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Abstract. We make a systematic study of a new combinatorial construction called a dual equivalence

graph. Motivated by the dual equivalence relation on standard Young tableaux introduced by Haiman, we
axiomatize such constructions and prove that the generating functions of these graphs are Schur positive.
We construct a graph on k-ribbon tableaux which we conjecture to be a dual equivalence graph, and we
prove the conjecture for k ≤ 3. This implies the Schur positivity of the k-ribbon tableaux generating

functions, eG
(k)
µ (x; q), introduced by Lascoux, Leclerc and Thibon. From Haglund’s monomial expansion

for Macdonald polynomials, this has the further consequence of a combinatorial Schur expansion of the

transformed Macdonald polynomials eHµ(x; q, t) when µ is a partition with at most 3 columns.

1. Introduction

The immediate purpose of this paper is to establish a combinatorial formula for the Schur expansion
of the k-ribbon tableaux generating functions known as LLT polynomials when k ≤ 3. As a corollary, this
yields a combinatorial formula for the Kostka-Macdonald polynomials for partitions with at most 3 columns.
Furthermore, we conjecture that the construction used generalizes to arbitrary k. Our real purpose, however,
is not only to obtain the above results, but also to introduce a new combinatorial construction, called a dual
equivalence graph, by which one can establish the Schur positivity of polynomials expressed in terms of
monomials.

In Section 2, we introduce notation for familiar objects in symmetric function theory, for the most
part following the notation of [Mac95]. Section 3 is devoted to the development of the theory of dual
equivalence graphs. We review the original definition of dual equivalence given in [Hai92], and in Section
3.1 show how from this we obtain a graph whose vertices are given by standard Young tableaux and whose
connected components are indexed by partitions. In Section 3.2, we present an axiomatization of a general
dual equivalence graph and state two main theorems which justify this axiomatization and indicate its
significance.

With these constructions in place, Section 4 contains the first application of dual equivalence graphs
from which we obtain a combinatorial interpretation of the Schur expansion of LLT polynomials. Section
4.1 begins by recalling the original definition given in [LLT97], and in Section 4.2 we give an equivalent
framework which will facilitate the constructions to follow. In Section 4.3, we present the main theorem
of this section, a combinatorial proof of Schur positivity of LLT polynomials when k ≤ 3, and we give the
idea of the proof and an indication of how it may generalize to arbitrary k. Extending this example, in
Section 4.4, we use the combinatorial expansion of Macdonald polynomials in terms of LLT polynomials
from [Hag04, HHL05a] to give a combinatorial description of the (q, t)-Kostka numbers.

2. Preliminaries

We represent an integer partition λ by a decreasing sequence of its (nonzero) parts

λ = (λ1, λ2, . . . , λm), λ1 ≥ λ2 ≥ · · · ≥ λm > 0.
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We may also write

λ = (1m1 , 2m2 , . . .)

where mi is the number of times i occurs as a part of λ. We denote the size of λ by |λ| =
∑

i λi. If |λ| = n,
we say that λ is a partition of n. Given λ, we have the conjugate partition λ′ defined by

λ′
j =

∑

i≥j

mi.

The Young diagram of λ is the set of points (i, j) in the Z × Z plane such that 1 ≤ i ≤ λj . We draw
the diagram so that each point (i, j) actually gives the cell of the grid that is southwest of the point. For
example, the Young diagram for λ = (5, 4, 4, 1) is

We will write λ for both the partition and its diagram.
For a partition diagram, the content of a cell indexes the diagonal on which it occurs, i.e. c(x) = j − i

when the cell x lies in position (i, j) ∈ Z × Z.
For partitions λ, µ, we write µ ⊂ λ whenever the diagram for µ is contained within the diagram for λ,

equivalently µi ≤ λi for i ≥ 1. In this case, we define the skew diagram ν = λ/µ to be the set theoretic
difference λ − µ.

Let An,A denote the alphabets {1, . . . , n}, N, respectively. A filling of a (skew) diagram λ is a map

S : λ −→ A.

