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Alternating trees (intransitive trees):
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Alternating trees (intransitive trees):

@ Unordered trees
@ Unrooted trees

o Labelled trees: size n tree labelled by {1,2,... n}
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Alternating trees

Alternating trees: Definition

Alternating trees (intransitive trees):

Unordered trees

Unrooted trees

Labelled trees: size n tree labelled by {1,2,....n}

@ Labels on each path satisfy:

either < <lpg +++ or <K < -

up— —up— PR —up— —up..-
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Alternating trees
Alternating trees: Example

Example: alternating trees of size n < 4

1

©-
D
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Alternating trees

Alternating trees: Relations to other objects

Relations to other combinatorial objects:
e Hyperplane arrangements:

A, arrangement of hyperplanes in R":

Xi—xj =1, 1<i<j<n

Rp,: number of regions of A,

Postnikov and Stanley [2000]: R, = Fpi1, forn>1
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Alternating trees

Alternating trees: Relations to other objects

Relations to other combinatorial objects:
e Hyperplane arrangements:

A, arrangement of hyperplanes in R":

Xi—xj =1, 1<i<j<n

Rp,: number of regions of A,
Postnikov and Stanley [2000]: R, = Fpi1, forn>1
e Hypergeometric systems:

Gelfand, Graev and Postnikov [1997]:

F, enumerates admissible bases in certain hypergeometric systems
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Alternating trees

Alternating trees: Relations to other objects

e Local binary search trees (introduced by |. Gessel):

@ Labelled binary trees
@ Every left child has smaller label than parent

@ Every right child has larger label than parent

o GT? PP B

Postnikov [1997]:

# size-n local binary search trees = F, 11
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Alternating trees
Alternating trees: Known enumeration results

Known enumeration results for alternating trees:

e Unordered unrooted alternating trees:

1 n
Postnikov [1997]: Fn= (”) k1
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Alternating trees
Alternating trees: Known enumeration results

Known enumeration results for alternating trees:

e Unordered unrooted alternating trees:

- p2n-1 k

1 n
Postnikov [1997]: Fn= (”) k1
k=1

e Unordered rooted up-down alternating trees:

T,: number of rooted up-down alternating trees of size n

n

1 .
Tom g ()

k=0
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Alternating trees
Alternating trees: Known enumeration results

Functional equation for generating function T(z) =3_ -, T,,i—?:

2T(z)

‘T 1@
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Alternating trees
Alternating trees: Known enumeration results

Functional equation for generating function T(z) =3_ -, ThZ::

2T(z)

T et

e Ordered rooted up-down alternating trees:
Chauve, Dulucq and Rechnitzer [2001]:

To=(n—1)""

Functional equation for generating function T(z) =}, -, ThZr:

z=(1-T(2))log

1-T(z)
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Alternating trees
Alternating trees: Questions

Questions:

e Enumeration results for alternating labelled
trees from other families of trees?
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Alternating trees
Alternating trees: Questions

Questions:

e Enumeration results for alternating labelled
trees from other families of trees?

e Influence of alternating labelling on
“typical structure” of a tree?
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Enumerating alternating trees Influence of alternating labelling on tree sf

Enumerating alternating trees
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Enumerating alternating trees

Enumerating alternating trees: Questions

Consider:

@ Family of rooted trees
(e.g., binary trees, d-ary trees, Motzkin trees, etc.)
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Enumerating alternating trees

Enumerating alternating trees: Questions

Consider:

@ Family of rooted trees
(e.g., binary trees, d-ary trees, Motzkin trees, etc.)

@ All up-down alternating labellings:

labels on any path from root satisfy

< <y
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Enumerating alternating trees

Enumerating alternating trees: Questions

Questions:
T,: number of up-down alternating trees of size n
e Explicit results for T, 7

e Asymptotic results for T, ?
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Enumerating alternating trees

Enumerating alternating trees: Questions

Questions:
T,: number of up-down alternating trees of size n
e Explicit results for T, 7
e Asymptotic results for T, ?
20
Generating function:  T(z) = Z Tnﬁ
n>1

e Characterization of T(z) ?
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Enumerating alternating trees

Enumerating alternating trees: Results

Results:

@ General generating functions approach for enumerating
up-down alternating rooted tree families
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Enumerating alternating trees

Enumerating alternating trees: Results

Results:

@ General generating functions approach for enumerating
up-down alternating rooted tree families

