A MODEL OF TREES FOR 5-CONNECTED PLANAR TRIANGULATIONS

ERIC FUSY*

ABSTRACT. Triangulations of the 5-gon with no separating triangle nor quadrangle, so called
5c-triangulations, are a planar map family closely related to 5-connected planar triangula-
tions. We show that 5c-triangulations are in bijection with 5-regular plane trees satisfying
a simple local constraint at inner edges. It yields explicit expressions for the generating
functions of rooted 5c-triangulations, and of rooted 5-connected planar triangulations with
root-vertex degree 5, these belonging to the same algebraic extension as the generating func-
tion of rooted 5-connected planar triangulations computed by Gao, Wanless and Wormald.
The bijection also makes it possible to obtain efficient uniform random generation and suc-
cinct encoding procedures for 5-connected planar triangulations.

1. INTRODUCTION

A rich literature is devoted to the enumeration of (rooted) planar maps, initiated by the
pioneering work of Tutte [Tut62l [Tut63]. The original method proceeded by showing that
the generating function —with an additional catalytic variable— satisfies a functional equa-
tion, obtained typically by translating a decomposition by root deletion, and then solving the
functional equation either by guessing-checking, or by the quadratic method [Tut73] and its
extensions [BJ06, [Eynl6]. Another fruitful approach is to relate families of maps via substi-
tution schemes [Tut63) MS68| [BESS01, (GWWO1, BG14], allowing to extract expressions for
the generating functions of map families with higher connectivity/girth constraints (whereas
catalytic equations for such families are often more difficult to obtain). Various families of
planar maps can be enumerated by these methods, yielding surprisingly simple counting for-
mulas. Other map enumeration approaches have been developed, in particular matrix inte-
gral techniques [DFGZJ95], and closer to our focus, bijective constructions that provide di-
rect combinatorial proofs of the counting formulas, starting with the Cori-Vauquelin bijec-
tion [CV8I], and further developed by Schaeffer [Sch98] and by Bouttier, Di Francesco and
Guitter [BDFG02, BDFG04]. Bijective methods for planar maps have gained a high level of
generality over the years, and one can essentially distinguish three main methods:

(i): Bijections that are obtained by showing that each map from the considered family
can be endowed with a canonical orientation (or, more generally, a canonical weighted
biorientation), typically with properties of minimality (no clockwise cycle), accessibil-
ity (from any vertex one can reach the root-face or root-vertex), and specification of
vertex outdegrees and face degrees; one can then specialize a general bijection (keeping
track of vertex outdegrees and face degrees) that encodes a minimal accessible orien-
tation by a decorated plane tree. Two different such general bijections were provided
respectively in [BF12a] and in [AP15]. These gave a unified setting encompassing most
bijections that were known for planar map families, and making it possible to obtain
extensions such as the enumeration of planar maps of fixed girth with control on the
face-degrees [BE12b).
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(ii): Slice decompositions [BGI2], where the considered maps are cut along certain geo-
desic paths, yielding a decomposition into slice-maps, and slice-maps are themselves
recursively decomposed, again by cutting along certain geodesic paths. As (i) this
method is well suited for the enumeration of maps with control on the girth and face-
degrees [BG14, BGM24], with extension to the so-called irreducible setting.

(iii): A recent bijective construction [DS25] turns (via certain rewiring operations) the de-
scription trees given by a generic order-one catalytic equation into trees that are spec-
ified by a context-free grammar. This establishes a bridge from Tutte’s method to a
bijective encoding of maps by trees that are easy to count.

In this paper we consider the class of so-called 5c-triangulations, i.e., triangulations of the
5-gon with no separating triangle nor separating quadranghﬂ These have been recently con-
sidered in [BFL25| Sec.12],[BFL23], where it is proved that these maps are characterized by the
existence of Schnyder-type combinatorial structures that admit several incarnations: as corner
labelings, as certain woods on 5 trees, or as outdegree-constrained orientations on the primal-
dual map (in [BFL23] it is also shown that the wood incarnation yields a face-counting crossing-
free straight-line drawing algorithm). These maps are also closely related to 5-connected planar
triangulations, which are known to be the triangulations with no separating triangle nor sep-
arating quadrangle. The enumeration of rooted 5-connected planar triangulations has been
solved by Gao, Wanless and Wormald [GWWO0I] via a bivariate application of the substitu-
tion method, yielding an explicit algebraic expression for the generating function. No bijection
by the above mentioned methods was known for 5-connected planar triangulations, whereas
methods (i) and (ii) are known to apply [Fus09, BG14] to triangulations of the 4-gon with
no separating triangle —called irreducible— which are closely related to 4-connected planar
triangulations.

Our main contribution is to exhibit a simple family of trees that are in bijection to 5c-
triangulations. A plane tree is an unrooted tree embedded in the plane. The non-leaf vertices
are called nodes, the edges incident to a leaf are called legs, while the other ones are called
inner edges. A k-regular plane tree is a plane tree such that all nodes have degree k. It is called
leg-balanced if for every inner edge, one of its two half-edges is followed by a leg in clockwise
order around the incident node, while the other half-edge is followed by an inner edge. The
following is our main result (see Figure [1)):

Conditions:

o)

Dasad

FIGURE 1. Left: a 5c-triangulation. Right: the corresponding leg-balanced
5-regular plane tree.

n a planar map a cycle is called separating if there is at least one vertex inside and at least one vertex
outside (the underlying graph is thus disconnected by deletion of the cycle).
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Theorem 1.1. There is an explicit bijection ¢ between Sc-triangulations with n+5 vertices and
leg-balanced 5-reqular plane trees with n nodes, for n > 1.

Let us note that bijective constructions are already known to relate k-connected triangu-
lations to (sub-)families of k-regular plane trees for k € {3,4}. Precisely, 3-connected (i.e.,
simple) plane triangulations with n 4+ 3 vertices are in bijection with 3-regular plane trees —
with nodes properly bicolored— having n white nodes and such that all leaves are adjacent to
black nodes [FPS08|[BF12a]. And triangular dissections of the 4-gon with no separating triangle
(called irreducible triangulations of the 4-gon, these are closely related to 4-connected triangu-
lations) having n + 4 vertices are in bijection with 4-regular plane trees having n nodes [Fus09].
The bijection of Theorem thus extends this pattern to k = 5.

Outline. Our bijection ¢ follows the scheme (i) and is close to the bijection of [FPS08| for
irreducible quadrangulations of the hexagon, which relies on a certain biorientation of the inner
edges, called here a tree-biorientation. Precisely it is shown in [FPS08] that irreducible quad-
rangulations of the hexagon are characterized by the existence of a (unique) tree-biorientation
with all inner vertices of outdegree 3. We give in Section [3.1] an easy bijection ® between tree-
biorientations on quadrangular dissections and bicolored plane trees; the construction consists
(as in [FPS08]) in deleting the ingoing half-edges and the outer vertices/edges, while the inverse
mapping ¥ relies on certain closure operations, each one creating a quadrangular inner face.
We then show in Section [I.1] that the angular maps of 5c-triangulations —certain quadrangula-
tions of the 10-gon— are characterized by the existence, and uniqueness, of a tree-biorientation
with outdegree 5 at inner white vertices and outdegree 2 at inner black vertices (these tree-
biorientations are closely related to the 5c-orientations of [BFL23], see Remark [4.2). It then
remains to characterize the corresponding plane trees. A difficulty here compared to [FPS08§] is
that we not only need to control vertex outdegrees (which is easily tracked by the mapping ),
but also some vertex degrees, precisely the fact that black vertices have degree 3. We show in
Section [4.2] —using lemmas established in Section that there is sufficient partial control
on black vertex degrees via ® to track this property, and characterize the corresponding trees
by local properties only: upon simplication of the tree-shape, these trees identify to 5-regular
leg-balanced plane trees. In Section [5| we obtain from the bijection ¢ an expression for the
generating function of rooted 5c-triangulations (and its derivative). We can then also express
the generating function of rooted 5-connected triangulations with root-vertex degree 5, since
the two map families are related by a simple vertex-shelling extraction process. By singularity
analysis we also obtain asymptotic estimates for the counting coefficients of both families. Fi-
nally, in Section [6] the bijection ¢ is applied to the random generation and entropy encoding
of 5-connected triangulations. We conclude with open questions on bijective extensions, in
particular regarding more general counting results that can be obtained from the substitution
approach of [EWW0T].

2. DEFINITIONS ON MAPS AND ORIENTATIONS

A plane map (shortly hereafter, a map) is a connected multigraph embedded in the plane
without edge-crossings, considered up to continuous deformatimfl The unbounded face is called
outer face, while the other faces are called inner faces. A corner is the angular sector between
two consecutive half-edges around a vertex. The degree of a vertex or face is its number of
incident corners. The outer degree is the degree of the outer face. Edges, vertices, and corners
are called outer or inner whether they are incident to the outer face or not; an inner half-
edge is an half-edge on an inner edge. A map is rooted by marking a corner, called the root,

2For connected multigraphs embedded on the sphere the terminology of planar maps is commonly used;
upon projection a plane map is equivalent to a planar map with a distinguished face.
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that is incident to the outer face. A dissection is a plane map whose outer face contour is a
simple cycle. A triangular (resp. quadrangular) dissection is a dissection whose inner faces
have degree 3 (resp. degree 4). Note that a quadrangular dissection has even outer degree and
is bipartite (since all faces have even degree), hence the vertices can be colored black or white
so that adjacent vertices have different colors; a dissection has two such colorings, which differ
by a color switch. A quadrangular dissection is bicolored if it is endowed with such a vertex
bicoloration.

