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A reciprocity approach to computing
generating functions for permutations with no
pattern matches

Miles Eli Jones! and Jeffrey Remmellr

' Department of Mathematics, University of California, San Diego, CA, USA

Abstract. In this paper, we develop a new method to compute generating functions of the form
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where T is a permutation that starts with 1, N'M,,(7) is the set of permutations in the symmetric group S,, with no
T-matches, and for any permutation o € S,,, LRMin(c) is the number of left-to-right minima of o and des(o) is the
number of descents of o. Our method does not compute N M- (t, z, y) directly, but assumes that

I
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where U-(t,y) = 3,5 Urn(y)Ls so that Uy (t,y) = m We then use the so-called homomorphism

n!

method and the combinatorial interpretation of N M- (t, 1,y) to develop recursions for the coefficient of U- (¢, y).
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Résumé. Dans cet article, nous développons une nouvelle méthode pour calculer les fonctions génératrices de la

forme i
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ol 7 est une permutation, A"’ M,, () est ’ensemble des permutations dans le groupe symétrique S,, sans 7-matches,
et pour toute permutation o € S,, LRMin(o) est le nombre de minima de gauche a droite de o et des(o) est le
nombre de descentes de o. Notre méthode ne calcule pas N M- (t, z,y) directement, mais suppose que

o
(Ur(t,y))*

ot Ur(t,y) = 32,50 U-n(y)L; de sorte que U (t,y) = m Nous utilisons ensuite la méthode dite “de

I’homomorphisme” et I’interprétation combinatoire de N M (¢, 1, y) pour développer des récursions sur le coefficient
de U-(t,y).
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1 Introduction

Given a sequence o = 07 . .. 0, of distinct integers, let red (o) be the permutation found by replacing the
i largest integer that appears in o by i. For example, if o = 2 7 5 4, then red(c) = 1 4 3 2. Given a
permutation 7 = 7y ... 7; in the symmetric group S;, we say a permutation o = 0y ...0, € S, hasa 7-
match starting at position i provided red(o; ... 0;4;-1) = 7. Let 7-mch(o) be the number of 7-matches
in the permutation o. Given a permutation 0 = o1 ...0, € S,, we letdes(o) = |{i : 0; > 0;41}|. We
say that o is a left-to-right minimum of o if 0; < o, for all i < j. We let LRMin(o) denote the number
of left-to-right minima of o.
The main goal of this paper is to give a new method to compute generating functions of the form

t’I'L
NM.(t,a,y) = Y —NM(z,y) ()
n>0
where _
NM, (l‘, y) — Z xLRMm(g)yl—o—des(cr)’ )
TEN My (1)

7 € S;j, and N M,,(7) is the set of permutations in S,, with no 7-matches.

Our results where motivated by results of the authors in [6]] where they introduced to the study of
patterns in the cycle structure of permutations. That is, suppose that 7 = 7 ...7; is a permutation in
S; and o is a permutation in S,, with £ cycles C;...C). We shall always write cycles in the form

C; = (cois - - -, Cp;—1,:) Where cp; is the smallest element in C; and p; is the length of C; and we arrange
the cycles by increasing smallest elements. That is, we arrange the cycles of o so that cg; < --- < cg k.
Then we say that o has a cycle-T-match (c-t-match) if there is an ¢ such that C; = (co4,...,Cp,—1,1)

where p; > j and an 7 such that red(c; ;Crq1,i - - - ¢r+j—1,;) = T Where we take indices of the form r + s
modulo p;. Let ¢-7-mch(c) be the number of cycle-T-matches in the permutation o. For example, if
T=213ando = (1,10,9)(2,3)(4,7,5,8,6), then 9 1 10 is a cycle-T-match in the first cycle and 7 5 8
and 6 4 7 are cycle-7-matches in the third cycle so that ¢-7-mch(c) = 3.