A semi-standard Young tableau is a filling which is weakly increasing along each row of λ and strictly
increasing along each column. A semi-standard Young tableau is standard if it is a bijection from λ to An,
where n = |λ|. For λ a partition of n and µ a composition of n, we define

SSYT(λ) = {semi-standard tableaux T : λ → A}

SSYT(λ, µ) = {semi-standard tableaux T : λ → A with entries 1µ1 , 2µ2 , . . .}

SYT(λ) = {standard tableaux T : λ → An} = SSYT(λ, (1n)).

For T ∈ SSYT(λ, µ), we say that T has shape λ and weight µ. Given a semi-standard Young tableau T , the
content reading word of T is the word obtained by reading the entries of T along diagonals from southwest
to northeast, starting with the smallest content.

We have the familiar bases for the ring of symmetric function from [Mac95]: the monomial symmetric
functions mλ, the elementary symmetric functions eλ, the complete homogeneous symmetric functions hλ,
the power sum symmetric functions pλ and the almighty Schur functions sλ.

Recall the Hall inner product 〈−,−〉 on symmetric functions defined by

〈sλ, sµ〉 = δλ,µ = 〈mλ, hµ〉,

which makes the Schur functions into an orthonormal basis. The Kostka numbers, Kλ,µ, give the change of
basis from the complete homogeneous symmetric functions to the Schur functions,

〈hµ, sλ〉 = Kλ,µ = 〈sλ, mµ〉,

or equivalently

hµ =
∑

λ

Kλ,µsλ; sλ =
∑

µ

Kλ,µmµ.

Thus the Kostka numbers also give the highest weight multiplicities for GLn modules. Throughout this
paper, we are interested in certain one- and two-parameter generalizations of the Kostka numbers.
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3. Dual equivalence graphs

Dual equivalence was first defined by Haiman [Hai92]. The relation to which it is “dual” is jeu-de-taquin
equivalence under the Schensted correspondence. In particular, two permutations are dual equivalent exactly
when the inverse permutations are jeu-de-taquin equivalent.

Definition 3.1. An elementary dual equivalence on three consecutive letters i−1, i, i+1 of a permutation
is given by switching the outer two letters whenever the middle letter is not i.

· · · i · · · i ± 1 · · · i ∓ 1 · · · ≡∗ · · · i ∓ 1 · · · i ± 1 · · · i · · ·

Two permutations are dual equivalent if one can be transformed into the other by some sequence of elementary
dual equivalences. Two standard tableau are dual equivalent if their content reading words are.

3.1. The standard dual equivalence graph Gλ. We can construct a colored graph whose vertices
are standard tableau from this relation in the following way. Whenever two standard tableaux T, U have
content reading words which differ by an elementary dual equivalence for i−1, i, i+1, connect T and U with
an edge colored by i. It is clear that the connected components of the graph so constructed will correspond
to the dual equivalence classes of standard tableaux. Let Gλ denote the subgraph of tableaux of shape λ.
The following proposition tells us that the Gλ exactly give the connected components of the dual equivalence
graph.

Proposition 3.2 ([Hai92]). Two standard tableaux on straight shapes are dual equivalent if and only
if they have the same shape.

For any subset D ⊂ {1, . . . , n − 1}, Gessel [Ges84] defined the quasi-symmetric function

(3.1) Qn,D(x) =
∑

i1≤···≤in

ij=ij+1⇒j 6∈D

xi1 · · ·xin
.

We can use Gessel’s quasi-symmetric functions to define a generating function on the vertices of a dual
equivalence graph. First we add a signature for each vertex, which may be regarded as an indicator function
for a subset of {1, . . . , n − 1}, setting i ∈ D if and only if σi = −1.

Definition 3.3. Let T be a standard tableau on An with content reading word w. Define the descent
signature σ(T ) ∈ {±1}n−1 by

(3.2) σ(T )i =

{
+1 if i appears to the left of i + 1 in w
−1 if i + 1 appears to the left of i in w

The generating function associated to a connected component Gλ, |λ| = n, is given by

(3.3) gλ(x) =
∑

v∈V (Gλ)

Qn,σ(v)(x).

