NCM-algebra.

Proof. Let us prove that the operations (2.4.9) satisfy Relations (2.4.2a), (2.4.2b), and (2.4.2c)of NCM-algebras. SinceM is finite, this amounts to show that these operations endow Awith an NCM-algebra structure. For this, let a1, a2, and a3 be three elements of A, and
p, q, and r be three M-triangles.(a) When p1 ? q0 = r1 ? r0 6= 1M , since by (2.4.8), ωp1 ◦ ωq0 = ωr1 ◦ ωr0 ,(

a1 q2q1
q0 a2) p2p1

p0 a3 = ωq0 (ωq1 (a1)� ωq2 (a2)) p2p1
p0 a3= ωp0 (ωp1 (ωq0 (ωq1 (a1)� ωq2 (a2)))� ωp2 (a3))= ωp0 (ωr1 (ωr0 (ωq1 (a1)� ωq2 (a2)))� ωp2 (a3))= (a1 q2q1

r0 a2) p2r1
p0 a3,

(2.4.11)

so that (2.4.2a) holds.
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(b) When p1 ? q0 = r2 ? r0 = 1M , since by (2.4.7), ωp1 ◦ ωq0 = ωr2 ◦ ωr0 = IdA and since � isassociative,(

a1 q2q1
q0 a2) p2p1

p0 a3 = ωq0 (ωq1 (a1)� ωq2 (a2)) p2p1
p0 a3= ωp0 ((ωp1 (ωq0 (ωq1 (a1)� ωq2 (a2))))� ωp2 (a3))= ωp0 (ωq1 (a1)� ωq2 (a2)� ωp2 (a3))= ωp0 (ωq1 (a1)� (ωq2 (a2)� ωp2 (a3)))= ωp0 (ωq1 (a1)� ωr2 (ωr0 (ωq2 (a2)� ωp2 (a3))))= a1 r2q1

p0
(
a2 p2q2

r0 a3) ,
(2.4.12)

so that (2.4.2b) holds.(c) When p2 ? q0 = r2 ? r0 6= 1M , since by (2.4.8), ωp2 ◦ ωq0 = ωr2 ◦ ωr0 ,
a1 p2p1

p0
(
a2 q2q1

q0 a3) = a1 p2p1
p0 ωq0 (ωq1 (a2)� ωq2 (a3))= ωp0 (ωp1 (a1)� ωp2 (ωq0 (ωq1 (a2)� ωq2 (a3))))= ωp0 (ωp1 (a1)� ωr2 (ωr0 (ωq1 (a2)� ωq2 (a3))))= a1 r2p1
p0

(
a2 q2q1

r0 a3) ,
(2.4.13)

so that (2.4.2c) holds.Therefore, A is an NCM-algebra. �

By Theorem 2.4.1, A has the structure of an NCM-algebra. Hence, there is a leftaction · of the operad NCM on the tensor algebra of A of the form
· : NCM(n)⊗A⊗n →A, n > 1, (2.4.14)

whose definition comes from the ones of the operations (2.4.9) and Relation (1.2.10). Wedescribe here an algorithm to compute the action of any element of NCM of arity n ontensors a1 ⊗ · · · ⊗ an of A⊗n. First, if b is an M-bubble of arity n,
b · (a1 ⊗ · · · ⊗ an) = ωb0

∏
i∈[n]ωbi (ai)

 , (2.4.15)
where the product of (2.4.15) denotes the iterated version of the associative product �of A. When p is a noncrossing M-clique of arity n, p acts recursively on a1 ⊗ · · · ⊗ an asfollows. One has

p · a1 = a1 (2.4.16)when p = , and
p · (a1 ⊗ · · · ⊗ an) = b ·

((
r1 · (a1 ⊗ · · · ⊗ a|r1|

))
⊗ · · · ⊗

(
rk ·
(
a|r1|+···+|rk−1|+1 ⊗ · · · ⊗ an))) ,(2.4.17)where, by setting t as the bubble tree bt(p) of p (see Section 2.1.2), b and r1, . . . , rk are theunique M-bubble and noncrossing M-cliques such that t = c(b) ◦ [bt(r1), . . . ,bt(rk)].
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Here are few examples of the construction provided by Theorem 2.4.1.

