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1. Fundamental symmetry map and Pak-Vallejo’s
conjecture
Definition (PV04)
The fundamental symmetry is a bijection

ρ : LRn[λ/µ, ν] −→ LRn[λ/ν, µ].

µ ν
λ

ν µ
λ

>
ρ

ρ1 Benkart-Sottile-Stroomer tableau switching
ρ2 = τ−1ξγ, ξ Schützenberger involution, τ and γ linear maps
ρ−1

2
ρ3 [A. 98;00]
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1. Fundamental symmetry map and Pak-Vallejo’s
conjecture
Definition (PV04)
The fundamental symmetry is a bijection

ρ : LRn[λ/µ, ν] −→ LRn[λ/ν, µ].

µ ν
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Conjecture [PV04] The fundamental symmetries ρ1, ρ2, ρ−1
2 , ρ3 are

identical involutions.

[DK05] Danilov, Koshevoy: ρ1 and ρ2 = ρ−1
2 are identical involutions.
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2. Interlacing phenomenon

2.1 Invariant factors of a product of matrices over a pid with one prime p

AB = C −→ (µ, ν, λ) −→ T ∈ LRn(λ/µ, ν)

pλn−νn

??
??

??
??

??
??

?

∗

∗

µ

pνn

pν1

pνn−1

.
.
. =

ν

pλn

pλ1

pλn−1

.
.
.

λ

∗

∗

µ(n−1)

(µ(n−1), ν[n−1], λ[n−1]) −→ T ′ ∈ LR(µ(n−1), ν[n−1], λ[n−1]).

µ
(n−1)

1 µ
(n−1)

2 · · · µ
(n−1)

n−1
µ1 µ2 µ3 · · · µn−1 µn
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µ
(1)
1

µ
(2)
1 µ

(2)
2

µ
(3)
1 µ

(3)
2 µ

(3)
3

· · · · · · · · ·

µ
(n−1)
1 µ

(n−1)
2 µ

(n−1)
3 · · · µ

(n−1)
n−1

µ
(n)
1 µ

(n)
2 µ

(n)
3 · · · µ

(n)
n−1 µ

(n)
n .

GT pattern G = [µ(1), . . . , µ(n−1), µn = µ] of base µ and weight λ − ν,

i∑
j=1

(µ
(i)
j − µ

(i−1)
j ) = λi − νi , i = 1, . . . , n.
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Transposition

B tA t = C t −→ (ν, µ, λ) −→ t(T) ∈ LRn(λ/ν, µ)

pλn−νn

??
??

??
??

??
??

?

∗ ∗

ν

µ(n−1)

pνn

pν1

pνn−1

.
.
. =

µ
pλn

pλ1

pλn−1

.
.
.

λ

∗ ∗

Question: Does G = [µ(1), µ(2), · · · , µ(n−1), µ] define t(T)?

Yes, if t(T ′) ∈ LR(λ[n−1]/ν[n−1], µ
(n−1)) can be obtained by

suppression of the last row of t(T).
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LR tableaux and GT patterns

There is a bijection between LRn[λ/ν, µ] and GT patterns
G = [µ(1), · · · , µ(n−1), µ(n)] of base µ and weight λ − ν,

µ
(1)
1

µ
(2)
1 µ

(2)
2

µ
(3)
1 µ

(3)
2 µ

(3)
3

· · · · · · · · ·

µ
(n−1)
1 µ

(n−1)
2 µ

(n−1)
3 · · · µ

(n−1)
n−1

µ
(n)
1 µ

(n)
2 µ

(n)
3 · · · µ

(n)
n−1 µ

(n)
n .

such that

νi−1−νi ≥

r∑
j=1

(µ
(i)
j −µ

(i−1)
j )−

r−1∑
j=1

(µ
(i)
j −µ

(i−1)
j ), 1 ≤ r ≤ i−1, 2 ≤ i ≤ n.
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Combinatorial scheme of LR tableaux

n· · ·n n···n

ν µ
λ

n···n n ··· n

µ ν
λ

ν[n−1] µ(n−1)
λ[n−1]

n· · ·n

n···n

µ(n−1) ν[n−1]

λ[n−1]

>δ

>
χ∗

t t

χ∗ = t ◦ δ ◦ t

ν[n−1] = (ν1, · · · , νn−1), λ[n−1] = (λ1, · · · , λn−1)
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2.1. Young tableau shape interlacing

Theorem
T ∈ STn(λ/µ,m)