Recall the following combinatorial formula for (skew) Schur functions

sλ(x) =
∑

T∈SSYT(λ)

xT ,

where xT is the monomial xµ1

1 xµ2

2 · · · when T has weight µ. Gessel changed this formula into a sum over
standard tableaux, which shows that gλ(x) is nothing new, but just that ubiquitous Schur function sλ(x).

Proposition 3.4 ([Ges84]). The (skew) Schur function sλ(x), |λ| = n, can be expressed in terms of
quasi-symmetric functions by

sλ(x) =
∑

T∈SYT(λ)

Qn,σ(T )(x).
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3.2. Axiomatization of dual equivalence. Our goal now is to characterize when a given colored
graph G with signed vertices “looks like” a dual equivalence graph. The axiomatization given below comes
from analyzing the local properties of the standard dual equivalence graph, and abstracting away the depen-
dence on tableaux.

Let V be a vertex set with signatures given by σ : V → {±1}N−1. Let E be a collection of colored edges
between (distinct) vertices of V on the palette {2, 3, . . . , n− 1}, with n ≤ N . Let Ei ⊂ E denote those edges
colored by i.

Definition 3.5. G = (V, σ, E) is a dual equivalence graph if the following hold:

(ax1) For w ∈ V and 1 < i < n, σ(w)i−1 = −σ(w)i if and only if there exists x ∈ V such that {w, x} ∈ Ei.
Moreover, x is unique when it exists.

(ax2) Whenever {w, x} ∈ Ei,

σ(w)j = −σ(x)j for j = i − 1, i;
σ(w)h = σ(x)h for h < i − 2 and i + 1 < h.

(ax3) Whenever {w, x} ∈ Ei,
(a) if σ(w)i−2 = −σ(x)i−2, then {w, x} ∈ Ei−1;

(b) if σ(w)i+1 = −σ(x)i+1, then {w, x} ∈ Ei+1 if i + 1 < n, and
σ(w)i = −σ(w)i+1 if i + 1 = n.

(ax4) For 3 < i < n, every non-trivial connected component of the subgraph (V, σ, Ei−2 ∪ Ei−1 ∪ Ei) is
one of the following:

(a) • • • •

(b) • • • • •

(c) • • •

• • •

i−2 i−1 i

i−1

i

i−2 i
i−2

i−1

i−1 i

i−2

i−2

i i−1

(ax5) Whenever |i − j| ≥ 3, {w, x} ∈ Ei and {x, y} ∈ Ej , there exists v ∈ V such that {w, v} ∈ Ej and
{v, y} ∈ Ei.

We can quickly verify that each Gλ satisfies the above axioms. Axiom 1 follows from the fact that T
admits an elementary dual equivalence for i−1, i, i+1 exactly when i does not occur between i−1 and i+1 in
the content reading word. For axiom 2, simply note that only two letters are interchanged by an elementary
dual equivalence, so σ doesn’t change much. Axiom 3 comes into play exactly when both i − 1 and i + 2
lie between i and i + 1, so that an elementary dual equivalence applies to i−1, i, i+1 as well as i, i+1, i+2.
Axiom 4 is a straightforward check, and axiom 5 is obvious since i−1, i, i+1 and j−1, j, j+1 have no common
letters when |i − j| ≥ 3.

This, however, is only half of the story. Let us say that two signed, colored graphs are isomorphic if
there exists a graph isomorphism from one to the other which respects the signature of vertices and color
of edges. By looking at the structure of graphs satisfying the given axioms, we prove by induction on the
colors of the edges that the given definition is correct in the following sense.

Theorem 3.6. Every connected component of a dual equivalence graph is isomorphic to Gλ for a unique
partition λ.

For a given signed, colored graph G for which every vertex is assigned some additional statistic α, we
define the generating function G(x; q) by

(3.4) G(x; q) =
∑

v∈V (G)

qα(v)Qn,σ(v)(x).