Given a cycle C' = (co, ..., cp—1) Where ¢ is the smallest element in the cycle, we let cdes(C) =
1+ des(cp...cp—1). Thus cdes(C) counts the number of descent pairs as we traverse once around the
cycle because the extra 1 counts the descent pair ¢,_1 > ¢o. For example if C' = (1,5,3,7,2), then
cdes(C') = 3 which counts the descent pairs 53, 72, and 21 as we traverse once around C. By convention,
if C = (¢p) is a one-cycle, we let cdes(C') = 1. If o is a permutation in S,, with & cycles C| . .. Cy, then
we define cdes(o) = Zle cdes(C;). We let cyc(o) denote the number of cycles of o.

In [6], Jones and Remmel studied generating functions of the form

t’ﬂ
NCM,(t,z,y) =1+ Z — Z nyC(G')yCdes(cr)
w1 GENCM, ()

where NCM,,(7) denote the set of permutations o € S,, which have no cycle-T-matches. The basic
approach used in that paper was to use theory of exponential structures to reduce the problem of comput-
ing NCM,(t,z,y) to the problem of computing similar generating functions for n-cycles. That is, let
N CM,, 1;(7) denote the set of permutations o of S,, with k cycles such that ¢ has no cycle-T-matches
and L£'¢™(7) denote the set of m-cycles «y in Sy, such 7 has no cycle-T-matches. The following theorem
follows easily from the theory of exponential structures as is described in [[13|], for example.
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Theorem 1

n
™ cdes(C)

l‘k 2 : ycdes(a) —e® st T ZCEC?,'L“"'(T) Y . 3)
1

tn
NCM,(t,z,y) =1+ E ]
TENCM,, 1 (T)

n>1" k=

It turns out that if 7 € S; is a permutation that starts with 1, then we can reduce the problem of
finding NC' M, (t, x,y) to the usual problem of finding the generating function of permutations that have
no 7-matches. That is, suppose we are given a permutation o € S,, with k cycles C; - -- C. Assume
we have arranged the cycles so that the smallest element in each cycle is on the left and we arrange the
cycles by decreasing smallest elements. Then we let & be the permutation that arises from C - - - Cj by
erasing all the parenthesis and commas. For example, if o = (7,10,9,11) (4,8,6) (1,5,3,2), then 5 =
71091148615 3 2. Itis easy to see that the minimal elements of the cycles correspond to left-to-right
minima in &. It is also easy to see that under our bijection o — &, that cdes(o) = des(&) + 1 since every
left-to-right minima is part of a descent pair in &. For example, if o = (7,10,9,11) (4,8,6) (1,5,3,2) so
that 6 =710911486 1532, cdes((7,10,9,11)) = 2, cdes((4,8,6)) = 2, and cdes((1,5,3,2)) =3
so that cdes(o) = 2 + 2 + 3 = 7 while des(6) = 6. This given, Jones and Remmel [6] proved that if
7 € S; and 7 starts with 1, then for any o € S, (1) o has k cycles if and only if & has k left-to-right
minima, (2) cdes(o) = 1 + des(7), and (3) o has no cycle-7-matches if and only if & has no 7-matches.
It follows that if 7 € S; and 7 starts with 1, then NCM, (¢, x,y) = NM,(¢,x,y). Hence, by Theorem
we should expect that N M- (¢, z, y) is of the form F(¢,y)* for some function F'(¢,y). We should note
that if a permutation 7 does not start with 1, then it may be that case that | N M, ()| # |NCM,,(7)|. For
example, Jones and Remmel [6] computed that |NCM~7(3142)| = 4236 and [N M7 (3142)| = 4237.

Jones and Remmel [6] were able compute functions of the form NC M. (t, z,y) when 7 starts with 1 by
combinatorially proving certain recursions for the NC'M; ,,(x,y) which led to certain sets of differential
equations satisfied by NC M, (t,z,y). For example, using such methods, they were able to prove the
following two theorems.