@ Characterization of T(z) for various labelled tree classes:

o Ordered trees [Chauve, Dulucq and Rechnitzer 2001]:
each node has sequence of children

e Unordered trees [Postnikov 1997]:
each node has set of children

e d-ary trees (contains, e.g., binary trees):
each node has d positions, where either a child is attached or not

e Strict binary trees:
each node has either 0 or 2 children
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Enumerating alternating trees

Enumerating alternating trees: Results

@ Motzkin trees:
each node has either 0, 1, or 2 children

All 21 up-down alternating labelled Motzkin trees of size 4:
2/®\3 3/®\2 1/®\3 3/®\1 1/®\2 2/®\1 ?/\®
¢ 90 0o vy e BF v o
e 6 o o o o

2 2 1 1 1

®© o o o o
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Enumerating alternating trees

Enumerating alternating trees: Results

@ d-bundled trees:
each node has d positions, where sequence of children is attached

Example of an unlabelled 2-bundled tree:

16 /44



Enumerating alternating trees

Enumerating alternating trees: Results

@ d-bundled trees:
each node has d positions, where sequence of children is attached

Example of an unlabelled 2-bundled tree:

d-bundled trees appear:

@ Combinatorial model for “preferential attachement”
growth models for trees [Pan & Prodinger 2007]

e Cutting-down procedures for trees [Pan 2006]
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Enumerating alternating trees

Enumerating alternating trees: Results

Exponential generating function T(z) implicitly given
as solution of following functional equations:

1
@ Ordered trees: z=(1-T(z))log -7
- T(z

2T(z)

@ Unordered trees: z = m
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Enumerating alternating trees

Enumerating alternating trees: Results

Exponential generating function T(z) implicitly given
as solution of following functional equations:

@ Ordered trees:

2= (1= T(2))log 1—17(2)

@ Unordered trees: z

B 2T(z)
1+ eT(@)

@ d-ary trees:

ZzZ =

2

(1+(1+T(2)

dx

/T(Z)
)d+1) 71 Jo (1 +(

14+ X)d-i-l) d%%—l
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Enumerating alternating trees

Enumerating alternating trees: Results

Exponential generating function T(z) implicitly given
as solution of following functional equations:

1
@ Ordered trees: z=(1-T(z))log -7
- T(z

2T(z)

@ Unordered trees: z = m

@ d-ary trees:

2 /T(Z> dx
(1+(1+ T(2)d) 7 Jo (14 (14 x)dr1)an

@ d-bundled trees:

ZzZ =

2 T(z) 1 41\
e
1-T(z)
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Enumerating alternating trees

Enumerating alternating trees: Results

T a4
@ Motzkin trees: z :/ _rox with
0 3+ Sz(X)

s3(x) +9s(x) — r(x) =0
r(x) =8(T3(z) — x3) +12(T?(z) — x?) +24(T(2) — x) + 10
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Enumerating alternating trees

Enumerating alternating trees: Results

T 44
@ Motzkin trees: z :/ _rox
0 3+ Sz(X)

s3(x) +9s(x) — r(x) =0

with

r(x) =8(T3(z) — x3) +12(T?(z) — x?) +24(T(2) — x) + 10

T(Z) dX
@ Strict binary trees: z= /
0

1+ s%(x)

with

s3(x) +3s(x) —r(x) =0

r(x) = (T3(2) = x°) + 3(T(2) - x)
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Enumerating alternating trees

Enumerating alternating trees: Results

Asymptotic results for T,: Ty~ Cp_”n_%n!

1 1
@ Ordered trees: p = — =~ 0.367879..., C= ~ 0.146762. ..
e V2me
@ Unordered trees: p = —2W(—e™ ') ~ 0.556929. . .,
Cc=Y2tP 0451080, ..
NG
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Enumerating alternating trees

Enumerating alternating trees: Results

Asymptotic results for T,: Ty~ Cp_”n_%n!