Noncommutative polynomials and selected concatenation: Let us consider the unitarymagma S` of all subsets of [`] with the union as product. Let A := {aj : j ∈ [`]} bean alphabet of noncommutative letters. We define on the associative algebra K〈A〉 ofpolynomials on A the linear maps
ωS : K〈A〉 → K〈A〉, S ∈ S` , (2.4.18)as follows. For any u ∈ A∗ and S ∈ S` , we set

ωS(u) := {u if |u|aj > 1 for all j ∈ S,0 otherwise. (2.4.19)
Since, for all u ∈ A∗, ω∅(u) = u and (ωS ◦ ωS′ )(u) = ωS∪S′ (u), and ∅ is the unit of S` , weobtain from Theorem 2.4.1 that the operations (2.4.9) endow K〈A〉 with an NCS` -algebrastructure. For instance, when ` := 3, one has

(a1 + a1a3 + a2a2) {2}{1}
{2, 3} (1 + a3 + a2a1) = a1a3a2a1, (2.4.20a)

(a1 + a1a3 + a2a2) ∅{1}
{1, 3} (1 + a3 + a2a1) = 2 a1a3 + a1a3a3 + a1a3a2a1. (2.4.20b)

Besides, to compute the action

{1}{1} {1}
{2} {1, 2}{2}

{3}
{1, 2}

· (f ⊗ f ⊗ f ⊗ f ⊗ f ⊗ f ⊗ f ⊗ f ) (2.4.21)
where f := a1 +a2 +a3, we use the above algorithm and (2.4.15) and (2.4.17). By presentingthe computation on the bubble tree of the noncrossing S3-clique of (2.4.21), we obtain

{1} {2}

{1} {1, 2}
{3}

{2}

{1}{1, 2}

f

f

f

(a1 + a2 + a3)2

fa1a2

f

(a1 + a2 + a3)a1a2a2a1a3

f

a2(a1 + a2 + a3)

f

f

(a1 + a2 + a3)a1a2a2a1a3(a1a2 + a2a1)

, (2.4.22)

so that (2.4.21) is equal to the polynomial (a1 + a2 + a3)a1a2a2a1a3(a1a2 + a2a1).
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Noncommutative polynomials and constant term product: Consider here the unitarymagma D0. Let A := {a1, a2, . . . } be an infinite alphabet of noncommutative letters. Wedefine on the associative algebra K〈A〉 of polynomials on A the linear maps

ω1, ω0 : K〈A〉 → K〈A〉, (2.4.23)
as follows. For any u ∈ A∗, we set ω1(u) := u, and

ω0(u) := {1 if u = ε,0 otherwise. (2.4.24)
In other terms, ω0(f ) is the constant term, denoted by f (0), of the polynomial f ∈ K〈A〉.Since ω1 is the identity map on K〈A〉 and, for all u ∈ A∗,

(ω0 ◦ ω0)(f ) = (f (0))(0) = f (0) = ω0(f ), (2.4.25)
we obtain from Theorem 2.4.1 that the operations (2.4.9) endow K〈A〉 with a NCD0-algebrastructure. For instance, for all polynomials f1 and f2 of K〈A〉, we have

f1 11

1
f2 = f1f2, (2.4.26a)

f1 110 f2 = (f1f2)(0) = f1(0) f2(0), (2.4.26b)
f1 10

1
f2 = f1(0) f2, (2.4.26c)

f1 01

1
f2 = f1 (f2(0)). (2.4.26d)

From (2.4.26c) and (2.4.26d), when f1(0) = 1 = f2(0),
f1 ( 10

1
+ 01

1

)
f2 = f1(0) f2 + f1 (f2(0)) = f1 + f2. (2.4.27)

2.4.4. From monoids. If M is a monoid, with binary associative operation ? and unit 1M ,we denote by K〈M∗〉 the space of all noncommutative polynomials on M, seen as an al-phabet, with coefficients in K. This space can be endowed with an NCM-algebra structureas follows.
For any x ∈ M and any word w = w1 . . . w|w| ∈ M∗, let

x ∗w := (x ? w1) . . . (x ? w|w|). (2.4.28)
This operation ∗ is linearly extended on the right on K〈M∗〉.
Proposition 2.4.2. Let M be a finite monoid. The vector space K〈M∗〉 endowed with
the binary linear operations

p2p1
p0 : K〈M∗〉 ⊗K〈M∗〉 → K〈M∗〉, p ∈ TM, (2.4.29)

defined for each M-triangle p and any f1, f2 ∈ K〈M∗〉 by

f1 p2p1
p0 f2 := p0 ∗ ((p1 ∗ f1) (p2 ∗ f2)) , (2.4.30)

is an NCM-algebra.
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Proof. This follows from Theorem 2.4.1 as a particular case of the general construction itprovides. Indeed, K〈M∗〉 is an associative algebra for the concatenation product of words.Moreover, by defining maps ωx : K〈M∗〉 → K〈M∗〉, x ∈ M, linearly by ωx(u) := x ∗ u forany word u ∈ M∗, we obtain, sinceM is a monoid, that this family of maps satisfies (2.4.7)and (2.4.8). Now, since the definition (2.4.30) is the specialization of the definition (2.4.10)in this particular case, the statement of the proposition follows. �

Here are few examples of the construction provided by Proposition 2.4.2.
Words and double shifted concatenation: Consider the monoid N` := Z/`Z for an ` > 1.By Proposition 2.4.2, the operations (2.4.29) endow K 〈N∗` 〉 with a structure of an NCN` -algebra. For instance, in K 〈N∗4〉, one has

0211 02 1 312 = 3100023. (2.4.31)
Words and erasing concatenation: Consider here the monoid D` for an ` > 0 definedin [Gir18]. By Proposition 2.4.2, the operations (2.4.29) endow K〈D∗` 〉 with a structure of anNCD` -algebra. For instance, for all words u and v of D∗` , we have

u 11

1
v = uv, (2.4.32a)

u 11di v = (uv)di , (2.4.32b)
u 110 v = 0|u|+|v|, (2.4.32c)
u djdi

1
v = udi vdj , (2.4.32d)

where, for any word w of D∗` and any element dj of D` , j ∈ [`], wdj is the word obtainedby replacing each occurrence of 1 by dj and each occurrence of di , i ∈ [`], by 0 in w.
3. KOSZUL DUALSince by Theorem 2.2.8, the operad NCM is binary and quadratic, this operad admits aKoszul dual NCM!. We end the study of NCM by collecting the main properties of NCM!.

3.1. Presentation. Let R!NCM be the subspace of Free (K 〈TM〉) (3) generated by the ele-ments ∑
p1,q0∈M
p1?q0=δ

c( p2p1
p0
)
◦1 c( q2q1

q0
)
, p0, p2, q1, q2 ∈ M, δ ∈ M̄, (3.1.1a)

∑
p1,q0∈M
p1?q0=1M

c( p2p1
p0
)
◦1 c( q2q1

q0
)
− c( p1q1

p0
)
◦2 c( p2q2

q0
)
, p0, p2, q1, q2 ∈ M, (3.1.1b)

∑
p2,q0∈M
p2?q0=δ

c( p2p1
p0
)
◦2 c( q2q1

q0
)
, p0, p1, q1, q2 ∈ M, δ ∈ M̄, (3.1.1c)

where p and q are M-triangles.
Proposition 3.1.1. Let M be a finite unitary magma. Then, the Koszul dual NCM! ofNCM admits the presentation

(
TM,R!NCM).
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Proof. Let

f := ∑
t∈T3

λtt (3.1.2)
be a generic element of R!NCM , where T3 is the set of all syntax trees on TM or arity 3and the λt are coefficients of K. By definition of Koszul duality of operads, 〈r, f〉 = 0 forall r ∈ RNCM , where 〈−,−〉 is the scalar product defined in (1.2.7). Then, since RNCM isthe subspace of Free (K 〈TM〉) (3) generated by (2.2.1a), (2.2.1b), and (2.2.1c), one has

λc p2p1
p0

◦1c
 q2q1

q0
 − λc p2r1

p0
◦1c

 q2q1
r0

 = 0, p1 ? q0 = r1 ? r0 6= 1M, (3.1.3a)
λc p2p1

p0
◦1c

 q2q1
q0

 + λc r2q1
p0

◦2c
 p2q2

r0
 = 0, p1 ? q0 = r2 ? r0 = 1M, (3.1.3b)

λc p2p1
p0

◦2c
 q2q1

q0
 − λc r2p1

p0
◦2c

 q2q1
r0

 = 0, p2 ? q0 = r2 ? r0 6= 1M, (3.1.3c)
where p, q, and r are M-triangles. This implies that f is of the form
f = ∑

p0,p2,q1,q2∈M
δ∈M̄

λ(1)
p0,p2,q1,q2,δ

∑
p1,q0∈M
p1?q0=δ

c( p2p1
p0
)
◦1 c( q2q1

q0
)

+ ∑
p0,p2,q1,q2∈M

λ(2)
p0,p2,q1,q2

 ∑
p1,q0∈M
p1?q0=1M

c( p2p1
p0
)
◦1 c( q2q1

q0
)
− c( p1q1

p0
)
◦2 c( p2q2

q0
)

