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Basic definitions
Tamari lattice

Goal

Introduction

Permutation and weak order

A permutation ¢ is a word of size n where every letter of
{1,...,n} appear only once.
Ex : 1234, 15234, 4231.

Weak order : partial order on permutations

At each step, we inverse two increasing consecutives values.
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Binary trees

Binary trees
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Order relation
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This gives a partial order on binary trees.
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Tamari lattice

Figure : Tamari lattices of size 3 and 4.
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Tamari lattice as a quotient of the weak order
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Goal

Introduction

What do we want to do 7

We want a formula that computes, for any given tree T the
number of trees smaller than T in the Tamari order.

Example : how many trees are smaller than this one ?
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Tamari polynomials

Tamari polynomials

Given a binary tree T, we define:

By =1 (1)
Br(x) == XBL(X)XBR(?__fR(l) (2)
with T = L/.\R
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Main theorem

Let T be a binary tree. Its Tamari polynomial Br(x) counts
the trees smaller than T in the Tamari order according to the
number of nodes on their left border. In particular, Br(1) is
the number of trees smaller than T.
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XBR(X) — BR(].)

x—1
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By =1
Br(x) := XBL(X)XBR();)__IBR(D
3 /4\6 . gr((x)) = 15’84((x))= xBs(x) Bl 0)
[ ] X) =X

YA ? a
1 5
N

2
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By:=1
o) w500~ 50
/4\ o Br(x) = Ba(x) = xBs(x) 2=
3 6 ° B3(X) = XBl(X)
1/ 5 b Bl(x) = Xw
AN
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By =1
XBR(X) — BR(].)

Br(x) := xB(x)

x—1
4 o Br(x) = Ba(x) = xBs(x) Be)=5s(1)
VRN
3 6 o B3(x) = xBi(x)
1/ 5 / o Bl(X) _ XB2(X3:152(1)
\2 o By(x)=x
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By:=1
Br(x) := XBL(X)XBR();)__lgR(l)
/4\ o Br(x) = B4(x) = XBs(X)w
3 6 ° B3(X) = XBl(X)
1/ 5/ * Bi(x) = XB2(XX):152(1)
\2 ) BQ(X) =X
o Bi(x) = x(1+x) = x + x°
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Our work

Example

* o Br(x) = Ba(x) = xBs(x)2)=5s1)

x—1
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x—1
4
/3/ \6 o BT(X) _ B4(X) — X(X2 + X3)BS(X3:136(1)
1 5 [ ] Bﬁ(X) = XB5(X)
\2
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Example

XBR(X) — BR(]_)

x—1
4
3/ \6 o Br(x) = By(x) = x(x? + x3) =B
1/ 5/ o Bs(x) = xBs(x)
\2 L B5(X) =X
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x—1
4
/3/ \6 o BT(X) _ B4(X) — X(X2 + X3)BS(X3:136(1)
1 e o Bs(x) = xBs(x)
\2 o B5(X) =X
o Bs(x) = xx = x>
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x—1
4
RN
3 6
1/ 5/ o By(x) = x(x* + x*)(1 + x + x?)
\2 o By(x) = x®+ 2x% +2x* 4+ x3
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Increasing and decreasing forests
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Bilinear form

XBR(X) — BR(].)
x—1

Br(x) = xB(x)

B(f. ) — xf() €~ £V

x—1
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Combinatorial interpretation

ST, TI=B( Y [TV, T1, > [T2,T2)

T'<T Tl'<T1 T2'<T2

with T = VRN

T1 T2
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| 7<5m/<a{>]+[/>=</>1+

X + x° + x* +

| »<”>1+[<<’<”>1+[<§ el
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