A biorientation of a dissection is an orientation of the inner half-edges. The inner edges
with ¢ € {0,1,2} half-edges outgoing are called i-way. In case all inner edges are 1-way, the
bi-orientation is simply called an orientation. The outdegree (resp. indegree) of a vertex is the
number of incident outgoing (resp. incoming) half-edges. A biorientation is called admissible
if every outer vertex has outdegree 0. In a biorientation a directed path from vertex v to vertex
v’ is a path v = vg, €0, V1, . . ., €k, Vg1 = v' such that for 0 < i < k the edge e; is either a 2-way
edge connecting v; and v;11, or a 1-way edge from v; to v;41. It is called simple if all vertices
along the path are distinct, except possibly v = v’ in which case it is called a simple directed
closed path. A clockwise circuit is a simple directed closed path with the interior region on
its right. A biorientation is called minimal if it is admissible and has no clockwise circuit. It
is called accessible if from any inner vertex v there is a directed path from v to some outer
vertex. A tree-biorientation of a dissection M is a minimal bi-orientation of M whose 2-way
edges form a tree spanning the inner vertices. Note that a tree-biorientation is accessible, and
moreover for every 1-way edge e connecting two inner vertices, the unique cycle C, formed by
e and 2-way edges is such that e has the interior of C, on its left.

3. QUADRANGULAR TREE-BIORIENTATIONS AND BICOLORED PLANE TREES

3.1. The general bijection. For d > 1 we let Q4 be the family of tree-biorientations on
bicolored quadrangular dissections of outer degree 2d. We define a bicolored plane tree as a
plane tree with the following conditions:

e Some leaves are marked, their incident edge is called a leg,

e All other vertices are called nodes, an edge connecting two nodes is called an inner

edge,

e Nodes are colored black or white, such that adjacent nodes are of different colors.
The ezcess of a bicolored plane tree is the number of legs minus the number of inner edges.
For d > 1, let 74 be the family of bicolored plane trees of excess d. For Y € Qg, with Q
the underlying bicolored quadrangular dissection, let T = ®(Y") be the bicolored plane tree
obtained by deleting the outer vertices and outer edges of @), and all incoming half-edges, so
that the 1-way edges become the legs of the obtained tree, see the left side of Figure |3| for an
example. By the Euler relation, @ has 2n 4+ d — 2 inner edges, among which n — 1 are 2-way
and n 4+ d — 1 are 1-way in Y. In the obtained tree T, the inner edges (resp. legs) correspond
to the 2-way (resp. 1-way) edges of Y, hence T € Tj.

Proposition 3.1. For d > 1, the mapping ® is a bijection from Qg to Ty. For'Y € Qg, with
Q the underlying bicolored quadrangular dissection, every black (resp. white) inner vertex v of
Q corresponds to a black (resp. white) node in T = ®(Y'), and the outdegree of v corresponds
to the degree of the node.

Proof. We first recall the general master bijection ®_ of [BF12a] for minimal accessible biori-
entations, illustrated in Figure |2} and then will explain how it specializes to tree-biorientations.
For d > 1, let O4 be the family of dissections of outer degree d endowed with a minimal acces-
sible biorientation with no 0-way edge. We define a bimobile as a plane tree with the following
conditions:
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FIGURE 2. Left: a biorientation O € O4. Right: the corresponding bimobile
T=3o_(0).

e Some leaves are marked, their incident edge is called a leg,
e All other vertices are called nodes, an edge connecting two nodes is called an inner
edge,
e Nodes are of two types, round or square, such that every leg is incident to a square
node, and there is no square-square inner edge.
The ezcess of a bimobile is the number of legs, minus the number of round-square inner edges,
minus twice the number of round-round inner edges. For d > 1 let By be the family of bimobiles
of excess d. For O € Oy, whose vertices are considered round, we let T'= ®_(O) be obtained
by the following operations:

e insert a square vertex s; in each inner face f;
e for each half-edge h = (v,e) of O such that the opposite half-edge is outgoing, with f
the face on the left of h, insert a leg from s; pointing (but not reaching) toward v;
e for each half-edge h = (v,e) on an outer edge and having an inner face f on its left,
insert a leg from s; pointing (but not reaching) toward v;
e for each 1-way edge e = (u,v), with f the face on the left of e, insert an edge connecting
sy to u;
e delete the outer vertices and all edges of O apart from the 2-way edges.
It is shown in [BF12a] that for each d > 1 the mapping ®_ is a bijection from O, to By. Several
parameter correspondences hold. In particular:
e every round vertex of degree k in T' corresponds to an inner vertex of outdegree k in O,
e every square vertex of degree k in T' corresponds to an inner face of degree k in O,
e every round-round edge of T' corresponds to a 2-way edge of O, with the same extrem-
ities in T" as in O.

We now consider the specialization of ®_ to Q4. For Y € Qg4, with @ the underlying
bicolored quadrangular dissection, let T' = ®_(Y). We endow the round nodes of 7" with the
bicoloration inherited from the vertex bicoloration of @); note that two adjacent nodes of T
must have different colors (since the corresponding vertices are also adjacent in (). Moreover,
since the round-round edges form a subtree of T spanning all round vertices, and since there
are no square-square edges in T, the square vertices of T have a single round neighbour, plus 3
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FiGURE 3. Top-left: a tree-biorientation Y € Qsz. Bottom-left: the corre-
sponding bicolored plane tree T' = ®(Y) € T3, which can also be obtained
(right column) from the bimobile 7' = ®_(Y) upon deleting the 3 legs at every
square vertex, and turning the unique incident inner edge into a leg.

incident legs (since the corresponding inner face of @ has degree 4). The reduction of T is the
bicolored plane tree T obtained by replacing every square vertex of T by a marked leaf, so that
the incident inner edge becomes a leg. The fact that T has excess d transfers to the fact that
T € Tq. Moreover it is easy to see that T' = ®(Y'), as illustrated in Figure 3} Conversely, for
T € T4, we may expand every marked leaf into a square vertex with 3 attached legs, yielding
a bimobile T' of excess d. Letting Y € Oy be such that 7' = ®_(Y), and @ the underlying
dissection, we clearly have that Y is a tree-biorientation of @, that all inner faces of () have
degree 4, and that the vertex bicoloration inherited from 7" (and extended to the outer vertices)
is a proper bicoloration of the vertices of @, since the 2-way edges form a tree spanning the
inner vertices of Q. (|

Remark 3.2. As a specialization of Proposition it is shown in [FPS08] that quadrangular
dissections of the hexagon can be endowed with a tree-biorientation where all inner vertices
have outdegree 3 iff the dissection is irreducible, i.e., every 4-cycle bounds a face. Moreover,
in that case such a tree-biorientation is unique. Thus Proposition |3.1| gives a bijection between
such dissections and unrooted bicolored binary trees, which is the bijection of [FPS08]. A
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(a)

(d)

FIGURE 4. The closure mapping ¢, from a bicolored plane tree T' € T3 to a
tree-oriented quadrangular dissection Y € Qj.

Remark 3.3. The inverse 1 of ¢ has an explicit description (illustrated in Figure [4)) that is
induced by the mapping ¥_ = (®_)~! described in [BF12a], and is the natural extension of
the closure mapping described in [FPS0§| for bicolored binary trees. For T' € T4, we consider a
counterclockwise tour around 7T (i.e., with the outer face on our right), yielding a cyclic word
with 1’s and 0’s, where we write 1 when passing along a marked leaf (i.e., a leaf incident to a
leg), and write 0 when passing along an edge. Whenever we see the pattern 1000, meaning a
leg followed by three edges, we perform a so-called local closure operation, which consists in
extending the end of the leg to reach the end of the third edge, so as to close a quadrangular face.
The edge resulting from the local closure is not anymore considered as a leg, and accordingly
the contour word for the outer face is updated by replacing the pattern 1000 by 0. Local
closure operations are performed until having no pattern 1000 in the contour word. At that
point we create an enclosing 2d-gon, and perform final closure operations that match the ends
of the remaining legs with vertices of the 2d-gon so as to form quadrangular inner faces only.
The resulting quadrangular dissection of outer degree 2d is naturally endowed with a tree-
orientation, where the edges originating from 7T are 2-way, while the edges originating from
legs are 1-way, outward of the original incident node. The image of T' by 1 is the obtained
tree-oriented quadrangular dissection Y (note that by construction we have T = ¢(Y)). A

3.2. Two lemmas giving partial control on black vertex degrees. The parameter-
correspondence in Proposition [3.1] only allows control on the outdegrees of inner vertices, not
on their indegrees. As a first remark, there is a situation where we have a simple control on
black vertex indegrees: if all legs are at black nodes of the bicolored tree, then the black vertices
have indegree 0 (because all 1-way edges are directed from black to white). For instance, in the
bijection of Remark [3.2] if we specialize to the case where all legs are at black vertices, then we
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get a bijection to quadrangular irreducible dissections of the hexagon such that all black inner
(resp. outer) vertices have degree 3 (resp. 2), which are themselves in easy bijection to simple
planar triangulations. This specialization is given in [FPS08] and is the bijection for simple
triangulations (also obtained in [BF12a]) that is mentioned at the end of the introduction.

