HYPERG

Maple Package

User’s Reference Manual Version 1.0

Bruno Gauthier

Bruno.Gauthier@univ-mlv.fr

Université Marne-la-Vallée Institut Gaspard Monge June 1999

Table of contents

Copyright notice 5

Abstract 7

I Installation 9

0.1 Installing HYPERG on a unix/linux system . . . . . . . . . . . . . . . . . . . . . . 11 0.2 Using the package . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 0.3 Contact . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

II Description of the package 13

1 Introduction 15

2 Background 17 2.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.2 Differentiation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.3 Others hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.4 Manipulation of hypergeometric expressions . . . . . . . . . . . . . . . . . . . . . . 24 2.5 Manipulation of recurrence relations . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 Transformation of sums into hypergeometric notation 27

4 Rules for manipulating factorial expressions 30

5 Summations for hypergeometric series 32 5.1_1F_0 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 5.2_2F_1 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 5.3_3F_2 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.4_4F_3 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 5.5_5F_4 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 5.6_6F_5 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 5.7_7F_6 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

6 Transformations for hypergeometric series 39 6.1_1F_1 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 6.2_2F_1 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 6.3_3F_2 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 6.4_4F_3 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 6.5_5F_4 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 6.6_6F_5 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 6.7_7F_6 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

6.8_8F_7 hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

7 Contiguous relations 51 7.1 Two-term relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 7.2 Three-term relations with one parameter . . . . . . . . . . . . . . . . . . . . . . . . 52 7.3 Three-term relations with two parameters . . . . . . . . . . . . . . . . . . . . . . . 54 7.4 Three-term relations with three parameters . . . . . . . . . . . . . . . . . . . . . . 57 7.5 Three-term relations with four parameters . . . . . . . . . . . . . . . . . . . . . . . 57 7.6 Three-term relations with six parameters . . . . . . . . . . . . . . . . . . . . . . . 65 7.7 Three-term relations with eight parameters . . . . . . . . . . . . . . . . . . . . . . 68

8 Formal limits of hypergeometric expressions 70

9 Polynomial, rational and hypergeometric solutions of recurrences 72 9.1 Polynomial solutions of recurrences . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 9.2 Rational solutions of recurrences . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 9.3 Hypergeometric solutions of recurrences . . . . . . . . . . . . . . . . . . . . . . . . 75 9.4 Generate p-order recurrences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

10 Gosper and Zeilberger algorithms 78 10.1 Gosper’s algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 10.2 Zeilberger’s algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 10.2.1 Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 10.2.2 Automatic proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

III Routines 83

11 Presentation of the package HYPERG 86

12 Basic objects 89 12.1 Hypergeometric term . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 12.2 Hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 12.3 Rising factorial . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 12.4 Manipulation of hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . 95 12.5 Very-well-poised hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . 99 12.6 Manipulation of hypergeometric expressions . . . . . . . . . . . . . . . . . . . . . . 104 12.7 Manipulation of recurrence relations . . . . . . . . . . . . . . . . . . . . . . . . . . 105

13 Transforming sums into hypergeometric notation 111

14 Manipulating factorial expressions 112

15 Applying summation formulas 114

16 Applying transformation formulas 117

17 Applying contiguous formulas 120

18 Computing formal limits of hypergeometric expressions 122

19 Finding polynomial, rational and hypergeometric solutions of recurrences 124

20 Using the Gosper and Zeilberger algorithms 129

21 Miscellaneous functions 135

IV Examples 137

22 Hypergeometric series and manipulation 139 22.1 Vandermonde sum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 22.2 Orthogonal polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140 22.3 Ramanujan hypergeometric identity . . . . . . . . . . . . . . . . . . . . . . . . . . 141

23 Automatic proofs of identities 142 23.1 Recurrences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142 23.2 Catalan numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 23.3 Fibonacci numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

V q-analog 155

24 Basic hypergeometric series 157 24.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 24.2 Others q-hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 24.3 Solutions of q-recurrences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

