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      Rigged
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       Models

Highest Weight
    Crystals
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 Bethe

     Bijection

CTM

1988 Kerov, Kirillov, Reshetikhin for Kostka polynomials

2002 Kirillov, S., Shimozono for type A

2003/2004 Okado, S., Shimozono for all nonexceptional cases

� X = M conjecture of HKOTTY
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Outline
• Virtual crystals
• Rigged configurations
• Virtual rigged configurations
• Crystal structure on rigged configurations
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Embeddings of affine algebras
X ↪→ Y

Graph automorphism σ of Y fixing 0

IX , IY vertex set of diagram X,Y
IY /σ σ-orbits in IY

IX ι→ IY /σ bijection which preserves edges
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Embeddings of affine algebras
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Embeddings of affine algebras
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Embeddings of affine algebras
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Embeddings of affine algebras
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Multiplication factor γi
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(a) arrow points away from 0-component
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γi =

{
order(σ) for i in 0-component
1 else
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Multiplication factor γi

Y = D
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(1) X has unique arrow
(b) arrow points towards 0-component
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γi = 1 for all i
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Multiplication factor γi

Y = A
(1)
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(2) X has two arrows, i.e. Y = A
(1)
2n−1

γi = 1 if 1 ≤ i ≤ n − 1

γi = 2 if i = 0, n, arrow points away from i

γi = 1 else
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Embedding

PX Ψ→ P Y

ΛX
i �→ γi

∑
j∈ι(i)

ΛY
j

Multiplication factor γ̃i

γ̃i =

{
1 if i = n for A

(2)
2n

γi else
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Virtual crystals
V̂ is Y -crystal

Virtual crystal operator f̂i for i ∈ IX

f̂i =
∏

j∈ι(i)

fγi

j
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Virtual crystals
V̂ is Y -crystal

Virtual crystal operator f̂i for i ∈ IX

f̂i =
∏

j∈ι(i)

fγi

j

A virtual crystal is a pair (V, V̂ ) such that:

1. V̂ is a Y -crystal.
2. V ⊂ V̂ is closed under f̂i for i ∈ IX .
3. There is an X-crystal B and an X-crystal
isomorphism Ψ : B → V such that

f̂iΨ(b) = Ψ(fib)
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Virtual KR crystals

V̂ r,s =
⊗
j∈ι(r)

Bj,γrs
Y

Def V r,s subset of V̂ r,s generated from u(V̂ r,s) using

virtual crystal operator f̂i for i ∈ IX .
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Virtual KR crystals

V̂ r,s =
⊗
j∈ι(r)

Bj,γrs
Y

Def V r,s subset of V̂ r,s generated from u(V̂ r,s) using

virtual crystal operator f̂i for i ∈ IX .

Conj. [OSS] There is an isomorphism of X-crystals

Ψ : Br,s
X

∼= V r,s

such that fi corresponds to f̂i for all i ∈ IX .
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Virtual KR crystals

V̂ r,s =
⊗
j∈ι(r)

Bj,γrs
Y

Def V r,s subset of V̂ r,s generated from u(V̂ r,s) using

virtual crystal operator f̂i for i ∈ IX .

Conj. [OSS] There is an isomorphism of X-crystals

Ψ : Br,s
X

∼= V r,s

such that fi corresponds to f̂i for all i ∈ IX .

Proven for: • C
(1)
n , A

(2)
2n , D

(2)
n+1 ↪→ A

(1)
2n−1 and s = 1

• nonexceptional cases, r = 1
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Rigged configurations

ν(1) ν(2) ν(3)

(L,Λ)-configuration∑
(a,i)∈H

im
(a)
i αa =

∑
(a,i)∈H

iL
(a)
i Λa − Λ

where H = {1, 2, . . . , n} × Z>0

L = (L(a)
i | (a, i) ∈ H) nonnegative integers

m
(a)
i number of parts of size i in ν(a)

and Λ dominant weight, Λa fundamental weight, αa simple root
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Rigged configurations

(ν, J)(1) (ν, J)(2) (ν, J)(3)

1 3
3 3
1

1 1
0 1

0 0

Vacancy numbers

p
(a)
i =

∑
j≥1

min(i, j)L(a)
j −

∑
(b,j)∈H

(αa|αb)min(i, j)m(b)
j

Admissible (L,Λ)-configuration
p
(a)
i ≥ 0 for all (a, i) ∈ H

C(L,Λ) set of admissible (L,Λ)-configurations
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Rigged configurations

(ν, J)(1) (ν, J)(2) (ν, J)(3)

1 3
3 3
1

1 1
0 1

0 0

Rigged configuration
Attach a label x to each part i of ν(a) s.t.