However, in order to apply Proposition to the tree-biorientations for 5c-triangulations
(to be described in Section , a difficulty is that we will need control on black vertex degrees
(to be all equal to 3) while having legs at white nodes in the associated bicolored plane trees.
This control will be made possible by the two lemmas given below. In a bicolored plane tree T
a node-corner (resp. leaf-corner) is a corner incident to a node (resp. a leaf). The leaf-index of
a node-corner c is the number of node-corners (excluding ¢) between ¢ and the next leaf-corner
in a clockwise walk around the tree (with the outer face on the left of the walker). In @ = ¥(T')
a node-corner ¢ corresponds to what we call a sector, i.e., an interval of corners around an inner
vertex, delimited by two outgoing half-edges, and such that the non-extremal half-edges in the
sector are incoming (thus an inner vertex of outdegree k has k sectors). We say that the sector
is empty if it has no incoming half-edge, i.e., it is a corner between two outgoing half-edges
around an inner vertex.

Lemma 3.4. Let T € Ty and let Q = Y(T). For ¢ a node-corner of T, if ¢ has leg-index
smaller than 3, then the corresponding sector in Q) is empty.

Proof. Let £ be the next leg encountered after ¢ in a clockwise walk around 7. Since the leg-
index of ¢ is smaller than 3, then when £ is closed it has to pass over ¢, thus ¢ is a corner in @,
in the inner face resulting from the closure of /. ]

Lemma 3.5. Let T' € T4 be such that there is no pair of legs that are consecutive around a
black node, and let Y = W(T), with Q the underlying dissection. For ¢ a corner at a black node
of T, if ¢ has leg-index at least 3 then the corresponding sector in Q is not empty. Moreover,
every outer black vertex has positive indegree.

Proof. Assume the sector corresponding to ¢ is empty. Then c is a corner of Q). Let f be the
inner face of @) containing c. Let v1,vs,v3,v4 be the four vertices in counterclockwise order
around f, with v the vertex at ¢. Note that the edge {v1,v2} is a 2-way edge since ¢ has
non-zero leg-index, and {vi,v4} is either 2-way or l-way from v; to vs. Hence, the unique
1-way edge having f on its left is either {vy,v3} or {vs,vs}. It can not be {vy,v3}, as this
would imply that the leg-index of ¢ is equal to 1. Hence it has to be {vs,v4} (directed from
v3 to v4). In that case (ve,v3) can not be 2-way, as this would imply that the leg-index of ¢ is
equal to 2. Hence {vy,v3} is 1-way, from vs to ve. But then we have the contradiction that vs
has two consecutive incident edges that are outgoing 1-way, and these give a pair of legs that
are consecutive at the black node corresponding to v in T

Regarding the second statement, assume that there is a black outer vertex b with no incident
incoming edge, i.e., no incident inner edge. Let f be the unique inner face incident to b. Let
b, w,b’,w’ be the vertices in counterclockwise order around f. The edges {b,w} and {b, w’} are
outer edges, so that w,w’ are outer vertices. Note that @ can not have an inner edge connecting
two outer vertices; indeed such an edge would have to be incoming at both extremities, which
is not possible since we forbid 0-way edges in tree-biorientations. This implies that b’ is an
inner vertex. Thus the two inner edges {b’,w} and {V/,w’} are 1-way out of ', and they are
consecutive around &’. We get the contradiction that these two edges yield two consecutive legs
at a black node of T. |
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4. APPLICATION TO 5C-TRIANGULATIONS

4.1. Tree-biorientations for 5c-triangulations. For M a triangular dissection (whose ver-
tices are colored white), one obtains a quadrangular dissection @ = ¢(M), called the angular
map of M, by the following classical procedure: a black vertex is inserted inside each inner
face f, and connected by 3 new edges to the white vertices around f; then the edges of M are
deleted. For @ to be a dissection (i.e., have simple outer contour) requires the mild assumption
that M has no inner face incident to two outer edges of M. We let F be the family of triangular
dissections of the 5-gon with no inner face incident to two outer edges, and let G be the family
of quadrangular dissections of outer degree 10 with all black vertices of degree 3; note that ¢ is
a bijection between F and G. Let F5. C F be the family of 5c-triangulations, and let Gs. C G
be the image of F5. under .

For @ € G, a tree-biorientation of @ is called a 5c-biorientation if every inner white vertex
has outdegree 5 and every inner black vertex has outdegree 2.

v4

(d) () ()

FIGURE 5. (a) The 5c-triangulation M of Figure [I} (b) superimposed with
Q = «(M); (¢) Q is endowed with its minimal bs-rooted regular orientation
Xo, with the left co-accessibility spanning tree 7y colored red; (d) making all
edges of 1y 2-way and reversing the inner edge incident to b5 yields the 5c-
biorientation Yy of @Q; (e) the tree T = ®(Yp); (f) the leg-balanced 5-regular
plane tree 7 = ¢(M) is obtained as the reduction of T

Lemma 4.1. Let Q € G. Then Q admits a 5c-biorientation iff Q € Gs.. In that case Q has a
unique Hc-biorientation.
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Proof. Let @ € Gs. and let M be the 5Sc-triangulation such that @ = ¢(M). We now describe
the process to compute the 5c-biorientation of @, illustrated in Figure [B(c)-(d). A regular
orientation of @) is an orientation of the inner edges such that all outer vertices have outdegree 0
except one, of outdegree 1 and called the root-vertex, and the inner white (resp. black) vertices
have outdegree 4 (resp. 1). Asshown in [BFL25| Sec.12] (see also Section A.3 and Figure 13(b)-
(c) in [BEL23)]), the fact that M has no separating 3-cycle implies that @ can be endowed with
a regular orientation X, and furthermore the fact that M has no separating 4-cycle ensures
that any regular orientation of M is co-accessible with respect to its root-vertex v, meaning
that for every vertex w there is a directed path from v to w. Note that if v # b5, we can reverse
a directed path from v to bs and obtain a regular orientation rooted at bs. According to [Fel04],
one can then consider the minimal bs-rooted regular orientation Xy of M. A co-accessiblity tree
is then defined as a subtree 7 of () spanning the vertex-set V' made of b5 and the inner vertices
of @, and such that the orientation on 7 given by Xy is the orientation away from the root
bs. In that case, an external edge is an inner edge e of () not in 7 and connecting two vertices
of V; letting 7, be the unique cycle formed by e and edges of 7, the external edge e is called
counterclockwise (resp. clockwise) if it has the interior of v, on its left (resp. on its right). It
follows from [Ber(7] that there is a unique co-accessibility tree 7y such that every external edge
is counterclockwise; it is called the left co-accessibility tree. If we make every edge of 1y 2-way,
then we obtain a biorientation Y of @ such that the 2-way edges form a tree spanning V. Note
that every inner vertex has clearly increased its outdegree by 1, so that white (resp. black)
inner vertices have outdegree 5 (resp. 2). Moreover, the bi-orientation Y{ is minimal; indeed 79
is a left co-accessibility tree of Yy, upon interpreting every 2-way edge as a double edge forming
a counterclockwise cycle; and as shown in [Ber07] the existence of a left co-accessibility tree
guarantees minimality (no. clockwise cycle). Upon turning the 2-way edge incident to b5 into
a l-way edge directed toward b5, we thus obtain a 5c-biorientation Y of Q.

To prove uniqueness, assume for contradiction that @ has a 5c-biorientation Y; # Y. Let
71 be the tree formed by the 2-way edges and the inner edge incident to bs. Note that 71 # 7
(otherwise one would have Y; = Y). If we turn the edges in 7y into 1-way edges directed away
from the root b5, then we obtain a regular orientation X; of @ rooted at b5, and for which 74
is a left co-accessibility tree. By existence of a left co-accessibility tree, the orientation X; has
to be minimal, hence it is the minimal bs-rooted regular orientation of @ (hence Xy = X;), for
which 7; is the unique left co-accessibility tree. We reach the contradiction that 7 = 9.

Finally, let Q € G\Gs. and assume that @) can be endowed with a 5c-biorientation X. Let
M be the triangulation of the 5-gon such that @ = «(M). Since Q ¢ Gs,, there is a separating
4-cycle v = (wy,we, w3, wy) in M. Let f; be the inner face of M inside vy and incident to
the edge {w;,w;+1}, and let b; be the corresponding black vertex of (). Consider the 8-cycle
vo = (w1,b1,...,w4,bs) of Q. Inside g, let n > 1 be the number of white vertices, so that (by
the Euler relation) there are 2n — 2 black vertices, and 6n — 2 edges of (). Let S be the total
outdegree of vertices inside yg. The outdegree condition gives S = 5n + 2(2n — 2) = 9n — 4.
On the other hand, note that S is at most the number of edges inside g plus the number k
of 2-way edges with both extremities inside g. Since the 2-way edges form a tree, we have
k < 3n — 3. Hence, S < 9n — 5, giving a contradiction. O

Remark 4.2. Tt would also be possible, though a bit less direct, to obtain the 5c-biorientation
of @ = «(M) from the minimal 5c-orientation [BEL23] on the primal-dual completion of M,
via transfer rules similar to those used in [FPS08]. To prove that the transferred biorientation
is minimal, one would have to resort to an analogue of Lemma 8.13 in [FPS08], for which one
would have to show that 5c-orientations are accessible. A
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4.2. Specialization of ® to 5c-biorientations. Let @50 be the subfamily of Qs such that
all inner white vertices have outdegree 5 (resp. 2). Let Q5. be the subfamily of ég,c where all
black vertices (including the outer ones) have degree 3. Note that the family Qs. is in bijection
with Hc-triangulations, by Lemma combined with the bijection ¢. Let 75 be the subfamily
of 75 such that all white (resp. black) nodes have degree 5 (resp. 2). Note that there are two
types of black nodes in T € ’7'56: those incident to one inner edge and one leg (type I), and
those incident to two inner edges (type II). The fact that the excess is 5 translates to the fact
that there are as many black nodes of both types. Let 7T5. be the subfamily of 75 where the
following two conditions hold:

C1: For each black node b of type I, let w be the adjacent white node, and e the next edge
after (w,b) in clockwise order around w; then e leads to a black node of type II.