+ ∑
p0,p1,q1,q2∈M

δ∈M̄

λ(3)
p0,p1,q1,q2,δ

∑
p2,q0∈M
p2?q0=δ

c( p2p1
p0
)
◦2 c( q2q1

q0
)
,

(3.1.4)
where, for anyM-triangles p and q and any δ ∈ M̄, the λ(1)

p0,p2,q1,q0,δ , λ(2)
p0,p2,q1,q2 , and λ(3)

p1,p0,q1,q2,δare coefficients of K. Therefore, f belongs to the space generated by (3.1.1a), (3.1.1b),and (3.1.1c). Finally, since the coefficients of each of these relations satisfy (3.1.3a), (3.1.3b),and (3.1.3c), the statement of the proposition follows. �

Let us use Proposition 3.1.1 to express the presentations of the operads NCN!2 and NCD!0.The operad NCN!2 is generated by
TN2 = { , 1 , 1 , 11 , 1 , 1 1 , 11 , 11 1

}
, (3.1.5)

and these generators are subjected exactly to the nontrivial relations
b3
a
◦1 b2b11 + b31

a
◦1 b2b1 = 0, a, b1, b2, b3 ∈ N2, (3.1.6a)

b31
a
◦1 b2b11 + b3

a
◦1 b2b1 = b1

a
◦2 b3b2 + 1b1

a
◦2 b3b21 , a, b1, b2, b3 ∈ N2, (3.1.6b)

b1
a
◦2 b3b21 + 1b1

a
◦2 b3b2 = 0, a, b1, b2, b3 ∈ N2. (3.1.6c)
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On the other hand, the operad NCD!0 is generated by

TD0 = { , 0 , 0 , 00 , 0 , 0 0 , 00 , 00 0
}
, (3.1.7)

and these generators are subjected exactly to the nontrivial relations
b3
a
◦1 b2b10 + b30

a
◦1 b2b10 + b30

a
◦1 b2b1 = 0, a, b1, b2, b3 ∈ D0, (3.1.8a)

b3
a
◦1 b2b1 = b1

a
◦2 b3b2 , a, b1, b2, b3 ∈ D0, (3.1.8b)

b1
a
◦2 b3b20 + 0b1

a
◦2 b3b20 + 0b1

a
◦2 b3b2 = 0, a, b1, b2, b3 ∈ D0. (3.1.8c)

Proposition 3.1.2. LetM be a finite unitary magma. Then, the dimension of the space
R!NCM satisfies dimR!NCM = 2m5 −m4, (3.1.9)
where m := #M.

Proof. To compute the dimension of the space of relations R!NCM of NCM!, we considerthe presentation of NCM! provided by Proposition 3.1.1. Consider the space R1 generatedby the family consisting in the elements (3.1.1a). Since this family is linearly independentand each of its element is totally specified by a tuple (p0, p2, q1, q2, δ) ∈ M4×M̄, we obtain
dimR1 = m4(m − 1). (3.1.10)

For the same reason, the dimension of the space R3 generated by the elements (3.1.1c)satisfies dimR3 = dimR1. Now, let R2 be the space generated by the elements (3.1.1b).Since this family is linearly independent and each of its elements is totally specified by atuple (p0, p2, q1, q2) ∈ M4, we obtain
dimR2 = m4. (3.1.11)

Therefore, since
R!NCM = R1 ⊕R2 ⊕R3, (3.1.12)

we obtain the stated formula (3.1.9) by summing the dimensions of R1, R2, and R3. �

Observe that, by Propositions 2.2.2 and 3.1.2, we have
dimRNCM + dimR!NCM = 2m6 − 2m5 +m4 + 2m5 −m4

= 2m6
= dimFree (K 〈TM〉) (3), (3.1.13)

as expected by Koszul duality, where m := #M.
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3.2. Hilbert series and dimensions. An algebraic equation for the Hilbert series of NCM!is described and a formula involving Narayana numbers to compute its coefficients isprovided.
Proposition 3.2.1. Let M be a finite unitary magma. The Hilbert series HNCM! (t) ofNCM! satisfies

t + (m − 1)t2 + (2m2t − 3mt + 2t − 1)HNCM! (t) + (m3 − 2m2 + 2m − 1)HNCM! (t)2 = 0,(3.2.1)
where m := #M.

