A variation on tableau switching and a Pak-Vallejo’s
conjecture

Olga Azenhas

CMUC
Centre for Mathematics, University of Coimbra

June 26, 2008

/56



Overview

@ Fundamental symmetry map and Pak-Vallejo’s conjecture
@ Interlacing phenomenon and GT patterns

© Decreasing chain sliding/Reverse Schensted row insertion
© The bijection p3

©@ Benkart-Sottile-Stroomer tableau switching and interlacing
phenomenon



1. Fundamental symmetry map and Pak-Vallejo’s
conjecture

Definition (PV04)
The fundamental symmetry is a bijection

o LR,[A/u,v] — LR,[A/v, ).
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Conjecture [PV04] The fundamental symmetries p1, p2, p51 , P3 are
identical involutions.

[DKO05] Danilov, Koshevoy: p1 and p2 = p; are identical involutions.
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2. Interlacing phenomenon

2.1 Invariant factors of a product of matrices over a pid with one prime p

AB = C —> (u,v,A) — T € LR,(A/u,v)
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2.1 Invariant factors of a product of matrices over a pid with one prime p
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@
(3) a (3) 2 (3)
# Ha
(n) Iugn_” (n) Iugn_ﬂ (n) Iugn_ﬂ ‘(.”') g:” (n)
Hy Ho Ha Tt Hpy Hn "
GT pattern G = [u("), ..., u(""), 4" = ] of base u and weight 1 — v,

i
D -y = di-vii=1....n
j=1
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Transposition

B'A! = C' — (v,u, ) —> t(T) € LRy(A/v, 1)
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Transposition

B'A! = C' — (v,u, ) —> t(T) € LRy(A/v, 1)

p"1 p’{1

Xk L % Xk
-1) =
p'n-1 H n—1
P
p’n Fﬂn— n p/ln
% H A
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Transposition

At = C' — (v,u, 1) — t(T) € LRy(A/v, 1)

V1 24
P . Xk L P . % Xk
—q =
V TN
pVn-1 pin—1
p’n Fﬂn— n p/ln
v H A

Question: Does G = [u(V, @), ..., u("=1) 4] define t(T)?
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Transposition

'A' = C' — (v, 11, 1) — t(T) € LRy(A/v, 1)

p’n Fﬂn— n pﬂn

Question: Does G = [u(V), @), .. u("=1), 4] define t(T)?

@ Yes, if t(T") € LR(A(r-1)/V[n-1}-#\"")) can be obtained by
suppression of the last row of t(T).
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LR tableaux and GT patterns

@ There is a bijection between LR,[1/v,u] and GT patterns
G = [uM, - u(1, u(M] of base u and weight 1 — v,

T
'ug ) ’ug) ,ug)
Iugn—1) (n-1) #;(3”_1) . gn—11)
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LR tableaux and GT patterns

@ There is a bijection between LR,[1/v,u] and GT patterns
G = [uM, - u(1, u(M] of base u and weight 1 — v,

RN

'ug ) ’ug) 3)
(n) Iugn ’ () Y (n) Iugn_ﬂ (n) gn_11) (n)
n n

Jo Mg Hny Hn

such that

ﬁ
_n.

/:1
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Combinatorial scheme of LR tableaux

X =todot
Vin-1] = (V1> > Vn-1), App—1] = (A1, , A1)
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2.1. Young tableau shape interlacing

Theorem
T € STp(A/u, m)

A A[n—1]

1]
o

P the rectification of T with shape(P) = o

~ ~ - ,---,O'n—1,0'n)
P the rectification of T with shape(P) = 6 =

1
F1oesGnt)
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2.1. Young tableau shape interlacing

Theorem
T € STp(A/u, m)

A A[n—1]

1]
o

,---,O'n—1,0'n)

P the rectification of T with shape(P) = o = (o
(F1s- s Fnt)

P the rectification of T with shape(P) = & =
Then

0-'1 0-2 0-3 [N O-n_‘] O-n
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Young tableau combinatorial scheme
@ T =P, Pwithn-1rows

X
s
5. oo [
P
X =So0dos

V[n—1] - (V1" * 5 Vn-1 ), /l[n—'I] — (/119 o ,/ln—1)
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e If (P, R) is the switching of (Y(u), T), the last row of the GT pattern
defining the LR tableau R can be obtained by some sliding up
operations in the last row of T.
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3. Decreasing chain sliding/Reverse Schensted row
insertion

@ If T = P where P has n — 1 rows, the strictly decreasing chains
starting in the bottom row do not reach the top row of T.

o 2
2

aORrND—= e o
DA~ WN e o
~NoO BN e e
NO W e o
N W e e
AN e
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3. Decreasing chain sliding/Reverse Schensted row
insertion

@ If T = P where P has n — 1 rows, the strictly decreasing chains
starting in the bottom row do not reach the top row of T.

e o o o o o o 2 o o o o o o 2 2

e o o o o 2 2 e o o o o 2 3
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3. Decreasing chain sliding/Reverse Schensted row
insertion

@ If T = P where P has n — 1 rows, the strictly decreasing chains
starting in the bottom row do not reach the top row of T.

e o o o o o o 2 o o o o o o 2 2
e o o o o 2 2 e o o o o 2 3
T_122334 1.2 2 3 4 4
2 3 4 6 7 2 3 6 6 7
4 4 6 7 4 4 7 7
5 6 7 5 6
e o o o o o 2 2
e o o 1 2 2 3
TT=2 2 3 3 4 4
4 4 6 6 7
5 6 7 7
e T=T, 6 3
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Proposition T € ST,(1/u, m), T = P, P of normal shape with n — 1 rows.
If T’ is obtained by reverse Schensted row insertion in the last row of T,
T’ € STy-1(Ajp—1)/1’, m) with T" = T and the inner shape u’ of T’
interlaces with the inner shape p of T.

Lemma
w = Y(u). Then shuffle(n...21,w) = Y(u+(1,...,1))

Corollary

T € LR(A/u,v), then T can be rectified by reverse Schensted row
insertion.
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4.The bijection p3
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e Can (Y(u(""), Q) be obtained by reverse Schensted row insertion
from the bottom row of T?

X
S
o " s
P
L
X =80008

Vin-1] = (V1> Vn-1), App—1] = (A1, , A1)
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5. Benkart-Sottile-Stroomer tableau switching and
interlacing phenomenon
Theorem

Let T € Sty(A/u, m) and (Y(u), T) S (P, R) where P has n— 1 rows and
R e LR(A/v,p).

If R = R UL, ] and (P, R(™1) & (Y(u(™1), Q), then
@ Q is obtained by reverse Schensted row insertion in the last row of T

@ L =17 (n-1» such that u — u("") = (ry, -, ro_1, ).

Corollary
S

T e LR(/u,v), (Y(u), T) & (Y(v), R)

@ The GT pattern defining R can be obtained by successive reverse
Schensted row insertion operations starting in the bottom row of T.
@ p3(T)=p1(T) =R.
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Proof by induction on |L|
@ |L|=1

T 111 1 1 1 1

2222 2 2 &6

83 33 3 ¢ 0 6 — (P,R=R(™ U L)
63

94>93>92>91

1 1 6
2 & 0O
o1 ©o O3
04

A WON =
wnNnn =
wn =
wn =
wnNnh =
N —
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Conjecture: p1, p2 and p3 coincide with the involution defined by AB = C.
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