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Given)\:(/\l,)\z,...,)\g)l—l’l,
ax=(1... )M +1...04+X)...(n=Xg+1...n).

Fy :=the setofall (n+ ¢ — 2)-tuples (n1,...,n+e—2) Of
transpositions such that

Q Mgz =y
Q (1, ge—2) = S
Such tuples are called minimal transitive factorizations of a;,

which are related to the branched covers of the sphere
suggested by Hurwitz.
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Table: The elements of 4y where a4,



Find the cardinality of ).

@ Goulden and Jackson (1997) proved that if (\y,..., ;) F n,

V4
sl =@+=2)" 7 ]

i=1

AN
A — 1D

Their proof is done for arbitrary A, but this is not bijective.

© Bousquet-Mélou and Schaeffer (2000) obtained the above
formula by using the inclusion-exclusion principle.



Known bijective proofs

A | Fx| bijective proof

(n) n=2 Biane et al.
n—1) 1) Kim-Seo (2003)
(2,n—2) 4(n—1)(n—2)"1 Seo(2004), Rattan (2006)

(3,n—3)

(n—1)(n—2)(n—3)"2

Rattan (2006)



Enumeration of the Case A\ = (p, q)

Recall that Goulden and Jackson’s formula is

Fonpong] = (n+€— Z'HHA_l

In case of A = (p, q),

pq p+c1> ,
Foa)l = Pq?
‘ (177!1)‘ p+q< p



Signed permutation

@ A signed permutation is a permutation o on {+1,..., +n}
satisfying o(—i) = —o(i) foralli € {1,...,n}.

© The hyperoctohedral group B, is the group of signed
permutations on {£1,...,+n}.

© We will use the two notations

[ ay...ap) = (a1 az...aqp —ay —ay...—ay), zero cycle
((aray...ar)) = (a1 az ... ax)(—a; —ay...— a;), paired nonzero cycle

Q ¢ :=1i|=( —i) and((ij)), transpositions of type B,
satisfies

€i((i))) = ((01)e = (G —)))ei =€ —J))



@ The absolute order on B, is

&L Yo) = t(n) + U(n Vo),

<o

where {(7) is the absolute length for = € B,,.
@ The poset S2.(p, ¢) of annular noncrossing permutations of

C

type B is defined by the interval poset of B, as follows:

Sfc(PJ]) = [Q’Yp,q] ={o¢€ Byrg:e<o< %,q} C Bpigs

where € is the identity and v, , = [1...p|[p+1...p +¢l.



(12](3]

s \\\

((12))[3] ((123)) ((12-3))

72,1 =

(213]

((1=3-2)) ((13-2)) ((1-2))[3]

(12]

1K)

((1=2))

[2]

(23)  ((2-3)

e

(@3) (@ -3) 3]
Figure: The Hasse diagram for S2.(2, 1).
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Drawing permutations on annulus with
NONCrossing arrows

7=((156)((234) € SE(4,3) o=[15-72)((34)) € SE(4,3)




@ Nica and Oancea (2009) showed that S.(p, q) is
poset-isomorphic to NC?)(p, ¢) of annular noncrossing
partitions of type B.

© Goulden-Nica-Oancea (2011) showed that the number of
maximal chains in the poset NC®)(p, q) is

+ . .
(p + 61>p,,qq + Z 2% <]7 q>pp cqq+(,.
q c>1 p—c
@ Itturns out that half of the 2nd term is equal to |, ;|-

Zc<p + Q>ppcqq+c _ pq <p + Q>ppqq.

5 \p—c P+q\ ¢



Connectivity

@ A paired nonzero cycle ((a; a; . .. ax)) touching both the
interier and exterior circles is called connected.

@ A signed permutation with at least one connected paired
nonzero cycle is called connected.

© A maximal chain of SZ,(p, ¢) with at least one connected

C

signed permutation is called connected.



Proposition

The number of disconnected maximal chains of S2.(p, q) is

equal to
_|_
<p q) .
q

and the number of connected maximal chains of SZ (p, ¢) is
equal to

5 P4 (p+q>p,,qq‘
p+a\ ¢




Y2, = [12][3]
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[13] ((123)) ((12-3)) ((1=3-2)) ((13-2)) (2][3]
((12)) ((13)) (1 =3) ((23)) ((2=3)) ((1=2))

Figure: Connected maximal chains in S2.(2,1).



Theorem (Kim-Seo-Shin, 2012)

There is a 2-1 map from the set CM(SE.(p, q)) of connected
maximal chains in S5.(p, q) to the set F, ,, of minimal transitive
factorizations of o 4.

Proof

| \

The composition of three maps |¢*| := || o ()" o ¢

B ® (B) (')+ e | ‘
CM (Snc (pv Q)) 1-1 ‘F(p,q) 2-1 ]:(P q) f(p 9)

is the desired 2-1 map. O




Description of maps

{e<((13) <((13-2) <[1213)) € CM(SE(2,1))

=i ®

(((13),(2 =3),(1 =3)) €  Fa),
oi=n;T ()+
(((13)),((23)),((13))) € Foy
ni=|oi| K

((13),(23),(13)) € Fe



Why is the map (-)* surjective?
Given a minimal transitive factorization of 53, = ((12 3))((4 5))

(((12)),((25)),((23)),((45)),((34)) ) € Ffs ),
since Y32 = [1 2 3} [4 5} = €4 €] ,3372,

12 =-ee ((12)((25) ((23)) (45)) (34))
=eae (1 -2)(25)((23) ((45) (34)
=e e ((12) (2 =5) (2 =3)) ((45)) (34))
=e e ((12) (2 -5)((23) (4 =5) (B —4))
=((12)) (2 =5)) ((23)) (4 =5)) (3 —4)),

we have one minimal transitive factorization of 73 »

(((12)),(2 =5),(23)), (4 =5)), (3 —4))) € F5h.



Why is the map (-)* two-to-one?

(11, 72,73, 70, 7) = (((12)),((2 =9)),(23)),((4 =9),(3 —4))) € F3),

, if 7; is disconnected
"\((a = b)) ifr = ((ab))is connected.

(i, 7,75, m,73) = (((12)),((25)),((23)),((4 =5)),((34))) fof,)z)
It satisfies

S AU A I B S +
(7-177_277—377_4a7-5) - (7-177—277-377_457-5) € f(372)'



Summary

A | Fl \ bijective proof
(n) n"=? Dénes et al.
n—1 (1) Kim-Seo (2003)
(2,n—2) 4(n—1)(n—2)"1 Seo(2004), Rattan (2006)
(3,n—3) 277(11 —1)(n—2)(n—-3)"72 Rattan (2006)
7, 9) Pq (” - ") P Kim-Seo-Shin (2012)
pP+4q p
(P,q,r) | w+aq+r+ 1)/)1/1‘(/) j ZT /‘)/1”1/"/“ open
(1) (2n — 2)In" =3 open
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