Theorem 2 Let 7 =1 ...7; € S; where j > 3 and 71 = 1 and 7; = 2. Then

1
NCM,(t,r,y) = NM,(t,z,y) = ST 4)

(1= fy ™o ds)e

Theorem 3 Suppose that =12 ...j5 — 1 j where v is a permutationof j +1,...,j+pand j > 3.
Then

1
NCM,(t,z,y) = NM,(t,z,y) = (AT
where U, (t,y) = Z Unn(y)t—; and for alln > 0,
= n!
es(7 n
U‘r,n-l-j(y) = (1 - y)UT,n-i-j—l(y) - yd ( )<p) UT,n—p+1(y)- (5)

The main goal of this paper is develop a new method to obtain results similar to Theorem [3|for different
classes of permutations. The basic idea of our method is not to try to compute NC M, (t, z,y) directly.
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Instead, we assume that 7 starts with 1 and

1 ’ "
NM, (t,2,) = (w) where U (t.9) = 1+ 30 Usu(w) L. ©)
T\l n>1 .
Then clearly,
1
Ur(t,y) = (7)

1+ anl NMml(l,y)% .

Remmel and various coauthors [} [7, 18} 19} 110} [11} [12]] developed a method called the homomorphism
method to show that many generating functions involving permutation statistics can be derived by apply-
ing a homomorphism defined on the ring of symmetric functions A to simple symmetric function identities
such as

H(t) = 1/E(~t) ®)

where

H = " =]] 1 _ll,‘t and B(t) = Y ent" = [[1+ait )

n>0 i>1 n>0 i>1

are the generating functions of the homogeneous symmetric functions h,, and the elementary symmetric
functions e,, in infinitely many variables x1, z2, . . .. Now suppose that we define a homomorphism € on
the ring of symmetric functions A in infinitely many variables x1, zo, . .. by setting

O(en) = (_nll)nNMT,n(Ly).

Then
1

- ZnZO NMT,”(L y)
Thus 0(H (t)) should equal U, (¢, y). We shall then show how to use the combinatorial methods associated

with the homomorphism method to develop recursions for the coefficient of U, (¢, y) similar to those in
Theorem@ For example, we can show that

0(E(-1))

T = U‘r(t, y)
n!

[252]

n—k—2
Uz n(y) = (1 —y)Ura23n-1(y) + Z (—y)k< 3 >U1423,n—2k—1(y) and (10)
k=1
[n/2]
Uissan(y) = (1= 9)Vis2an-1() + D (=9)" ' CrrUisoan-—2x11(y) (11)
k=2

where C}, is the k-th Catalan number.

The outline of this paper is as follows. In Section 2, we shall briefly recall the background in the theory
of symmetric functions that we will need for our proofs. Then in Section 3, we shall illustrate our method
by proving (I0) and we shall state some general results that follow from our methods.
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2 Symmetric functions.

In this section, we give the necessary background on symmetric functions that will be needed for our
proofs.

Given a partition A = (Aq,...\¢) where 0 < A\ < -+ < Ay, we let £(\) be the number of nonzero
integers in A. If the sum of these integers is equal to n, then we say A is a partition of n and write \ - n.

Let A denote the ring of symmetric functions in infinitely many variables z1,2s,.... The n'® el-
ementary symmetric function e, = e,(x1,T2,...) and n'" homogeneous symmetric function h, =
hn(x1,x2,...) are defined are defined by the generating functions given in @]) For any partition A =
(Ay. ), letey = en, ---ex, and hy = hy, -- - hy,. Itis well known that that {ey : X is a partition}
is a basis for A. In particular, eq, eq, . . . is an algebraically independent set of generators for A and, hence,
a ring homomorphism 6 on A can be defined by simply specifying 6(e,,) for all n.

A key element of our proofs is the combinatorial description of the coefficients of the expansion of h,,
in terms of the elementary symmetric functions e given by Egecioglu and Remmel in [S]]. They defined
a A-brick tabloid of shape (n) to be a rectangle of height 1 and length n chopped into “bricks” of lengths
found in the partition A. For example, Figure 1] shows one brick (2, 3, 7)-tabloid of shape (12).

Fig. 1: A (2, 3, 7)-brick tabloid of shape (12).