Proof. Let G(t) be the generating series such that G(−t) satisfies (3.2.1). Therefore, G(t)satisfies
− t + (m − 1)t2 + (−2m2t + 3mt − 2t − 1)G(t) + (m3 − 2m2 + 2m − 1)G(t)2 = 0, (3.2.2)and, by solving (3.2.2) as a quadratic equation where t is the unknown, we obtain

t = 1 + (2m2 − 3m + 2)G(t)−√1 + 2(2m2 −m)G(t) +m2G(t)22(m − 1) . (3.2.3)
Moreover, by Proposition 2.1.6 and (2.1.15), by setting F (t) :=HNCM(−t), we have

F (G(t)) = 1 + (2m2 − 3m + 2)G(t)−√1 + 2(2m2 −m)G(t) +m2G(t)22(m − 1) = t, (3.2.4)
showing that F (t) and G(t) are the inverses for each other for series composition.Now, since by Theorem 2.2.9, NCM is a Koszul operad, the Hilbert series of NCM andNCM! satisfy (1.2.8). Therefore, (3.2.4) implies that the Hilbert series of NCM! is the series
HNCM! (t), satisfying the stated relation (3.2.1). �We deduce from Proposition 3.2.1 that the Hilbert series of NCM! satisfies

HNCM! (t) = 1− (2m2 − 3m + 2)t −√1− 2(2m3 − 2m2 +m)t +m2t22(m3 − 2m2 + 2m − 1) , (3.2.5)
where m := #M 6= 1.
Proposition 3.2.2. Let M be a finite unitary magma. For all n > 2,dim NCM!(n) = ∑

06k6n−2m
n+1(m(m − 1) + 1)k(m(m − 1))n−k−2 nar(n, k). (3.2.6)

Proof. The proof consists in enumerating dual M-cliques, introduced in upcoming Sec-tion 3.3. Indeed, by Proposition 3.3.1, dim NCM!(n) is equal to the number of dual M-cliques of arity n. The expression for dim NCM!(n) claimed by (3.2.6) can be proved byusing similar arguments as the ones intervening in the proof of Proposition 2.1.7 for theexpression (2.1.16) of dim NCM(n). �We can use Proposition 3.2.2 to compute the first dimensions of NCM!. For instance,depending on m := #M, we have the following sequences of dimensions:1, 1, 1, 1, 1, 1, 1, 1, m = 1, (3.2.7a)1, 8, 80, 992, 13760, 204416, 3180800, 51176960, m = 2, (3.2.7b)
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1, 27, 1053, 51273, 2795715, 163318599, 9994719033, 632496651597, m = 3, (3.2.7c)1, 64, 6400, 799744, 111923200, 16782082048, 2636161024000, 428208345579520, m = 4.(3.2.7d)The second one is Sequence A234596 of [Slo]. The last two sequences are not listed in [Slo]at this time. It is worthwhile to observe that the dimensions of NCM! when #M = 2 arethe ones of the operad BNC of bicolored noncrossing configurations (see Section 4.2).

3.3. Combinatorial basis. To describe a basis of NCM!, we introduce the following sortof M-decorated cliques. A dual M-clique is an M2-clique such that its base and its edgesare labeled by pairs (a, a) ∈ M2, and all solid diagonals are labeled by pairs (a, b) ∈ M2with a 6= b. Observe that a non-solid diagonal of a dual M-clique is labeled by (1M,1M).All definitions about M-cliques exposed in [Gir18] remain valid for dual M-cliques. Forexample,
(1, 1) (0, 2)(2, 1) (2, 2) (3.3.1)

is a noncrossing dual N3-clique.
Proposition 3.3.1. Let M be a finite unitary magma. The underlying graded vector
space of NCM! is the linear span of all noncrossing dual M-cliques.

Proof. The statement of the proposition is equivalent to the fact that the generating seriesof noncrossing dualM-cliques is the Hilbert seriesHNCM! (t) of NCM!. From the definitionof dual M-cliques, we obtain that the set of the dual M-cliques of arity n, n > 1, is inbijection with the set of theM2-Schröder trees of arity n having the outgoing edges fromthe root and the edges connecting internal nodes with leaves labeled by pairs (a, a) ∈ M2,and the edges connecting two internal nodes labeled by pairs (a, b) ∈ M2 with a 6= b. Themap bt defined in Section 2.1.2 (see also Section 2.1.3) realizes such a bijection. Let T(t)be the generating series of theseM2-Schröder trees, and let S(t) be the generating seriesof theM2-Schröder trees of arities greater than 1 and such that the outgoing edges fromthe roots and the edges connecting two internal nodes are labeled by pairs (a, b) ∈ M2with a 6= b, and the edges connecting internal nodes with leaves are labeled by pairs(a, a) ∈ M2. From the description of these trees, one has
S(t) = m(m − 1) (mt + S(t))21−mt − S , (3.3.2)