We can, of course, include multivariate statistics, but as our immediate purpose is to apply this theory to
LLT polynomials, a single parameter suffices for now.
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Theorem 3.6 and Proposition 3.4 together give a criterion implying that G(x; q) is symmetric and Schur
positive, and establish a combinatorial interpretation of the Schur expansion.

Corollary 3.7. Let G be a dual equivalence graph with a vertex statistic α which is constant on con-
nected components of G. Let C(λ) denote the set of connected components of G which are isomorphic to Gλ.
Then

G(x; q) =
∑

λ

∑

C∈C(λ)

qα(C)sλ(x).

4. An application: LLT polynomials

In order to demonstrate one of the main uses of dual equivalence graphs, we present the following
application to the ribbon tableaux generating functions known as LLT polynomials.

In 1997, Lascoux, Leclerc and Thibon introduced in [LLT97] a new family of symmetric functions

which are q-analogs of products of Schur functions, denoted G̃
(k)
µ (x; q). Using Fock space representations

of quantum affine Lie algebras constructed by Kashiwara, Miwa and Stern [KMS95], Lascoux, Leclerc and

Thibon proved that G̃
(k)
µ (x; q) is a symmetric function [LLT97]. Thus we may define the Schur coefficients,

K̃
(k)
λ,µ(q) by

G̃(k)
µ (x; q) =

∑

λ

K̃
(k)
λ,µ(q)sλ(x) .

Using Kazhdan-Lusztig theory, Leclerc and Thibon proved K̃
(k)
λ,µ(q) ∈ N[q] for straight shapes µ [LT00].

This has recently been extended by Grojnowski and Haiman for skew shapes [GH].

An incomplete combinatorial proof of K̃
(2)
λ,µ(q) ∈ N[q] was given by Carré and Leclerc in [CL95]. This

proof was later completed by van Leeuwen using the theory of crystals [vL05]. The proof relies heavily on
special properties of k = 2 which fail for k ≥ 3.

Finding a combinatorial formula for K̃
(k)
λ,µ(q) remains open for k > 3, and the proof for k = 3 is one

of the main results of this paper. To that end, our goal is to establish the existence of a dual equivalence
structure on standard ribbon tableaux of a given (skew) shape which preserves cospin, thereby proving

that the coefficient of sλ in G̃
(k)
µ will q-count the number of connected components of the graph which are

isomorphic to Gλ.

4.1. k-ribbon tableaux and cospin. Recall that a k-ribbon is a connected skew diagram with k cells
which contains no 2× 2 block. To each partition λ is associated a k-core, denoted λ(k), which is the unique
partition obtained from λ by successively removing k-ribbons in such a way that at every stage a partition
diagram remains.

By labeling each k-ribbon with a letter of A, we obtain a k-ribbon filling of λ/λ(k). Such a filling gives
a semi-standard k-ribbon tableau if the ribbons labeled i form a horizontal k-ribbon strip for each i, and the
union of the ribbons with labels < i form a skew k-ribbon tiling for all i. A semi-standard k-ribbon tableau
is called standard if the ribbons are labeled from 1 to n without repetition. Amending prior notation, define

SSYTk(λ) = {semi-standard k-ribbon tableaux of shape λ/λ(k)}.

The k-quotient of a k-ribbon tableau T ∈ SSYTk(λ) is the k-tuple of tableaux (T (0), . . . , T (k−1)), some
of which may be empty, which corresponds to T under the Stanton-White correspondence [SW85]. This
correspondence gives a bijection between semi-standard k-ribbon tableaux on λ/λ(k), and k-tuples of semi-

standard tableaux on (λ(0), . . . , λ(k−1)), the k-quotient of λ. Therefore the generating function for ribbon
tableaux reduces to a product of Schur functions,

(4.1) G
(k)
λ (x) =

∑

T∈SSYTk(λ)

xT =

k−1∏

i=0

∑

T (i)∈SSYT(λ(i))

xT (i)

=

k−1∏

i=0

sλ(i) (x) .

For a complete discussion of cores and quotients, see [JK81].
Define the spin of a ribbon R to be

s(R) =
ht(R) − 1

2
,
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where ht(R) denotes the height of the ribbon. Extending this to a ribbon tableau T , define s(T ) to be the
sum of the spins of the ribbons of T .

