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The idea of grading

Tensor products of the 2-dimensional representation V(w) ~ C? of sla:

V) ®@Vw) =~ V(0)oV(w)
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The idea of grading

Tensor products of the 2-dimensional representation V(w) ~ C? of sla:

V) ®@Vw) =~ V(0)eV(w)

U, Deform...

chy(V(w) ® V(w)) = ch(V(2w) + ¢ ch(V(0))
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The idea of graded tensor products

@ Grading on tensor products of g (simple Lie algebra) or Uy(g) (quantum algebra)
modules.
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The idea of graded tensor products

@ Grading on tensor products of g (simple Lie algebra) or Uy(g) (quantum algebra)
modules.

ch(Vi@Va® --@Va)= Y. M,y chV

Virred

~U« Introduce grading

chy (VikVasoox Vo) = > My,yv(t) chV

V:irred

@ Myy,y v(t): “graded multiplicity” of the irreducible component V' in the graded
product.
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The idea of graded tensor products

@ Grading on tensor products of g (simple Lie algebra) or Uy(g) (quantum algebra)
modules.

ch(Vi@Va® --@Va)= Y. M,y chV

Virred

~U« Introduce grading

chy (VikVasoox Vo) = > My,yv(t) chV

V:irred

@ Myy,y v(t): “graded multiplicity” of the irreducible component V' in the graded
product.

@ What is a good definition of the grading?
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Graded tensor products

Algebraic source of grading

Finite-dimensional algebra C Infinite-dimensional algebra:
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Graded tensor products

Algebraic source of grading

Finite-dimensional algebra C Infinite-dimensional algebra:

simple Lie algebra g C

g, Y(g) affine algebra, Yangian
quantum algebra U,(g) C

Uy(g) quantum affine algebra

@ The infinite-dimensional algebra is graded: induce a grading on modules W.
@ Restrict the action to finite-dim subalgebra:

o W: finite-dim. g-mod
Myw,v = dimHomg (W, V), "0 cible g-mod.

R. Kedem (University of lllinois) Graded tensors and quantum cluster algebras FPSAC 2012, Nagoya 5/39



Graded tensor products

Algebraic source of grading

Finite-dimensional algebra C Infinite-dimensional algebra:
simple Lie algebra g C g, Y(g) affine algebra, Yangian
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@ The infinite-dimensional algebra is graded: induce a grading on modules W.
@ Restrict the action to finite-dim subalgebra:

o W: finite-dim. g-mod
Myw,v = dimHomg (W, V), "0 cible g-mod.

@ Hilbert polynomial: g acts on the graded components W n]

Mw,y (t) == Y t"dimHomg(W[n],V),  Mwy (1) = Mw,.

n>0
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Graded tensor products

Algebraic source of grading

Finite-dimensional algebra C Infinite-dimensional algebra:
simple Lie algebra g C g, Y(g) affine algebra, Yangian
quantum algebra Ug(g) C  Uqs(g) quantum affine algebra

@ The infinite-dimensional algebra is graded: induce a grading on modules W.
@ Restrict the action to finite-dim subalgebra:

W: finite-dim. g-mod

Myw,v = dimHomg (W, V), "0 cible g-mod.

@ Hilbert polynomial: g acts on the graded components W n]
Mw,y (t) == Y t"dimHomg(W[n],V),  Mwy (1) = Mw,.
n>0

@ Graded characters:
chy(W)= > Mw,y(t)ch(V)

Vi:irred
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Graded tensor products

Grading on tensor products

@ Choose a set of finite-dimensional modules {V1, ..., V,,} of infinite-dim alg:

WeVi® - VN.
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Graded tensor products

Grading on tensor products

@ Choose a set of finite-dimensional modules {V1, ..., V,,} of infinite-dim alg:

WeVi® - VN.

@ Grading on W can be defined, for example:

@ Combinatorially From Bethe ansatz of generalized Heisenberg model (Yangian).
[Kerov, Kirillov, Reshetikhin, ‘86; Kuniba, Nakanishi, Okado ‘93]; Physical
interpretation from conformal field theory [K., McCoy ‘91].
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© Natural grading of § = central extension of g® C[t,t~!] by degree in t. [Feigin-Loktev
“fusion product”, ‘99].

Theorem
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on the tensor products give the same Hilbert polynomials.
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Graded tensor products

Grading on tensor products

@ Choose a set of finite-dimensional modules {V1, ..., V,,} of infinite-dim alg:

WeVi® - VN.

@ Grading on W can be defined, for example:

@ Combinatorially From Bethe ansatz of generalized Heisenberg model (Yangian).
[Kerov, Kirillov, Reshetikhin, ‘86; Kuniba, Nakanishi, Okado ‘93]; Physical
interpretation from conformal field theory [K., McCoy ‘91].

Using crystal bases of quantum affine algebras [Okado, Schilling, Shimozono +].

Q
© Natural grading of § = central extension of g® C[t,t~!] by degree in t. [Feigin-Loktev
“fusion product”, ‘99].

Theorem

If the modules V; are of sufficiently simple (KR-type) the three ways of defining gradings
on the tensor products give the same Hilbert polynomials.

@ This talk: A fourth source of the same grading: Quantum cluster algebras. [Joint
work with Di Francesco]
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Graded tensor products

Feigin-Loktev fusion products

@ FL defined a (commutative) graded tensor product on g-modules

?{Vi}zvl*V2*~~~*VN
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Graded tensor products

Feigin-Loktev fusion products

@ FL defined a (commutative) graded tensor product on g-modules
H:{Vi} :Vl*VQ*"'*VN
o The Hilbert polynomial My,} 5(t) := » _ t"dim Homg (F(v;3[n], V(N))

n>0

V (M\)=lrreducible g-module.
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o The Hilbert polynomial My,} 5(t) := » _ t"dim Homg (F(v;3[n], V(N))
n>0
V (M\)=lrreducible g-module.
@ Example 1: If g = sl,, and V; are symmetric power representations, My} »(t) is a
Kostka polynomial (transition function between Hall-Littlewood polynomials and
Schur polynomials).

o Example 2: If g = sl,, and Vi = V(mw;) (Kirillov-Reshetikhin modules), My, A (t)
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Graded tensor products

Feigin-Loktev fusion products

@ FL defined a (commutative) graded tensor product on g-modules
H:{Vi} =VixVox---xVn

o The Hilbert polynomial My,} 5(t) := » _ t"dim Homg (F(v;3[n], V(N))
n>0

V (M\)=lrreducible g-module.