1 1
@ Ordered trees: p = = ~0.367879..., C= ~ 0.146762. ..
P e V2me
@ Unordered trees: p = —2W(—e ') ~ 0.556929. . .,
V2
C=YetP 0451080 ..
NG
2 1+ (14 7)d+t
- N = C = ,
© dranytrees P = (T DY T 1 1) \/2d(d “h(T ) in

with 7 the positive real solution of the equation

(1+(1+¢)d+1)%11 _/T dx
(d-1D1+7)¥ )y (1+(1+X)d+1)%+1
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Enumerating alternating trees

Enumerating alternating trees: Results

@ d-bundled trees:

2(1 - ) o \/(1 — ) (1 ()9 )
FEE 2d(d + 1)n ’

p:

with 7 the positive real solution of the equation

(1+(ﬁ)dil)ﬁ1 _/OT <1+( 1 )dfl)ﬁdx

(d+1)(1%)° 1—x
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Enumerating alternating trees

Enumerating alternating trees: Results

Exact formulaz for T,:
@ Ordered trees: [Chauve, Dulucq and Rechnitzer 2001]
To=(n—1)""1

@ Unordered trees: [Postnikov 1997]

n

1 -
Tom gy ()

k=0
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Enumerating alternating trees

Enumerating alternating trees: Results

Exact formulaz for T,:
@ Ordered trees: [Chauve, Dulucq and Rechnitzer 2001]
To=(n—1)""1

@ Unordered trees: [Postnikov 1997]

n

1 -
Tom gy ()

k=0

@ 3-bundled trees:

PR

k=0
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Enumerating alternating trees

Enumerating alternating trees: Proof

Basic idea of proof:

Combinatorial decomposition w. r. t. largest element n

22/44



Enumerating alternating trees

Enumerating alternating trees: Proof

Basic idea of proof:
Combinatorial decomposition w. r. t. largest element n

[Andre 1881]: enumeration of odd length alternating permutations

OQOQOQOQOQOQO
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Enumerating alternating trees

Enumerating alternating trees: Proof

Basic idea of proof:
Combinatorial decomposition w. r. t. largest element n

[Andre 1881]: enumeration of odd length alternating permutations

BRARA o AL,

e DE for generating function U(z): |U'(z) =1+ U?(2)
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Enumerating alternating trees

Enumerating alternating trees: Proof

Basic idea of proof:
Combinatorial decomposition w. r. t. largest element n

[Andre 1881]: enumeration of odd length alternating permutations

BRARA o AL,

e DE for generating function U(z): |U'(z) =1+ U?(2)

e solution: U(z) =tanz = tangent numbers

22/44



Enumerating alternating trees

Enumerating alternating trees: Proof

Decomposition of a tree T of family 7:
ITI=n é @/éﬁ\

o6 og'%
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Enumerating alternating trees

Enumerating alternating trees: Proof

Decomposition of a tree T of family 7:

Lo
b b &
[Til=ky  |To=ko o [Ta=ks

Decomposition: T — 7' T, Ta, ..., T,

23 /44



Enumerating alternating trees

Enumerating alternating trees: Proof

First difficulty:

T: in general not a member of original tree family 7°
@ Families of ordered, unordered, d-ary, d-bundled,

Motzkin trees: T € T

o E.g., family of strict binary trees: T ¢ T, in general
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Enumerating alternating trees: Proof
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Enumerating alternating trees

Enumerating alternating trees: Proof

A ®
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Enumerating alternating trees

Enumerating alternating trees: Proof

A ®

Consider first:

r &L

tree families that are closed under this decomposition
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Enumerating alternating trees

Enumerating alternating trees: Proof

How many different trees T lead to same sequence
T, @ T1, Toy ..., T, ?
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@ Distribution of labels: (k1 ,’(’;1 kr)
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Enumerating alternating trees

Enumerating alternating trees: Proof

How many different trees T lead to same sequence
T, @ T1, Toy ..., T, ?

@ Distribution of labels: (k1 ,’(’;1 kr)

@ Possibilities of attaching subtrees T1, T», ..., T, to node n:

unordered trees: % d-ary trees: (f) etc.
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Enumerating alternating trees

Enumerating alternating trees: Proof

How many different trees T lead to same sequence
T, @ T1, Toy ..., T, ?

@ Distribution of labels: (k1 ,’(’;1 kr)

@ Possibilities of attaching subtrees T1, T», ..., T, to node n:
unordered trees: 1 d-ary trees: (d), etc.