25 Routines 161 25.1 Basic hypergeometric series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161 25.2 q-rising factorial . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 25.3 q-binomial coefficient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165 25.4 Very-well-poised basic hypergeometric series . . . . . . . . . . . . . . . . . . . . . . 166 25.5 Solutions of q-recurrences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

Notation 175

Index 177

List of functions 179

Bibliography 181

4 TABLE OF CONTENTS

COPYRIGHT NOTICE 5

Copyright notice

Copyright © 1998, 1999, Bruno Gauthier, Bruno.Gauthier@univ-mlv.fr, Institut Gaspard Monge, Université Marne-la-Vallée,

Permission is granted to use, copy, and distribute this software for non commercial use, provided that the above copyright notice appear in all copies and that both this copyright notice and this permission notice appear in supporting documentation.

Permission to modify the software is granted, but not the right to distribute the modified code. Please report bugs and changes to Bruno.Gauthier@univ-mlv.fr. This software is provided “as is” without expressed or implied warranty.

6 COPYRIGHT NOTICE

ABSTRACT 7

Abstract

HYPERG^{is a Maple package for the manipulation of gen-}

eralized hypergeometric series denoted by the usual symbol F (a_1, a_2, . . . ; b_1, b_2, . . . ; x). It also provides tools for automatic proofs of identities, but they are just tools: every step in a series of manipulations has to be controlled by the user. The goal of this package is to make the algorithms in this area better known, and to help you enter the wonderful world of hypergeometric series. Many features of this package are due to C. Krattenthaler and his Mathematica package HYP [15]. Many thanks to C. Krattenthaler, P. Paule, M. Petkovšek, A. Tefera and D. Zeilberger for their helpful comments.

\There must be many universities to-day, where 95 per cent, if not 100 per cent, of the functions studied by physics, engineering, and even mathematics students, are covered by the single symbol F (a, b; c; x)."

— W. W. Sawyer [27]

8 ABSTRACT

Part I

Installation

0.1. INSTALLING HYPERG ON A UNIX/LINUX SYSTEM 11

T^{his part is devoted to the installation of HYPERG. This package is developped at the Uni-}

versity of Marne-la-Vallée, it is available on the World Wide Web at the URL

http://www-igm.univ-mlv.fr/~gauthier/.

For the moment, this program only works under Maple V Release 2 or later.

0.1 Installing HYPERG on a unix/linux system

You must have the following files:

README
HYPERG The code file
HYPERG.tst The test file
HYPERG.ps.gz This manual (gzipped postscript-file)

To compile the package, you must move the HYPERG file in your maple packages directory (for example: /usr/people/joe/maple_pack) then type the unix command:

maple -s -q < HYPERG

Then, you have to tell Maple where to find the compiled file HYPERG.m. You must add the two following lines to the .mapleinit file in your home directory, or create such a file if you don’t yet have one:

For Maple V Release 1:

HYPERGLib:=‘/usr/people/joe/maple_pack‘:
_liblist:=[HYPERGLib]:

For Maple V Release 2, 3 or 4:

HYPERGLib:=‘/usr/people/joe/maple_pack‘:
libname:=libname, HYPERGLib:

0.2 Using the package

You can use HYPERG by running Maple V and then loading the package by the Maple command with(HYPERG);. To get help, you can type ?HYPERG, and to know the loaded version of HYPERG, you can type ‘HYPERG/Version‘;.

Set the global variable ’HYPERG/Verbose’ to a value greater than 0 to display information about the execution of some procedures (the greater the value, the more informations displayed). Its default value is 0 (for no information). You can for instance set it to 1 to trace your mathematical work.

0.3 Contact

Bruno Gauthier

Université de Marne-la-Vallée, Institut Gaspard Monge, Cité Descartes, 5, Bd Descartes, Champs-sur-Marne, F-77454 Marne-la-Vallée, CEDEX 2,

Email: Bruno.Gauthier@univ-mlv.fr
URL: http://www-igm.univ-mlv.fr/~gauthier
HYPERG’s main page: http://www-igm.univ-mlv.fr/~gauthier/HYPERG.html