@ Example 1: If g = sl,, and V; are symmetric power representations, My} »(t) is a
Kostka polynomial (transition function between Hall-Littlewood polynomials and
Schur polynomials).

o Example 2: If g = sl,, and Vi = V(mw;) (Kirillov-Reshetikhin modules), My, A (t)
is a generalized Kostka polynomial [Lascoux, Leclerc, Thibon].

@ The Hilbert polynomials give Betti numbers of cohomology of Lagrangian quiver
varieties (Nakajima, Lusztig, Kodera-Naoi...)

@ Have an interpretation as parabolic Kazhdan-Lusztig polynomials...
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Example of Feigin-Loktev product for g = sl

sy = (fihye),  sly = (z[m] = at™)scotymez, stz = (@[0]) C sl
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Example of Feigin-Loktev product for g = sl

sy = (fihye),  sly = (z[m] = at™)scotymez, stz = (@[0]) C sl

Define Action of sl; on the tensor product of two representations

z[m]vr @ v2 = 27" (zv1) @ v2 + 23'11 ® (TV2), vIQ V2 € V1 ® Va.
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Example of Feigin-Loktev product for g = sl

sy = (fihye),  sly = (z[m] = at™)scotymez, stz = (@[0]) C sl

Define Action of sl on the tensor product of two representations

zimlvr @ vz = 21" (zv1) ® v2 + 23 v1 @ (zV2), V1 Qv2 € VI ® Va.

Example:V; = Vo = V(w1) ~ Span{v, fv} with f%v = 0:

Afov@u+ 2avQ fu

f12]
S
VRV —f—[ﬂl—>fv®v+v®fv —fol . 2fv® fu

zlfv®v+zzv®fv—ﬂgl—>(zl +22)fo® fu
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Define Action of sl; on the tensor product of two representations

z[m]vr @ v2 = 27" (zv1) @ v2 + 23'11 ® (TV2), vIQ V2 € V1 ® Va.
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Example of Feigin-Loktev product for g = sl
slo = (f,hie), sl = (@[m] = 2t )scoimez,  slo = (2[0]) C sl

Define Action of sl; on the tensor product of two representations

z[m]vr @ v2 = 27" (zv1) @ v2 + 23'11 ® (TV2), vIQ V2 € V1 ® Va.

Filtration of F = U(f[i]i>0)v1 & va:
Fm] = spancy,, ., {fli1] - flix]on @2 2 Y iy = m}
J
Graded components: Fp, := Fm]/F[m — 1].

Hilbert polynomial: My, v,3.a(t) = Zt"dim Homg (Frm, V(N)).

n>0
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Example of Feigin-Loktev product for g = sl

sy = (fihye),  sly = (z[m] = at™)scotymez, stz = (@[0]) C sl

Define Action of sl; on the tensor product of two representations

z[m]vr @ v2 = 27" (zv1) @ v2 + 23'11 ® (TV2), vIQ V2 € V1 ® Va.

Filtration of F = U(f[i]i>0)v1 & va:

Flm] := spancy,, .1 {flir] - flix]or @ v2 : ZZJ =m}

Graded components: Fp, := Fm]/F[m — 1].
Hilbert polynomial: My, v,3.a(t) = Zt"dim Homg (Frm, V(N)).

n>0
Grading inherited from homogeneous degree in ¢.

R. Kedem (University of lllinois) Graded tensors and quantum cluster algebras FPSAC 2012, Nagoya 8 /39



Example of graded product V' (wy) x V(w1):

Afo@uv+ v fv = (21 +22)(z21fv Qv+ 220 ® fv)
—z1z22(fv@v+v® fu) ~0

f12]
zlfv®v+22v®fv—f—[m_>(z1 +z2)£v®fv

~

fiL

VR —-ﬂm—>fv®v+v®fv — A 2fv® fu
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Example of graded product V' (wy) x V(w1):

z1fv@u+2v® fu

L

VR —-ﬁm—>fv®v+v®fv S (1] 2fv® fu
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Example of graded product V' (wy) x V(w1):

21fv@v+ 220Q fu — V(0) ~F;

L

VRV —»ﬂm—>fv®v+v®fv S (1] 2fv® fv — V(2wi) =~ Fo
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Example of graded product V' (wy) x V(w1):

]\/fvz_yo(t) =t

A1V2,2w1 (t) == 1

21fv@v+ 220Q fu — V(0) ~F;

L

VRV —-ﬂm—>fv®v+v®fv S (1] 2fv® fv — V(2wi) =~ Fo
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Graded tensor products

Example of graded tensor product for sl

Triple tensor product Vi x Vo * V3 with Vi = Vo = V3 = V(w1).
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Graded tensor products

Example of graded tensor product for sl

Triple tensor product Vi x Vo * V3 with Vi = Vo = V3 = V(w1).

fl2lo——HU—f(0] f[2Jw

f2]
[ — R
degree
W=vQ® 7R v £10] fl0Jw £10] f[0]w £10] 02w

sly weight — >
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Graded tensor products

Example of graded tensor product for sly

Triple tensor product Vi x Vo * V3 with Vi = Vo = V3 = V(w1).

fl2lo——HU—f(0] f[2Jw

— 972 ~ V(w1)

f2]
o o——HE—f [l T = V()
degree
W=vR0Qv £l0] floJw £10] f[0]w £10] 02w

sly weight — >
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Graded tensor products

Example of graded tensor product for sly

Triple tensor product Vi x Vo * V3 with Vi = Vo = V3 = V(w1).

Mys ,, (t) =t+t% Mysg, (t)=1

fRlo——HA ~f0]f2lw  — Fo = V(wn)
f2]
s o——H— )l 5= V()
degree
W=vR0Qv £l0] floJw £10] f[0]w £10] 02w

sly weight — >
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Graded tensor products

Explicit formula for graded multiplicities: ;[2

Choose a collection of irreducible sl>-modules:

{V;} = {V(wl), ey V(wl), V(le), . .,V(le), ey V(jwl), . .,V(jwl), .. }

n1 times ng times n; times
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Graded tensor products

Explicit formula for graded multiplicities: ;[2

Choose a collection of irreducible sl>-modules:

{V;} = {V(wl), ey V(wl), ‘/(2(4}1)7 . .,V(le), ey V(jwl), . .,V(jwl), .. }

n1 times ng times n; times

Theorem: There is a formula for the multiplicity of irreducible components:

dim Homy (Vi @ -~ @ Vo, V) = Myga = D H(“l.m )

my,mg,...€Ly i>1
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Graded tensor products

