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1 Introduction to Cranks

1 - .
(G0 ;p(n)q

p(5n +4) =0 (mod 5),
p(Tn +5) =0 (mod 7),
p(11n + 6) =0 (mod 11).

Definition 1 The rank of a partition is the largest

part minus the number of parts.

N (m,n) = number of partitions of n with rank

m.

N(m,t,n) = the number of partitions of 1 with

rank congruent to 1 modulo £.



N (k5,60 +4) =———, 0<k<4,
n+5
N(k,7,7n +5) 2 n; )} 0<k<6
o0 OO o0 qnz
N(m,n)a™q" = ~
mzoo =0 ) ; (aq; 9)n(g/a; q)n

Definition 2 For a partition 7, let \(n) denote the
largest part of , let pu() denote the number of
ones inm, and let v(7) denote the number of

parts of T larger than p(). The crank c(m) is
then defined to be

)\(W)a ifp,(?T) =0,
v(m) — p(m), ifp(r) > 0.

c(m) =



M (m,n) denotes the number of partitions of

with crank m, except that

—1, if(m,n) = (0,1),
M(m,n) =<1, if(m,n)=(0,0),(&£1,1),

0, otherwise.

M (m,t,n) denotes the number of partitions of 1

with crank congruent to m modulo .

5n + 4)

Mk, 5, 5n + 4) =2 —, 0<k<4
M(k,7,7n + 5) mp(7”7+ ) o<k<s
11
Mk, 11,110 + 6) <PHPHO g




2 Cranks in Ramanujan’s Lost
Notebook
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Pages 179, 180

F(q) = Fa(q) = o gq, (oD anq -
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Pages 58, 59

1+q(ar — 1) + ¢°as + ¢*(az + 1)
+q*(ag+as+ 1)+ ¢°(as + azg + a1 + 1)
+¢°(as + a4 +az +ag +a; + 1)
+q"(as+1)(ag +az + 1)

+ ¢®ag(ag + ag +az +az +ay + 1)
+q°as(as + 1)(ag +ag + 1)

+ ¢"%as(as +1)(as + ag + a1 + 1)

+ q'tajay(ag + as + ag + asz + ag + a; + 2)
+q%(az +ag +a; + 1)

X (a5 +ag+as+as+a; + 1)

X (ag — 2a3 + 2a3 —a; + 1)



+ ¢ (a1 — 1)(ag — a1 + 1)(aip + 2a9 + 2asg
+ 2a7 + 2a¢ + 4a5 + 6a4 + 8az + 9asz + 9a; + 9)
+¢"*(az + 1)(as + 1)(ag + az + 1)

X (a5 —as +a; + 1)

+ qaras(as + ag + ag + ag + a; + 1)

X (a7 —ag + a4 + aq)

+q"%(as +1)(as +ag +a; + 1)

X (a5 +as+as +az+ay + 1)

X (a5 — 2a4 + 2a3 _ 2a9 4 3a1 — 3)
+q¢"(az +1)(as + 1)

X (a5 + a4 +ag+as +a, + 1)

X (a7 —ag +az+a; — 1)



+¢"%(as +ay+1)(ag +az +a; + 1)
X (a5 +aq +az +ag+a; + 1)

X (ag — 2a5 + a4 + az — as + 1)
+¢%as(ar — 1)(as + a2 + 1)(az + az + a1 + 1)
X (ag — a7 + ag + 2a3 + ao — 1)
+¢*(ag — a1 + 1)(as + 1)

(a5 + a4 +as +as +a; + 1)

X (a1g + ag + aq4 + az + 2a9 + 2a1 + 3)
+ g aqras(as + 1)(as —a; + 1)

X (a5 + a4 + az + az + a1 + 1)
x(agma6+a4+a1+2)+?»-,



13.
14,
15.
16.

17.
18.

19.
20.

21.

22.

(a; — 1)(ag —a; + 1)

(ag + 1)(as + 1)(ag + az + 1)

araz(as + as +ag +as + a1 + 1)

(a5 + 1)(az + az + a3 + 1)

X (a5 + aq4 + a3 +as +a; + 1)

(ag + 1)(as + 1)(as + ag + a3 + az +a; + 1)
(ag +az + 1)(az +as +ay + 1)

X (a5 + a4+ a3z +as +a; + 1)

az(a; — 1)(ag +az + 1)(ag +as +a; + 1)
(as +1)(az —ag + 1)

X (a5 +ag+az+ag+ay + 1)

aras(as -!—1)(@2 —a1+1)

X (a5 + a4 +ag+az+a; + 1)

az(as + 1)(a; — 1)



23.
24.
25.
26.

