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Introduction

The story begins with the paper:

Note: Parts I1 — VII followed.
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J.W.L. GLAISHER (Referee’s report for the
Philosophical Transactions of the Royal Society,

June 8, 1896)’

[! Printed with permission of the Royal Society]
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BUT :
His efforts did not turn

out as he had hoped, and
he had to spend nearly
20 yvears finding an
alternative treatment.
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PLANE PARTITIONS:
3 rows and 3 columns

In[19)=

OSum/|
qaz.z +812+813+8; +tA2+A3 +A31 +A32+A33
¥
{ai; < aja, aj; < a;s,
azi < &z, &y s azs,
asz; < asz, az; s asjs,
aj; < az;, &2 < asz;,
aiz S azz, &322 £ asa,
a;z S azs, az3 < a3z},

A]
Assuming aj;; = 0
- "Assuming aj; = 0
Assuming a3 > 0
Assuming as; = 0
Assuming az; = 0
Assuming asz = 0
Assuming asz; 2 0
Assuming aa; = 0

Assuming as; =2 0
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Inf20i=

OR[%]

Eliminating Aip...

Eliminating A;;...

Eliminating A;g...

Eliminating As..

Eliminating Ag...
Eliminating Ay...
Eliminating A,...

Eliminating A;...

Eliminating As..

Eliminating As..

Eliminating Ag...

Eliminating Ag. ..

A=



PLANE PARTITIONS:
3 rows and 4 columns

inf7h=

OSum [

q&n +8y3+@33+82;1 +t833 +t823 +83y +837 +833

Ajyq+A+83y4 ,

d
{ai11 £ a3y, a3 < a3,

i3z S A4,

az; S Az, &z s azs,

az3 S az4¢«s

asz; S a3z, az; < azi,

aszs s A3y

aji £ &z, 423 S Az,
Qi2 S Az, 833 < azz,

Q33 S az3, azz < azis,

Q14 € Ay4, 824 S A34},

o=



me= OR [Q/o]
1

Out[8]:=

(1-q) (1-a2)% (1-q3)3

1

(1-qg4)” (1-g%)? (1-q°)

CONJECTURE (MacMahon): The
generating function for

PLANE PARTITIONS
with at most |
r ROWS and ¢ COLUMNS
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PLANE PARTITIONS:
3 rows and 3 columns ~
(full generating function)

In[4]:=

Crude33 =

{ai1 < ajy, azz < ais,
a1 S aza, Az S Az;,
31 £ ajzz, A3z £ ajziz,
Qi1 < azi, a21 < &31,
ajz2 S a2, azz < asz,
a3 £ azz, azz < asz},
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AL, Az, A3, Ae, As, Ae s A7 Ag, Ag, ALg s Al Az
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X201 A7 )
A3 Ag

X31 Ag )
As

X12 A1 )
Aoy Ag

Xo2 A3 Ag )
Aq A1o

X32 As A1g )
Ag

X13 A2 )
A1l

X23 Ag A1 )
A12

(1 - X33 A6 )\12))
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ws- Factor [OR[Crude33]]

Outisl= - (1 - Xp3 X3z Xi3 ~ X13 Xp3 X32 X%aé* X13 X33 X3z X33 ~
X13 Xaz2 X%3 X33 X%a. — X323 K31 X3'gz X§3 -
X313 Xz3 X331 Xig X%3 — X13 ng X3l K3z x§3 =
X13 Xo2 ng K31 X32 X§3 - X13 K21 X2 91%3 K31 X3z X§3 -
®13 X22 x%z X%:a x§3 - X23 X31 X%z X§3 -
X13 X23 K31 X32 X%y - Xz2 K23 X3l x5, X35 -
K13 X22 X23 X321 K%z X§3 - X312 X13 X22 X231 X3 ng X§3 -
Xi3 X%s Xz ng X%s = K22 x§3 %31 x%z 3‘33
3 X13 X2 X33 X31 K5y Xi3 - X1g X13 Xpp Xa3 X31 Xjp X33 -
st X22 X33 X31 X%z X§3 12 X§3 X22 X33 X31 ng 9{%3 -
X33 Xp1 X22 X§3 X31 ng x§3 -
13 ng x§3 %31 X%z X‘%z ~ K12 K13 X3, X33 X31 Xip X33 -
K12 X.?Ls x%z X§3 X33 X%z X%s -
X13 %21 X3, X33 X31 X5, X33 - X12 X13 X1 X352 X33
A31 ng X§3 — K12 X%:s K21 X%z X§3 X31 X%z x§3 -
X13 X232 353 X%z x§2 x§3 K13 Hzy K2l X§3 ng X%:a X§3 -
X13 X1 X5p X33 X3, %5, x5 -
Xiz Xi13 X231 X%z X%B X%l xzzaz X%a -
x12 X{3 Xo1 X3, X33 ¥3; X35 X33 + x13 X33 X3 X33 +
X313 X%a, X3l X3z '333 + X1z X%s X%z ng *
*13 X22 ng X%z X33 + X13 X22 X33 X%z X3y +
xi3 X22 X33 X3y X33 + Xp3 X31 X3 X33 +
X13 X23 X31 K3 X33 + X33 X31 X3, X33 +
4 x13 X33 x31 x5, x33 + x{5 X33 a1 X3 %35 +
X320 }:53 X33 X%z X%:; + 4 K1z Xgo X§3 X317 X%z X§3 +
X1z X13 X22 X5z X371 X3p X33 + X33 Xop Xi3 X31 X%, X35 +
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ms- Factor [OR[Crude33]]

