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Hypergeometric equation KZ equation

The hypergeometric equation

2
x(l—x)j—F+ (c— (a+b+1)x>j—5—abF:O

X2
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Hypergeometric equation

F(a, b;c;x) = Z (@)ilb) X. (Gauss)

where
(a)k =ala+1)---(a+k—-1)

is a Pochhammer symbol.
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Hypergeometric equation

F(a, b;c;x) = kz_;) % % (Gauss)

where
(a)k =ala+1)---(a+k—-1)

is a Pochhammer symbol.

U (c) 1 pb=1(] _ p)e—b-1
F(a, b; c; x) = r(b)I(c— b) /0 (1—xt)? dt (Euler)
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Hypergeometric equation

When x = 1 Euler's solution reduces to the beta integral

c 1
F(aa b; c; 1) = % A tbfl(l _ t)C*bfafl dt
I

_ (c)
—m B(b,c—a—b)

Me)f(c—a—b)
Mc—a)l(c—b)
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Hypergeometric equation

Differential equation in x J
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Hypergeometric equation

Differential equation in x J

4

Solution as integral J
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Hypergeometric equation

Differential equation in x J

4

Solution as integral J

U

For a special choice of x, the integral may be evaluated J

in terms of gamma functions
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Hypergeometric equation

The idea is to generalise the previous three steps using Lie algebras.
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Hypergeometric equation

The idea is to generalise the previous three steps using Lie algebras.

For this to work we need

o Differential equations based on Lie algebras.
o Solutions as integrals.

@ A whole lot more ...
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Hypergeometri tion KZ equation

The Knlzhnlk—Za molodchikov equatlon

Notation:

Simple Lie algebra g of rank n.

Chevalley generators ¢, f;, hj, i € [n] :={1,...,n}.
Simple roots «;, i € [n].

Fundamental weights A;, i € [n].

The Casimir element Q € g® g.

Highest weight modules V) and V,, of highest weight A and .
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Hypergeometric equation KZ equation MV Conjecture

The Knizhnik—Zamolodchikov equation

Notation:

Simple Lie algebra g of rank n.
Chevalley generators ¢, f;, hj, i € [n] :={1,...,n}.
Simple roots «;, i € [n].

(*]
o
o Fundamental weights A;, i € [n].
@ The Casimir element Q € g® g.
(*]

Highest weight modules V) and V,, of highest weight A and .

The Knizhnik-Zamolodchikov (KZ) equation for a function u(z, w)
taking values in V\ ® V,, is the system of partial differential equations

@_ Q
Haz_z—wu
ou Q

= u

K—
ow w—z
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Let (-, -) the standard bilinear symmetric form on the dual of the Cartan
subalgebra. Then

(ai, \j) = 6
and

n
( (ai7aj) ) = Cartan matrix of g
ij=1
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http://en.wikipedia.org/wiki/Root_system

Let (-, -) the standard bilinear symmetric form on the dual of the Cartan
subalgebra. Then

(i, \j) = 0
and .
( (ai, ) ) T Cartan matrix of g
1=
o Example: g=A,
2 -1
-1 2 -1

( (O‘ivaj) )Zj:l =
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Let (-, -) the standard bilinear symmetric form on the dual of the Cartan
subalgebra. Then

(i, \j) = 0
and .
( (ai, ) ) T Cartan matrix of g
1=
o Example: g=A,
2 -1
-1 2 -1

( (O‘ivaj) )Zj:l =

1 2 n
The Dynkin diagram of A,,.
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To the simple root «; attach a set of k; integration variables

kit kg
{65

and write

atj = Q;j

if the variable t; is attached to the root «;.
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KZ equation

To the simple root «; attach a set of k; integration variables

kit kg
{tj}jlzk1+“-+ki_1+1

and write
atj - ai

if the variable t; is attached to the root «;.

Then the master function is defined as

k
(j)(z7 W;t) = (Z — W)(>\7/l) H(t’. _ Z)_()"a”)(f,' _ W)—(/hat,')

i=1

1<i<j<k

where k = ky + - + k.
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Schechtman and Varchenko proved that in the subspace of
singular vectors of weight A 4+ — >, kicv;

u(z,w) = Z*uu(z, w) flvy @ flv,

with
uy(z,w) = / OY5(z, wit)Apy(z, wit)dt
¥
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KZ equation