Explicit formula for graded multiplicities: ;[2

Choose a collection of irreducible sl>-modules:

{V;} = {V(wl), ey V(wl), V(le), . .,V(le), ey V(jwl), . .,V(jwl), .. }

n1 times ng times n; times

Theorem: There is a formula for the multiplicity of irreducible components:

dim Homy (Vi @ -~ @ Vo, V) = Myga = D H(“l.m )

my,mg,...€Ly i>1

@ Sum } is restricted: . j(n; — 2m;)wr = A
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Graded tensor products

Explicit formula for graded multiplicities: ;[2

Choose a collection of irreducible sl>-modules:

{V;} = {V(wl), ey V(wl), V(le), . .,V(le), ey V(jwl), . .,V(jwl), .. }

n1 times ng times n; times

Theorem: There is a formula for the multiplicity of irreducible components:

dim Homy (Vi @ -~ @ Vo, V) = Myga = D H(“l.m )

my,mg,...€Ly i>1

@ Sum } is restricted: . j(n; — 2m;)wr = A
@ Integers pi: pi = >, min(4, j)(n; — 2m;) > 0.
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Graded tensor products

Explicit formula for graded multiplicities: ;[2
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Graded tensor products

Explicit formula for graded multiplicities: ;[2

Choose a collection of irreducible sl>-modules:

{V;} = {V(wl), ey V(wl), V(le), . .,V(le), ey V(jwl), . .,V(jwl), .. }

n1 times ng times n; times
Theorem: There is a formula for the multiplicity of irreducible components:

dim Homy (Vi @ -~ @ Vo, V) = Myga = D H(“l.m )

my,mg,...€Ly i>1

@ Sum } is restricted: . j(n; — 2m;)wr = A
@ Integers pi: pi = >, min(4, j)(n; — 2m;) > 0.

“Fermionic formula”

Theorem: Hilbert polynomials of the FL product are Kostka polynomials

My a(t) =Y ™4 H [p i ]t, [Als,; = min(i, ).

m;
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Graded tensor products

Explicit formula generalizes to other g

For g simply-laced with Cartan matrix C, choose {V;}: Collection of KR-modules:
Na,; Modules with highest weight jw.
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For g simply-laced with Cartan matrix C, choose {V;}: Collection of KR-modules:
Na,; Modules with highest weight jw.

Theorem: The FL graded tensor product multiplicities are

t(C®A)m Pa,j + Ma,j
=Y e H[ |

{ma 1}

p=(U®An—(C®A)m, A= min(ij)

[p + m} (P e (B D)oo
t

N e v e G ]11(1 —at?).
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Graded tensor products

Explicit formula generalizes to other g

For g simply-laced with Cartan matrix C, choose {V;}: Collection of KR-modules:

Na,; Modules with highest weight jw.
Theorem: The FL graded tensor product multiplicities are

t(C®A)m Pa,j + Ma,j
=Y e H[ |

{ma 1}

Pp=U®An—-(C®A)m, A;; =min(i,j))
p+m] Pt D)oo _ j
[ m L T (Bt e (ML) (@00 = [1(1 ~at)).

j=0
The restrictions on the sum are:
(a) positive integers p;; > 0

(b) weight > jwa <na,j - ZCabmb,j> =
b

a,j
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Summary: Theorem about the Feigin-Loktev graded product

Theorem (Ardonne-K. ‘06, Di Francesco-K. ‘08)
Q For any set of Kirillov-Reshetikhin modules {V;} of any simple Lie algebra g,

dim Homg (Vi % -+« x Vv, Vi) = dimHomg (Vi ® - - ® Vi, Viy)

Q The graded fusion multiplicities are given by the generalizations of the sums over
binomial product formulas. (Fermionic formulas)
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Summary: Theorem about the Feigin-Loktev graded product

Theorem (Ardonne-K. ‘06, Di Francesco-K. ‘08)
Q For any set of Kirillov-Reshetikhin modules {V;} of any simple Lie algebra g,

dim Homg (Vi % -+« x Vv, Vi) = dimHomg (Vi ® - - ® Vi, Viy)

Q The graded fusion multiplicities are given by the generalizations of the sums over
binomial product formulas. (Fermionic formulas)

Next: A cluster algebra source for the same grading.
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Cluster algebras and quantum cluster algebras

Cluster algebras and quantum cluster algebras

@ A class of discrete dynamical evolutions with particularly “good” behavior.
Introduced by S. Fomin and A. Zelevinsky around 2000 in the context of the
factorization problem of totally positive matrices.
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@ A class of discrete dynamical evolutions with particularly “good” behavior.
Introduced by S. Fomin and A. Zelevinsky around 2000 in the context of the
factorization problem of totally positive matrices.

@ Cluster algebras have applications to:

-Factorization of totally positive matrices
-Combinatorics of Lusztig's canonical bases
-Triangulated categories

-Geometry of Teichmiiller spaces
-Donaldson Thomas motivic invariant theory
-Somos-type recursion relations

-(Quantum) dilogarithm identities
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Cluster algebras and quantum cluster algebras

@ A class of discrete dynamical evolutions with particularly “good” behavior.
Introduced by S. Fomin and A. Zelevinsky around 2000 in the context of the
factorization problem of totally positive matrices.

@ Cluster algebras have applications to:

-Factorization of totally positive matrices
-Combinatorics of Lusztig's canonical bases
-Triangulated categories

-Geometry of Teichmiiller spaces
-Donaldson Thomas motivic invariant theory
-Somos-type recursion relations

-(Quantum) dilogarithm identities

@ Quantized version: Fock-Goncharov, Berenstein-Zelevinsky.

Here: Coefficient-free Cluster Algebras of geometric type with skew-symmetric exchange
matrix.
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Cluster algebras and quantum cluster algebras

Cluster algebras: quiver dynamics

Start with a quiver I" with no one-cycles or two cycles:
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Cluster algebras and quantum cluster algebras

Cluster algebras: quiver dynamics

Start with a quiver I" with no one-cycles or two cycles:

1
[ )
\ 2 Corresponds to a skew-symmetric matrix B
[ ] .
rows and columns labeled by vertices
The (7,7) entry = number of arrows from i to j.
3 [ ]
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Cluster algebras and quantum cluster algebras

Cluster algebras: quiver dynamics

Start with a quiver I" with no one-cycles or two cycles:

\ .2 Corresponds to a skew-symmetric matrix B

rows and columns labeled by vertices
The (7,7) entry = number of arrows from i to j.

