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Quiver polynomials Kempf Collapsing Summary

Motivation and Goal

Quiver polynomials generalize or specialize to:

• Schur polynomials [Porteous ’71]

• Schubert and Grothendieck polynomials [Fulton ’92]
[Knutson,Miller ’05]

• Quantum Schubert polynomials [Fulton ’99]

• Fulton’s “universal" Schubert polynomials [Fulton ’99]
[Buch,Kresch,Tamvakis,Yong ’04]; [BKTY ’05]

• Equioriented type A quiver polys [Buch,Fulton ’99]
[Knutson,Miller,S. ’06] [Buch ’05] [Miller ’05]

• General type A quiver polys [Buch,Rimanyi]

Goal
A new explicit divided difference formulae for a large family of
quiver polynomials which includes all these cases.
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Divided difference operators

F ∈ Z[e±x1 , e±x2 , . . . , e±xm ] f ∈ Z[x1, x2, . . . , xm]

πiF =
F − exi+1−xi siF

1 − exi+1−xi
∂i f =

f − si f
xi − xi+1

Demazure operator BGG operator

π2
i = πi ∂2

i = 0

πiπj = πjπi ∂i∂j = ∂j∂i |i − j | ≥ 2

πiπi+1πi = πi+1πiπi+1 ∂i∂i+1∂i = ∂i+1∂i∂i+1

Define πw and ∂w using a reduced word for w ∈ Sm.

Gw = πx
w−1w0

∏

i+j≤m

(1 − e−(xi−yj )) Sw = ∂x
w−1w0

∏

i+j≤m

(xi − yj)

Grothendieck Schubert
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Quiver Representations

Q = (Q0, Q1) Quiver = directed graph
Q0 vertex set
Q1 directed edge set

For a ∈ Q1 tail ta a
−→ ha head

Representation V of Q:

vertex i ∈ Q0 7→ vector space Vi = C
d(i)

arrow a ∈ Q1 7→ linear map Va ∈ Md(ta)×d(ha)(C)
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Quiver Loci

Fix dimension vector d : Q0 → Z≥0.

Hom = Hom(Q, d) :=
∏

a∈Q1
Md(ta)×d(ha)(C)

G = G(Q, d) :=
∏

i∈Q0
GL(d(i), C) acts on Hom

quiver locus: a variety of the form

G · φ ⊂ Hom for some φ ∈ Hom.



Quiver polynomials Kempf Collapsing Summary

Quiver Loci

Fix dimension vector d : Q0 → Z≥0.

Hom = Hom(Q, d) :=
∏

a∈Q1
Md(ta)×d(ha)(C)

G = G(Q, d) :=
∏

i∈Q0
GL(d(i), C) acts on Hom

quiver locus: a variety of the form

G · φ ⊂ Hom for some φ ∈ Hom.



Quiver polynomials Kempf Collapsing Summary

Quiver Loci

Fix dimension vector d : Q0 → Z≥0.

Hom = Hom(Q, d) :=
∏

a∈Q1
Md(ta)×d(ha)(C)

G = G(Q, d) :=
∏

i∈Q0
GL(d(i), C) acts on Hom

quiver locus: a variety of the form

G · φ ⊂ Hom for some φ ∈ Hom.



Quiver polynomials Kempf Collapsing Summary

Example: Determinantal Variety

b b

C
3

C
4

Hom = M3×4(C) G = GL(3) × GL(4)

φ =





0 0 0 0
1 0 0 0
0 1 0 0



 ∈ Hom

Ω = G · φ
determinantal variety of 3 × 4 matrices of rank ≤ 2
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K-polynomial KV (Y )

V vector space with positive T ∼= (C∗)m-action
Y ⊂ V : T -stable algebraic subscheme

character group T ∗ = Homgroup(T , C∗) ∼= Z
m

weight space decomp. of T -module M =
⊕

λ∈T∗ Mλ ⊂ C[V ]

Mλ := {m ∈ M | t · m = λ(t)m for all t ∈ T .}

chT (M) :=
∑

λ∈T∗

dim(Mλ)eλ formal character

KV (Y ) := chT (C[Y ])/chT (C[V ]) K -polynomial

∈ K ∗
T (V ) ∼= R(T ) = Z[e±x1 , e±x2 , . . . , e±xm ]

KHom(Ω): K -quiver polynomial
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K -poly of a Linear Coordinate Subspace

V = M3×4(C) C[V ] = C[zij ]
3,4
i ,j=1,1

t = diag(x1, x2, x3) × diag(y1, y2, y3, y4) ∈ T (3) × T (4)

t · zij =
yj

xi
zij

Z :=









0 0 0 0
∗ ∗ 0 0
∗ ∗ 0 0







 ⊂ M3×4(C)

KV (Z )=(1−e−(x1−y1))(1−e−(x1−y2))(1−e−(x1−y3))(1−e−(x1−y4))

(1−e−(x2−y3))(1−e−(x2−y4))

(1−e−(x3−y3))(1−e−(x3−y4))
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Multidegree [Y ]V
[Y ]V ∈ H∗

T (V ) ∼= Sym•(T ∗) ∼= Z[x1, x2, . . . , xm]

[Y ]V := lowest degree term of KV (Y ) Multidegree

eλ = 1 + λ + λ2/2! + · · ·

[Ω]Hom: cohomological quiver polynomial

KV (Z )=(1−e−(x1−y1))(1−e−(x1−y2))(1−e−(x1−y3))(1−e−(x1−y4))

(1−e−(x2−y3))(1−e−(x2−y4))

(1−e−(x3−y3))(1−e−(x3−y4))