where m := #M. Moreover, when m 6= 1, T(t) satisfies
T(t) = t + S(t)

m − 1 , (3.3.3)
and we obtain that T(t) admits (3.2.5) as solution. Then, by Proposition 3.2.1, when m 6= 1,this implies the statement of the proposition. Whenm = 1, it follows from Proposition 3.1.1that NCM! is isomorphic to the associative operad As. Hence, in this case, dim NCM!(n) =1 for all n > 1. Since there is exactly one dual M-clique of arity n for any n > 1, thestatement of the proposition is satisfied. �

http://oeis.org/A234596
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Proposition 3.3.1 gives a combinatorial description of the elements of NCM!. Neverthe-less, we do not know for the time being a partial composition on the linear span of theseelements providing a realization of NCM!.

4. CONCRETE CONSTRUCTIONSThe clique construction provides alternative definitions of known operads. We explorehere the cases of the operad NCT of based noncrossing trees, the operad FF4 of formalfractions, and the operad BNC of bicolored noncrossing configurations.
4.1. Rational functions and related operads. We use here the noncrossing clique con-struction to interpret few operads related to the operad RatFct of rational functions ofLoday [Lod10] (see also Section 2.2.8 of [Gir18]).
4.1.1. Dendriform and based noncrossing tree operads. The operad of based noncross-
ing trees NCT is an operad introduced in [Cha07]. This operad is generated by two binaryelements ≺ and � subjected to exactly one quadratic nontrivial relation. The algebras overNCT are L-algebras and have been studied in [Ler11]. We do not describe NCT in detailshere because this is not essential for the sequel. We just explain how to construct NCTthrough the clique construction and interpret a known link between NCT and the den-driform operad through the rational functions associated with Z-cliques (see Section 2.2.8of [Gir18]).Let ONCT be the suboperad of CZ generated by{

−1 , −1 } . (4.1.1)
By using Proposition 2.3.2, we find that the Hilbert series HONCT (t) of ONCT satisfies

t −HONCT (t) + 2HONCT (t)2 −HONCT (t)3 = 0. (4.1.2)The first dimensions of O are1, 2, 7, 30, 143, 728, 3876, 21318, (4.1.3)and form Sequence A006013 of [Slo]. Moreover, one can see that
−1 ◦1 −1 = −1 ◦2 −1 , (4.1.4)

is the only nontrivial relation of degree 2 between the generators of ONCT.
Proposition 4.1.1. The operad ONCT is isomorphic to the operad NCT.

Proof. Let φNCT : ONCT(2)→ NCT(2) be the linear map satisfying
φNCT

(
−1 ) =≺, (4.1.5a) φNCT

(
−1 ) =�, (4.1.5b)

where ≺ and � are the two binary generators of NCT. In [Cha07], a presentation of NCT isdescribed wherein its generators satisfy one nontrivial relation of degree 2. This relationcan be obtained by replacing each Z-clique appearing in (4.1.4) by its image by φNCT. For

http://oeis.org/A006013
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this reason, φNCT uniquely extends into an operad morphism. Moreover, because theimage of φNCT contains all the generators of NCT, this morphism is surjective. Finally, theHilbert series of NCT satisfies (4.1.2), so that ONCT and NCT have the same dimensions.Therefore, φNCT is an operad isomorphism. �Loday as shown in [Lod10] that the suboperad of RatFct generated by the rationalfunctions f1(u1, u2) := u−11 and f2(u1, u2) := u−12 is isomorphic to the dendriform operadDendr [Lod01]. This operad is generated by two binary elements ≺ and � which aresubjected to three quadratic nontrivial relations. An isomorphism between Dendr andthe suboperad of RatFct generated by f1 and f2 sends ≺ to f2 and � to f1. The map FIdintroduced in [Gir18] is an operad morphism from CZ to RatFct. Hence, the restriction ofFId on ONCT is also an operad morphism from ONCT to RatFct. Moreover, since

FId
(
−1 ) = 1

u1 = f1, (4.1.6a) FId
(

−1 ) = 1
u2 = f2, (4.1.6b)

the map FId is a surjective operad morphism from ONCT to Dendr.
4.1.2. Operad of formal fractions. The operad of formal fractions FF is an operadintroduced in [CHN16]. Its elements of arity n > 1 are fractions whose numerators anddenominators are formal products of subsets of [n]. For instance,

