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Motivation and Goal

Quiver polynomials generalize or specialize to:
e Schur polynomials [Porteous '71]

e Schubert and Grothendieck polynomials [Fulton '92]
[Knutson,Miller '05]

e Quantum Schubert polynomials [Fulton '99]

e Fulton’s “universal" Schubert polynomials [Fulton '99]
[Buch,Kresch,Tamvakis,Yong '04]; [BKTY '05]
e Equioriented type A quiver polys [Buch,Fulton '99]
[Knutson,Miller,S. '06] [Buch '05] [Miller "05]
e General type A quiver polys [Buch,Rimanyi]
Goal

A new explicit divided difference formulae for a large family of
qguiver polynomials which includes all these cases.
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Divided difference operators

F ezeP, e . ePm] f € Z[X1,Xo, ..., Xm]
mF = o =
Demazure operator BGG operator
72 = T 22=0
T = T aiaj :6,-& li—j|>2
T2 = T2 Ti41 0101110, = 014100141

Define m,, and 9, using a reduced word for w € Sy,.

By = Tr\)/(v—lwo H (1 — e—(Xi—YJ)) Gw = 8\),(\,_1W0 H (Xi - yj)
i+j<m i+j<m
Grothendieck Schubert
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Quiver Representations

Q =(Qo, Q1) Quiver = directed graph

Qo vertex set
Q1 directed edge set
Forac Q; tail ta-—>ha head

Representation V of Q:

vertex i € Qg — vector space V; = C4()
arrow a € Qy + linear map Va € My (ta)xd(ha)(C)



Quiver polynomials Kempf Collapsing Summary

Quiver Loci

Fix dimension vector d : Qg — Zx>o.

Hom = Hom(Q, d) := [[acq, Md(ta)xd(ha) (C)



Quiver polynomials
00000

Quiver Loci

Fix dimension vector d : Qg — Zx>o.
Hom = Hom(Q, d) := [[,cq, Md(ta)xd(ha) (C)

G =G(Q.d) :=[[jcq, GL(d(i),C) acts on Hom



Quiver polynomials
00000

Quiver Loci

Fix dimension vector d : Qg — Zx>o.

Hom = Hom(Q, d) := [[acq, Md(ta)xd(ha) (C)

G =G(Q.d) :=[[jcq, GL(d(i),C) acts on Hom
quiver locus: a variety of the form

G- ¢ C Hom for some ¢ € Hom.
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Example: Determinantal Variety

c: ct

*—>0

Hom = M3,4(C) G = GL(3) x GL(4)

Q=G ¢

determinantal variety of 3 x 4 matrices of rank < 2

ASS

I
opr o
P OO
o oo
O oo

]eHom
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K-polynomial Ky (Y)

V vector space with positive T = (C*)™-action
Y c V: T-stable algebraic subscheme

character group T* = HoMgoup(T,C*) = Z™
weight space decomp. of T-module M = @, . M) C C[V]
MA ={meM |t-m:)\(t)mforallt eT.}
chy (M Z dim(M,)e formal character
AET*
Kv(Y) := chr(C[Y])/chr (C[V]) K -polynomial
eKi(V)ZR(T) = Z[ePu, ePe, .. ePm)
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Summary

K-polynomial Ky (Y)

V vector space with positive T = (C*)™-action
Y c V: T-stable algebraic subscheme

character group T* = HoMgoup(T,C*) = Z™
weight space decomp. of T-module M = @, . M) C C[V]
MA ={meM |t-m:)\(t)mforallt eT.}

chy (M Z dim(M,)e formal character
AET*

Ky (Y) :=chr (C[Y])/cht (C[V])  K-polynomial
e K (V) 2 R(T) = Z[et, e, ... et ]

Khom(€2): K-quiver polynomial
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K-poly of a Linear Coordinate Subspace
V =Mgu(C)  CIV]=Clzlit,,
t = diag(xy, X2, %3) x diag(y1,y2,Y3,¥4) € T(3) x T(4)

Yi
t- Zij = ;Zij
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K-poly of a Linear Coordinate Subspace

V=Msa(C)  CV]=Clzll,,
t = diag(x1, X2, X3) x diag(y1,Y2,Y3,¥a) € T(3) x T(4)

Yi
t- Zij = ;Zij
i

0 00O
Z = *x x 0 O
x x 0 0

Summary

Ky(Z)=(1—e (1 y))(1—e~(1y2))(1—e~(1Va))(1 —e~(x1—Va))
(1—e~(xeY3))(1—g~(Va))
(17e*(X3*y3))(1ief(x3*y4))



Quiver polynomials Kempf Collapsing Summary

00000 (e]e]
ooe 00000

Multidegree [Y |y
[Ylv e Hr (V) = Sym*(T*) = Z[x1, X2, - . ., Xm]



Quiver polynomials Kempf Collapsing Summary

00000 (e]e]
ooe 00000

Multidegree [Y ]v
[Y]v € HE(V) =2 Sym*(T*) = Z[xq, X2, - - -, Xm]

