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tionLet us denote by Sn the symmetri
 group of order n.Irredu
ible representations ≃ partitions λ ⊢ n.Normalized 
hara
ter values χλ(µ), for µ ∈ S(n)?Here we are interested in an expression in terms of free
umulants.Goal : prove that the 
oe�
ients are non-negative.Tool : a 
ombinatorial formula for 
hara
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umulants and Kerov's polynomialsCombinatorial formula for 
hara
tersSket
h of the proofIrredu
ible representations of symmetri
 groupsThey are indexed by partitions λ ⊢ n, or equivalently by Youngdiagrams.Other notation : λ = p× q.Example
λ1 = 3;λ2 = λ3 = 2;
λ4 = 1;λ5 = . . . = 0,
λ = (1, 2, 1) × (3, 2, 1)
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h of the proofFree 
umulantsYoung diagram λ → Transition measure
→ Free 
umulants (Ri (λ))i≥2Properties (Biane, 1998)Homogeneous Ri of degree i in p and qAsymptoti
s χα·λ(1 . . . k) ∼α→∞ Rk+1(λ)|α · λ|−(k−1)/2

λ = (4, 3, 1) -

α · λ 5/27Valentin Féray Positivity of Kerov's polynomials
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h of the proofKerov's polynomialsIf µ ∈ S(k) ⊂ S(n) and λ ⊢ n, let
Σλ
µ = n(n − 1) . . . (n − k + 1) χλ(µ)

χλ(Idn)where χλ is the 
hara
ter of the irredu
ible representation indexedby λ.
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h of the proofKerov's polynomialsIf µ ∈ S(k) ⊂ S(n) and λ ⊢ n, let
Σλ
µ = n(n − 1) . . . (n − k + 1) χλ(µ)

χλ(Idn)where χλ is the 
hara
ter of the irredu
ible representation indexedby λ.Theorem : Existen
e of Kerov's polynomials (Kerov, Biane, 2001)Let k ≥ 1, there exists a universal polynomial Kk su
h that :
Σλ

(1...k) = Kk (R2(λ), . . . ,Rk+1(λ))Kk does not depend on the diagram λ! ⇐⇒ equality as powerseries in p and q 6/27Valentin Féray Positivity of Kerov's polynomials
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ription of the 
oe�
ientsAsymptoti
 property of the free 
umulants implies:Proposition Kk = Rk+1 + lower degree termsMoreover :Kk has integer 
oe�
ients.
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h of the proofDes
ription of the 
oe�
ientsAsymptoti
 property of the free 
umulants implies:Proposition Kk = Rk+1 + lower degree termsMoreover :Kk has integer 
oe�
ients.We prove here their positivity (
onje
tured by Kerov andBiane, 2001) 7/27Valentin Féray Positivity of Kerov's polynomials
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h of the proofMap of a pair of permutationspair of permutations 7→ bi
olored edge-labeled mapExample
τ = (14)(253), σ = (13)(254)

The edge labeled 1 links the two verti
es 
orresponding to 
y
les
ontaining 1. 8/27Valentin Féray Positivity of Kerov's polynomials
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h of the proofMap of a pair of permutationspair of permutations 7→ bi
olored edge-labeled mapExample
τ = (14)(253), σ = (13)(254)

	

Same thing for the integers between 2 and k . The 
y
li
 order atverti
es is given by the 
y
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h of the proofMap of a pair of permutationspair of permutations ∼
7→ bi
olored edge-labeled mapExample

τ = (14)(253), σ = (13)(254)
	

Even if we forget the node labels, we 
an re
over easily thepermutations 8/27Valentin Féray Positivity of Kerov's polynomials
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tersSket
h of the proofColourings of a bi
olored mapA 
olouring of the white verti
es of M is :
ϕ : V◦(M) → N

⋆We asso
iate the following 
olouring for the bla
k verti
es :
ψ :

V•(M) → N
⋆b 7→ maxw neighbour of b ϕ(w)Example
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h of the proofPower series asso
iated to a bi
olored mapWe de�ne the power series in indeterminates p and q :N(M) =
∑

ϕ 
olouring ofthe white verti
es  ∏w∈V◦(M)

pϕ(w)

∏b∈V•(M)

qψ(b)N(M) is homogeneous of degree V◦(M) + V•(M) in p and q!Example N(Mτ,σ) =
∑a≥1b≥1 pa · pb · q2max(a,b) 10/27Valentin Féray Positivity of Kerov's polynomials
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h of the proofCombinatorial formulas for 
hara
ter values and 
umulantsWe will use the following resultTheorem (Stanley, Féray, �niady, 2006)With these notations, the 
hara
ter value is:
Σp×q
µ =