. 0 —2 0 1
3 2 0 -2 -1

. B =
4 0 2 0 0
-1 1 0 0
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Cluster algebras and quantum cluster algebras

Cluster algebras: quiver dynamics

Start with a quiver I" with no one-cycles or two cycles:

Corresponds to a skew-symmetric matrix B
rows and columns labeled by vertices

The (7,7) entry = number of arrows from i to j.

0 -2 0 1
2 0o -2 -1
0 2 0 0
-1 1 0 0

B =

Dynamics of quiver: For each vertex label v, mutation u, acts on the quiver:

po(I) =17

R. Kedem (University of lllinois)
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Cluster algebras and quantum cluster algebras

Cluster algebras: quiver dynamics

Start with a quiver I" with no one-cycles or two cycles:

\ .2 Corresponds to a skew-symmetric matrix B

rows and columns labeled by vertices
The (7,7) entry = number of arrows from i to j.

. 0 —2 0 1
3 2 0 -2 -1

0 2 0 0
1 1 0 0

.4 B =

Dynamics of quiver: For each vertex label v, mutation u, acts on the quiver:
po(I) =17

: r z r+st

\ / \ / -Reverse incident arrows on node k

@ -create a shortcut for path of length 2 through k&
-cancel 2-cycles.
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Cluster algebras and quantum cluster algebras

Example of quiver mutations
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Example of quiver mutations
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Cluster algebras and quantum cluster algebras

Example of quiver mutations

TS — 7
Lo
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Cluster algebras and quantum cluster algebras

Example of quiver mutations

N TN — S —
NS -
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Cluster algebras and quantum cluster algebras

Cluster variable mutation

@ To each node v in I" associate a variable z,. Collection x = {z, : v € I'}.
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Cluster algebras and quantum cluster algebras

Cluster variable mutation

@ To each node v in I" associate a variable z,. Collection x = {z, : v € I'}.

@ Mutation p, acts on x, according to the number of incoming and outgoing arrows

from vertex v:
H Tw + H T

o (Ty) = 2 . e o (Tw) = T4 otherwise.
v
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Cluster algebras and quantum cluster algebras

Cluster variable mutation

@ To each node v in I" associate a variable z,. Collection x = {z, : v € I'}.

@ Mutation p, acts on x, according to the number of incoming and outgoing arrows

from vertex v:
H Tw + H T

o (Ty) = 2 e o (Tw) = T4 otherwise.
Lo
1
L]
2
°
1’%1’4 + 1’%
po(w2) = —————
3 "
*4
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Cluster algebras and quantum cluster algebras

Cluster variable mutation

@ To each node v in I" associate a variable z,. Collection x = {z, : v € I'}.

@ Mutation p, acts on x, according to the number of incoming and outgoing arrows

from vertex v:
H Tw + H T

o (Ty) = 2 . e o (Tw) = T4 otherwise.
1
L]
\ 2
°
1’%1’4 + x%
po(w2) = —————
3 "
*4

@ Repeat application of mutations to cluster variables iteratively to get rational
functions in {z,}.
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Cluster algebras and quantum cluster algebras

Evolution tree

@ A quiver I with n nodes = a complete n-tree T,,. Labeled edges.

At each node e of the tree:
data (x = {x }ver,)e= (n cluster variables, quiver).
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Cluster algebras and quantum cluster algebras

Evolution tree

@ A quiver I with n nodes = a complete n-tree T,,. Labeled edges.
At each node e of the tree:

data (x = {x }ver,)e= (n cluster variables, quiver).

Data on vertices connected by an ’—Q
edge related by a mutation p ) ¢

(X7 F)t’ = N’(Xv F)t = (M(X),M(F))
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@ A quiver I with n nodes = a complete n-tree T,,. Labeled edges.

At each node e of the tree:
data (x = {x }ver,)e= (n cluster variables, quiver).

Data on vertices connected by an ’—Q
edge related by a mutation p ) ¢

(X7 F)t’ = N’(Xv F)t = (M(X),M(F))

@ Initial data: (x,I") at a single node on the evolution tree. All other data are
determined via the evolution.
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Evolution tree

@ A quiver I with n nodes = a complete n-tree T,,. Labeled edges.

At each node e of the tree:
data (x = {x }ver,)e= (n cluster variables, quiver).

Data on vertices connected by an ’—Q
edge related by a mutation p ) ¢

(X7 F)t’ = N’(Xv F)t = (M(X),M(F))

@ Initial data: (x,I") at a single node on the evolution tree. All other data are
determined via the evolution.

@ The mutation of variables along the tree T,, is a discrete dynamical system on the
cluster variables, with initial data given by (x,I") at one of the vertices.

R. Kedem (University of lllinois) Graded tensors and quantum cluster algebras FPSAC 2012, Nagoya 18 / 39



Cluster algebras and quantum cluster algebras

Evolution tree

@ A quiver I with n nodes = a complete n-tree T,,. Labeled edges.

At each node e of the tree:
data (x = {x }ver,)e= (n cluster variables, quiver).

Data on vertices connected by an ’—Q
edge related by a mutation p ) ¢

(X7 F)t’ = N’(Xv F)t = (M(X),M(F))

@ Initial data: (x,I") at a single node on the evolution tree. All other data are
determined via the evolution.

@ The mutation of variables along the tree T,, is a discrete dynamical system on the
cluster variables, with initial data given by (x,I") at one of the vertices.

@ Cluster algebra: Commutative algebra generated by collection of cluster variables.
The rank is n.
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Cluster algebras and quantum cluster algebras

Example of a simple evolution: Rank 2

Choose I'' = Initial data (zo, 1)

R. Kedem (University of lllinois) Graded tensors and quantum cluster algebras FPSAC 2012, Nagoya 19 / 39



Cluster algebras and quantum cluster algebras

Example of a simple evolution: Rank 2

Choose I'' = Initial data (zo, 1)

Evolution tree:
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Cluster algebras and quantum cluster algebras

Example of a simple evolution: Rank 2

Choose I'' = Initial data (zo, 1)

Evolution tree:

(0, _1) (22, 21) (z4,23)
eoe & L @ @ @ ® oo

(T-2,2-1) (w0, 21) (w2, 23)
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Cluster algebras and quantum cluster algebras

Example of a simple evolution: Rank 2

Choose I'' = Initial data (zo, 1)

Evolution tree:

(o, 2-1) (w2, 21) (24, 23)
eoe & L 4 @ L @ ® oo
(x—g,2-1) (w0, 21) (w2, 23)
° e ° °
| N | A T
° ° ° ° ° °
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Cluster algebras and quantum cluster algebras