Let By ,, denote the set of A-brick tabloids of shape (n) and let By, ,, be the number of A-brick tabloids
of shape (n). If B € By, we will write B = (b1,..., b)) if the lengths of the bricks in B, reading

from left to right, are by, ..., by(y). Through simple recursions, Egecioglu and Remmel [3] proved that
hn =Y _(=1)""M By nen. (12)
AFn

3 Computing Ui423.,(y)-
The main goal of this section is to prove the following theorem.

Theorem 4 Let 7 = 1423. Then

T tn
NMT(ta‘Ta y) = ( ) where U-,—(t,y) =1+ U’r,n(y)i (13)
U,(t,y) 7; n!
and U 1(y) = —y and forn > 1,
= ekt
Unn) = 1= 9)0a)+ 3 (0 ("7 )0 (14)

k=1
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Proof: We define a ring homomorphism on the ring of symmetric functions A by setting 6(eg) = 1 and

O(en) = %NMlALQ&n(l,y) forn > 1. (15)
It follows that
1 1
H(t) = n_ _
O(H(t)) T;H(hn)t O(E(—t) 1+ %01 (—0)"0(en)

1 /n

B =1+ Y Vi nly) .

L4320 5N Miazs (1, y) Z 1423, () I

n>1

Thus (h,,) = Ul%,"(y) Hence, to compute U1423 5, (y), we must compute n!0(h,, ). It follows from
that

nlo(h,) = n!> (=1)"“WB, .0(e,)

pkn
am (_1>b1
_ n!Z(_l)n—f(u) Z H ™ NM1423,b1.(1,y)
ukn (b1yeesbe(u))EBu,n =1
n £(p)
- Z(—l)z(”) Z ( ) H NMis23p,(1,y). (16)
- bl,...,bg(u) -
pkn (bl,...,bg(“))elgu.n i=1

Our next goal is to give a combinatorial interpretation to the right-hand side of (I€). If we are given a

brick tabloid B = (b1, ..., by(,)), then we can interpret the multinomial coefficient (b1 " b“) as all ways

to assign sets S, . .., Sy(,) to the bricks of B in such a way that |S;| = b; fori = 1,...,£(x) and the sets

S1, .-, 8¢) form a set partition of {1,... ,n}. Next for each brick b;, we use the factor
NMiazszp,(1,y) = Z ylest !

o€Sp,,1423-mch(0)=0

to pick a rearrangement o(*) of S; which has no 1423-matches to put in cells of b; and then we place a
label of y on each cell that starts a descent in o(*) plus a label of  on the last cell of b;. Finally, we use
the term (—1)(*) to turn each label y at the end of brick to a —y. We let O,, denote the set of all objects
created in this way. For each element O € O,,, we define the weight of O, W(O), to be the product of
y labels and the sign of O, sgn(O), to be (—1)**). For example, such an object O constructed from the
brick tabloid B = (3,7, 3) is pictured in Figure 2] where W (O) = y” and sgn(O) = (—1)3. It follows
that

Unazsn(y) = sgn(O)W(O). (17)

OEO’VL

Next we define a weight-preserving sign-reversing involution / on O,,. Given an element O € O,,
scan the cells of O from left to right looking for the first cell ¢ such that either (i) c is labeled with a y or
(ii) c is a cell at the end of a brick b;, the element in cell ¢ is bigger than the element in the first cell of the
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-y y y y |-y |y -y
lal 7 1| 8[10] 5 [12 ]3] 9 e6]l|[2]1]13]

Fig. 2: An element of O;3.

next brick b; 1, and there is no 1423-match in elements of the cells in bricks b; and b;41. In case (i), if ¢
is a cell in brick b;, then we split b; in to two bricks b; and b’/ where b’; contains all the cells of b; up to
an including cell c and b;.’ consists of the remaining cells of b; and we change to label on cell ¢ from y to
—y. In case (ii), we combine the two bricks b; and b, into a single brick b and change the label on cell
¢ from —y to y. For example, consider the element O € O;3 pictured in Figure 2] Even though the last
element of brick 1 is bigger than the first element of brick 2, we can not combine these two bricks because
the elements 7 11 8 10 would be a 1423-match. Thus the first place that we can apply the involution is on
cell 5 which is labeled with a y so that I(O) is the object pictured in Figure