∑

τ,σ∈S(k)
τ ·σ=µ

(−1)|C(σ)|+|C(µ)|N(Mτ,σ)(p,q)
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umulantsWe will use the following resultTheorem (Stanley, Féray, �niady, 2006)With these notations, the 
hara
ter value is:
Σp×q
µ =

∑

τ,σ∈S(k)
τ ·σ=µ

(−1)|C(σ)|+|C(µ)|N(Mτ,σ)(p,q)The homogeneous 
omponent of degree k + 1 is:Rk+1(p× q) =
∑

τ,σ∈S(k)
τ ·σ=(1...k)

|C(τ)|+|C(σ)|=k+1(−1)|C(σ)|+1N(Mτ,σ)(p,q)
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umulantsWe will use the following resultTheorem (Stanley, Féray, �niady, 2006)With these notations, the 
hara
ter value is:
Σp×q
µ =

∑

τ,σ∈S(k)
τ ·σ=µ

(−1)|C(σ)|+|C(µ)|N(Mτ,σ)(p,q)The homogeneous 
omponent of degree k + 1 is:Rk+1(p× q) =
∑

τ,σ∈S(k)
τ ·σ=(1...k)

|C(τ)|+|C(σ)|=k+1(−1)|C(σ)|+1N(Mτ,σ)(p,q)The maps of the pairs of permutations in the se
ond equation areplanar trees. 11/27Valentin Féray Positivity of Kerov's polynomials
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ombinatorial formulafor 
umulants ∑M maps±N(M)Can we write ea
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±N(F ) ?vvlllllllllllllllll
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ription on our favorite example
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tersSket
h of the proofT -transformationWe 
hoose an oriented loop ~L (here dotted)
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h of the proofT -transformationCall erasable its white-to-bla
k dire
ted edges
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h of the proofT -transformationLet T~L(M) be the formal expression :
where the dotted edges have been erased.
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h of the proofT -transformationLet T~L(M) be the formal expression :
Proposition N(T~L(M)

)
= N(M)Proof. In
lusion/ex
lusion!
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tersSket
h of the proofT -transformationLet T~L(M) be the formal expression :
Proposition N(T~L(M)

)
= N(M)CorollaryFor any map M, N(M) 
an be written (not in a unique way!) asN(M) =

∑

±N(F ). 13/27Valentin Féray Positivity of Kerov's polynomials
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Question : SF1 = SF2 ? (N is not inje
tive on Z[forests]) 14/27Valentin Féray Positivity of Kerov's polynomials
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Free 
umulants and Kerov's polynomialsCombinatorial formula for 
hara
tersSket
h of the proofAnswerIt depends! (there are several ways to write N(M) as ∑
±N(F ))TheoremThere exists D :

{bi
. edge-labeled maps} → Z[forests] su
h that :N(M) = N(D(M)
)SF1 = SF2 =

∑

τ,σ∈S(k)
τ ·σ=(12...k)(−1)|C(σ)|+1D(Mτ,σ)We will explain how to 
ompute D later. 15/27Valentin Féray Positivity of Kerov's polynomials
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tersSket
h of the proofConsequen
es on Kerov polynomials
Let Tj =

︸ ︷︷ ︸j−1 white verti
esThe 
ombinatorial expression for 
umulants give :
∏i Rji =

⊔Tji +
forests with at least 1 treewith more than 1 bla
k vertex
oe�
ientsof ∏Rjiin Kk =


oe�
ientsof ⊔Tjiin SF1 =

oe�
ientsof ⊔Tjiin SF2 16/27Valentin Féray Positivity of Kerov's polynomials
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h of the proofConstru
tion of D(M)1 Add an external half-edge to the map .extremity the bla
k extremity ⋆ of the edge e1 of smallestlabelwhere in the 
y
li
 order of ⋆? just after e1.Example
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hara
tersSket
h of the proofConstru
tion of D(M)1 Add an external half-edge to the map .2 De�ne as admissible the loops :passing through ⋆ if there are anyoriented from left to right (it has a sense if we draw theexternal half-edge on the top of the pi
ture)Example
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Free 
umulants and Kerov's polynomialsCombinatorial formula for 
hara
tersSket
h of the proofConstru
tion of D(M)1 Add an external half-edge to the map .2 De�ne as admissible the loops :an admissible loop in one of the Mi (indu
tive de�nition)oriented from left to right (it has a sense if we draw theexternal half-edge on the top of the pi
ture)
17/27Valentin Féray Positivity of Kerov's polynomials
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h of the proofConstru
tion of D(M)