0 ≤ x ≤ p
(a)
i

RC(L,Λ) set of all (L,Λ)-rigged configurations

– p. 12/?



Virtual rigged configurations
Def X ↪→ Y
L̂

(b)
γai = L

(a)
i , b ∈ ι(a)

RCv(L, λ) set of (ν̂, Ĵ) ∈ RC(L̂,Ψ(λ)) such that:

1. m̂
(a)
i = m̂

(b)
i

Ĵ
(a)
i = Ĵ

(b)
i

2. m̂
(b)
j = 0 if j �∈ γ̃aZ

parts of Ĵ
(b)
i ∈ γaZ

if a, b are in the same σ-orbit in IY
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Virtual rigged configurations
Theorem [OSS]
There exists a bijection

RC(L, λ) → RCv(L̂, λ)

(ν, J) �→ (ν̂, Ĵ)

where m̂
(b)
γ̃ai = m

(a)
i

Ĵ
(b)
γ̃ai = γaJ

(a)
i for b ∈ ι(a) ⊂ IY

The cocharge changes by

cc(ν̂, Ĵ) = γ0 cc(ν, J)
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Crystal structure on RCs
Action of fa:

1 3
3 3
1

1 1
0 1

0 0

f2−→ 2 4
3 3
1

−1-1
−1 0 0

fa(ν, J):
• add γa boxes to string of length k in (ν, J)(a)

• leave all colabels fixed, decrease the new label by 1

k is length of string with smallest nonpositive rigging of largest length
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Crystal structure on RCs
Theorem [S] The operators fa are Kashiwara crystal
operators.

Proof:
For simply-laced types uses Stembridge’s local
characterization of crystals.
For nonsimply-laced types uses virtual crystal
method.
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Example

RC of type A
(2)
6 , Λ = Λ1 + Λ3, L

(1)
1 = 7

(ν, J) =

0 0
0 0
0 0
0 0
0 0

0 0
1 1
1 1

1 1
0 1

f1(ν, J) =

−1-1
0 0
0 0
0 0
0 0

1 1
1 1
1 1

1 1
0 1
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Example

RC of type A
(2)
6 , Λ = Λ1 + Λ3, L

(1)
1 = 7

(ν, J) =

0 0
0 0
0 0
0 0
0 0

0 0
1 1
1 1

1 1
0 1

f3(ν, J) =

0 0
0 0
0 0
0 0
0 0

1 1
1 1
1 1

−1-1
0 0
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0 0
0 0
0 0
0 0
0 0

0 0
1 1
1 1

1 1
0 1

↓ unfolding A
(2)
6 ↪→ A

(1)
5

0 0
0 0
0 0
0 0
0 0

0 0
1 1
1 1

2 2
0 2

0 0
1 1
1 1

0 0
0 0
0 0
0 0
0 0

↓ f1f5

−1-1
0 0
0 0
0 0
0 0

1 1
1 1
1 1

2 2
0 2

1 1
1 1
1 1

−1-1
0 0
0 0
0 0
0 0
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0 0
0 0
0 0
0 0
0 0

0 0
1 1
1 1

1 1
0 1

↓ unfolding A
(2)
6 ↪→ A

(1)
5 , f1f5

−1-1
0 0
0 0
0 0
0 0

1 1
1 1
1 1

2 2
0 2

1 1
1 1
1 1

−1-1
0 0
0 0
0 0
0 0

↓ folding A
(2)
6 ↪→ A

(1)
5

−1-1
0 0
0 0
0 0
0 0

1 1
1 1
1 1

1 1
0 1
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Outlook
• Affine crystal structure (done for type A

(1)
n−1)

• Characterization of unrestricted rigged

configurations (done for type A
(1)
n−1)

• Fermionic formulas for unrestricted Kostka
polynomials
Relation to fermionic formulas of [HKKOTY]?

• Relation to other rigged configurations [S]
� LLT polynomials

• Relation to box ball systems, description in terms
of R-matrices

• Extension of Bailey lemma
• Level restriction
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