Example of a simple evolution: Rank 2

Choose ' =

Evolution tree:

Initial data (xo, 1)

(o, 2-1) (w2, 21) (24, 23)
eoe & L 4 @ L @ ® oo
(x—g,2-1) (w0, 21) (w2, 23)
° e ° °
| N | A T
° ° ° ° ° °

R. Kedem (University of lllinois)
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Cluster algebras and quantum cluster algebras

Example of a simple evolution: Rank 2

Choose I'' = Initial data (zo, 1)

Evolution tree:

(o, 2-1) (w2, 21) (24, 23)
eoe & L 4 @ L @ ® oo
(x—g,2-1) (w0, 21) (w2, 23)
° e ° °
| N | A T

[ ] [ ] [ ] [ ] [ ] [ ]
Tn+1 = (Ti + 1)/'77'1*1

z2 = ay'(al+1)
3 = gz (14234 227 + 1)
zs = x5°x]°(1+ 22 + zh + 327 4 2222? —|—3x411—|—1’?)
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Cluster algebras and quantum cluster algebras

Example of a simple evolution: Rank 2

Choose I'' = Initial data (zo, 1)

Evolution tree:

(@0, 2-1) (w2,1) (w4, 3)
eoe & L 4 @ L @ ® oo
(T-2,2-1) (w0, 21) (w2, 23)
T I I I I
[ ] [ ] [ ] [ ] [ ] [ ]
Tn+l1 = (Ti + 1)/.”1?,1,1
x2 = x5 (x7+1)
vy = mp wy (1+a)+ 207 + 1)
Ty = xa3x1—2(1 + 21’8 + xé + 39:% + 2x(2)x§ + 3x411 4 1’(13)

Laurent polynomials with coefficients in Z_ in initial data.
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Cluster algebras and quantum cluster algebras

Some facts about cluster algebras

@ Finite cluster algebras classified by finite simple Lie algebra Dynkin diagrams.
[Fomin-Zelevinsky].
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Some facts about cluster algebras

@ Finite cluster algebras classified by finite simple Lie algebra Dynkin diagrams.
[Fomin-Zelevinsky].

@ Quiver-finite cluster algebras classified by Felikson, Shapiro, Tumarkin.

@ Laurent property Theorem: In terms of any choice of initial data, cluster variables
are Laurent polynomials (not just rational functions!).
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Cluster algebras and quantum cluster algebras

Some facts about cluster algebras

@ Finite cluster algebras classified by finite simple Lie algebra Dynkin diagrams.
[Fomin-Zelevinsky].

@ Quiver-finite cluster algebras classified by Felikson, Shapiro, Tumarkin.

@ Laurent property Theorem: In terms of any choice of initial data, cluster variables
are Laurent polynomials (not just rational functions!).

@ Positivity conjecture: with coefficients in Z.. Proof in special cases.

R. Kedem (University of lllinois) Graded tensors and quantum cluster algebras FPSAC 2012, Nagoya 20 /39



Cluster algebras and quantum cluster algebras

Quantum cluster algebras

@ Compatible Poisson structure on cluster algebras [Gekhtman, Shapiro, Vainshtein]
[Fock and Goncharov] = quantum deformation [Berenstein, Zelevinsky].
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Quantum cluster algebras
@ Compatible Poisson structure on cluster algebras [Gekhtman, Shapiro, Vainshtein]
[Fock and Goncharov] = quantum deformation [Berenstein, Zelevinsky].

@ A non-commutative algebra with
o Generators {X1,..., Xpn}: variables associated to node of Ty;
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Cluster algebras and quantum cluster algebras

Quantum cluster algebras

@ Compatible Poisson structure on cluster algebras [Gekhtman, Shapiro, Vainshtein]
[Fock and Goncharov] = quantum deformation [Berenstein, Zelevinsky].
@ A non-commutative algebra with

o Generators {X1,..., Xpn}: variables associated to node of Ty;
o Data I' ~ skew symmetric matrix B (same as in commutative case).
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Cluster algebras and quantum cluster algebras

Quantum cluster algebras

@ Compatible Poisson structure on cluster algebras [Gekhtman, Shapiro, Vainshtein]
[Fock and Goncharov] = quantum deformation [Berenstein, Zelevinsky].
@ A non-commutative algebra with
o Generators {X1,..., Xpn}: variables associated to node of Ty;

o Data I' ~ skew symmetric matrix B (same as in commutative case).
o New matrix: A o< B™! an integer matrix.
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Cluster algebras and quantum cluster algebras

Quantum cluster algebras

@ Compatible Poisson structure on cluster algebras [Gekhtman, Shapiro, Vainshtein]
[Fock and Goncharov] = quantum deformation [Berenstein, Zelevinsky].
@ A non-commutative algebra with
o Generators {X1,..., Xpn}: variables associated to node of Ty;

o Data I' ~ skew symmetric matrix B (same as in commutative case).
o New matrix: A o< B™! an integer matrix.

@ Cluster variables at the same node satisfy X;X; = ¢"*9 X; X; (¢ central).
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Cluster algebras and quantum cluster algebras

Quantum cluster algebras

@ Compatible Poisson structure on cluster algebras [Gekhtman, Shapiro, Vainshtein]
[Fock and Goncharov] = quantum deformation [Berenstein, Zelevinsky].
@ A non-commutative algebra with

o Generators {X1,..., Xpn}: variables associated to node of Ty;
o Data I' ~ skew symmetric matrix B (same as in commutative case).
o New matrix: A o< B™! an integer matrix.

@ Cluster variables at the same node satisfy X;X; = ¢"*9 X; X; (¢ central).

@ Cluster variables in neighboring nodes related by a quantum mutation
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Cluster algebras and quantum cluster algebras

Quantum cluster algebras

@ Compatible Poisson structure on cluster algebras [Gekhtman, Shapiro, Vainshtein]
[Fock and Goncharov] = quantum deformation [Berenstein, Zelevinsky].
@ A non-commutative algebra with

o Generators {X1,..., Xpn}: variables associated to node of Ty;
o Data I' ~ skew symmetric matrix B (same as in commutative case).
o New matrix: A o< B™! an integer matrix.

@ Cluster variables at the same node satisfy X;X; = ¢"*9 X; X; (¢ central).

o Cluster variables in neighboring nodes related by a quantum mutation

xXbi 4 XPi, i=3j b = ith column of [+B]4 — L.