Given a shape λ, define

s∗k(λ) = max{s(T )|T ∈ SSYTk(λ)} .

The cospin s̃(T ) of a k-ribbon tableau T of shape λ is given by

s̃(T ) = s∗k(λ) − s(T ) .

Adding in q with the cospin statistic gives the LLT polynomial

(4.2) G̃(k)
µ (x; q) =

∑

T∈SSYTk(µ)

qes(T )xT =
∑

T∈SYTk(µ)

qes(T )Qn,σ(T )(x) ,

where σ(T ) may be defined analogous to equation (3.2).

4.2. k-tuples of SSYT and k-inversions. In order to establish a dual equivalence graph on ribbon
tableaux, we consider the k-quotient under the Stanton-White correspondence. For this to be a viable
approach, we need to translate the cospin statistic into a statistic on the quotient, which was done in
[SSW03, HHL+05b]. We will use the statistics given in [HHL+05b].

To each piece of the k-quotient we assign a distinct integer modulo k, say (s0, . . . , sk−1), with si ≡
i (mod k). In the k-quotient, we adjust the content of a cell x of λ(i) by

(4.3) c̃(x) = kc(x) + si .

The result is that the shifted content of the labels in the quotient correspond precisely with the content of
the labels of the ribbons in the ribbon tableau.

Now we can define a new statistic on the k-quotient, called the k-inversion number, which will differ
from cospin by some constant depending only on the shape. We say that cells x and y form a k-inversion if
k > c̃(y) − c̃(x) > 0 and the entry of x is larger than the entry of y. The k-inversion number, denoted invk,
for a k-tuple of tableaux is the number of such k-inversions.

This statistic motivates the following encoding of a k-tuple of semi-standard Young tableaux. Construct
a word whose letters are subsets of {1, . . . , n} by defining the jth letter to be the set of entries with shifted
content j. Note that λ(i) contributes all letters x with c̃(x) ≡ i (mod k). Therefore the shape of λ(i) may
be recovered from this word from the descent set of the i (mod k) subword. With this motivation, we say x
and y form a k-descent if c̃(y) − c̃(x) = k and the entry of x is larger than the entry of y.

The vertices for which we wish to establish a dual equivalence graph will be words arising as the content
readings words of standard k-tuples of Young tableaux. Fixing the shapes of the k-tuples amounts to fixing
the k-descent set, and in order for cospin to be a function on connected components, we must ensure that
the edges of the graph preserve the k-inversion number.

We define the signature σ : V −→ {±1}n−1 by

(4.4) σ(w)j =

{
+1 if c̃(j) < c̃(j + 1)
−1 if c̃(j) > c̃(j + 1)

for j = 1, . . . , n − 1, where c̃(j) is the shifted content of the cell containing the letter j in w.
Note that since we are considering only words coming from standard tableaux, if i and j occur in the

same content position in w, say i < j,
j

i
 

a j

i b

then cells for a and b must exist, and i < a, b < j, so we may conclude that j − i ≥ 3. This observation
shows that equation (4.4) defines σ for all j.

4.3. Constructing a dual equivalence graph. The following involutions are the basic ingredients in
constructing edges which preserve k-descents and the k-inversion number. Recall from the previous section
that none of i−1, i, i+1 may occur with the same content. In line with dual equivalence axiom 1, say
that a word w admits an i-edge if σ(w)i−1 = −σ(w)i, i.e. w would like to be part of an i-edge. We
regard the distance between two entries of w as the difference in their contents, with the obvious extension
dist(a1, . . . , al) = maxi,j(dist(ai, aj)).
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Definition 4.1. Define involutions on words admitting an i-edge as follows:

di(· · · i · · · i ± 1 · · · i ∓ 1 · · · ) = · · · i ∓ 1 · · · i ± 1 · · · i · · · ,

d̃i(· · · i · · · i ± 1 · · · i ∓ 1 · · · ) = · · · i ± 1 · · · i ∓ 1 · · · i · · · ,