-y -y y y |-y |y -y
Lal 7 lull[8loflls 12396 |l[2]1]13]

Fig. 3: I(O) for O in Figure[2]

We claim that [ is an involution so that I? is the identity. To see this, consider case (i) where we split
a brick b; at cell ¢ which is labeled with a . In that case, we let a be the element in cell ¢ and a’ be the
element in cell ¢ + 1 which must also be brick b;. It must be the case that there is no cell labeled y before
cell ¢ since otherwise we would not use cell ¢ to define the involution. However, we have to consider
the possibility that when we spilt b; into b’; and b’/ that we might then be able to combine the brick b;
with b} because the element in that last cell of b;_ is bigger that the element in the first cell of b;» and
there is no 1423-match in cells of b;_; and b}. However, the only reason that we could not combine b;_1
and b; is that there must be a 1423-match in cells of b;_; and b;. Clearly, this match must involve the
element a’. Now a’ can not be the first element of a 1423-match since otherwise the 1423-match would
have occurred in b;. Thus the 1423-match in cells of b;_; and b; must have also involved a. Since cell ¢
was labeled with y, we must have a > o’ which means that the only possibility is that a plays the role of
4 in the 1423-match. But then, it cannot be that element in cell ¢ — 1 was part of brick b;_; because that
element must play the role of 1 in the 1423-match and we are assuming that the the element in that last
cell of b;_, is bigger that the element in the first cell of b;-. But this would mean that there must have been
a 1423-match in b; in the first place which contradicts the fact that there are no 1423-matches in the cells
of any brick in an object O € O,,. Thus one we apply case (i), the first action that we can take is combine
bricks b; and b/ so that I*(O) = O.

If we are in case (ii), then again we can assume that there are no cells labeled y that occur before cell
c. When we combine brick b; and b; 1, then we will label cell ¢ with a y. It is clear that combining the
elements of b; and b; 1 cannot help us combine the resulting brick b with an earlier brick since it will be
harder to have no 1423-matches with the larger brick b. Thus the first place cell ¢ where we can apply the
involution will again be cell ¢ which is now labeled with a y so that I2(O) = O if we are in case (ii).
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It is clear from our definitions that if (O) # O, then sgn(O)W (0) = —sgn(I(O))W(I(O)). Hence
it follows from that

Unisn(y) = Y sgn(O)W(0) = > sgn(0)W(O). (18)
0co 0€0,1(0)=0

Thus we must examine the fixed points of /. So assume that O is a fixed point of /. First it is easy to see
that there can be no cells which are labeled with y so that elements in each brick of O must be increasing.
Second we cannot combine two consecutive bricks b; and b;;1 in O which means either that there is an
increase between the bricks b; and b, or there is a decrease between the bricks b; and ;1 but there is a
1423-match in the cells of the bricks b; and b; ;. We claim that, in addition, the elements in the first cells
of the bricks must form an increasing sequence, reading from left to right. That is, suppose that b; and
b;+1 are two consecutive bricks in a fixed point O of I and that @ > a’ where a is the element in the first
cell of b; and o' is element in the first cell of b;;1. Then clearly the element in the last cell of b; must be
bigger than o’ so that it must be the case that there is a 1423-match in the cells of b; and b;, ;. However
a’ is smallest element that resides in cells of of b; and b; 1 which means that the only way that a’ could
be part of a 1423-match that occurs in the cells of b; and b; 1 is to have a’ play the role of 1. But then
the 1423-match would be entirely contained in b; 1 which is impossible. Thus a’ cannot be part of any
1423-match that occurs in the cells of b; and b; 1. However, this would mean that the 1423-match that
occurs in the cells of b; and b; 1 must either be contained entirely in the cells of b; or entirely in the cells
of b; 1 which again is impossible. Thus it must be the case thata < a’.