/i X" = P . .
1 (X5) X;, i # 7. X2 .— q% 2isj Az,]aﬂl]Xfl co X o
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Cluster algebras and quantum cluster algebras

Quantum cluster algebras

@ Compatible Poisson structure on cluster algebras [Gekhtman, Shapiro, Vainshtein]
[Fock and Goncharov] = quantum deformation [Berenstein, Zelevinsky].
@ A non-commutative algebra with

o Generators {X1,..., Xpn}: variables associated to node of Ty;
o Data I' ~ skew symmetric matrix B (same as in commutative case).
o New matrix: A o< B™! an integer matrix.

@ Cluster variables at the same node satisfy X;X; = ¢"*9 X; X; (¢ central).

@ Cluster variables in neighboring nodes related by a quantum mutation

+ - . . + _
(X)) = XPi 4 XPi | i=j b;" = Lth;COI,um,r;\,of [:tB]Jr - L
: X, i X® = g2 Zi>j Mg eias X0 X an,

@ Laurent property: Any cluster variable is a Laurent polynomial with coefficients in
Z[q,q~ '] when expressed in terms of any of cluster seed variables. [Theorem].
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Cluster algebras and quantum cluster algebras

Quantum cluster algebras

@ Compatible Poisson structure on cluster algebras [Gekhtman, Shapiro, Vainshtein]
[Fock and Goncharov] = quantum deformation [Berenstein, Zelevinsky].
@ A non-commutative algebra with

o Generators {X1,..., Xpn}: variables associated to node of Ty;
o Data I' ~ skew symmetric matrix B (same as in commutative case).
o New matrix: A o< B™! an integer matrix.

@ Cluster variables at the same node satisfy X;X; = ¢"*9 X; X; (¢ central).
@ Cluster variables in neighboring nodes related by a quantum mutation
) — xXbi 4 XPi, i=3j b = ith column of [+B]4 — L.
pai(X5) = X;, i . X2 .= q% 2isj Ai,jaiajxlal co X Om
@ Laurent property: Any cluster variable is a Laurent polynomial with coefficients in
Z[q,q~ '] when expressed in terms of any of cluster seed variables. [Theorem].
@ Positivity conjecture: Coefficients expected to be in Z1[q, ¢ '].
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Cluster algebras and quantum cluster algebras

Example of quantum evolution: Rank 2

Choose I'' = Initial data (Xo, X1)
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Cluster algebras and quantum cluster algebras

Example of quantum evolution: Rank 2

Choose I'' = Initial data (Xo, X1)

Evolution tree:

(Xo0,X 1) (X2, X1) (X4, X3)
eoe & L 4 @ @ L 2 ® ooo
(X_2,X_1) (Xo, X1) (X2, X3)
° o ° °
| S | A [
. ° ' ° ° °
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Cluster algebras and quantum cluster algebras

Example of quantum evolution: Rank 2

Choose I' = Initial data (Xo, X1)

Evolution tree:

(Xo,X_1) (X2, X1) (X4, X3)
eoeoo & L 2 L 2 @ L 2 @ ooo
(X_2,X_1) (Xo, X1) (X2, X3)

| I I f I
[ ] [ ] [ ] [ ] [ ] [ ]

X = (¢Xi+1)X,"

Xs = (@X{+D)(@X1+q ' X)X+ X771

Xis = ¢ YgXT+D(@’XT+1) (X7 + D)X X

+2¢7 (14 ¢°)(gXT + 1) XX+ ¢X1 2 Xo
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Cluster algebras and quantum cluster algebras

Example of quantum evolution: Rank 2

Choose I' = Initial data (Xo, X1)

Evolution tree:

(Xo,X_1) (X2, X1) (X4, X3)
eoe & L @ @ L 4 ® oo o0
(X_2,X_1) (X0, X1) (X2, X35)
| I i f I
[ ] [ ] [ ] [ ] [ ] [ ]
Xo = (¢Xi+1X"
Xs = (¢Xi+1)(@X1+q ' X HX 2+ X!
Xy = ¢ '(gXT+D(@XT+D)(°XT + D)X, X

+2¢7 1+ ¢*)(gXT + DX °Xo '+ ¢X1 2 Xo

Laurent polynomials with coefficients in Z.[g, ¢ '] in initial data.
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Grading from quantization

Next: Grading from Quantization

@ There is a cluster algebra associated with the explicit formulas for tensor product
multiplicities
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Grading from quantization

Next: Grading from Quantization

@ There is a cluster algebra associated with the explicit formulas for tensor product
multiplicities

@ The graded tensor product multiplicities are associated with the quantization of this
cluster algebra.
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Grading from quantization

Tensor product multiplicities

pi +my Multiplicity formula for sl tensors
Mne(l) = T
e (1) 2 {7, pi = - min(i, )(n; — 2m;)
2 imy=>; n;—L
p; =0
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Grading from quantization

Tensor product multiplicities

pi +my Multiplicity formula for sl tensors
Mne(l) = T
() 11 mi pi = >_min(3, j)(n; — 2m;)
m; >0 i>1
23 imy=5; n;—L
P20
4
i + m Relax restrictions on the sum:
Nne(1) = Z H o This is not a manifestly non-negative
{m;} i>1 i sum!

23 imy=3; n;—£
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Grading from quantization

Tensor product multiplicities

pi +my Multiplicity formula for sl tensors
Mn,(1) = P
ne(D) = 121_[1 m; pi = 2_min(i, j)(n; — 2m;)
23 imy=5; n;—L
P20
4
i + m Relax restrictions on the sum:
Nne(1) = Z H ‘ . ’ This is not a manifestly non-negative
{ms} i>1 ' sum!
23 imy=>; n;—L
U
. P pi—p+m; No restrictions on the sum.
Zne(y) = Z Y H mg p & doi(ni —2mg) — L

(m;} i1
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Grading from quantization

Tensor product multiplicities

pi +m; Multiplicity formula for sl tensors
My (1 = T
() 2l pi = Y min(i, ) (n; — 2m;)
zzm,fzbn 71 -
p; >0
U
i + m Relax restrictions on the sum:
Nune(l) = Z H ! ' This is not a manifestly non-negative
{m;} i>1 sum!
23 imy=3; n;—£
4
_ pi —p+m; No restrictions on the sum.
Znely) = > v']] p % S i(ng — 2my) — €
{m;} =1
The sum Ny ¢(1) is the constant term of Z, ¢(y). )
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Grading from quantization

Tensor product multiplicities

pi +m; Multiplicity formula for sl tensors
Mn,(1) = [ ] S min(i. D (s .
=, 1l pi = > min(i, j)(n; — 2m;)

zzm,fzbn —¢

p; >0
U
i + m Relax restrictions on the sum:
Nune(l) = Z H ! ' This is not a manifestly non-negative
{m;} i>1 sum!
23 imy=3; n;—£
4
_ pi —p+m; No restrictions on the sum.
Zoely) = Yy H< ) p S i(ne — 2mi) — €
{m;} =1
The sum Ny ¢(1) is the constant term of Z, ¢(y). )

(Repeat for the other Lie algebras g.)
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Grading from quantization

Theorem for generating functions

Theorem (Di Francesco, K.)