λ

T = ≡ P

λ[n−1]

T̃ = ≡ P̃>δ

P the rectification of T with shape(P) = σ = (σ1, . . . , σn−1, σn)
P̃ the rectification of T̃ with shape(P̃) = σ̃ = (σ̃1, . . . , σ̃n−1)

Then

σ̃1 σ̃2 . . . σ̃n−1

σ1 σ2 σ3 . . . σn−1 σn
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Young tableau combinatorial scheme
T ≡ P, P with n − 1 rows

n···n

µ
λ

P

n···n

µ
λ

T

µ(n−1)
λ[n−1]

P

µ(n−1)
λ[n−1]

Q

>δ

>
χ

s s

χ = s ◦ δ ◦ s

ν[n−1] = (ν1, · · · , νn−1), λ[n−1] = (λ1, · · · , λn−1)
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If (P,R) is the switching of (Y(µ),T), the last row of the GT pattern
defining the LR tableau R can be obtained by some sliding up
operations in the last row of T .
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3. Decreasing chain sliding/Reverse Schensted row
insertion

If T ≡ P where P has n − 1 rows, the strictly decreasing chains
starting in the bottom row do not reach the top row of T .

T =

• • • • • • • 2
• • • • • 2 2
1 2 2 3 3 4
2 3 4 6 7
4 4 6 7
5 6 7

• • • • • • 2 2
• • • • • 2 3
1 2 2 3 4 4
2 3 6 6 7
4 4 7 7
5 6

T ′ =

• • • • • • 2 2
• • • 1 2 2 3
2 2 3 3 4 4
4 4 6 6 7
5 6 7 7

T ≡ T ′,
6 3

7 5 0
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Proposition T ∈ STn(λ/µ,m), T ≡ P, P of normal shape with n − 1 rows.
If T ′ is obtained by reverse Schensted row insertion in the last row of T ,
T ′ ∈ STn−1(λ[n−1]/µ

′,m) with T ′ ≡ T and the inner shape µ′ of T ′

interlaces with the inner shape µ of T .

Lemma
w ≡ Y(µ). Then shuffle(n . . . 21,w) ≡ Y(µ+ (1, . . . , 1))

Corollary
T ∈ LR(λ/µ, ν), then T can be rectified by reverse Schensted row
insertion.

28 / 56
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4.The bijection ρ3

T =

• • • • • • • • 1 1 1

• • • • • • • 1 2
6

2

• • • • 1 2�
��*��

�*

3

• 1 2 3 3��� ��� ��� ���4

• • • • • • • 1 1 1 1

• • • • • • 1 2 2
6

2

• • 1 2 3 3 3���
��:

���
��:

4 1 2 3 3 4
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• • • • • • 1 1 1 1 1

• • • • • 1 2 2 2
6

2

3 3 3 1 2 3 3

4 1 2 3 3 4

• • • • • 1 1 1 1 1 1

2 2 2 2 1 2 2 2 2 2

3 3 3 1 2 3 3

4 1 2 3 3 4

1 1 1 1 1 1 1̄ 1̄ 1̄ 1̄ 1̄
2 2 2 2 1̄ 2̄ 2̄ 2̄ 2̄ 2̄
3 3 3 1̄ 2̄ 3̄ 3̄
4 1̄ 2̄ 3̄ 3̄ 4̄

= ρ3(T)
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Can (Y(µ(n−1)),Q) be obtained by reverse Schensted row insertion
from the bottom row of T?

L n···n

µ
λ

P

n···n

µ
λ

T

µ(n−1)
λ[n−1]

P

µ(n−1)
λ[n−1]

Q

>δ

>
χ

s s

χ = s ◦ δ ◦ s

ν[n−1] = (ν1, · · · , νn−1), λ[n−1] = (λ1, · · · , λn−1)
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5. Benkart-Sottile-Stroomer tableau switching and
interlacing phenomenon

Theorem
Let T ∈ Stn(λ/µ,m) and (Y(µ),T)

s
↔ (P,R) where P has n − 1 rows and

R ∈ LR(λ/ν, µ).

If R = R(n−1) ∪ [L , nµn ] and (P,R(n−1))
s
↔ (Y(µ(n−1)),Q), then

Q is obtained by reverse Schensted row insertion in the last row of T .

L = 1r1 · · · (n−1)rn−1 such that µ − µ(n−1) = (r1, · · · , rn−1, µn).