C2: For each black node b of type II, let w,w’ be the adjacent white nodes, e the next edge
after (w,b) in clockwise order around w, and €’ the next edge after (w’,b) in clockwise
order around w’; then exactly one of (e, e’) leads to a black node of type II.

Proposition 4.3. The mapping ® gives a bijection between Qs. and 7~},c, which specializes into
a bijection between Qs. and Ts..

Proof. The first statement is a direct consequence of the paramater correspondence in Propo-
sition Let T € ’ﬁm with n white nodes. Assume that T' € T5.. Then by definition every
black node must have an incident corner of leg-index at least 3. Hence, by Lemma 3.5} all black
nodes (including the outer ones) have degree at least 3 in Y = ¥(T'). Since T has 2n — 2 black
nodes (n — 1 of each type) and n white nodes, its image Y has 2n + 3 black vertices (including
the outer ones), and a total of 3n 4 8 vertices. By the Euler relation it has 6n + 9 edges. Hence
all black vertices must have degree 3, so that Y € Qs.

Assume now that T ¢ Ts. and let us check that its image Y = U(T') is not in Qs,.. If there is
at least one black node b of type I not satisfying Condition C1, then the corner after the unique
incident leg in clockwise order around b has leg-index smaller than 3. The other incident corner
(preceding the leg) clearly has leg-index 0. Hence, by Lemma b corresponds to a black
vertex of degree 2 in Y, so that Y ¢ Qs.. Otherwise all black nodes of type I satisfy C1, so that
there is at least one black node of type II that does not satisfy C2. Let 7 be obtained from T
by deleting every black node b, turning the two incident edges into a single edge (an inner edge
if b is of type II, a leg if b is of type I). And then let 7 be obtained from 7 by deleting all legs
(and incident leaves). Each corner of 7 corresponds to a sector of T' that either carries at least
one edge (leg or inner edge connected to a black node of type I) or is empty. Note also that
inner edges incident to black nodes of type I are in different sectors; otherwise there would be a
black node of type I not satisfying C1. Since there are n — 1 black nodes of type I, the number
of non-empty sectors is at least n — 1. For each edge e of 7, let h, i’/ be the two half-edges of
e, and let ¢ (resp. ¢) be the corner of 7 following h (resp. h’) in clockwise order around the
incident node. Let m. € {0,1,2} be the number of corners among ¢, ¢’ whose corresponding
sector is not empty. Each edge e of T corresponds to a black node b, of type Il in T'. Moreover
Condition C2 on b, is equivalent to having m. = 1. Hence, there is an edge € of 7 such that
m. # 1. Since the sum of m, over all n — 1 edges e of 7 is at least n — 1, it implies that there
is an edge €’ of 7 such that m. = 2. In that case, in T the two corners at b have leg-index
smaller than 3. Hence, by Lemma the corresponding black vertex of Y has degree 2, so that
Y ¢ Q5c- 0

To obtain Theorem it remains to observe that 7. is in easy bijection with the family of
leg-balanced 5-regular plane trees. As considered in the above proof, the reduction of T € T,
is the tree 7 obtained from T by deleting every black node, turning the two incident edges
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into a single edge (an inner edge of 7 if the white node has type II, a leg if it has type I), see
Figure [5{(e)-(f).

Lemma 4.4. The reduction procedure gives a bijection between trees in Ts. having n white
nodes, and leg-balanced 5-regular plane trees having n nodes, for n > 1.

Proof. The reduction clearly gives a leg-balanced 5-regular plane tree. The inverse mapping
proceeds as follows. Let 7 be a leg-balanced 5-regular plane tree with n nodes. A sector of T
is a corner of the tree 7 obtained from 7 by deleting all legs (and incident leaves). A sector is
empty if it contains no leg. The condition of being leg-balanced ensures that n — 1 among the
2n — 2 sectors of 7 are empty. For each non-empty sector, the last leg is the one at the end
of the group of legs ordered in clockwise order. We obtain a tree T' € T5. from 7 by inserting
a black node in the middle of every inner edge and in the middle of every last leg. The two
mappings are easily checked to be inverse of one another. |

To summarize, the bijection ¢ between 5c-triangulations and leg-balanced 5-regular plane
trees proceeds as follows. Starting with M € Fs., take Q@ = ¢(M) and compute the 5c-
biorientation Yy of @, take T' = ®(Y}), and let 7 = ¢(M) be the reduction of T. And the
inverse mapping ¢ proceeds as follows: starting from a leg-balanced 5-regular plane tree T,
expand T into a tree T € Ts. (as in Figure [5(f)—(e)), then take Yy = ¥(T), with @ the
underlying quadrangulation of the 10-gon, and let M = ¢(7) be the 5c-triangulation such that

Q = (M).
5. COUNTING RESULTS

5.1. Generating function of 5c-triangulations. We first obtain from the bijection ¢ an
explicit algebraic expression for the generating function of rooted 5c-triangulations, and its
derivative.

Proposition 5.1. Let f, be the number of rooted 5c-triangulations with n > 1 inner vertices,
and let Fs.(t) =", fat™ be the associated generating function. Then we have

> (n—=1)fut" =5AB, Fs.(t) =t(1+3A4+24B+ A+ AB®) — 2AB,

where A = A(t), B= B(t) are specified by the algebraic system
(1) A=t(A+A>+2AB+3AB?*+B*), B=t(1+2A+ B+2AB+ B+ B?).

The radius of convergence p =~ 0.24775 of Fs.(t) is the larger of the two positive Toots of the
polynomial 419430425 — 133939225 4 3193172* — 110761623 4 56198422 — 79104z + 1024, and
there is a positive algebraic constant k ~ 0.54851 such that f,, = ﬁ p~ "2,

Proof. A planted tree is a tree that can be obtained by cutting a leg-balanced 5-regular plane
trees at the middle of an inner edge, and keeping one of the two connected components. Such a
tree is rooted at the dangling half-edge resulting from the cut. Let A (resp. B) be the family of
planted trees whose root half-edge is followed by an inner edge (resp. by a leg) in clockwise order
around the incident vertex; and let A = A(t) (resp. B = B(t)) be the associated generating
function counted by nodes; note that trees counted by A (resp. B) have a node (resp. a leaf)
as their rightmost child. As illustrated in Figure[f] a classical root decomposition of these trees
ensures that A, B are solution of .

Note that (n—1) f,, /5 counts Se-triangulations with a marked 2-way edge in the 5e-biorientation
(the division by 5 accounts for unmarking the root corner). By Theorem it also counts leg-
balanced 5-regular plane trees with n nodes and a marked inner edge. The generating function
for such trees is clearly AB, sinc cutting at the marked inner edge yields a pair of planted trees
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iA b A A A LA A
A A B B A A B BB B BB

FIGURE 6. Root decomposition of trees in A and B.

in A and B. To obtain the expression of Fs.(t), we consider the generating function Fi(t) of
leg-balanced 5-regular plane trees with a marked leg followed by a leg in clockwise order around
the incident node, and the generating function Fy(t) of leg-balanced 5-regular plane trees with
a marked inner edge. We have already seen that F»(t) = AB, and a decomposition at the node
incident to the marked leg ensures that F(t) = t(1+3A4+ A%2+2AB+ AB?). In a leg-balanced
5-regular plane tree there are 3n + 2 legs, and n — 1 of them are followed by an inner edge in
clockwise order around the incident node, so that 2n + 3 of them are followed by a leg. Hence,
(1) (Fy(t) — 2F3(t)) = 21 (7] Fa(t) = fu.

The algebraic system for A, B being strongly connected and aperiodic, the Drmota-Lalley-
Woods (see [ES09, VII.6] and references therein) ensures that A, B have same radius of conver-
gence p and have a square-root singular expansion in a A-neighbourhood of p. This holds
as well for AB. Transfer theorems of singularity analysis [FS09, VIL.6] then ensure that
(n—=1)fn ~ # p~"n~3/2 for a positive constant ¢. Regarding explicit computations, easy alge-

braic manipulations (see Remark below) yield an algebraic equation of degree 6 for B, from
which one obtains the equation for p (see [ES09, VIL.7]). It has two positive roots, the smaller
one =~ 0.01437 being excluded as it is smaller than the known [Bro64] radius of convergence
27/256 for the generating function of rooted simple triangulations of the pentagon. One can also
obtain an algbraic equation for the series AB, from which an equation for the constant x can be
extracted (see [FS09, Theo.VII.3,Theo.VIL5]). We find that « is the smallest positive root of
2641807540224 212 —9996558453964800 21°+130110438205440000 2% —338664164994000000 2° —
1765321451082421875 x* — 1274277847500000000 22 + 551368000000000000. |

The series expansion starts as Fs.(t) = t+t5+5t7+20t8+752+270¢104+956 t'1 +3365 12 +
1183013 + 416651 + - --

Remark 5.2. The second equation in is linear in A, so that A has a rational expression
A = ¢g(B,t) in terms of B and t. Replacing A by ¢g(B,t) in the first equation of we obtain
the following algebraic equation of degree 6 for B:

—(B+1)°#+2 (3B*+1)(B+1)’t—B>-2B=0.