@ The generating function factorizes:

41
Zn,l(y):XIHX?i( Xk ) , E>0

i>0 Xk+1
Xi—1
where x; are solutions of xit1 = = , xo=1,x1=y.
Xi—1
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Theorem for generating functions

Theorem (Di Francesco, K.)

@ The generating function factorizes:

41
Zn,l(y):XIHX?i ( Xk ) , E>0

i>0 Xk+1
Xi—1
where x; are solutions of xit1 = = , xo=1,x1=y.
Xi—1

Q The modified sum Ny ¢(1) is equal to the multiplicity Ma (1) because the solutions
of the recursion x; are polynomials in the initial data x.
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Grading from quantization

Theorem for generating functions

Theorem (Di Francesco, K.)

@ The generating function factorizes:

41
Zn,l(y):XIHX?i ( Xk ) , E>0

i>0 Xk+1
Xi—1
where x; are solutions of xit1 = = , xo=1,x1=y.
Xi—1

Q The modified sum Ny ¢(1) is equal to the multiplicity Ma (1) because the solutions
of the recursion x; are polynomials in the initial data x.

This recursion relation is known as the Q-system. (Solutions are Chebyshev polynomials
of second type).
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Grading from quantization

Theorem for generating functions

Theorem (Di Francesco, K.)

@ The generating function factorizes:

41
Zn,l(y):XIHX?i ( Xk ) , E>0

i>0 Xk+1
xi—1
where x; are solutions of x;11 = = , xo=1,x1=y.
Xi—1

Q The modified sum Ny ¢(1) is equal to the multiplicity Ma (1) because the solutions
of the recursion x; are polynomials in the initial data x.

This recursion relation is known as the Q-system. (Solutions are Chebyshev polynomials
of second type).

In general, the fact that solutions to @)-systems are polynomials follows from two facts:
@ The equations are mutations in a cluster algebra.

@ Laurentness implies polynomiality for these equations.
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Cluster algebra for the @)-system

The Q-system for A;
Xnt1Xn-1 = Xn — 1
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Cluster algebra for the @)-system

The Q-system for A;

Qni1Qn-1=Q2 +1

A mutation in our rank 2 cluster algebra example!
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Grading from quantization

Cluster algebra for the @)-system

The Q-system for A;

Qni1Qn1=Qn+1
A mutation in our rank 2 cluster algebra example!
For other simply-laced Lie algebras with Cartan matrix C"-

2
Qa,n-‘rlQa,n—l = Qa,n + H QB,H
Bra
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Grading from quantization

Cluster algebra for the @)-system

The Q-system for A;

Qni1Qn1=Qn+1
A mutation in our rank 2 cluster algebra example!
For other simply-laced Lie algebras with Cartan matrix C"-

2
Qa,n-‘rlQa,n—l = Qa,n + H QB,H
Bra

Associated with the quiver I' ~exchange matrix B:

s=(e %)
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Grading from quantization

Cluster algebra for the @)-system

The Q-system for A;

Qni1Qn1=Qn+1
A mutation in our rank 2 cluster algebra example!
For other simply-laced Lie algebras with Cartan matrix C"-

2
Qa,n-‘rlQa,n—l = Qa,n + H QB,H
Bra

Associated with the quiver I' ~exchange matrix B:

s=(e %)

Theorem (K.)

Each of the QQ-system relations is a mutation of cluster variables in the mutation tree
with initial data ((Qa,0; Qa,1)1<a<r, B).
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Cluster algebra for the @)-system

The Q-system for A;

Qni1Qn1=Qn+1
A mutation in our rank 2 cluster algebra example!
For other simply-laced Lie algebras with Cartan matrix C"-

2
Qa,n-‘rlQa,n—l = Qa,n + H QB,H
Bra

Associated with the quiver I' ~exchange matrix B:

s=(e %)

Each of the QQ-system relations is a mutation of cluster variables in the mutation tree
with initial data ((Qa,0; Qa,1)1<a<r, B).

Theorem (K.)

Application: Solutions are polynomials in the initial data Q.1 if RHS=0 at n = 0.
(Follows from Laurent polynomiality)
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Grading from quantization

Example of quiver mutations for Ag )-system

S
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Example of quiver mutations for Ag )-system
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Grading from quantization

Example of quiver mutations for Ag )-system

AN AP
NI
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Grading from quantization

Example of quiver mutations for Ag )-system
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Grading from quantization

Example of quiver mutations for Ag )-system

1 SN
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Grading from quantization

Example of quiver mutations for Ag )-system
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Grading from quantization

Example of quiver mutations for Ag )-system

I
NI
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Grading from quantization

Example of quiver mutations for Ag )-system

I
NI
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Grading from quantization

Example of quiver mutations for Ag )-system

I
A7
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R. Kedem (University of lllinois) Graded tensors and quantum cluster algebras FPSAC 2012, Nagoya 35 /39



Grading from quantization

Graded multiplicities from quantum cluster algebra

Quantum @Q-system: The quantum deformation of the Q-system cluster algebra is

" Qaj+1Qaj—1 = Qaj + [ [ Qv A=DetC C™,

a~b

Commutation relations: Q. ; Qs 11 = ¢ **Qp.j+1Qa.;-

R. Kedem (University of lllinois) Graded tensors and quantum cluster algebras FPSAC 2012, Nagoya 36 /39



Grading from quantization

Graded multiplicities from quantum cluster algebra

Quantum (Q-system: The quantum deformation of the Q-system is

Aa,a 2 —1
¢ Xayi+1Xa -1 = Xag — | [ Xb.s» A=DetC C7,

a~b

Commutation relations: Xa,;Xb.j+1 = ¢ *Xb,j+1Xa,j-
“Quantum Groethendieck ring”
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Grading from quantization

Graded multiplicities from quantum cluster algebra

Quantum (Q-system: The quantum deformation of the Q-system is

Xa,a 2 1
q " Xa,j+1Xa,i—-1 = Xa,j — H Xb,5 5 A=DetC C™ 7,

a~b

Commutation relations: Xa,;Xb.j+1 = ¢ *Xb,j+1Xa,j-
“Quantum Groethendieck ring”

Theorem: The Polynomiality property for the quantum (Q-system

Write the ordered expression xq,; = Z Gm,n HXZ,L{)X;%- Then
b

mp,np

Xa.i(Xs.0 = 1) € Zlg, ¢ '][x1.1, .., xr1] 2 polynomial!

follows from Laurent polynomiality for quantum cluster algebras.