with all other entries remaining fixed, and define the involution D
(k)
i by

D
(k)
i (w) =

{
di(w) dist(i−1, i, i+1) > k

d̃i(w) dist(i−1, i, i+1) ≤ k

If dist(i−1, i, i+1) > k in w, then di preserves the k-inversion number and k-descent set, otherwise d̃i

preserves both these statistics. Therefore D
(k)
i preserves both the k-inversion number and the k-descent set

for all words.
When k = 1, the definition of D

(1)
i reduces to the standard elementary dual equivalence since necessarily

dist(i − 1, i, i + 1) > 1. In this case, allowing D
(1)
i to define edges in the obvious way recovers the standard

dual equivalence graph on tableaux.

When k = 2 the situation is not much more complicated. Now the full description of D
(2)
i is needed,

however, it is still relatively straightforward to check that allowing D
(2)
i to define i-edges in the obvious way

gives a dual equivalence graph. For a (skew) partition µ, denote this graph by G
(2)
µ .

Theorem 4.2. G
(2)
µ is a dual equivalence graph for which the cospin statistic is constant on connected

components.

Corollary 4.3. K̃
(2)
λ,µ(q) ∈ N[q].

The proof of Theorem 4.2 is surprisingly short, and offers a much simpler combinatorial proof of Corollary

4.3 than the proof using crystals. Sadly, when k ≥ 3, D
(k)
i will not give the edges of a dual equivalence

graph. For instance, if w has the pattern 2431 with dist(1, 2, 3) ≤ k, then d̃2(w) contains the pattern 3412,
resulting in a necessary double edge for E2 and E3 by axiom 3. This implies that Ei may, and sometimes
must, change the positions of entries less than i − 1.

In general, we will construct edges Ei inductively, beginning with D
(k)
i , thereby ensuring that the k-

descent set and k-inversion number will be preserved. The process considers “forced” double edges of the
kind discussed above and adjusts the graph slightly to account for these. The algorithm for constructing
edges depends heavily on the fact that the subgraph of all lower colored edges is a dual equivalence graph,

and relies on many properties of dual equivalence graphs in order to be well-defined. Let G
(k)
µ denote the

graph so constructed whose vertices are given by standard k-ribbon tableaux of (skew) shape µ with σ
defined by equation (4.4).

Conjecture 4.4. G
(k)
µ is well-defined and is a dual equivalence graph for which the cospin statistic is

constant on connected components.

To prove Conjecture 4.4, we look more closely at the resulting edges Ei defined by the algorithm.
Interestingly, the edges break into two cases based on dist(i−1, i, i+1). When dist(i−1, i, i+1) > k, the edges

are simply given by the elementary dual equivalences D
(k)
i = di, and proving that the resulting subgraph is

well-defined and satisfies the axioms can be done for arbitrary k. When dist(i−1, i, i+1) ≤ k, the situation
is much more complicated. The crux of the argument comes down to one key lemma which characterizes the

connection between D
(k)
i and double edges. While this lemma remains a conjecture for k > 3, we do have

the following result.

Theorem 4.5. Conjecture 4.4 is true for k ≤ 3.

Corollary 4.6. For each partition λ, let C
(k)
µ (λ) denote the set of connected components of G

(k)
µ which

are isomorphic to Gλ. Then for k ≤ 3,

G̃(k)
µ (x; q) =

∑

λ




∑

C∈C
(k)
µ (λ)

qes(C)


 sλ(x).

In particular, G̃
(k)
µ (x; q) is Schur positive.
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4.4. Macdonald polynomials. In 1988, Macdonald [Mac88] found a remarkable new basis of sym-
metric functions in two parameters which specializes to Schur functions, complete homogeneous, elementary
and monomial symmetric functions and Hall-Littlewood functions, among others. The transformed Macdon-

ald polynomials H̃µ(x; q, t) are uniquely characterized by certain orthogonality and triangularity conditions
as follows.