{1, 3, 4}{2}{4, 6}
{2, 3, 5}{4} (4.1.7)

is an element of arity 6 of FF. We do not describe the partial composition of this operadsince its knowledge is not essential for the sequel. The operad FF admits a suboperad
FF4, defined as the binary suboperad of FF generated by{ 1

{1}{1, 2} , 1
{2}{1, 2} , 1

{1, 2} , 1
{1}{2}

}
. (4.1.8)

We explain here how to construct FF4 through the clique construction.Let OFF4 be the suboperad of CZ generated by{ 1−1
−1 , −11

−1 , 11
−1 , −1−11

}
. (4.1.9)

By using Proposition 2.3.2, we find that the Hilbert series HOFF4 (t) of OFF4 satisfies
t + (2t − 1)HOFF4 (t) + 2HOFF4 (t)2 = 0. (4.1.10)The first dimensions of OFF4 are1, 4, 24, 176, 1440, 12608, 115584, 1095424, (4.1.11)and form Sequence A156017 of [Slo]. Moreover, by computer exploration, we obtain thelist

−11
−1 ◦1 1−1

−1 = 1−1
−1 ◦2 −11

−1 , (4.1.12a)
11

−1 ◦1 11
−1 = 11

−1 ◦2 11
−1 , (4.1.12b)

11
−1 ◦1 1−1

−1 = 1−1
−1 ◦2 11

−1 , (4.1.12c)

http://oeis.org/A156017
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11

−1 ◦1 −11
−1 = 11

−1 ◦2 1−1
−1 , (4.1.12d)

−11
−1 ◦1 11

−1 = 11
−1 ◦2 −11

−1 , (4.1.12e)

−1−11 ◦1 −1−11 = −1−11 ◦2 −1−11 , (4.1.12f)
−11
−1 ◦1 −11

−1 = −11
−1 ◦2 −1−11 , (4.1.12g)

1−1
−1 ◦1 −1−11 = 1−1

−1 ◦2 1−1
−1 , (4.1.12h)

of all nontrivial relations of degree 2 between the generators of OFF4 .
Proposition 4.1.2. The operad OFF4 is isomorphic to the operad FF4.

Proof. Let φFF4 : OFF4 (2)→FF4(2) be the linear map satisfying
φFF4

( 1−1
−1

) = 1
{1}{1, 2} , (4.1.13a)

φFF4
(

−11
−1

) = 1
{2}{1, 2} , (4.1.13b)

φFF4
( 11

−1
) = 1

{1, 2} , (4.1.13c)
φFF4

(
−1−11
) = 1

{1}{2} . (4.1.13d)
In [CHN16], a presentation of FF4 is described wherein its generators satisfy eight non-trivial relations of degree 2. These relations can be obtained by replacing each Z-cliqueappearing in (4.1.12a)–(4.1.12h) by its image by φFF4 . For this reason, φFF4 uniquely ex-tends into an operad morphism. Moreover, because the image of φFF4 contains all thegenerators of FF4, this morphism is surjective. Finally, again by [CHN16], the Hilbert se-ries of FF4 satisfies (4.1.10), so that OFF4 and FF4 have the same dimensions. Therefore,
φFF4 is an operad isomorphism. �

Proposition 4.1.2 shows hence that the operad FF4 can be built through the construc-tion C. Observe also that, as a consequence of Proposition 4.1.2, all suboperads of FF4defined in [CHN16] that are generated by a subset of (4.1.8) can be constructed by theclique construction.
4.2. Operad of bicolored noncrossing configurations. The operad of bicolored non-
crossing configurations BNC is an operad defined in [CG14]. Let us describe this operad.A bicolored noncrossing configuration is a noncrossing configuration c where eachlabeled arc is either thick (drawn as a thick line) of dotted (drawn as a dotted line) andsuch that all dotted arcs are diagonals. For instance,

(4.2.1)
is a bicolored noncrossing configuration of size 9. For any n > 2, BNC(n) is the linearspan of all bicolored noncrossing configurations of size n. Moreover, BNC(1) is the linearspan of the singleton containing the only polygon of size 1 where its only arc is unlabeled.The partial composition of BNC is defined graphically as follows. For any bicolored non-crossing configurations c and d of respective arities n and m, and i ∈ [n], the bicolored
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noncrossing configuration c ◦i d is obtained by gluing the base of d onto the ith edge of c,and then,(a) if the base of d and the ith edge of c are both unlabeled, the arc (i, i + m) of c ◦i dbecomes dotted;(b) if the base of d and the ith edge of c are both thick, the arc (i, i+m) of c ◦i d becomesthick;(c) otherwise, the arc (i, i +m) of c ◦i d is unlabeled.For example,