[Y]v := lowest degree term of Ky (Y ) Multidegree
et =1+ A+2%/21 4 ...
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Multidegree [Y ]v
[Ylv € HF (V) = Sym*(T*) = Z[X1, X2, - -+ , Xm]
[Y]v := lowest degree term of Ky (Y ) Multidegree
et =1+ A+2%/21 4 ...
[Q]Hom: cohomological quiver polynomial

Kv(Z)=(1—e tay))(1—e~(uy2))

X1 — ¥3)(X1 — Ya)
X2 —¥3)(X2 — Ya)
X3 —¥3)(X3 — Ya)

[Z]v = (X1 — y1)(X1 — ¥2)

~_~ o~ o~~~ o~

Summary

1ie7(xlfy3))(1ief(xlfyll))
1—e~(eva))(1—e~(e¥a))
1—e (6 ¥3))(1—e~(xav4))
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Kempf collapsing

Z C \Y
lin. subspace vector space
O O
T C L C P C G
diagonal block lower block product of
diagonal triangular GLs

A Kempf collapsing is a map
(GxZ)/P=GxPz 5V
(9,2)p=(9p,p~*-2)  (9,2)P — gz

The image of kisG - Z.
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Geometric result

Theorem (Knutson,S.)
Let x be a birational Kempf collapsing. Then
° [G-Z]y = dg/p[Z]v.
e If G - Z has rational singularities then
Kv(G:Z) =ngpKv(Z).

Iop =0Owgp TGP = Mwgp

Wg/p: minimal length coset rep of the longest element of W (G)
in W(G)/W (L).

Realize quiver locias G - Z.
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ADE Quiver Loci Are Birational Kempf Collapsings

Theorem

e [Reineke '04] If Q is of type ADE, each quiver locus
Q C Hom(Q, d) is the image of a birational Kempf
collapsing, i.e., there exists a parabolic subgroup
P C G(Q,d) and a P-invariant linear subspace Z ¢ Hom
such that G xP Z - G - Z = Q is birational.
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ADE Quiver Loci Are Birational Kempf Collapsings

Theorem

e [Reineke '04] If Q is of type ADE, each quiver locus
Q C Hom(Q, d) is the image of a birational Kempf
collapsing, i.e., there exists a parabolic subgroup
P C G(Q,d) and a P-invariant linear subspace Z ¢ Hom
such that G xP Z - G - Z = Q is birational.

e [Lakshmibai,Magyar '98] [Bobinski,Zwara '02] Quiver loci
of types A and D have rational singularities.
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Main Theorem

Theorem (Knutson,S.)
Explicit divided difference formulae for:

e The cohomological quiver polynomials of every quiver
locus of type ADE.

e The K-quiver polynomials of type A or D.
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Main Theorem

Theorem (Knutson,S.)
Explicit divided difference formulae for:

e The cohomological quiver polynomials of every quiver
locus of type ADE.

e The K-quiver polynomials of type A or D.

This is new even in equioriented type A.
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Q= {A € M3y | rank(A) < 2}

*+ 0 0 0 00O
Pi=1|x* x = Z=|x = 0 0 P, =
%k % x x 0 0

[Q] =[G -Z] = 0gp[Z]
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Multidegree of Determinantal Variety

Q= {A € M3y | rank(A) < 2}

*+ 0 0 0 00O
Pi=1|x* x = Z=|x = 0 0 P, =
%k % x x 0 0

[Q] =[G -Z] = 0gp[Z]
= 050y 03050505 (x1 — y1) (X1 — Y2) (X1 — Y3)(X1 — Ya)
(X2 — ¥3)(X2 — Ya)
(X3 — ¥3)(X3 — Ya)

¥ ¥ O O
¥ ¥ O O

B S S
* K K X

= Sl><2[X - Y]
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Recipe for P and Z given Q2

Q=G ¢ C Hom

@ (|Oc)€9m(oc)
a€RT

1%

¢
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Recipe for P and Z given Q2

Poset Indecg = {I* | « € R™} of indecomposable Q-reps
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Recipe for P and Z given 2 (contd.)

P_HP.CHGL G(Q,d)

i€Qo i€Qo
Pi: lower block triangular, a-th diagonal block has size

m(a)dy, ()
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Recipe for P and Z given 2 (contd.)

P=]]Pic]]ocLd) =6(Q,d)

i€Qo i€Qo
Pi: lower block triangular, a-th diagonal block has size

m(a)d,, (i)
Z = H Zy C H M (ta),d (ha) = HOM(Q, d)

acQ; acQq

Z,: lower block triangular, a-th diagonal block has dimensions
m(a)d;, (ta) x m(a)d;, (ha)
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Summary

e We give explicit divided difference formulae for quiver
polynomials for quivers of type ADE.

e Future directions

¢ Manifestly positive formulae.
e Beyond ADE.
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ADE Dynkin Diagrams

—eo—o—o—o o—o——¢—<
Dn

An
Es E7

R

Es



	Quiver polynomials
	Quiver Loci
	K-polynomials and Multidegrees

	Kempf Collapsing
	G-sweeping and divided differences
	Application To Quiver Loci

	Summary