AN r

@ Number of possible positions, where node n can be attached
to T, such that up-down alternating labelling is preserved:

Factor w =7
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Enumerating alternating trees

Enumerating alternating trees: Proof

Consider tree 7’ where n will be attached

:V={veT: v ateven level}
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Enumerating alternating trees

Enumerating alternating trees: Proof

Consider tree 7’ where n will be attached
:V={veT: v ateven level}
e Unordered trees:

factor w = |V/|

-\

Tl

L& gl
i
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Enumerating alternating trees

Enumerating alternating trees: Proof

e Ordered trees:

factor w = Zvev(dng“(V) +1)=|V|+ |—Ar\ V| = ‘ﬂ

%ﬁ&%
/N ’6 B\ |
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Enumerating alternating trees

Enumerating alternating trees: Proof

e d-ary trees:

factor w = 3,y (d — deg™(v)) = (d + 1)|V| - | T

e
/\d\ dp

AWA
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Enumerating alternating trees

Enumerating alternating trees: Proof

e d-bundled trees:

factor w = 3¢/ (deg™(v) + d) = (d — 1)|V| + | T|
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Enumerating alternating trees

Enumerating alternating trees: Proof

e d-bundled trees:

factor w = 3¢/ (deg™(v) + d) = (d — 1)|V| + | T|

e Motzkin trees:

factor w =3 cpm 1+ >, cym2 = VIOl 2|V

- vl
- yI
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Enumerating alternating trees

Enumerating alternating trees: Proof

If tree family is not closed under decomposition ?

Consider larger tree family & O 7, such that S is closed under
decomposition
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Enumerating alternating trees

Enumerating alternating trees: Proof

If tree family is not closed under decomposition ?

Consider larger tree family & O 7, such that S is closed under
decomposition

e Strict binary trees:
0, 1 left, 1 right, or 2 children

Blue nodes: 0 or 2 children

factor w =37 cym 2+ ,cym 1 =2 V[O]’ + |\/[1]‘
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Enumerating alternating trees

Enumerating alternating trees:

Generating functions approach:

o Tree decomposition
= Recursive description of T,

require additional variables

e number of
e number of , etc.
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Enumerating alternating trees

Enumerating alternating trees:

Generating functions approach:

o Tree decomposition
= Recursive description of T,

require additional variables

e number of
e number of , etc.

@ Generating functions

= First order quasilinear PDE
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Enumerating alternating trees

Enumerating alternating trees: Proof

Ordered trees: T'(z)—1=

e Unordered trees:  F,(z,u) — u = ueF @Y F (2, u)

o d-arytrees:  F, —u=(1+F)*((d+ 1)uF, — zF,)
d-bundled trees: F, —u = % d — 1)uF, + zF,

° )

@ Motzkin trees: F, — ug = (1 + F+ F2) (ulFL,O + 2Fu1)

Strict binary trees: F, —ug = (1 + F2) (2U1Fuo + FU1)
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Enumerating alternating trees

Enumerating alternating trees: Proof

@ Solving PDE via Method of Characteristics:

o study system of characteristic DE

e searching for functions, which are constant along any
characteristic curve (first integrals)

e suitable transformation of variables

o first order ordinary linear DE
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Enumerating alternating trees

Enumerating alternating trees: Proof

@ Solving PDE via Method of Characteristics:

o study system of characteristic DE

e searching for functions, which are constant along any
characteristic curve (first integrals)

e suitable transformation of variables

o first order ordinary linear DE

@ Evaluating additional variables v, ug, u;, etc.

= explicit solutions of T(z)
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Enumerating alternating trees

Enumerating alternating trees: Proof

Asymptotic enumeration formulzae:
e Studying generating function T(z):
o Determine radius of convergence
o Implicit function theorem: locate all dominant singularities
o Weierstrass preparation theorem: behaviour in complex

neighbourhood of singularities
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Enumerating alternating trees

Enumerating alternating trees: Proof

Asymptotic enumeration formulzae:
e Studying generating function T(z):
o Determine radius of convergence
o Implicit function theorem: locate all dominant singularities
o Weierstrass preparation theorem: behaviour in complex

neighbourhood of singularities

@ Singularity analysis:
Transfer lemmata of Flajolet and Odlyzko [1990]

= Asymptotic enumeration results for T,
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Influence of alternating labelling on tree structure

Influence of alternating labelling on
tree structure
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Influence of alternating labelling on tree structure
Influence on tree structure: Parameters studied

How much randomness gets lost due to
up-down alternating labelling?
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How much randomness gets lost due to
up-down alternating labelling?

Parameters studied for ordered up-down alternating trees:
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Influence of alternating labelling on tree structure
Influence on tree structure: Parameters studied

How much randomness gets lost due to
up-down alternating labelling?