We also have Fj.(t) rational in terms of ¢ and B (upon replacing A by g(B,t) in the above
expression of Fs.(t)). Defining S = S(t) as S = —B/(1 + B) (so that B = —S/(1 + 5)), we
obtain the following algebraic equation for S:

22482 +25+1)(1+8)t—-S(S+2)(1+95)" =0,
and Fjs.(t) is rational in terms of S and ¢t. The series S(¢) is exactly the algebraic series,
denoted s(w), in Theorem 1 of [GWWO01], where a rational expression in terms of ¢ and S(t) is

given for the generating function of rooted 5-connected triangulations counted by the number
of vertices minus 2. We note that a combinatorial interpretation can be given for —S. Indeed,
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the expression of B in is of the form B = S+ B S, with S = (1 + 2A + B2?). On the other
hand, B = —S/(1+ S) ensures that —S = S. The radius of convergence for —S is the same as
for B, and as shown in [GWWU0I] it is also the radius of convergence of the generating function
of rooted 5-connected triangulations (the fact that the later radius of convergence is the same
as the one of F5.(t) can also be established by simple upper/lower bound relations between the
counting coefficients, without an explicit computation of p). A

5.2. Generating function of 5-connected triangulations with root-vertex degree 5.
For M a rooted 5c-triangulation, we denote by vy, ..., vs the outer vertices in clockwise order
around the outer face, with v; incident to the root corner. The augmented map M of M is the
triangulation obtained by adding a vertex v, in the outer face, connected to vertices vy, . .., vs,
and taking as new root corner the one incident to vy, in the face v, v, Vso.

Lemma 5.3. For M a rooted 5c-triangulation, the augmented map M is a 5-connected trian-
gulation iff M has all outer vertices of degree at least 4 (i.e., there is no outer vertex of degree
3). Forn > 6 the mapping M — M is a bijection from such rooted Sc-triangulations with n
vertices to rooted 5-connected triangulations with n+ 1 vertices and having root-vertex degree 5.

Proof. If M has an outer vertex v; of degree 3, then this vertex has degree 4 in M, hence M
can not be 5-connected. If all outer vertices of M have degree at least 4, assume M is not
5-connected. Then it has a separating 3-cycle or 4-cycle passing by vo. There is actually
no separating 3-cycle passing by ve, as this would imply a chord in M, which would create a
separating 3-cycle or 4-cycle in M. The fact that all outer vertices have degree at least 4 easily
implies that there is no inner vertex v adjacent to two outer vertices v;, v;42 in M; indeed the
4-cycle v, vy, v;41, Vi+2 would contain no vertex in its interior, since M is a Sc-triangulation, and
this would force v;+1 to have v as single inner neighbour, so that v;1; would have degree 3, a
contradiction. Since there is no such inner vertex v, there can be no separating 4-cycle passing
by veo, and thus M is 5-connected.

Finally, deleting the root-vertex in a 5-connected triangulation of root-vertex degree 5 clearly
yields a 5c-triangulation where all outer vertices have degree at least 4. The mapping M — M
being clearly injective, we conclude that it gives a bijection between rooted 5c-triangulations
with all outer vertices of degree at least 4, and rooted 5-connected triangulations with root-
vertex degree 5. g

A 5c-triangulation is called non-trivial if it has at least two inner vertices. For X C [1..5]
we let Fx be the family of non-trivial rooted 5c-triangulations such that the outer vertices of
degree 3 are the v; with ¢ € X. And we let F'x(t) be the generating function of Fx counted by
inner vertices. A subset X' C [1..5] is said to be shelling-compatible with X written X’ 1 X,
if X’NX =0 and every element in X’ is adjacent (in Z/5Z) to at least one element in X.

Lemma 5.4. For X C [1..5] we have Fx(t) = 0 if X contains a pair of adjacent elements in
Z/57. If not and if X is not empty, then we have

(2) Fx(t) =tX1 3" Fxo(t).
XX

Proof. Let M be a non-trivial rooted 5c-triangulation. Assume there are consecutive outer
vertices v;, v; 41 of degree 3. Then there is an inner vertex v that is neighbour of the 4 outer
vertices v;_1,v;, Vit1,Vito. Since M is non-trivial, the 4-cycle v;_1,v,v;42,v;13 contains at
least one vertex in its interior, a contradiction.

Let X C [1..5] not containing adjacent elements and not empty. Let M € Fx. Let M’ =
&(M) be obtained from M by deleting the outer vertices of degree 3 and their incident edges
(if the root-vertex vy is deleted then we root M’ at the new outer vertex that previously
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was the inner neighbour of vy). Clearly M’ is a 5c-triangulation. And its set X’ of outer
vertices of degree 3 has to be disjoint from X; otherwise it would mean that M has an outer
vertex of degree 3 whose unique inner neighbour has degree 4, a contradiction with M having
no separating quadrangle. Also note that every i € X’ has to be adjacent to some j € X,
otherwise v; would be an outer vertex of degree 3 in M, so i would be in X. Thus the mapping
& sends Fx to UxrxFxr and is clearly injective.

It remains to check that ¢ is surjective. For X’ 1+ X (with X’ not containing adjacent
elements), let M’ € Fx/. Let vf,...,v} be the outer vertices of M’. For each i € X, add a new
outer vertex v; of degree 3 covering v;, i.e., connected to v;_,,vj,v; ;. Let M be the resulting
triangulation of the 5-gon (as before, if a new vertex v; has been created, we root M at vy).
Assume M has a separating 3-cycle or 4-cycle . Since M’ is a 5c-triangulation, this cycle ~
has to pass by a new outer vertex v; for ¢ € X. Clearly v can not be a 3-cycle otherwise there
would be an inner edge connecting v;_; and vj_ . If v is a 4-cycle, then it has to be of the form
Vj_1, 4, Vi1, v for some inner vertex v of M’. Note that vj_;,v;, v, v forms a 4-cycle of M'.
Its interior contains no vertex since M’ is a 5c-triangulation. Hence v} has to be of degree 3 in
M’ (with v as its unique neighbour), a contradiction. Hence M is a rooted 5c-triangulation.
Clearly it is in Fx and we have M’ = £(M). This concludes the proof that £ is a bijection from
Fx to Uxyx Fxr, which yields . O

Proposition 5.5. Let ¢, be the number of rooted 5-connected triangulations with n+ 2 vertices
and root-vertex degree 5, and let Fsco(t) =), cnt™ be the associated generating function. Then

t4(1 — 3t + 1?)
(141)2

where Fs.(t) is expressed in Proposition[5.1]
And there is a positive algebraic constant k' ~ 0.00042228 such that ¢, = % p~"n~%/2, for

FSco(t) = (FSC(t) - t),

the same p as in Proposition [5.1]

Proof. Fori € {0,1,2} let F)(t) be the common generating function Fx () for | X| = i having
no adjacent elements in Z/5Z. Then it follows from Lemma that

FO) =2 2F@ )+ 3FV @)+ FO@), FO@) =t (FO@)+2FY 1)+ FO@1)
This yields

FO = 02D pog peg - L pog
O=1 et O FRO= 7t
Then we have
1+1t)?
Fs(t)—t=FOt FO ¢ F<2)t:(7F(°)t.
5e(t) (t) +5F(t) + 5F (1) T3+ (t)

Finally Lemma [5.3 ensures that Fie,(t) = t*F(©)(¢).
Regarding asymptotic enumeration, since the rational prefactor in Fs.,(t) has no positive
singularity, the series Fj.,(t) has same singularity and singular type as Fs.(t), and we have

K = %ﬁ; ~ 0.00042228. =

Remark 5.6. Another way to see the relation between Fi.(t) and Fs..(t) is to observe that
Fs.(t)—t = FO)(t)- H(t) where H(t) is the generating function of heaps of pieces on the 5-cycle
graph, forbidding two same pieces being directly on top of each other. Thus H(t) = H(t/(1+t))
where H (t) is the generating function of heaps of pieces on the 5-cycle graph, which by Viennot’s
involution [Vie86] is equal to 1/(1 — 5t + 5t2). A
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The series expansion starts as Fy.,(t) = 10+ 5¢12 4+ 10¢13 4+ 40¢™ + 131 ¢1° + 465¢16 +
1630¢17 + 5815t + 2081519 + 749922 + ... The first term is given by the icosahedron,
which has only one rooting. The second term is given by the 5-connected triangulation shown
in Figure 9(a) of [GWWOI]; it has 12 vertices of degree 5 and two vertices of degree 6, the
number of distinct rootings at degree 5 (resp. degree 6) vertices being 5 (resp. 1). The third
term is given by the 5-connected triangulation shown in Figure 9(b) of [GWWOI]; it has 12
vertices of degree 5 and three vertices of degree 6, the number of distinct rootings at degree 5
(resp. degree 6) vertices being 10 (resp. 3).