L2 6 6 .10 o6 L1112
OulfSl= .. ..+ Xi; X73 Xz1 Xpy X33 X31 X33 X35 -

2 uf w2 o6 w10 o6 w1l w12 |
XKip X3 X531 Xpgp X33 X371 X35 X33 7

208 U2 7 10 o6 L1 Lz
X{y X13 X5y Xgp Rj3 X3 X33 X33 -

2 W6 o2 LT L1l o6 il 12
Kip A1z Xpy Xop Xj3 X33 Xiz X3z -

2 0.7 o2 o7 L1l o6 il o1l
Hip X1 ¥py Xpp Xy Ky X3 Xz o~
2 o6 L2 o6 10 o7 o1l Li2
Kip Koz Hpy Rpp Kp3 X3 B3 X33 —
2 o6 o2 o7 ol W7 Wil LiZ
Xip Riz X5y Xjp X33 X3 X33 X33 -

2 o6 U2 o7 oll o7 o1l oi2
iz Xyz Xag Hgp #53 Ky X33 X33 -

X%z XZ3 X%l ngz X%% Xgl X%é X%% +
x{, X153 x5 x5, %35 %3, x33 x35) /
{((~1+x33) (-1 +x33X33) {~1+X33Xz3Xa33)
(-1 +x32 X33} {~1+Xp3 X32 X33)
(-1 +x313 Xp3 Xa2 X33) {~1+Xp2 X23 X3z X33)
{~1 + X213 Xp2 Xo3 Xap X33}
(-1 + X312 X33 Xg2 X23 Xa2 X33)
(-1 +x31 X33 X33) (-1 +X23 X31 X32 X33)
(-1 + X33 Xo3 X371 X32 X33} (—1 + X322 Xp3 X31 X32 X33}
{~1+ X33 Xo2 X23 X31 X32 X33)
(=1 + X3z X13 X2 %23 X33 %32 X33 ) :
(=1 + X33 Xz2 X23 X31 X32 X33 )
(—1 + X33 Xp1 Xpo X23 X31 X332 X33 ) :
(=1 + X33 X33 Xp1 X272 X231 X33 X32 Xa3)
{~1 + X33 X312 X33 X21 Xp2 X3 X331 X32 X33) )



s

In[20]:= Subst =
{x1:7 - 2",
X125 - 2,%, |
x13p_. — Zzp,
X217 = z.4%,
X225+ Zo®,
X3P - z,7,
1{319““" e 4 2_29,
X32p‘“" 4 Z._lp,
X33P— - 2z )

In[22)= Factor[%S /. Su.bst]

1

(-1 +26) (-1+2_3%) (-1+tZz; ILJ. %o)

outR2l= ™

1
(-1 +2¢2Z;) (~1+%_; Zg2y)
' 1
(-1 +2.22 3 Zo 2;1) (-1+ 292, %3)
1

(-1+2.1 202 22) (-1+2Z.2%.1 % Z; Z2)

| —x
This way we were led to a rediscovery of a
theorem by Emden R. Gansner (1981).

["The enumeration of plane partititions via the Burge
correspondence”, Illinois J.Math. 25 (1981), 533-554]
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