Parameters studied for ordered up-down alternating trees:

@ Label of root node
@ Degree of root node

@ Depth of random node

(distance between root and random node)

37/44



Influence of alternating labelling on tree structure
Influence on tree structure: Label of root

Label of root node:
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Influence of alternating labelling on tree structure
Influence on tree structure: Label of root

Label of root node:

T, j: number of trees of size n, where root has label j

Toj = (n—j)(n—1y=2n"1
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Influence of alternating labelling on tree structure
Influence on tree structure: Label of root

Label of root node:

T, j: number of trees of size n, where root has label j

Toj = (n—j)(n—1y=2n"1

Generating function: F(z,v) =351 > 1<jc, Thj (jzj:ll), (,‘;:J),

W(z+v)

F(z,v)=¢e"

W(x): Cayley tree function: W(x) = xe"V ()
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Influence of alternating labelling on tree structure
Influence on tree structure: Label of root

T,
Random variable L,: P{L,=j}= ?’J
n
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Influence of alternating labelling on tree structure

Influence on tree structure: Label of root

T,
Random variable L,: P{L,=j}= ?’J
n

Limiting distribution result:

Lo @) | with density | £F(x) = (1—x)el™™, 0<x<1
n

e fandom labelling
up-down labelling
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Influence of alternating labelling on tree structure
Influence on tree structure: Label of root

Expectation:

E(Ln):?’”—l—(n_nﬁ~(3—e)n%(0.281718...)-n

“Smaller labels are preferred to become label of root node”
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Influence of alternating labelling on tree structure
Influence on tree structure: Degree of root

Degree of root node:
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Influence of alternating labelling on tree structure
Influence on tree structure: Degree of root

Degree of root node:

Th,m: number of trees of size n, where root has degree m

“ (+1 _

n—1 Z n—1
nm — - n—1-/¢
T, Hpn(n —1) +e§_ <> — )

H,,: harmonic numbers
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Influence of alternating labelling on tree structure
Influence on tree structure: Degree of root

Degree of root node:

Th,m: number of trees of size n, where root has degree m

“ (+1 _

n—1 Z n—1
nm — - n—1-/¢
T, Hpn(n —1) +e§_ <> — )

H,,: harmonic numbers

n

Generating function: F(z,v) =3 51> <o TamZv™

W(z)e= W) W) 1
= — |
Flz.v) 1—v 1—v Og(l—v(l—e—W(z)))
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Influence of alternating labelling on tree structure
Influence on tree structure: Degree of root

Tn,m

Random variable R,: P{R,=m} = T
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Influence of alternating labelling on tree structure
Influence on tree structure: Degree of root

-
Random variable R,: P{R,=m} = %
Limiting distribution result:
10\
(@) . e—1im = (5
R, R th P{R = = —1 £
AN wi { m} ( - ) + e_zl 7
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Influence of alternating labelling on tree structure
Influence on tree structure: Degree of root

T
Random variable R,: P{R,=m} = %
n
Limiting distribution result:
10!
(d) , e—1.m T(eFt
Ro == R | with | P{R=m}=(—) —1+) Y
=1
Expectation: (randomly labelled: E(R,) ~ 3)
L/n+1n1 e? -1
B(R,) = 5 ~1) ~ ~ 3.104528 ...
(Rn) = 5((-—7) 5

“On average root of alternating tree has slightly higher degree
than root of randomly labelled tree”
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Influence of alternating labelling on tree structure

Influence on tree structure: Depth of random node

Depth of random node:
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Influence on tree structure: Depth of random node

Depth of random node:

Random labelled ordered trees:  Increasing labelled ordered trees:
order
log n
order g
nll2
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Influence of alternating labelling on tree structure

Influence on tree structure: Depth of random node

Depth of random node:

Random labelled ordered trees:  Increasing labelled ordered trees:
order
log n
order g
nll2

Alternating labelled ordered trees: ?
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Influence of alternating labelling on tree structure

Influence on tree structure: Depth of random node

Random variable D,: depth of random node in random size n tree
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Influence of alternating labelling on tree structure

Influence on tree structure: Depth of random node

Random variable D,: depth of random node in random size n tree

Limiting distribution result:

Depth is asymptotically Rayleigh distributed:

—= — Ry/3 | with density f(x)= e &
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Influence of alternating labelling on tree structure

Influence on tree structure: Depth of random node

Random variable D,: depth of random node in random size n tree

Limiting distribution result:

Depth is asymptotically Rayleigh distributed:

—= — Ry/3 | with density f(x)= e &

“Alternating labelled tree is only slightly shorter compared
to randomly labelled tree”

“On average: depth of random node is about 1/3 smaller than
for randomly labelled tree”
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