Remark 5.7. Note that 6n ¢, /5 gives the number of rooted 5-connected triangulations with n+2
vertices and having a marked vertex of degree 5. On the other hand, it is shown in [GWWO0I]
that the number d,, of rooted 5-connected triangulations with n + 2 vertices has asymptotic
equivalent d,, ~ Q’f}%p_”n_5/2, where k" =~ 0.0010131. Letting X,, be the number of vertices
of degree 5 in a random rooted 5-connected triangulation with n + 2 vertices we thus have
E(X,) = 22/% ~ ¢n, where € = 6 /(55") ~ 0.50016. A

6. ALGORITHMIC APPLICATIONS AND CONCLUDING REMARKS

6.1. Random generation of 5-connected triangulations. Efficient bijective random gen-
erators are known for 3-connected (i.e., simple) triangulations [PS06] and for 4-connected (i.e.,
irreducible) triangulations [Fus09]. It is also possible to derive a random generator for 4-
connected triangulations from the one for 3-connected triangulations by the core-extraction
method of [Sch99]. However it seems difficult to apply this method to extract a random
generator for 5-connected triangulations from the one for 4-connected triangulations; indeed
the scheme relating 4-connected and 5-connected triangulations necessitates more general irre-
ducible maps (with faces of degree 3 and 4) and a two-variable substitution scheme [GWWO01].
Instead, we can more directly derive efficient random generators from our main bijection (The-
orem [1.1)).

We recall that the Boltzmann distribution on a combinatorial class C = U,,C,, assigns prob-
ability ™/C(x) to objects in C,, for n > 0, where z is any fixed positive value such that the
generating function C(x) converges. Via the sampling rules of [DFLS04], the grammar
shown in Figure [f] translates into Boltzmann samplers I'A(z) and I'B(z) for the tree families
A and B, and a Boltzmann sampler T'P(z) for the product class P = A x B, such that the
complexity of generating a tree is linear in its size. Then the singular generator I'P(p) combined
with rejection [DFLS04, Sec.7.2] yields an exact-size uniform sampler for P, with complexity
O(n?) (strategies to improve the running time are presented in [Spo21]) and an approximate-
size sampletﬂ for P of complexity O(n/e). Via the bijection ¥ this gives an exact-size sampler
T'F5.[n] and an approximate-size sampler I"Fi.[n, €] for rooted 5ec-triangulations, with respective
complexities O(n?) and O(n/e), where the size is the number of inner vertices.

Regarding random generation in the family Fs.o = Un(Fseo)n 0f rooted 5-connected tri-
angulations with root-vertex degree 5 (with n the number of vertices minus 2), to obtain an
exact-size sampler I'F5.,[n] we may repeatedly call T'Fs.[n — 4] until the success situation
where the generated object has no outer vertex of degree 3. Then we obtain a (uniformly
random) triangulation in (Fseo)n by the augmentation step of Lemma adding a vertex

Voo connected to the outer vertices. The probability of success of each call to T'Fs.[n — 4] is
[t"]F5c0(t) ~ 1—3P+P2
[tn =4 F5c(t) (1+p)?
['F5.[n — 4] before success. Given a single call M + T'Fs.[n — 4], one may also delete outer

vertices of degree 3 one by one until none remains on the outer contour, and then perform

~~ 0.20433, the inverse of which gives the expected number of calls to

3In approximate-size sampling the size of the output is required to belong to the target-set [n(1—¢), n(1+€)]
for some fixed € € (0,1).
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the augmentation step of Lemma the obtained object M’ = x(M) has (random) size
m =n— O(1) and is uniformly distributed on (Fseo)m. The fact that n —m is O(1) in proba-
bility follows from the relation Fy.(t) —t = H(t)F5co(t) of Remark[5.6] where H(t) accounts for
the deleted vertices, and from the fact that H(t) is analytic at p. This strategy is well-adapted
to approximate-size sampling: rather than repeating calls to I'Fs.[n,€]) until the generated
Se-triangulation has no outer vertex of degree 3, one can use a single call M < I'F5.[n, €] and
return M’ = x(M). With high probability the size m of M’ remains in [n(1 —€),n(1 + € (if
not, it is still very close from the lower bound).

Finally let us discuss how a random sampler I'F'[n] can be obtained for rooted 5-connected
triangulations with n + 2 vertices, with no constraint on the degree of the root-vertex. Given
such a rooted triangulation, the operation of deleting the two edges of the root-face that are
incident to the root-vertex clearly yields a rooted 5c-triangulation with the same number of
vertices, and the mapping is injective. A rooted Hc-triangulation that is the image of a rooted
5-connected triangulation is called admissible. Testing if a rooted 5c-triangulation is admissible
can easily be done in linear time (in the corresponding rooted triangulation, a separating 4-
cycle has to pass by one of the two added edges). Then I'F[n| repeatedly calls I'F5.[n — 3]
until the generated object is admissible, then adds the edges {vi,v4} and {vi,v3}. With
the notation of Proposition and Remark the probability of success of each call is
Mi%ﬁm(t) ~ ;3—/; ~ 0.12146, whose inverse gives the expected number of calls to I'F5.[n — 3]
before success. Similarly, in approximate-size sampling, the generator I'F'[n, €] repeatedly calls
[ F5.[n, €] until the generated object is admissible, and then adds the edges {v1, v4} and {vq, v3}.

6.2. Optimal encoding of 5-connected triangulations. An (asymptotically) optimal en-
coder for a family C = U,,C,, having exponential growth rate v > 1 is an injective mapping
from C to {0,1}* such that the maximal length k, over all encoding words of objects in C,
satisfies k, < nlog(y) + o(n) (in which case one must have k, ~ nlog(v)). Bijections for 3-
connected triangulations yield an optimal encoding procedure [PS06, [FPS08| (by reducing the
problem to encoding quaternary trees), with application to mesh compression. We have here
kn ~ asn with az = log(256/27) ~ 3.30518. Similary, the bijection for 4-connected triangula-
tions [Fus09] yields an optimal encoding procedure for this class (by reducing the problem to
encoding ternary trees), giving k, ~ asn with ay = log(27/4) ~ 2.75489.

Similarly we show here that our bijection yields an optimal encoder for 5-connected tri-
angulations. The encoding of our trees is slightly more involved, as they have two types of
nodes. Nevertheless, we can achieve optimality by following the ideas of [Cho75l [Cho81l, [BS13]
(which provide combinatorial proofs of multivariate Lagrange inversion formulas). Let M be a
5-connected planar triangulation with n vertices. We may mark and delete a vertex of degree 5
to obtain a 5c-triangulation having n — 6 inner vertices. Consider the associated leg-balanced
5-regular plane tree T. We may then mark a white node incident to a single inner edge. Cutting
at the middle of this edge, we obtain a tree in A with n — 7 nodes. We have thus reduced the
problem to finding an optimal encoder for the class A = U, A, (the size n being the number of
nodes).

Let T € A,,. Note that the nodes of T are of two types, A-nodes and B-nodes depending on
the rightmost child being a node or a leaf. In each type there are 8 subtypes as shown at the top
of Figure[7] Let n; (resp. n;) be the number of A-nodes (resp. B-nodes) of T" having subtype
Jj € [1.8]. Letting na = >, n; and np = >, n}, note that we have the two compatibility
conditions

na =1+ny 4 2ny + ng + ng + ns + ng + n7 + nh + nh + ng + ng,
nB:n3+n4+2n5+2n6+2n7+4n8+nﬁ1+n’5+n%+2n’7+3né.
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The 1st (resp. 2nd) line results from counting A-nodes (resp. B-nodes) according to their
parent. We can encode T by a pair (w,w’) of words where w € &(af'---ag®) and w' €

G(b?/l -~-bgé), as follows. We order the A-nodes as vy,...,v,, according to a left-to-right
DFS traversal of T'. Deleting the parent-edges of all non-root A-nodes yields an ordered forest
T1,...,T,, of trees such that for each ¢ € [1..n4] the tree T; is rooted at v; and all other nodes
of T; are B-nodes, as shown on the right side of Figure[7] We may then order the B-nodes of T;
according to a left to-right DF'S traversal of T;. Concatenating the ordered lists of B-nodes for
Ty,...,T,, yields an ordered list v},...,v] = of the B-nodes of T. The word w = wy ... w,, is
then such that w; = a; if v; has subtype j € [1..8]. Similarly, the word w’ = wy ... wy, is such
w; = b; if v] has subtype j € [1..8], see Figure m

ap as as ay as ae
rrote A A /\ A //\\ /\\
A A A B A AB BB A B AB
by by bs b b7 bs

B-nodes A\ /f\ /}Y % a’/&

ar as

ABB DBBBB

AB BB B BB

LA %kwxm

w' = bgby by b1 bybybyby by bybyby by bg by by by by b1 b1 b1 by

T€A27

FIGURE 7. Encoding of a tree T € A,, (n = 27) by two words w,w’, each on
an 8-letter alphabet, with |w| + |w'| = n.