Thus we know that in a fixed point of I, 1 must be in the first cell. We claim that 2 must be either in
cell 2 or 3. That is, suppose that 2 in cell ¢ where ¢ > 4. Then clearly cell ¢ must be the first element of
its brick since otherwise the cell ¢ — 1 would be labeled with y which is impossible for a fixed point of 1.
Now suppose that cell ¢ is part of brick b; 1. Then the element e in cell ¢ — 1 must be part of brick b;.
We claim that we must be able to combine bricks b; and b;; in that case. Since 1 is in cell 1, we know
that e > 2. Thus since [ is a fixed point, it must be that there is 1423-match in the cells of b; and b, ;.
Since ¢ > 4, the element in cells ¢ — 2 and ¢ — 1 must both be greater than 2. Thus the only way that 2
could be part of 1423-match in the cells of b; and b;; if it plays the role of 1 in 1423-match. But in that
case the 1423-match would occur within the cells of b;; which is impossible. Thus 2 cannot be part of
any 1423-match in the cells of b; and b;;; which would imply that 1423-match must occur entirely in b;
or entirely in b; 1. Thus it must be the case that 2 lies in cell 2 or 3.

To summarize, we have proved the following proposition.

Proposition 5 Suppose that O € O,, and I(O) = O. Then the following hold.
1. The elements within each brick of O are increasing.
2. The first elements of each brick increase from left to right.
3. lincell I and 2 in cell 2 or 3.

4. If b; and b; 1 are two consecutive bricks in O, then either (a) there is increase between b; and b; 1
or (b) there is a decrease between b; and b; 1 but there is 1423-match in the cells of b; and b; 1.

Next we shall classify the fixed points O € O,, of I. Suppose O is a fixed point of I which consists of
bricks by, . .., by reading from right to left.
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Case 1. 2 is cell 2in O.

In this case, there a two possibilities. Namely either (a) 1 is a brick by itself and is labeled with —y or (b)
1 and 2 occupy the first two cells of the first brick. In case (a), we can remove the first brick and then we
will be left with a fixed point of I in O,,_; after renumbering. Thus these fixed points of type (a) will con-
tribute —yU1423,n—1(y) to U1a23 »(y). In case (b), we can collapse the first brick by removing cell 1 and
again, we will be left with a fixed point of I in O,,_; after renumbering. Thus fixed points of type (b) will
contribute U423 n—1(y) to U423, (y). Hence, the fixed points in Case 1 contribute (1 — y)U1423.—1(Y)
to U423, (Y).

Case 2. 2 in cell 3 in O.
In this case, 2 must be the first cell of its brick since the elements are increasing in each brick. So suppose
a1 is in cell 2. Since 1 is in cell 1, it must be the case that 1 > 2. We claim that x; cannot be in a
brick b by itself since otherwise 2 starts brick b3 and we can combine bricks b and b3. That is, in such a
situation, 2 would the smallest element in the cells of bricks b2 and b3. Hence, the only way that 2 could
be part of 1423-match in the cells of bricks by and bg is if 2 plays the role of 1 in that match. But then the
1423-match would be entirely contained in b3 which is impossible. Thus we would be able to combine
bricks by and b3 in such a situation. It follows that 7 must be in b; and there is a 1423-match in the cells
of by and by. This means that 2 can not be the only element in brick bs. Thus it must be the case that by
consists of 1 and z; and b, consists of 2 followed by at least one other element.

By using the same argument that we used to show that 2 must be either in cell 2 or 3 in a fixed point of
1, we can show that in Case 2, 3 must be either in cell 4 or 5. Then we have the following two subcases.

Subcase 2.1. 3 is in cell 4.