Schechtman and Varchenko proved that in the subspace of
singular vectors of weight A 4+ — >, kicv;

u(z,w) = Z*uu(z, w) flvy @ flv,

with
uy(z,w) = / OY5(z, wit)Apy(z, wit)dt
¥

The sum is over multisets / and J with elements taken from {1,...,n}
such that their union contains the number i exactly k; times, vy and v,
are the highest weight vectors of V) and V,,, and

flv = (Hf,-)v

iel
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(N vy

i fa

ffafifefiva ®  fifafifov,  €VA®V,
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o Thecase g=3slp, =A;, k=1
Chevalley generators e, f, h,

[e.fl=h  [hel=2e,  [hf]l=—2f
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o Thecase g=3slp, =A;, k=1
Chevalley generators e, f, h,

[e.fl=h  [hel=2e,  [hf]l=—2f

(65 =00 =)

Casimir element )
Q:e®f—|—f®e+§h®h

Highest weights A = m;/A; and p = mo/A;.
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u(z,w) = up(z,w) vy @ Fvo+ uy(z,w) f vy @ va
with

mymp

up(z,w) = (z —w) 2=

/(z 8y w) el
.

mymp

u(z,w)=(z—w) 2"

/(z )R - )R
i

with v a Pochhammer double loop around w and z.
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KZ equation

u(z,w) = up(z,w) vy @ Fvo+ uy(z,w) f vy @ va
with

mymp

up(z,w) = (z —w) 2=

/(z )R w) R
.

mymp

u(z,w)=(z—w) 2"

/(z — )M/ (= w) ™R/ Rd
.
with v a Pochhammer double loop around w and z.
If w=0 and z =1 one can deform v to
vy={teR, 0<t<1}

Both ug and u; become Euler beta integrals and can therefore be
evaluated in terms of gamma functions.
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Hypergeometric equatior KZ equatio MV Conjecture

The Mukhin—Varche

nko conjecture

k
Cb(t) = H t:(A,at;)(l _ t’_)_(ﬂyat;) H (ti _ t:i)(atl.,atj)

i=t 1<i<j<k
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MV Conjecture

Then the example of slp, k =1 “justifies” the following conjecture:

Conjecture. If the space of singular vectors is one-dimensional
then there exists a (real) domain of integration D such that

JEORET

evaluates as a product of gamma functions.
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MV Conjecture

o The case g = sl, = A1, general k
Highest weights A = mi;/A; and p = mo/q,

(o, B,7) = (1= m/k, 1 — mp/K,1/K)

and
D={tcR-, 0<t,<---<t; <1}
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MV Conjecture

o The case g = sl, = A1, general k

Highest weights A = m1/A1 and = mo/Aq,

(o, B,7) = (1= m/k, 1 — mp/K,1/K)

and
D={teR, 0<t;,<---<t;<1}

k
[ Heta-op T -sp e
D iz 1<i<j<k
T M@+ )T+ iy + i)
to M@+ B+ (k+i—1)y)M(7)

This is the Selberg integral!
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Hypergeometr equat MV Conjectur MV ex-conjecture for type A

nko (ex-)conjecture for type A

The Mukhin—Varche

@ The case g = sl,11 = Ap, general ky < kp < -+ < k,
Highest weights A = \,A, and o= piAy + -+ - + pin/An,

)\n H1 Hn 1
— 1—f,1——,...,1——,f)
(O{,ﬂl, 7ﬁna7) ( K K P
and
D = {t € R¥, chain} (in the algebraic topology sense)
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MV ex-conjecture for type A

The Mukhm—Varchenko (ex—)conjecture for type A

@ The case g = sl,11 = Ap, general ky < kp < -+ < k,

Highest weights A = \,A, and o= piAy + -+ - + pin/An,

An 1
(O{,ﬂh 7ﬁna7) ( o s K: . K/
and
D = {t € R¥, chain} (in the algebraic topology sense)
[ 1o
D
ks—ks—1 i
= 1] H [(Bst+ - +B+(i+s—r—1))
rescren o1 T(@0rn+ Bet ot B+ (it s =1+ ke — key1 — 2))

§ n ks M(ads,n+ (i — ksy1 — 1)) (i)
IT1T )

o’
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MV ex-conjecture for type A

Proof is based on Macdonald polynomial theory.
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MV ex-conjecture for type A

Proof is based on Macdonald polynomial theory.

To the initiated this should not come as a surprise. In . Macdonald
uses his polynomials to prove Kadell's extension of the Selberg integral:

/ P (¢ Hta M-t [ (- )* de

1<i<j<k
-1 r((J_’+1)'Y+)\i_)‘j)
i TG =Dy A=)
k

Mo+ (k—y +A)M(B+ (I — 1))
8 H Ma+B8+4+QR2k—i—1)y+X\)

i=1

where P/(\a)(t) is the Jack polynomial.
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tric equation onjecture for
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