1 Add an external half-edge to the map if ne
essary.2 De�ne the admissible loops3 Apply a T−transformation with respe
t to an admissible loop,without erasing the external half-edge4 Go ba
k to step 1 with ea
h 
onne
ted 
omponent of ea
hgraph of the result.
17/27Valentin Féray Positivity of Kerov's polynomials
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h of the proofExampleBa
k to our favorite example :the loop in the previous example is admissible!
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hara
tersSket
h of the proofExampleIn ea
h one of the resulting maps, there is at most one admissibleloop (in red)
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h of the proofExampleWe again apply T -transformations.
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h of the proofExampleThere is a simpli�
ation. Note that the trees have 
oe�
ient +1and the forest with two 
omponents −1.
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hara
tersSket
h of the proofInvarian
e of the resultThere are still some 
hoi
es to do, but :PropositionIf we 
hoose only admissible loops, we always obtain the same sumof forests denoted D(M).D(M) has interesting properties :PropositionN(D(M)) = N(M)(obtained by iterating T -transformations)D(M) is an alternate sum of subforests F of M : the sign of the
oe�
ient of F is (−1)# 
.
. of F−# 
.
. of M 23/27Valentin Féray Positivity of Kerov's polynomials
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umulants and Kerov's polynomialsCombinatorial formula for 
hara
tersSket
h of the proofD is the de
omposition we were looking for!Theorem SF1 =
∑

τ,σ∈S(k)
τ ·σ=(12...k)(−1)|C(σ)|+1D(Mτ,σ)Sket
h of proof :We gather terms 
oming from permutations in a given intervalof the symmetri
 group.As intervals are produ
ts of non-
rossing partions sets,produ
ts of free 
umulants appear.Both sides are de
ompositions of 
umulants.Algebrai
 independan
e of 
umulants �nishes the proof. 24/27Valentin Féray Positivity of Kerov's polynomials
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hara
tersSket
h of the proofProof of Kerov's positivity 
onje
tureRe
all : the 
oe�
ient of ℓ∏i=1Rji is the 
oe�
ient of ⊔Tji inSF2 =
∑

τ,σ∈S(k)
τ ·σ=(12...k) (−1)|C(σ)|+1D(Mτ,σ)
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h of the proofProof of Kerov's positivity 
onje
tureRe
all : the 
oe�
ient of ℓ∏i=1Rji is the 
oe�
ient of ⊔Tji inSF2 =
∑

τ,σ∈S(k)
τ ·σ=(12...k) (−1)|C(σ)|+1D(Mτ,σ)Note that the sum is over 
onne
ted maps and that the map witha non-zero 
ontribution have ℓ bla
k verti
es.All the 
ontributions have the following sign
(−1)ℓ+1
︸ ︷︷ ︸due to thesign in SF2 · (−1)ℓ−1

︸ ︷︷ ︸sign of FTjiin D(Mτ,σ)

= 1 25/27Valentin Féray Positivity of Kerov's polynomials



Free 
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hara
tersSket
h of the proofComputation of some 
oe�
ientsThis method gives more information on 
oe�
ients than theirpositivity :We have found a new proof of the 
ompa
t formula for thehighest graduate degree terms in Kk (already 
omputed by I.P.Goulden and A. Ratten and, separately, P. �niady).We 
an 
ompute the highest degree term in a generalisationabout 
hara
ter values on more 
omplex permutations than
y
les. 26/27Valentin Féray Positivity of Kerov's polynomials
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hara
tersSket
h of the proofComputation of some 
oe�
ientsThis method gives more information on 
oe�
ients than theirpositivity :Compa
t expression for highest graduate degree terms.We re
over the 
ombinatorial interpretation of linearmonomials.We give a simple 
ombinatorial interpretation for the
oe�
ients of quadrati
 monomials, whi
h 
ountspermutations. 26/27Valentin Féray Positivity of Kerov's polynomials



Free 
umulants and Kerov's polynomialsCombinatorial formula for 
hara
tersSket
h of the proofComputation of some 
oe�
ients
This method gives more information on 
oe�
ients than theirpositivity :Compa
t expression for highest graduate degree terms.Simple 
ombinatorial interpretations.We 
an give bounds for all the 
oe�
ients and link high order
umulants and 
hara
ter values on quite long permutations.
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h of the proofEnd
Many thanks !,½ Gra
ias !, Mer
i !Any questions ?,¾ Preguntas ?, Questions ?
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