In this case, brick b; consists of 1 followed by x; and contributes a —y to sgn(O)W (O). Then either (i)
by consists of the elements 2 and 3 or (ii) by consists of 2 and 3 plus at least one additional element. In
case (i), we can form a fixed point of O,,_3 by removing brick b; and collapsing brick by by removing 2
and renumbering. In this case, the first brick of the resulting object in O,,_3 will start is brick of size 1
that contains the element 1. In case (ii), we can also form a fixed point of O,,_3 by removing brick b; and
collapsing brick bs by removing 2 and renumbering. In case (ii), the first brick of the resulting object in
O,,_3 will start with a brick that contains 1 plus some other elements. In this way, we can get an arbitrary
fixed point of I in O,,_3. We then have ("I?’) ways to pick z; so that the objects in Subcase 2.1 contribute

—y(”IS)U1423,n*3(y) to Ut423,n(Y).

Subcase 2.2. 3 is in cell 5.
Let x5 be the element in cell 4 of O. Since 1 is in cell 1 and 2 in cell 3, it follows that z5 > 3 and hence
3 must start brick b3. Thus by consists of 1 and x1, by consists of 2 and x5, and 1 1 2 x5 must be a
1423-match so that we must have 1 > x5. There must also be a 1423-match contained in the cells of by
and bs which means that there must be at least one additional element in brick bs.

By using the same argument that we used to show that 2 must be either in cell 2 or 3 in a fixed point
of I, we can show that in Subcase 2.2, 4 must be either in cell 6 or 7. Then we have the following two
subcases.

Subcase 2.2.1. 4 is in cell 6.



560 Miles Eli Jones and Jeffrey Remmel

In this case, brick b; consists of 1 followed by x; and b, consists of 2 and z2. Thus b; and b contribute a
factor of (—y)? to sgn(O)W (O). Then either (i) b consists of the elements 3 and 4 or (ii) b3 consists of
3 and 4 plus at least one additional element. In case (i), we can form a fixed point of O,,_5 by removing
bricks b1, and by and collapsing brick b3 by removing 3 and renumbering. In this case, the first brick of
the resulting object in O,,_5 will start is brick of size 1 that contains the element 1. In case (ii), we can
also form a fixed point of O,,_5 by removing bricks b; and by and collapsing brick b3 by removing 3 and
renumbering. In case (ii), the first brick of the resulting object in O,,_5 will start with a brick that contains
1 plus some other elements. In this way, we can get an arbitrary fixed point of I in O,,_5. We then have
("54) ways to pick 21 and x5 so that the objects in Subcase 2.2.1 contribute (—)?2 (";4) Ut423,n—5(y) to
Ui423,n (Z/)

Subcase 2.2.2. 4 is in cell 7.
Let x5 be the element in cell 4 of O and x3 be the element in cell 6 of O. Since 1 is in cell 1, 2 in cell
3, and 3 is in cell 5, it follows that z3 > 4 and hence 4 must start brick b,. Thus b; consists of 1 and
21, by consists of 2 and o, and b3 consists of 3 and x3. Moreover, 1 x1 2 x5 and 2 x5 3 x3 must be
1423-matches so that we must have 21 > x5 > x3. There must also be a 1423-match contained in the
cells of b3 and by which means that there must be at least on additional element in brick by.

By using the same argument that we used to show that 2 must be either in cell 2 or 3 in a fixed point of
I, we can show that in Subcase 2.2, 5 must be either in cell 8 or 9.

Continuing this type of reasoning, one can see that the general case is where b; consists of ¢ and z;
fori = 1,...,k, and brick b, starts with £ 4+ 1 and has at least one additional element. Moreover, for
i=1,...,k—1,ixz;i+12;4; mustbea 1423-match so that we can conclude that 1 > xo > --- > xy.
Also, there a 1423-match must occur in the cells of by and by 1 which means that there must be at least 2
elements in brick by 1. Then by using the same argument that we used to show that 2 must be either in
cell 2 or 3 in a fixed point of I, we can show that in this situation, k£ + 2 must be either in cell 2k + 2 or
cell 2k 4+ 3. We then have to consider several cases.

Case A. n = 2k + 2.