(a1 — 1)(ag +az+ 1)

(as+ 1)(aqg +az + 1)(az + as + a1 + 1)
az(a; — 1)(as + ag + az +as +ay + 1)
as(as + 1)(as +as + a1 +1).

Page 59
1 o0 g1 g?n—1
+ +
l+a ;(1-{-&(1‘“ a-+q"

o0

1+ Z (Ml)m+nqm(m+1)/2+mn(an+l_I_an)

m=1,n=0

10



Theorem 3 /f
An - a,n + a,—n7 (21)
then

(;9)%
(aq; @)oo (q/@; @)oo

— 1 z (W1)mqm(m—i—1)/2+mn(An+lmAn)'

m=1,n=0

Theorem 4 (R. J. Evans; V. G. Ka¢ & M. Wakimoto)

Let |
ap = (Ml)qu(k*’rl)/Q
Then
(;9)% 3 i ag(l —a)

(9/0;9)00(90; @)oo (1 —ag*)

k=—o00

11



3 Dissections of Cranks

f(a,b) Z g™/ 2pnn=1)/2 - gpl < 1.

N——O0o0

f(=a.—¢") = f(=0) = (¢ )  (32)
2-Dissection of F'(q)

Theorem 5

xf(mqgv""“Q) a4 — l
VO =T, * ( H a)
f(=¢,-4') 1
x\/_( > q) (mod a* +a2)

12



3-Dissection of F'(q)

Theorem 6

F (g3 = f(=¢ —a)f(=¢", —2°)

(4% @°) oo
a — 1/3 f(=4 =) f(=¢", ~¢")
+( 1+ ) (qq)
a 2/3 f(=4,-)f(=¢* —q")
+( +a>q NCT

5.

(moda + 1+ a3

13
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5-Dissection of F'(q)

Theorem 7 (First Version, p. 20) Recall that
M-H\\‘I

f(—q) is defined by, (??). Forn = 1 or 2,
AN /

- A2 :JS
Fa(q" 5)% jﬁi (fq: m;g A (=a")
1/5 2 (=q°)
f(—=q,—q%)
(=)
f(""q2: “’qlS)

| 4
— 2cos(2n7/5)¢%/> fégmg;? :qu) 2(—=¢°).

— 4 cos®(2nm/5)q

+ 2 cos(4nm /5)¢*®

14



Sp(a) = Z a”. (3.3)

k=—n

Theorem 8 (Second Version) With f ?)\and
Sy as defined above and A,, defined by (??),

f(= 10 _ 15
B 2(=¢*)
A 1)qf(-~q5,-~6120)

f2 ---q25)
" Azqu (mq(“’, —q'®)

520
— Aq° fégwgl‘; qug)fz(mq%) (mod S3).

15
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The 7-Dissection for F'(q)

Theorem 9 With f(a,b) defined by (3.1), f(—q)

defined by (3.2), A,, defined by (2.1), and S,,
defined by (3.3),

(Q§ Q)oo — 1 (A2
(90;9)0(q/a; @) f(—47)
+ A2q*B? + (A1 — 1)gAB + (A3 + 1)¢° AC

— A1q4BC — (Ay + 1)q602) (mod S3),

where

16
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The 11-Dissection for F'(¢)

Theorem 10 With A,,, defined by (2.1) and S5
defined by (3.3), we have

(qll; qll)oo(lqlﬂ; q121)<2>o

x (ABOD +{A, —1}gA’BE

+ Ay PAC?D + {A3 + 1} °ABD?
+{A2+ A4+ 1} ¢*ABCE

— { A2 + Ay} QSBQCE -

+{A; + A4} ¢"ABDE

~ {Ay+ As + 1} ¢°CDE?

—{Ay + 1} ¢’ ACDE

Fa(Q) =

— {A3} quBCDE) (mod S5),

17



where

| | e |
T R O QR

18



Q= (wl)qu(k+1)/2.

0 k .
-1 (6D . o 1

k
q +1 (Q;Q)oo o 10
O{ p— — ’“““ .
Z "1+ g% ("q4;q4)mﬂ =0

3 24 12 15
mq(q;Q)mf( L (327352(7)i =4,

19



| 1
Table 1. \, = 0 (moda” + —)
a
47 values

2.8.9.10,11,15,19,21,22. 25, 26, 27, 28,
30,31, 34, 40, 42, 45, 46, 47, 50, 55, 57, 58, 59,
62, 66,70,74,75,78,79, 86,94, 98, 106, 110,

122,126,130, 142, 154, 158, 170, 174, 206.

Table 2. \, = 1 (moda® + 515—)
f(=¢% —¢")
(—¢%¢*)
27 values
14,16, 18,24, 32, 48, 56, 72, 82, 88,90, 104,
114, 138,146,162, 178,186, 194, 202, 210,
218,226,234, 242, 250, 266.