◦3 = , (4.2.2a)
◦5 = , (4.2.2b)
◦3 = . (4.2.2c)

Let us now consider the unitary magmaMBNC := {1, a,b}wherein operation ? is definedby the Cayley table
? 1 a b
1 1 a ba a a 1b b 1 b

. (4.2.3)

In other words,MBNC is the unitary magma wherein a and b are idempotent, and a ?b =
1 = b ? a. Observe that MBNC is a commutative unitary magma, but, since(b ? a) ? a = 1 ? a = a 6= b = b ? 1 = b ? (a ? a), (4.2.4)the operation ? is not associative.Let φBNC : BNC → NCMBNC be the linear map defined in the following way. For anybicolored noncrossing configuration c, φBNC(c) is the noncrossingMBNC-clique of NCMBNCobtained by replacing all thick arcs of c by arcs labeled by a, all dotted diagonals of c bydiagonals labeled by b, all unlabeled edges and bases of c by edges labeled by b, and allunlabeled diagonals of c by diagonals labeled by 1. For instance,

φBNC
  = b

a b b
bab

a . (4.2.5)
Proposition 4.2.1. The linear span of together with all noncrossing MBNC-cliques
without edges nor bases labeled by 1 forms a suboperad of NCMBNC isomorphic to BNC.
Moreover, φBNC is an isomorphism between these two operads.
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Proof. Let us denote by OBNC the subspace of NCMBNC described in the statement ofthe proposition. First of all, its follows from the definition of the partial composition ofNCMBNC that OBNC is closed under the partial composition operation. Hence, and since
OBNC contains the unit of NCMBNC, OBNC is an operad. Second, observe that the image of
φBNC is the underlying space of OBNC and, from the definition of the partial compositionof BNC, one can check that φBNC is an operad morphism. Finally, since φBNC is a bijectionfrom BNC to OBNC, the statement of the proposition follows. �

Proposition 4.2.1 shows hence that the operad BNC can be built through the noncross-ing clique construction. Moreover, observe that in [CG14], an automorphism of BNCcalled complementary is considered. The complementary of a bicolored noncrossingconfiguration is an involution acting by modifying the labels of some of its arcs. Underour setting, this automorphism translates simply as the map Cθ : OBNC → OBNC where
OBNC is the operad isomorphic to BNC described in the statement of Proposition 4.2.1and θ :MBNC →MBNC is the unitary magma automorphism of MBNC satisfying θ(1) = 1,
θ(a) = b, and θ(b) = a.

Besides, it is shown in [CG14] that the set of all bicolored noncrossing configurationsof arity 2 is a minimal generating set of BNC. Thus, by Proposition 4.2.1, the set{ aa a , ba a , ab a , bb a , aa b , ba b , ab b , bb b
} (4.2.6)

is a minimal generating set of the suboperad OBNC of NCMBNC isomorphic to BNC. Asa consequence, all the suboperads of BNC defined in [CG14] which are generated by asubset of the set of the generators of BNC can be constructed by the noncrossing cliqueconstruction. This includes, among others, the magmatic operad, the free operad on twobinary generators, the operad of noncrossing plants [Cha07], the dipterous operad [LR03,Zin12], and the 2-associative operad [LR06,Zin12].
CONCLUSION AND PERSPECTIVESIn this work we have completed the study of the clique construction introduced in [Gir18]by focusing on the suboperad NCM of CM of noncrossing M-cliques. As noticed in theprevious sections, NCM has a particular status among the suboperads of CM becauseNCM is the smallest suboperad of CM that contains all elements of arity 2 (the M-triangles) and is the biggest binary suboperad of CM. This operad is also a Koszul operadwhen M is a finite unitary magma.An open question concerns the Koszul dual NCM! of NCM. Section 3 contains resultsabout this operad, like a description of its presentation and a formula for its dimensions.We have also established the fact that, as graded vector spaces, NCM! is isomorphic tothe linear span of all noncrossing dual M-cliques. To obtain a realization of NCM!, it isnow enough to endow this last space with an adequate partial composition. Finding sucha composition is worth to obtain.
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