[Z ]V =(x1 − y1)(x1 − y2)(x1 − y3)(x1 − y4)

(x2 − y3)(x2 − y4)

(x3 − y3)(x3 − y4)
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eλ = 1 + λ + λ2/2! + · · ·

[Ω]Hom: cohomological quiver polynomial

KV (Z )=(1−e−(x1−y1))(1−e−(x1−y2))(1−e−(x1−y3))(1−e−(x1−y4))

(1−e−(x2−y3))(1−e−(x2−y4))

(1−e−(x3−y3))(1−e−(x3−y4))

[Z ]V =(x1 − y1)(x1 − y2)(x1 − y3)(x1 − y4)

(x2 − y3)(x2 − y4)

(x3 − y3)(x3 − y4)
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Kempf collapsing

Z ⊂ V
lin. subspace vector space

� �

T ⊂ L ⊂ P ⊂ G
diagonal block lower block product of

diagonal triangular GLs

A Kempf collapsing is a map

(G × Z )/P =: G ×P Z κ
→ V

(g, z)p = (gp, p−1 · z) (g, z)P 7→ gz

The image of κ is G · Z .
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Geometric result

Theorem (Knutson,S.)
Let κ be a birational Kempf collapsing. Then

• [G · Z ]V = ∂G/P [Z ]V .

• If G · Z has rational singularities then
KV (G · Z ) = πG/PKV (Z ).

∂G/P := ∂wG/P πG/P := πwG/P

wG/P : minimal length coset rep of the longest element of W (G)
in W (G)/W (L).

Realize quiver loci as G · Z .



Quiver polynomials Kempf Collapsing Summary

Geometric result

Theorem (Knutson,S.)
Let κ be a birational Kempf collapsing. Then

• [G · Z ]V = ∂G/P [Z ]V .

• If G · Z has rational singularities then
KV (G · Z ) = πG/PKV (Z ).

∂G/P := ∂wG/P πG/P := πwG/P

wG/P : minimal length coset rep of the longest element of W (G)
in W (G)/W (L).

Realize quiver loci as G · Z .



Quiver polynomials Kempf Collapsing Summary

Geometric result

Theorem (Knutson,S.)
Let κ be a birational Kempf collapsing. Then

• [G · Z ]V = ∂G/P [Z ]V .

• If G · Z has rational singularities then
KV (G · Z ) = πG/PKV (Z ).

∂G/P := ∂wG/P πG/P := πwG/P

wG/P : minimal length coset rep of the longest element of W (G)
in W (G)/W (L).

Realize quiver loci as G · Z .



Quiver polynomials Kempf Collapsing Summary

Geometric result

Theorem (Knutson,S.)
Let κ be a birational Kempf collapsing. Then

• [G · Z ]V = ∂G/P [Z ]V .

• If G · Z has rational singularities then
KV (G · Z ) = πG/PKV (Z ).

∂G/P := ∂wG/P πG/P := πwG/P

wG/P : minimal length coset rep of the longest element of W (G)
in W (G)/W (L).

Realize quiver loci as G · Z .



Quiver polynomials Kempf Collapsing Summary

ADE Quiver Loci Are Birational Kempf Collapsings

Theorem

• [Reineke ’04] If Q is of type ADE, each quiver locus
Ω ⊆ Hom(Q, d) is the image of a birational Kempf
collapsing, i.e., there exists a parabolic subgroup
P ⊂ G(Q, d) and a P-invariant linear subspace Z ⊂ Hom
such that G ×P Z ։ G · Z = Ω is birational.

• [Lakshmibai,Magyar ’98] [Bobinski,Zwara ’02] Quiver loci
of types A and D have rational singularities.
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Main Theorem

Theorem (Knutson,S.)
Explicit divided difference formulae for:

• The cohomological quiver polynomials of every quiver
locus of type ADE.

• The K -quiver polynomials of type A or D.

This is new even in equioriented type A.
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Multidegree of Determinantal Variety

Ω = {A ∈ M3×4 | rank(A) ≤ 2}

P1 =





∗ 0 0
∗ ∗ ∗
∗ ∗ ∗



 Z =





0 0 0 0
∗ ∗ 0 0
∗ ∗ 0 0



 P2 =









∗ ∗ 0 0
∗ ∗ 0 0
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗









[Ω] = [G · Z ] = ∂G/P [Z ]

= ∂y
2∂y

1∂y
3 ∂y

2∂x
2∂x

1 (x1 − y1)(x1 − y2)(x1 − y3)(x1 − y4)

(x2 − y3)(x2 − y4)

(x3 − y3)(x3 − y4)

= s1×2[X − Y ]
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Recipe for P and Z given Ω

Ω = G · φ ⊂ Hom

φ ∼=
⊕

α∈R+

(Iα)⊕m(α)

Poset IndecQ = {Iα | α ∈ R+} of indecomposable Q-reps
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Recipe for P and Z given Ω (contd.)

P =
∏

i∈Q0

Pi ⊂
∏

i∈Q0

GL(di) = G(Q, d)

Pi : lower block triangular, α-th diagonal block has size
m(α)dIα(i)

Z =
∏

a∈Q1

Za ⊂
∏

a∈Q1

Md(ta),d(ha) = Hom(Q, d)

Za: lower block triangular, α-th diagonal block has dimensions
m(α)dIα(ta) × m(α)dIα(ha)
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Summary

• We give explicit divided difference formulae for quiver
polynomials for quivers of type ADE.

• Future directions
• Manifestly positive formulae.
• Beyond ADE.
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ADE Dynkin Diagrams
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