20



1)

Table 3. )\, = —1 (moda? + "

27 (not 26) values

4,6,12. 20,36, 38,44, 52. 54. 60, 68,
76,92,102, 118,134, 150, 166, 182,
190, 214,222, 238. 254, 270, 286, 302.

1 1
Table4. A\, =a — 1+ — (moda? + >
a a

—)

| ﬁf( ¢, —q Y
/ ("“q fQ)

22 values

1,7,17,23,33,39,41,49,63, 71,73, 81,
87,89,95,105, 111,119, 121,127, 143, 159.

21



1
Table 5. \, = — (a — 14 __.,) (moda® + —)
23 values

3,5,13,29,35, 37,43 51,53,61,67,69, 77,
83,85,91,93,99,107, 115,123,139, 155.

1
Table 6. \,, = 0 (moda + —)
a

3 values

11,15,21,

1
Table 7. A\, = 0(moda — 1 + —)
a

19 values

1,6,8,13,14,17,19, 22, 23, 25,
33,34, 37, 44, 46, 55, 58, 61, 82.

22



1
Table 8. A\, = 1 (moda — 1 + a)

26 values
5,7,10,11,12,18,24,29, 30,31, 35,41, 42,43,
47.49,53. 54,59 67,71,73,85,91,97,109.

1
Table9. \, = —1 (moda — 1 + —)
a

26 values
2,3,4,9,15,16, 20, 21, 26, 27, 28, 32, 38, 39,
40, 52, 56, 62, 64, 68, 70, 76,94, 106, 118, 130.

- 1
Table 10. A\, = 0 (moda + 1 + —)
a

2 values
14,17.

23



f(=¢®—¢"°)  f(=¢* —¢")

(—¢% qoo (—¢% ¢*)oo
f—of(=¢*)  f=)f(=¢)  f(—q)
f(=q*) f(=¢%) 7 f(=¢®)

Conjecture 11 Each component of each of the
dissections for the five products given above has

monotonic coefficients for powers of q above
1400.

Conjecture 12 For any positive integers o and 3,
each component of the (ov 4 (3 + 1)-dissection of
the product
f(=g*)f(=¢")
F(—qe )
has monotonic coefficients for sufficiently large

powers of q.

24
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4 Power Series on Pages 63, 64

(@75 ¢) oo
(975 6P) 0 (P75 ¢P) o

o0 J

Ly (Q) L=

3;0 (4% ¢*) (qf”"“P "0 )oo

Ramanujan’s series on pages 63 and 64 are
L11.1(q) and L11 2(q), respectively.

L, .(q) is the generating function of partitions into
r’s and parts congruent to 0 or —r modulo p, and
the largest part that is a multiple of p is no more
than p times the number of r’s, which in turn is not
greater than the smallest part that is congruent to

—7 modulo p.
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Theorem 13 Let p and r be positive integers with
p > 2andr < p. Let

(¢%; ¢") oo
(q"; qp)m(qué qP) oo

D= Z bp.r(n)q". (4.1)
n=0 |

Ly, (q) =

Then b, .(n) > 0 for alln. Moreover, we let

LP,T(Q)+QP = Zcp,'r(n)qn L ZO+ZI+' . '+Efr--]_}
| n=0

(4.2)
where the exponents in 3.; are congruent to j
modulor,) <1 <r—1,1ie,

¥, = Z Cpr(nr +1)g" .

n=0
Then for each i the coefficient sequence

{cpr(nr + 1)}, is non-decreasing.
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Page 181

5 Divisors of p(n)

p1 =ay — 1,
p=az —a;+1,
P2 =Aag,
ps =az + 1,
P4 =102,
ps =a4 + az + 1,
pr =as + as +a; + 1,
pg =(as + 1)(az +1),
P11 =05 + ag4 + as + as + a1 + 1.
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n =(as a sum of powers of a) the number of
terms with positive coefficients minus the number

of terms with negative coefficients in the

representation of p,,.

p(10) =1-2-3-7 = 42.
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p(l) =1, A1 =p,

p(2) =2, Ay = ps,

p(3) =3, Az = ps,

p(4) =5, Ay = ps,

p(5) =7, As = prp,

p(6) =11,  As = p1pu1,

p(7) =15, A7 = p3ps,

p(8) =22, Ag = P1P2P11,

p(9) =30, A9 = papsps,
p(10) =42, Xig = ppapspr,
p(11) =56, A1 = paprlas — aq + a2),
p(12) =77, Mg = prp11(ag — 2a3 + 2a9 — a; + 1)
p(13) =101, M3 = pp1(ag + 2ag + 2asg