Conversely, consider a pair of words w,w’ respectively on the alphabet {aj,...,as} (resp.
{b1,...,bs}) whose letter multiplicities n;,n; add up to n and satisfy the above two compati-
bility conditions. We first turn w into an ordered list vy, ..., v, , of A-nodes, and turn w’ into
an ordered list vy,...,v,, . of B-nodes according to the correspondence in the upper part of
Figure [7l Note that the A-spots and B-spots for children of these nodes are still unoccupied.
Then, from the list o1, ... ,U;B we may iteratively construct an ordered forest of trees that con-
tain only B-nodes whose B-spots are all occupied, and such that v1,...,v;, . gives the ordered
list of nodes in left-to-right DFS traversal of the trees. This classically requires a Lukasiewicz

condition: letting s = n} +nf +ng + 2n%, + 3ng be the total number of B-spots over vf, ..., v,

»Ynpo
the number of B-spots in the strict prefix vf,..., v} has to be strictly larger than i + s — np,
for 1 <4 < np. (This condition is met by a proportion "2=* = "3+”4+2"5TLQB"6+2”7+4”8 of

the words w' € G(b?l1 ~~-bgé).) If this condition is satisfied, we may then attach the np — s
obtained trees at the B-spots (ordered from left to right) of the A-nodes, to obtain an ordered
forest T1,...,T,, of trees such that T; is rooted at v;, all other nodes of T; are B-nodes, and
all B-spots are occupied. Finally we aggregate the trees into a single tree in A,,. Again this

requires a Lukasiewicz condition: the total number of A-spots in Ti,...,T; has to be at least
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i for 1 < i < ny. (This condition is met by a proportion 1/ny4 of the pairs w,w’ with letter
multiplicities n;j, n}; and such that w’ satisfies the first Lukasiewicz condition.)

The mapping from trees to word pairs and conversely from word pairs to trees clearly have
linear time complexity. Note that a word pair w,w’ can be stored as an integer n4 (giving
the number of A-nodes) followed by a word of length n on the 8-letter alphabet {¢1,...,¢s}.
Thus, up to the negligible overhead integer n4 of bit size O(log(n)), we have an encoder with
3 bits per vertex. To achieve better compression rate, consider the letter multiplicities n;, ng
of w,w’. Then, using e.g. Huffman codes with letters grouped into blocks of size o(log(n)), one
can encode w,w’ by a binary word W of length log (,, "* ) + log (n’l ang) + o(n), with linear
time complexity for coding/decoding. By the above discussion, for compatible multiplicities

nj, n; adding up to n, the number of word pairs w,w’ having these multiplicities and encoding

n3+n4+2n5+2n6+2n7+4ngL( na )( ng )
ng na \ni,....,ng/ \nf,...,ng/"

to the sum of all these contributions over compatible 7, n; adding up to n.) Hence we have
log (, ™, ) +1log(,,"" ) <log(l4n|) + O(log(n)). This ensures that the length of W is at
15

’
MN1y...,N csMg

trees in A, is (The number |A,| is thus equal

most log(]A,|) + o(n). To summarize we have:

Proposition 6.1. The above process gives an optimal encoder for 5-connected planar triangu-
lations: the length of any coding word in size n is bounded by as n+o(n) where as := log(1/p) =~
2.013. Coding and decoding have linear time complexity.

6.3. Substitution approach and open questions on bijective extensions. An explicit
algebraic expression for the generating function of rooted 5-connected planar triangulations
was obtained in [GWWOI], by a bivariate substitution method in the extended setting of maps
having both triangular and quadrangular inner faces. To briefly summarize the approach, one
can define for each p > 3 a p-map as a simple planar map whose outer face contour is a simple
cycleﬂ of length p, and whose inner faces have degree in {3,4}. In such a map, a separating
cycle is a cycle whose interior and exterior both contain at least one vertex. A p-map is called
irreducible if it has no separating 3-cycle, and is called strongly irreducible if it has no separating
3-cycle nor separating 4-cycle. One can then consider the generating function M, (z, y) of rooted
p-maps with variable z (resp. y) for the number of triangular (resp. quadrangular) inner faces;
and similarly the generating function Mp(:r,y) (resp. M (x,y)) of irreducible (resp. strongly
irreducible) rooted p-maps. The operation of emptying the maximal separating 3-cycles in a
p-map yields the generating function relation

(3) M,(z,y) = M,(&,7) for p > 4, where & = Ms(z,y), § =y,

and for p = 3 the slightly more involved relation M3(x,y) —z = Mg (Z,9) —&. Then, the opera-
tion of emptying the maximal separating 4-cycles in an irreducible p-map yields the generating
function relation

(4) Mp(f,ﬂ) = M, (z*,y") for p > 5, where 2" =7, y" = ]f\z;(:%,g) — 272,

The substitution relations are more involved for p = 4 (with a series-parallel decomposition on
top of the substitution relation, as in [MS68]), and above all for p = 3 which requires a careful
inclusion-exclusion argument as explained in [GWWOI]. The main reason for p > 5 being easier
is that, in that case, a 4-cycle in an irreducible p-map is separating if and only if its interior
contains a vertex, so that the maximal separating 4-cycles are interior-disjoint.

4n [GWWO01] the root-face contour is not required to be simple; substitution relations are very similar in
both models.
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As shown in [GWWO0I], by solving a functional equation given by root-edge deletion, a
Lagrangean expression’| can be obtained respectively for Mj(x,y) and for My(z,y). Then a
Lagrangean expression can also be computed for any M, (z,y) with p > 5, by induction on p,
since root-edge deletion in a rooted (p—2)-map yields an explicit equation relating the counting
series M, (x,y) with ¢ € {p—2,p—1,p, 3,4}, having linear dependency on M, (x,y). For instance
one gets
(5) Ms(x,y) = w(bu'~5u?v—100*4-5v), Mg(x,y) = Tu*H7u* v—4u*~48u*v*H 5uv—4v34-30?,

where
_3u3—2uv+u _ v —u?
T T ax0?r 0 YT arod

Then, via and , for p > 5 the Lagrangean expression for My(z,y) is turned into a
Lagrangean expression for M (z*,y*). The expression of M (x*,y*) in terms of u,v is the
sameﬂ as the one for M,(x,y), as given in for p € {5,6}, only the expressions for z*, y* are
modified, to

o =u—2w+ud, y=v—ut—v +3uPv—ut—8u%v* —2u’+8u'v.

One can extract the bivariate expansions of u = u(z*, y*) and v = v(a*, y*), and then the bivari-
ate expansion of M (z*,y*). By the Euler relation, the series F},(t,z,y) := tlfp/QM;(tl/zx, ty)
is the generating function of strongly irreducible rooted p-maps with variables ¢, z,y for the

numbers of inner vertices, triangular inner faces, and quadrangular inner faces. For instance
we obtain

Fs(t,z,y) = (52 +52y) + (2® + 523y + 52y t + (52°y + 1525y + 102y®) 2
+ (10 x7y + 50 x5y2 + 70 :p3y3 + 25 my4) 3+ (25 xgy + 185 m7y2 + 430 mSy?’ + 355 z3y4 + 70 :rys) t
+ (652 y + 665 2%y* + 2280 27y> + 3240 2°y? + 177023y + 210 2y®) ¢°
+ (™ +190 213y +2430 211 y? +11180 2%y 3 +23295 27 y* +22422 2%y +8550 23y +660 2y ") O + - --
Fs(t,z,y) = (1dz*+2122y+3y?) + (728 + 362 y+392%y2 +243) t + (328 +5720y+1592%y? +11422y3 +3y*) 2
+ (22" + 11428y + 558 2%y? + 844 2ty® + 375 2%y + 6¢°) ¢3
+ (32" + 28520y + 2055 23y? + 5006 209> + 4665 " y? + 1302 22y + 144°) ¢4

+ (62 + 76822y + 7551 2% + 26514 28y> + 40320 25y + 25416 21y® + 466227y +36y7) t° + - -

In particular, the series F5(t,1,0) — 5 coincides with the series Fs.(t) which we expressed in
Proposition [5.1]

It would be interesting to extend our bijective construction to strongly irreducible 5-maps,
so as to obtain a combinatorial derivation of Fs(t,x,y). These maps are characterized by
the existence of (weighted) outdegree-constrained biorientations [BFL25| Sec.12], and the aim
would be to show that the corresponding tree structures —via the master bijection of [BF12a]—
are characterized by local conditions only. In another direction, one could try to extend our
bijection to triangulated strongly irreducible p-maps, for p > 6. Such an extension has been
carried out in bijections for simple triangulations and quadrangulations [AP15] [BF12al, [PS06].
Asking for the same two kinds of extensions can also be considered in the irreducible case, and
appears as more tractable. The base case is that of triangulated irreducible 4-maps, so-called
4c-triangulations, for which a bijection (with ternary trees) is given in [Fus09]. For the first
extension, a combinatorial derivation of the generating function of rooted irreducible 4-maps via
the method of slice decompositions is given in [BGI14] (which also gives the specification of the
associated tree structures), and outdegree-constrained biorientations characterizing irreducible

5A bivariate generating function f(z,y) is said to have a Lagrangean expression if it can be rationally
expressed in terms of two series u, v such that  and y are also rationally expressed in terms of u,v.
SFor p € {3,4} the expression changes due to more involved substitution relations.
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4-maps are known [BFL25, Sec.3.4]; for the second extension, a nice factorized formula for the
counting coefficients suggests how to extend the bijective construction.