Proposition 4.7 ([Hai99]). The H̃µ(x; q, t) are the unique functions satisfying the following:

(1) H̃µ(x; q, t) ∈ Q(q, t){sλ[X/(1 − q)]|λ ≥ µ};

(2) H̃µ(x; q, t) ∈ Q(q, t){sλ[X/(1 − t)]|λ ≥ µ′};

(3) H̃µ[1; q, t] = 1.

The square brackets in Proposition 4.7 stand for plethystic substitution. In short, sλ[A] means sλ applied
as a Λ-ring operator to the expression A, where Λ is the ring of symmetric functions. For a thorough account
of plethysm, see [Hai99].

Of particular interest are the (q, t)-Kostka polynomials K̃λ,µ(q, t) which give the Schur expansion of
Macdonald polynomials:

(4.5) H̃µ(x; q, t) =
∑

λ

K̃λ,µ(q, t)sλ(x).

The Macdonald positivity conjecture states that K̃λ,µ(q, t) ∈ N[q, t]. Garsia and Haiman [GH93] conjectured

that the transformed Macdonald polynomials H̃µ(x; q, t) could be realized as the bigraded characters of the
diagonal action of Sn on two sets of variables. By analyzing the algebraic geometry of the Hilbert scheme
of n points in the plane, Haiman [Hai01] was able to prove this conjecture and consequently establish

K̃λ,µ(q, t) ∈ N[q, t].
Another breakthrough in the study of Macdonald polynomials came with Haglund’s combinatorial for-

mula for the monomial expansion of H̃µ(x; q, t) [Hag04]. This formula, which was proven by Haglund,

Haiman and Loehr [HHL05a], does not give a combinatorial proof of K̃λ,µ(q, t) ∈ N[q, t], but does make
the problem more accessible. Combining Theorem 2.3, Proposition 3.4 and equation (23) from [HHL05a],

to give a combinatorial description of K̃λ,µ(q, t) it suffices to give a description of the Schur expansion of
certain LLT polynomials. Below we recall Haglund’s formula and show how the graphs constructed for LLT
polynomials also apply to Macdonald polynomials.

For a cell c in the diagram of λ, define the arm, a(c), to be the number of cells to the right of c, and the
leg, l(c), to be the number of cells above c.

Let S be a standard filling of λ, that is S : λ → An where |λ| = n. A descent of S is a cell (i, j) of λ
such that S(i, j) > S(i, j − 1). Denote by Des(S) the set of all descents of S. Then define the major index
of S by

(4.6) maj(S)
def
= |Des(S)| +

∑

c∈Des(S)

l(c).

An ordered pair of cells ((i, j), (g, h)) is called attacking if j = h and i < g, or j = h + 1 and i > g. An
inversion pair of S is an attacking pair ((i, j), (g, h)) such that S(i, j) > S(g, h). Denote by Inv(S) the set
of inversion pairs of S. Then define the inversion number of S by

(4.7) inv(S)
def
= |Inv(S)| −

∑

c∈Des(S)

a(c).

Expressed in terms of quasi-symmetric functions, Haglund’s formula is

(4.8) H̃µ(x; q, t) =
∑

S:µ→[n]

qinv(S)tmaj(S)Qn,σ(S)(x).

For a given filling S, we may define the spaced row-reading word of S, denoted w(S), to be the row-reading
word of S augmented with ∅’s in each cell of (µµ1

1 )/µ. The inversion pairs defined above exactly give the
k-inversions of w(S), and similarly the descent set of S corresponds precisely with the k-descent set of w(S),
as defined in Section 4.2. The arm and leg statistics remain unchanged, thus the k-inversion number and
k-descent set for w(S) completely determine inv(S) and maj(S) as given in equations 4.6 and 4.7. Therefore
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the dual equivalence graphs constructed for LLT polynomials hold these statistics constant on connected
components, giving rise to the following corollary to Conjecture 4.4.

Theorem 4.8. Let µ be a partition with µ1 = k. Assuming Conjecture 4.4 holds, let G
(k)
µD be the dual

equivalence graph for standard k-ribbon tableaux whose content reading words have Desk = D. For each

partition λ, let C
(k)
µD (λ) denote the set of connected components of G

(k)
µD which are isomorphic to Gλ. Then

K̃λ,µ(q, t) =
∑

D⊂µ

∑

C∈C
(k)
µD

(λ)

qinv(C)tmaj(C).