-+ 2&7%‘ 3ag + 4as + 6ay

29



+ 8as + 9as + 9a;1 + 9),
Mg = pspolas — az + a1 + 1),
A5 = papr1(ar — ag + ag + ay),
A6 = p3prp11(as — 2a4 + 2a3
— 2a9 + 3a1 — 3),
A7 = popri(ar — ag +az + a1 — 1),
A1g = psprp11(as — 2as
+ a4 + a3 — as + 1),
A19 = p1p2pspr(ag — ar
+ a4 + 2a3 + a9 — 1),
A20 = pp3p11(aio + ag + ay
+ a3 + 2a3 + 2a; + 3),
A21 = pp3papr1(ag — ag + ay
+ a1 + 2).
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6 Mock Theta Functions

o0 2
S L=
—~ (,9)7 (69w

n

o0 | "2
Z 1 5 third order mock theta function
= (—9)3 .

Definition 14 f(q) is a mock theta function if:

(1) For ever root of unity (, there is a theta function
6. (q) such that the difference f(q) — 0¢(q) is
bounded as g — ( radially.

(2) There is no single theta function that works for
all ¢, i.e., for every theta function 6(q) there is
some root of unity ¢ for which f(q) — 0:(q) is
unbounded as ¢ — ( radially.

There are no proofs that any mock theta functions

exist!
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Definition 15 The rank of a partition equals the
largest part minus the number of parts.

Definition 16 N (a, b, n) = # of partitions of n
with rank congruent to o modulo b.

Definition 17 p(n) = # of partitions of n with
unique smallest part and all other parts < double

~ the smallest part.

Conjecture 18 (Fifst Mock Theta Conjecture)
N(1,5,5n) = N(0,5,5n) 4+ p(n)
Example 19 Letn = 5. p(25) = 1958.

N(1,5,25) = 393,
N(0,5,25) = 390,
p(5) = 3.

52+3,1+24+2
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7 Stacks

Definition 20 A stack with summit is a subset of

S of
L:={(z,y):x€Z,y € Zo}

such that

(1) all elements of L lying on a vertical or
horizontal line connecting 2 elements of S are

also in S,

2 if(z,y) € S,(x,2) € L — (x,2) € 5,0 <
Z <Y,

(3) ifyo = SUD(, )5 Y then (0,40) € S.

The point (0, yo ) is called the summit of S.
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oo(n) = # of stacks with summits of size n.

o0 . e qn
2 00" =D o7

Theorem 21 (p. 10)

= q" _ 1 = 1y, n(nt+1)/2
2 = g T

n=0

Gradual Stacks

Theorem 22 (p. 10) If

o0 qn(n+1)/2 o0 (ml)ngn(n—i—l)/Q

o(—q) ) =

—~ (9. = (%)

34



8 Identities Arising from the

Rogers-Fine Identity

— (o Dn_n
; (85 @)
& (@30)a(07g/B;0)um T (L~ arg?)

Examples Arising from Franklin involution

Theorem 23 (p. 37)
o0 (—ml) n{n-+1)/2

z ( p» q)n Z qn(8n+1)/2 2n+1)

n=0
Theorem 24 (p. 37)
n(2n+1)
Z Z n(3n+1)/2 2n+1
q )-
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Durfee Squares

Theorem 25 (p. 36)

( n 2n n o0 anqn
=1—a
; azq qz)n ;( —ag; Q)n

A Difficult Entry

Theorem 26 (p. 29)

oG

. o2 n
Z (“_a/% q gn(;a"?) _ Z(ma)nqn(n—l—l)/g

=0 (_"a’q ﬂq )?’L
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9

Identities Involving Theta

Functions

fla,b)

Z an(n—l—l)/an(n 1)/2 |CLb| < 1.

=00

Theorem 27 (p. 31)

and

o

?"L

"= O 2n+1
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Topics in Ramanujan’s Lost Notebook

g-series

Mock theta functions
Theta functions
Partial theta function expansions
False theta functions
Identities connected with the Rogers—Fine identity
Theory of partitions
Eisenstein series
modular equations
Rogers-Ramanujan continued fraction
Other g-continued fractions
Asymptotic expansions of ¢g-series and g-continued fractions
Integrals of theta functions |
Integrals of g-products
Incomplete elliptic integrals

Other continued fractions
Other integrals
Infinite series identities
Dirichlet series
Approximations
Arithmetic functions
Numerical calculations
Diophantine equations
Elementary mathematics
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I give thanks to Ramanujan for two things,
for discovering congruence properties of par-
titions and for not discoVering the criterion
for dividing them into equal classes. That
was the wonderful thing about Ramanujan.
He discovered S0 much, and yet he left so
much more in his garden for other people to
discover. In the 44 years since that happy
day, I have intermittently been coming back
to Ramanujan’s garden. Every time when I

come back, I find fresh flowers blooming.



