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nfroducion Erampl

The poset of (classical) m-divisible noncrossing partitions A 3-divisible noncrossing The poset of 2-divisible noncrossing partitions of {1,2,...,6}.
was mtroduced by Kreweras and Edelman. It can be partition of {1,2,...,12}.

realized as an interval in the absolute order on the

symmetric group. In this spirit, there is a natural

generalization to all well-generated complex reflection

groups. It was shown in [1] and [2]| that these posets are

EL-shellable if associated to a real reflection group.

(QUESTION @

Can this property be generalized to all well-generated

complex reflection groups? ‘ ‘
Main Result “

Iversitat

Let NCW) denote the poset of m-divisible noncrossing partitions associated to a well-generated
complex reflection group W.

THEOREM
The poset NC W ) is EL-shellable for all well-generated complex reflection groups W .

Open Cases

Complex Reflection Groups The groups G(1,1,n), G(2,1,n) and G(2,2, n) are real
There is one infinite family, G(d, e, n), of irreducible complex reflection groups, and 34 ;\ellz.e(f)tlon gﬁr/ox/%il)l\/lore?vez Ee;ssgand Corran showed that
exceptional groups. Groups of type G(d, e, n) can be realized as groups of monomial G(d,1,n) — V610 T4 =4 3]
(n X n)-matrices, where the non-zero entries are d-th roots of unity and the product of all Only groups of type G(d, d,n), where d > 2 and the 20
noN-zero entries is 3 g—th root of unity. exceptional groups, which are no real reflection groups, need to
A complex reflection group of rank n is called well-generated if it can be generated by n be considered.

reflections. These are the groups of type G(d, 1, n) and G(d, d, n), and 26 of exceptional type.

Noncrossing Partitions

EL-Shellability

Let W be a well-generated complex reflection group, and let T denote the set of all reflections Let P be a graded poset, with a unique bottom and a unique
of W. For w € W, let {7(w) be the minimal number of reflections needed to form w. Define top element. An edge-labeling of P is a function assigning to
u <t v ifand only if £7(v) = ¢1(u) + {7(utv). Let € € W denote the identity element, and each cover relation of P a unique value. A chain in P is called
let v € W be a Coxeter element. The interval NC,S;) = [e,v] in (W, <7) is called lattice of rising if the associated sequence of edge-labels is strictly
noncrossing partitions associated to W. increasing. An edge-labeling is called EL-labeling if for every
Define NCW) _ {(Wo; Wi, ... W) € (NCS))mH Y= wowy - Wi, S oo L7 (wp) = fT(V)}, interval of P, there exists a unique maximal rising chain, which
and (uo; Uy, ..., Up) < (vo; va,...,Vy) if and only if u; >7 v; for all 1 < < m. The poset is lexicographically first among all maximal chains in this
(NC&'/”), <) is called poset of generalized noncrossing partitions associated to W. interval. Pis called EL-shellable if it admits an EL-labeling.
N
Find an EL-labeling for the 1-divisible noncrossing partitions associated to the Let T denote the set of reflections of W. Use the natural labeling
remaining groups. Then, construct an EL-labeling for the corresponding A E(NCﬁ)) — T, (u,v) = utv.
m-divisible noncrossing partitions out of it, analogously to [1]. Find a linear order of T such that A\ becomes an EL-labeling!

~v-compatible Reflection Ordering

A linear order < of T is called -compatible if and only if the An EL-labeling of NC

following is satisfied: if t;,t, € T are noncommuting
reflections such that the induced interval /(t, ) = [¢, t1 V B %N
{ 3 4 5 1 6 8 2

in NC&}) has rank 2, then there exist exactly two reflections

/
For every well-generated complex reflection group, and every = 6 " ’l .
Coxeter element 7y, there exists a 'y-compatible reflection 7 ' /‘ \ :

ordering. 0&
THEOREM ! 5
If T is ordered by a v-compatible reflection ordering, then \ is W

an EL-labeling of NCS).

Denote by di < dr, < --- < d, the degrees of W/, and define
Catlm _>i—[/} md,,2+d,- ° [1] D. Armstrong. Generalized Noncrossing Partitions and Combinatorics of Coxeter Groups.
=

i=1 d - Mem. Amer. Math. Soc., 202, 2009.
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