Warning: Apply only to normal-ordered expressions!
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Grading from quantization

Graded tensor product multiplicities
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Grading from quantization

Graded tensor product multiplicities

Recall: For the ungraded multiplicities:

Z H <pz + ml) Multiplicity formula for sl tensors

{m;} i>1
2% imy =3 ny—f
P20

Mn,e(1)

Nnye(l) = Z H <pZ + m1> Relax restrictions on the sum

{m;} i>1
2 img=3; ny— L

_ Di — p—&—mZ No restrictions on the sum.
Zad) = X H< ) N e

{m;} i1

The sum Ny (1) is the constant term of Z, ¢(y).
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Grading from quantization

Graded tensor product multiplicities

For the graded multiplicities:

M) =S eI Ay = i)
{m;} st Ml
2 img=3; ny—¢
P =0
U
Nne(t) = Z gmAm H [pi + mz] Relax restrictions on the sum
{m;} st Ml
2 imy=3; ny—¢
4
. o . def .
Zno(t; X,Y) = Z (O(mn)yp xp1-p H [p] P+m]:| P = Si(ng — 2my) — £
m; . XY =t1/2vXx

m; 20 j=1
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Grading from quantization

Graded tensor product multiplicities

For the graded multiplicities:

M) =S eI Ay = i)
{m;} st Ml
2 img=3; ny—¢
P =0
U
Nne(t) = Z gmAm H [pi + mz] Relax restrictions on the sum
{m;} st Ml
2 imy=3; ny—¢
4
. o . def .
Zno(t; X,Y) = Z (O(mn)yp xp1-p H [p] p—|—m]:| P = Si(ng — 2my) — £
m; . XY =t1/2vXx

m; 20 j=1

Zno(t; X,Y) is constructed so that the p = 0 term gives Ny, ¢(t) whenX = 1.
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Grading from quantization

Constant term formula

Theorem

o When x; satisfy the quantum Q-system with q°> =t the generating function
n — n; — Y i
Zne(t;x0,x1) =t/ xaxg [ TX7 ] oexii) ™ =D ass ()xixg

gives Nne(t) = 3, ao,;(t).
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Grading from quantization

Constant term formula

Theorem

o When x; satisfy the quantum Q-system with q°> =t the generating function
n — 4 — 14 1.7
Zne(tx0,x1) = /™ xaxg ! <H xf) (X)) ™ =D aas(txixd
gives Nne(t) = 3, ao,;(t).

@ The polynomiality property for the quantum Q-system cluster algebra implies
M ¢ (t) = Nue(t).
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Grading from quantization

Constant term formula

Theorem

o When x; satisfy the quantum Q-system with q°> =t the generating function

n — n; _ ¢ i
Zne(tx0,x1) = /™ xaxg ! <H x]-]) (X)) ™ =D aas(txixd

gives Nne(t) = 3, ao,;(t).

@ The polynomiality property for the quantum Q-system cluster algebra implies
M ¢ (t) = Nue(t).

@ Remark: This is a good thing: M-sum is a subtraction-free expression for a

multiplicity.
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Grading from quantization

Constant term formula

Theorem

o When x; satisfy the quantum Q-system with q°> =t the generating function

Zno(tix0,x1) =t/ ™ xaxg ! <H x}”) (X)) ™ =D aas(txixd

gives Nne(t) = 3, ao,;(t).

@ The polynomiality property for the quantum Q-system cluster algebra implies
M ¢ (t) = Nue(t).

@ Remark: This is a good thing: M-sum is a subtraction-free expression for a
multiplicity.

@ Remark 2: We have a new, compatible source for our grading.
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Grading from quantization

Summary

We have established the connections:

Fermionic multiplicity
formulas
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Graded multiplicities
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Summary
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Fermionic multiplicity
formulas
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Graded multiplicities
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Grading from quantization

Summary

We have established the connections:

Fermionic multiplicity

— Q-systems — Cluster algebras
formulas
Quantum

Graded multiplicities
cluster algebras
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Grading from quantization

Summary

We have established the connections:

Fermionic multiplicity

— Q-systems — Cluster algebras
formulas
s uantum uantum
Graded multiplicities Q — Q
Q-system cluster algebras

R. Kedem (University of lllinois) Graded tensors and quantum cluster algebras FPSAC 2012, Nagoya 39 /39



Grading from quantization

Summary

We have established the connections:

Fermionic multiplicity

— Q-systems
formulas
S uantum
Graded multiplicities — Q
Q-system
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Grading from quantization

Summary

We have established the connections:

Fermionic multiplicity — Q-systems — Cluster algebras
formulas
s uantum uantum
Graded multiplicities — Q — Q
Q-system cluster algebras

@ The grading coming from quantization of cluster algebras is the same as the Bethe
ansatz physical/combinatorial grading, crystal grading for the quantum algebra, and
the Feigin-Loktev grading for the affine algebra.

FPSAC 2012, Nagoya 39 /39
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Grading from quantization

Summary

We have established the connections:

Fermionic multiplicity

— Q-systems — Cluster algebras
formulas
s uantum uantum
Graded multiplicities — Q — Q
Q-system cluster algebras

@ The grading coming from quantization of cluster algebras is the same as the Bethe
ansatz physical/combinatorial grading, crystal grading for the quantum algebra, and
the Feigin-Loktev grading for the affine algebra.

@ Remark: The same quantum ()-system is related to the problem of finding canonical
bases. The sums Myw,v (t) appear as Betti numbers in the cohomology of quiver
varieties.
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Grading from quantization

Summary

We have established the connections:

Fermionic multiplicity

— Q-systems
formulas
S uantum
Graded multiplicities — Q
Q-system

— Cluster algebras
Quantum
-

cluster algebras

@ The grading coming from quantization of cluster algebras is the same as the Bethe
ansatz physical/combinatorial grading, crystal grading for the quantum algebra, and

the Feigin-Loktev grading for the affine algebra.

@ Remark: The same quantum ()-system is related to the problem of finding canonical
bases. The sums Myw,v (t) appear as Betti numbers in the cohomology of quiver

varieties.
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