Corollary
T ∈ LR(λ/µ, ν), (Y(µ),T)

s
↔ (Y(ν),R)

The GT pattern defining R can be obtained by successive reverse
Schensted row insertion operations starting in the bottom row of T .

ρ3(T) = ρ1(T) = R .
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Proof by induction on |L |

|L |=1

(Y(µ),T) =

1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 ♠ θ1

3 3 3 3 3 ♦1 ♦2 θ2

4 x y z w v θ3

θ4

s
−→ (P,R=R(n−1) ∪ L)

θ4 > θ3 > θ2 > θ1

(P,R(n−1))
s
→ (Y(µ′),Q) =

1 1 1 1 1 1 1 1 θ1

2 2 2 2 2 2 2 ♠ θ2

3 3 3 3 3 ♦1 ♦2 θ3

4 x y z w v θ4
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1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 ♠ θ1

3 3 3 3 3 ♦1 ♦2 θ2

4 x y z w v θ3

θ4

1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 ♠

3 3 3 3 3 ♦1 ♦2

4 x y z w v

1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 ♠

♦1 3 ♦2 3 3 3 3
x y z w v 4

1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 ♠

♦1 y ♦2 w v 3 3
x z 3 3 3 4
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1 1 1 1 1 1 1 1 1
2 2 ♠ 2 2 2 2 2
♦1 y ♦2 w v 3 3
x z 3 3 3 4

1 1 1 1 1 1 1 1 1
�1 y ♠ w v 2 2 2
x ♦2 2 2 2 3 3
z 2 3 3 3 4

1 1 1 1 1 1 1 1 1
�1 y ♠ w v 2 2 2 θ1

x ♦2 2 2 2 3 3 θ2

z 2 3 3 3 4 θ3

θ4
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1 1 1 1 1 1 1 1 1
2 2 ♠ 2 2 2 2 2
♦1 y ♦2 w v 3 3
x z 3 3 3 4
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z 2 3 3 3 4 θ3

θ4
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1 1 1 1 1 1 1 1 1
�1 y ♠ w v θ3 2 2 θ1

x ♦2 2 2 2 2 3 θ2

z 2 3 3 3 3 4
θ4

1 1 1 1 1 1 1 1 1
�1 y ♠ θ2 v θ3 2 2 θ1

x ♦2 w 2 2 2 3 3
z 2 2 3 3 3 4
θ4

1 1 1 1 1 1 1 1 1
�1 y ♠ θ1 v θ3 2 2 2
x ♦2 θ2 2 2 2 3 3
z w 2 3 3 3 4
θ4
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1 1 1 1 1 1 1 1 1
�1 y ♠ w v θ3 2 2 θ1

x ♦2 2 2 2 2 3 θ2

z 2 3 3 3 3 4
θ4

1 1 1 1 1 1 1 1 1
�1 y ♠ θ2 v θ3 2 2 θ1

x ♦2 w 2 2 2 3 3
z 2 2 3 3 3 4
θ4

1 1 1 1 1 1 1 1 1
�1 y ♠ θ1 v θ3 2 2 2
x ♦2 θ2 2 2 2 3 3
z w 2 3 3 3 4
θ4
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1 1 1 1 1 1 1 1 1
�1 y ♠ w v θ3 2 2 θ1

x ♦2 2 2 2 2 3 θ2

z 2 3 3 3 3 4
θ4

1 1 1 1 1 1 1 1 1
�1 y ♠ θ2 v θ3 2 2 θ1

x ♦2 w 2 2 2 3 3
z 2 2 3 3 3 4
θ4

1 1 1 1 1 1 1 1 1
�1 y ♠ θ1 v θ3 2 2 2
x ♦2 θ2 2 2 2 3 3
z w 2 3 3 3 4
θ4
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(P,R) =

�1 y ♠ θ1 v θ3 1 1 1
x ♦2 θ2 1 1 1 2 2 2
z w 1 2 2 2 3 3
θ4 1 2 3 3 3 4
1

θ4 > θ3 ≥ v ≥ w > θ2 > θ1

(P,R(n−1)) =

�1 y ♠ θ1 v θ3 1 1 1
x ♦2 θ2 1 1 1 2 2 2
z w 1 2 2 2 3 3
θ4 1 2 3 3 3 4
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θ4 > θ3 ≥ v ≥ w > θ2 > θ1