Let us finally comment on the link between the enumeration of rooted 4c-triangulations
(resp. Sc-triangulations) and the enumeration of rooted 4-connected (resp. 5-connected) trian-
gulations. The operation of adding a vertex of degree 4 connected to the 4 outer vertices yields
a bijection from rooted 4c-triangulations to rooted 4-connected triangulations with root-vertex
degree 4 (with one more vertex). Moreover, by root-edge deletion [Fus09, Sec.4.3.2] one can
rationally express the generating function of rooted 4-connected triangulations in terms of ¢
and the generating function of rooted 4c-triangulations, which has a bijective derivation. The
situation in the 5-connected case is a bit more involved. First, as seen in Lemma 5.3} one needs
to restrict rooted 5c-triangulations to a subfamily —those with no outer vertex of degree 3—
so that the operation of adding a vertex of degree 5 connected to the 5 outer vertices yields a
bijection to rooted 5-connected triangulations with root-vertex degree 5. Nevertheless, as seen
in Proposition[5.5] this generating function of this subfamily is just the the generating function
Fs.(t) = F5(t,1,0) — 5 of the whole family multiplied by a simple rational prefactor. What
seems more difficult is to obtain a rational expression for the generating function F3(t,1,0) of
rooted 5-connected triangulations in terms of ¢ and F(¢,1,0). It however should be possible
(though a bit involved, details omitted) to obtain by root-edge deletion a rational expression
for F3(t,1,0) in terms of {¢, F5(t,1,0), F5(¢,1,0)}, thus giving special motivation for finding a
bijective derivation of Fg(t,1,0).

Acknowledgments. The author is very grateful to Olivier Bernardi and Shizhe Liang for
the numerous fruitful discussions and collaboration [BFL23| [BFL25] on which this work builds.
Partially supported by the project ANR-23-CE48-0018 (CartesEtPlus), and the project ANR-
20-CE48-0018 (3DMaps).

REFERENCES

[AP15] M. Albenque and D. Poulalhon. Generic method for bijections between blossoming trees and planar
maps. Electron. J. Combin., 22(2):P2.38, 2015.

[BDFGO02] J. Bouttier, P. Di Francesco, and E. Guitter. Census of planar maps: from the one-matrix model
solution to a combinatorial proof. Nuclear Phys. B, 645(3):477-499, 2002.

[BDFGO04] J. Bouttier, P. Di Francesco, and E. Guitter. Planar maps as labeled mobiles. Electron. J. Combin.,
11(1), 2004.

[Ber07] O. Bernardi. Bijective counting of tree-rooted maps and shuffles of parenthesis systems. Electron.
J. Combin., 14(1), 2007.

[BF12a] O. Bernardi and E. Fusy. A bijection for triangulations, quadrangulations, pentagulations, etc. J.
Combin. Theory Ser. A, 119(1):218-244, 2012.

[BF12b] O. Bernardi and E. Fusy. Unified bijections for maps with prescribed degrees and girth. J. Combin.
Theory Ser. A, 119:1351-1387, 2012.

[BFL23] O. Bernardi, E. Fusy, and S. Liang. A Schnyder-Type Drawing Algorithm for 5-Connected Trian-
gulations. In Graph Drawing and Network Visualization - 31st International Symposium (GD’23),
volume 14466 of Lecture Notes in Computer Science, pages 117-132. Springer, 2023. Long version
with appendix: https://arxiv.org/abs/2305.19058.

[BFL25] O. Bernardi, E. Fusy, and S. Liang. Grand Schnyder woods. Ann. Comb., 29:273-373, 2025.

[BFSS01]  C. Banderier, P. Flajolet, G. Schaeffer, and M. Soria. Random maps, coalescing saddles, singularity
analysis, and Airy phenomena. Random Structures € Algorithms, 19(3-4):194-246, 2001.

[BG12] J. Bouttier and E. Guitter. Planar maps and continued fractions. Comm. Math. Phys., 309(3):623—
662, 2012.

[BG14] J. Bouttier and E. Guitter. On irreducible maps and slices. Comb. Probab. Comput., 23(6):914-972,
2014.

[BGM24] J. Bouttier, E. Guitter, and H. Manet. Enumeration of planar bipartite tight irreducible maps, 2024.

[BJO6] M. Bousquet-Mélou and A. Jehanne. Polynomial equations with one catalytic variable, algebraic

series and map enumeration. J. Combin. Theory Ser. B, 96(5):623-672, 2006.


https://arxiv.org/abs/2305.19058

22

[Bro64]

[BS13]

[ChoT5]
[Cho81]
[CV81]
[DFGZJ95]
[DFLS04]
[DS25]
[Eyn16]
[Fel04]
[FPSO8]
[FS09)]
[Fus09]
[GWWO1]
[MS68]
[PS06]
[Sch9g)

[Sch99]

[Spo21]
[Tut62]
[Tut63]
[Tut73]

[Vie86]

ERIC FUSY

W.G. Brown. Enumeration of triangulations of the disk. Proc. Lond. Math. Soc., 3(4):746-768,
1964.

A. Bacher and G. Schaeffer. Multivariate Lagrange inversion formula and the cycle lemma. In The
Seventh European Conference on Combinatorics, Graph Theory and Applications: EuroComb 20183,
pages 551-556. Springer, 2013.

L. Chottin. Une démonstration combinatoire de la formule de Lagrange & deux variables. Discrete
Maith., 13(3):215-224, 1975.

L. Chottin. Enumération d’arbres et formules d’inversion de séries formelles. J. Combin. Theory
Ser. B, 31(1):23-45, 1981.

R. Cori and B. Vauquelin. Planar maps are well labeled trees. Canad. J. Math., 33(5):1023-1042,
1981.

P. Di Francesco, P. Ginsparg, and J. Zinn-Justin. 2D gravity and random matrices. Physics Reports,
254(1-2):1-133, 1995.

P. Duchon, P. Flajolet, G. Louchard, and G. Schaeffer. Boltzmann samplers for the random gener-
ation of combinatorial structures. Combin. Probab. Comput., 13(4-5):577-625, 2004.

E. Duchi and G. Schaeffer. From order one catalytic decompositions to context-free specifications:
the rewiring bijection. https://arxiv.org/abs/2412.20628, 2025.

B. Eynard. Counting surfaces. Progress in Mathematical Physics, 70:414, 2016.

S. Felsner. Lattice structures from planar graphs. Electron. J. Combin., 11(1), 2004.

E. Fusy, D. Poulalhon, and G. Schaeffer. Dissections, orientations, and trees, with applications to
optimal mesh encoding and to random sampling. ACM Trans. Algorithms, 4(2):Art. 19, April 2008.
P. Flajolet and R. Sedgewick. Analytic combinatorics, volume 150. Cambridge University Press
Reading, MA, 2009.

E. Fusy. Transversal structures on triangulations: A combinatorial study and straight-line drawings.
Discrete Math., 309:1870-1894, 2009.

Z. Gao, .M. Wanless, and N.C. Wormald. Counting 5-connected planar triangulations. J. Graph
Theory, 38(1):18-35, 2001.

R.C. Mullin and P.J. Schellenberg. The enumeration of c-nets via quadrangulations. Journal of
Combinatorial Theory, 4(3):259-276, 1968.

D. Poulalhon and G. Schaeffer. Optimal coding and sampling of triangulations. Algorithmica, 46(3-
4):505-527, 2006.

G. Schaeffer. Conjugaison d’arbres et cartes combinatoires aléatoires. PhD thesis, Université Bor-
deaux I, 1998.

G. Schaeffer. Random sampling of large planar maps and convex polyhedra. In Proceedings of the
Thirty-First Annual ACM Symposium on Theory of Computing, May 1-4, 1999, Atlanta, Georgia,
USA, pages 760-769. ACM, 1999.

A. Sportiello. Boltzmann sampling of irreducible context-free structures in linear time. https://
arxiv.org/abs/2105.12881, 2021.

W.T. Tutte. A census of planar triangulations. Canad. J. Math., 14:21-38, 1962.

W.T. Tutte. A census of planar maps. Canad. J. Math., 15:249-271, 1963.

W.T. Tutte. The enumerative theory of planar maps. In A Survey of Combinatorial Theory, pages
437-448. North-Holland, 1973.

G.X. Viennot. Heaps of pieces, I : Basic definitions and combinatorial lemmas. In Gilbert Labelle
and Pierre Leroux, editors, Combinatoire énumérative, pages 321-350, Berlin, Heidelberg, 1986.
Springer Berlin Heidelberg.


https://arxiv.org/abs/2412.20628
https://arxiv.org/abs/2105.12881
https://arxiv.org/abs/2105.12881

	1. Introduction
	2. Definitions on maps and orientations
	3. Quadrangular tree-biorientations and bicolored plane trees
	3.1. The general bijection
	3.2. Two lemmas giving partial control on black vertex degrees

	4. Application to 5c-triangulations
	4.1. Tree-biorientations for 5c-triangulations
	4.2. Specialization of  to 5c-biorientations

	5. Counting results
	5.1. Generating function of 5c-triangulations
	5.2. Generating function of 5-connected triangulations with root-vertex degree 5

	6. Algorithmic applications and concluding remarks
	6.1. Random generation of 5-connected triangulations
	6.2. Optimal encoding of 5-connected triangulations
	6.3. Substitution approach and open questions on bijective extensions

	References