In particular, by Theorem 4.5, we have a combinatorial formula for K̃λ,µ(q, t) when µ is a partition with
at most 3 columns.
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[CL95] C. Carré and B. Leclerc, Splitting the square of a Schur function into its symmetric and antisymmetric parts,
Journal of Algebraic Combinatorics 4 (1995), 201–231.

[Ges84] Ira M. Gessel, Multipartite p-partitions and inner products of skew Schur functions, Contemp. Math. 34 (1984),
289–317.

[GH] Ian Grojnowski and Mark Haiman, Affine Hecke algebras and positivity of LLT and Macdonald polynomials,
preprint.

[GH93] A. M. Garsia and M. Haiman, A graded representation model for Macdonald’s polynomials, Proceedings of the
National Academy of Sciences 90 (1993), no. 8, 3607–3610.

[Hag04] J. Haglund, A combinatorial model for the Macdonald polynomials, Proc. Natl. Acad. Sci. 101 (2004), no. 46,
16127–16131.

[Hai92] Mark Haiman, Dual equivalence with applications, including a conjecture of Proctor, Discrete Mathematics 99

(1992), 79–113.
[Hai99] Mark Haiman, Macdonald polynomials and geometry, New perspectives in geometric combinatorics, MSRI Publi-

cations 37 (1999), 207–254.
[Hai01] Mark Haiman, Hilbert schemes, polygraphs, and the Macdonald positivity conjecture, Journal of the American

Mathematical Society 14 (2001), 941–1006.
[HHL05a] J. Haglund, M. Haiman, and N. Loehr, Combinatorial theory of Macdonald polynomials i: Proof of Haglund’s

formula, Proc. Natl. Acad. Sci. 102 (2005), no. 8, 2690–2696.
[HHL+05b] J. Haglund, M. Haiman, N. Loehr, J. B. Remmel, and A. Ulyanov, A combinatorial formula for the characters of

the diagonal coinvariants, Duke Math. J. 126 (2005), no. 2, 195–232.
[JK81] Gordon James and Adalbert Kerber, The representation theory of the symmetric group, Encyclopedia of Mathe-

matics and its Applications, vol. 16, Addison-Wesley Publishing Company, Reading, Massachusetts, 1981.
[KMS95] M. Kashiwara, T. Miwa, and E. Stern, Decomposition of q-deformed Fock spaces, Selecta Mathematica (N.S.) 1

(1995), no. 4, 787–805.
[LLT97] Alain Lascoux, Bernard Leclerc, and Jean-Yves Thibon, Ribbon tableaux, Hall-Littlewood functions, quantum affine

algebras, and unipotent varieties, J. Math. Phys. 38 (1997), no. 2, 1041–1068.
[LT00] Bernard Leclerc and Jean-Yves Thibon, Littlewood-Richardson coefficients and Kazhdan-Lusztig polynomials, Adv.

Stud. Pure Math. 28 (2000), 155–220.
[Mac88] I. G. Macdonald, A new class of symmetric functions, Actes du 20e Seminaire Lotharingien 372 (1988), 131–171.
[Mac95] I. G. Macdonald, Symmetric functions and Hall polynomials, second edition ed., Clarendon Press, Oxford University

Press, New York, 1995.
[SSW03] Mark Shimozono, Anne Schilling, and Dennis White, Branching formula for q-Littlewood-Richardson coefficients.,

Adv. in Appl. Math. 30 (2003), no. 1-2, 258–272.
[SW85] Dennis Stanton and Dennis White, A Schensted algorithm for rim hook tableaux, Journal of Combinatorial Theory

40 (1985), 211–247.
[vL05] M.A.A. van Leeuwen, Spin-preserving Knuth correspondences for ribbon tableaux, Electronic Journal of Combina-

torics Research Paper 10 (2005), 65pp.

Department of Mathematics, University of California, Berkeley, USA, 94720

E-mail address: sassaf@math.berkeley.edu