�1 y ♠ θ1 v θ3 1 1 1
x ♦2 θ2 1 1 1 2 2 2
z w 1 2 2 2 3 3
1 2 3 3 3 4 θ4

�1 y ♠ θ1 v 1 1 1 1
x ♦2 θ2 1 1 2 2 2 2
z w 1 2 2 3 3 θ3

1 2 3 3 3 4 θ4

�1 y ♠ θ1 1 1 1 1 1
x ♦2 θ2 1 2 2 2 2 2
z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4

�1 y ♠ 1 1 1 1 1 θ1

x ♦2 1 2 2 2 2 2 θ2

z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4
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θ4 > θ3 ≥ v ≥ w > θ2 > θ1

�1 y ♠ θ1 v θ3 1 1 1
x ♦2 θ2 1 1 1 2 2 2
z w 1 2 2 2 3 3
1 2 3 3 3 4 θ4

�1 y ♠ θ1 v 1 1 1 1
x ♦2 θ2 1 1 2 2 2 2
z w 1 2 2 3 3 θ3

1 2 3 3 3 4 θ4

�1 y ♠ θ1 1 1 1 1 1
x ♦2 θ2 1 2 2 2 2 2
z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4

�1 y ♠ 1 1 1 1 1 θ1

x ♦2 1 2 2 2 2 2 θ2

z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4
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θ4 > θ3 ≥ v ≥ w > θ2 > θ1

�1 y ♠ θ1 v θ3 1 1 1
x ♦2 θ2 1 1 1 2 2 2
z w 1 2 2 2 3 3
1 2 3 3 3 4 θ4

�1 y ♠ θ1 v 1 1 1 1
x ♦2 θ2 1 1 2 2 2 2
z w 1 2 2 3 3 θ3

1 2 3 3 3 4 θ4

�1 y ♠ θ1 1 1 1 1 1
x ♦2 θ2 1 2 2 2 2 2
z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4

�1 y ♠ 1 1 1 1 1 θ1

x ♦2 1 2 2 2 2 2 θ2

z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4
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θ4 > θ3 ≥ v ≥ w > θ2 > θ1

�1 y ♠ θ1 v θ3 1 1 1
x ♦2 θ2 1 1 1 2 2 2
z w 1 2 2 2 3 3
1 2 3 3 3 4 θ4

�1 y ♠ θ1 v 1 1 1 1
x ♦2 θ2 1 1 2 2 2 2
z w 1 2 2 3 3 θ3

1 2 3 3 3 4 θ4

�1 y ♠ θ1 1 1 1 1 1
x ♦2 θ2 1 2 2 2 2 2
z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4

�1 y ♠ 1 1 1 1 1 θ1

x ♦2 1 2 2 2 2 2 θ2

z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4

52 / 56



v ≥ w ≥ z > ♦2 > ♠

�1 y ♠ 1 1 1 1 1 θ1

x ♦2 1 2 2 2 2 2 θ2

z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4

1 1 1 1 1 1 1 1 1 θ1

�1 y ♠ w v 2 2 2 θ2

x ♦2 2 2 2 3 3 θ3

z 2 3 3 3 4 θ4

1 1 1 1 1 1 1 1 θ1

2 2 2 2 2 2 2 ♠ θ2

3 3 3 3 3 �1 ♦2 θ3

4 x y z w v θ4
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v ≥ w ≥ z > ♦2 > ♠

�1 y ♠ 1 1 1 1 1 θ1

x ♦2 1 2 2 2 2 2 θ2

z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4

1 1 1 1 1 1 1 1 1 θ1

�1 y ♠ w v 2 2 2 θ2

x ♦2 2 2 2 3 3 θ3

z 2 3 3 3 4 θ4

1 1 1 1 1 1 1 1 θ1

2 2 2 2 2 2 2 ♠ θ2

3 3 3 3 3 �1 ♦2 θ3

4 x y z w v θ4
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v ≥ w ≥ z > ♦2 > ♠

�1 y ♠ 1 1 1 1 1 θ1

x ♦2 1 2 2 2 2 2 θ2

z 1 2 w v 3 3 θ3

1 2 3 3 3 4 θ4

1 1 1 1 1 1 1 1 1 θ1

�1 y ♠ w v 2 2 2 θ2

x ♦2 2 2 2 3 3 θ3

z 2 3 3 3 4 θ4

1 1 1 1 1 1 1 1 θ1

2 2 2 2 2 2 2 ♠ θ2

3 3 3 3 3 �1 ♦2 θ3

4 x y z w v θ4
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Conjecture: ρ1, ρ2 and ρ3 coincide with the involution defined by AB = C.
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