In this case k + 2 must be in cell 2k + 2 which implies that (z1, 22, ..., 2x) = (2k+2,2k+1,...,k+3).
In this case, if we remove bricks by, . . ., bg, remove k + 1 from brick by, and renumber, then we obtain
the configuration which consists of a single brick of size 1 which contains 1. This is fixed point of I in
Ogky2—(2k+1) = O1. Note in the this case [ 252 ] =k, ("7} %) = (}) = 1 so that the contribution to

Uta23,n(y) is

(") sk ) = (0 Vs ) = (-9)* () = ()
as it should be.

Case B.n = 2k + 3.

In this case, k£ + 2 cannot be in cell 2k + 3 since otherwise brick by41 must consist of k + 1 plus another
element x541 and k£ + 2 must be the only element in brick by12. However, in that situation, ;1 > k+ 2
and, hence, we could combine bricks by and by which would violate the fact that O is a fixed point
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of I. Hence k + 2 must be in cell 2k + 2. Let 441 be the element in cell 2k 4 3. It is easy to see
that z, xx4+1 > k + 2 and that k x5 k + 1 k£ + 2 must be 1423-match. Then there are two possibilities,
namely, either (a) by contains k£ + 1 and k& + 2 and b2 is brick of size 1 which contains x4 or (b)
bi+1 contains k + 1,k + 2, and z141. In both cases, we can obtain of fixed point of I in O3 by removing
bricks by, ..., by, removing k + 1 from brick by, 1, and renumbering. In case (a), we would obtain the
configuration with 2 bricks of size 1 where 1 is in the first brick and 2 is in the second brick and in case (b)
we would obtain the configuration where 1 and 2 are in the same brick. These are the two configurations
in Oy which are clearly fixed points of /. Note that we know that x1 > xo > ---x; but we have no
condition on how x1 relates to x1, . . ., ;. Thus we have k 4 1 ways to pick z1, . . ., 5. However, note
that |252] = kand ("~ *2)) = (¥/1) = & + 1. Thus the contribution of the objects in Case B is equal
to

(—y)* (n (k+2)

f >U1423,n—(2k-+1) = (—)"(k + )Uis232(y)

as it should be.

Case C.n > 2k + 3 and k + 2 is in cell 2k + 2.

In this case, we can argue as above that if we remove bricks by, ..., b, remove k + 1 from brick bg1,
renumber, then we can obtain an arbitrary fixed point of I in O,,_s;_1. Since we must have 1423-
match in the cells of by and by, it must be the case that k z;, k + 1 k£ + 2 is 1423-match so that
xk > k + 2. Thus we have (TL_(:+2)) ways to pick z1, ..., 2. Hence, the objects in Case C will con-

tribute (—y)" (n_(£+2))U1423,n72k71(y) to U231 (Y).

Case D.n > 2k + 3 and k + 2 is in cell 2k + 3.

In this case, we let x;41 be the element in cell 2k + 2 of O. Since the positions of 1,...,k + 2 are
accounted for in O, we know that ;1 > k + 2. Now k£ + 2 must the be first element in brick by .
Moreover, it must be the case that k xy k 4+ 1 541 is 1423-match and that there is must be a 1423-match
in the cells of by4; and by 2 so that by o must consist of at least 2 elements. Thus in Case D, we are back
in the general case that we are considering except that we are guaranteed to start with sequence of k& + 1
bricks of size 2 rather that k bricks of size 2.

Thus we have shown that U1423 ,(y) satisfies the recursion

‘& n—(k+2)
Utazsn(y) = (1 = y)Ura23 n—1(y) + Z (—y)k( 3 )U1423,n2k1(y)
k=1
with initial conditions that Uy(y) = 1 and Ui4231(y) = —v. O

Similar arguments can be used to prove this type of result for equations of the form (6)). For example,
we can show thatif a = 1¢23...(¢ — 1), then U, ,,(y) satisfies the recursion

Unnt) = (1= st + >0 ("I T

[2=2]+1
k=2
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andif 5=12...(¢—3)(qg — 1)(¢ — 2)q where ¢ > 5, then Up ,, () satisfies the recursion

Usn(y) = (1 —=y)Upsn-1(y) + (=) Us.n—(g-2)(k—1)—1(¥).
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