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Solvable L attice

Models
Bethe
Ansatz
Ricoed Bijection Highest Weidh
[ Confilggrations - - I?:r;e/ﬁ'i:ttalse'gt
1988 Kerov, Kirillov, Reshetikhin for Kostka polynomials
2002 Kirillov, S., Shimozono for type A

2003/2004 Okado, S., Shimozono for all nonexceptional cases

~» X = M conjecture of HKOTTY
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Virtual crystals
Rigged configurations
Virtual rigged configurations

Crystal structure on rigged configurations
Outlook
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X —Y
Graph automorphism ¢ of Y fixing O

IR A vertex set of diagram X, Y
IV /o o-orbitsin I
IX % IV /o bijection which preserves edges
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v D?(lel 5 i I

1 n+1

(1) X has unigue arrow
(@) arrow points away from O-component

B(l) 2 n-1 n

Vi =

order(c) for ¢ in 0O-component
1 else
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v D?(lel 5 i I

1 n+1

(1) X hasunique arrow
(b) arrow points towards O-component

0
(2) 2 -~ pl1 n
A2n—1

v =1 for all i
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2n-1 - n+1

T

1 - ond

(2) X hastwo arrows, i.e. Y = Al |

v =2 1f 1 = 0,n, arrow points away from :
v = 1 else
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Embedding

pX L pY

A; H%ZAY

]EL

Multiplication factor ~;
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~_J1 ifi=nfor AY
i

/\\

\

—p. 8-



Vis Y -crystal
Virtual crystal operator f; fori € IX

fi= 11 £

jeu(i)
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Vis Y -crystal
Virtual crystal operator ﬁ fori e IX

H f%

]EL

A virtual crystal isapair (V, X7) such that:

1. Visa Y-crystal.

2.V C Visclosed under f; fori ¢ I¥.
3. Thereisan X-crystal B and an X -crystal
iIsomorphism ¥ : B — V such that

fil(b) = W(fib)
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Def V" subset of VV"* generated from w(V"*) using
virtual crystal operator f; fori € I+,
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‘//\'T,S — ® Bjaf)/TS
Y

jeL(r)

Def V" subset of VV"* generated from w(V"*) using
virtual crystal operator f; fori € I+,

Conj. [OSS] Thereis an isomorphism of X-crystals
U By =2V

such that f; corresponds to ﬁ forali e I+,
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Def V" subset of VV"* generated from w(V"*) using
virtual crystal operator f; fori € I+,

Conj. [OSS] Thereis an isomorphism of X-crystals
U By =2V

such that f; corresponds to ﬁ forali e I+,

Proven for: e C\, A\ Dfﬁl — A&)_l ands =1

2n 9

e nonexceptional cases, r = 1
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) (2) ,(3)

(L, A)-configuration

Z imga)aa: Z iL,ga)Aa—A

(a,i)eEH (a,i)eEH

whereH = {1,2,...,n} X Zg
L = (Lga) | (a,7) € H) nonnegative integers
m* number of parts of size in v/(@
and A dominant weight, A, fundamental weight, o, ssimple root
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(Va J)(l) (V, J)(2) (;/7 J)(3)

1 3
3 3 00
1

Vacancy numbers

pz(a) — Zmin(i,j)Lg.a) — Z (g |ap) min(’i,j)m;b)
j=1 (b,j)EH

Admissible (L, A)-configuration
p\® > 0foral (a,i) € H

C'(L,A) set of admissible (L, A)-configurations
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(v, J)W (v, J)@ (v, J)®

13
11
33 01 00
1
Rigged configuration

Attach alabel = to each part i of (@) st.

0<x<p

(

RC(L, A) set of al (L, A)-rigged configurations
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Def X — Y
70 _ 1(a)

Yal i

b€ la)

AN P

RCY(L, \) set of (7,.7) € RC(L, ¥()\)) such that:
(@)

1.
T = j@

(4

2. W =0 ifjg7.Z

J
parts of jz.(b) € Yol

if a, b arein the same g-orbitin 1"
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Theorem [OSY]
There exists abijection

RC(L, ) — RC" ( A)
(v, J) = (v,])
)

~(b) _  (a)
where my = m,

fg’z = %Jf“> forv € v(a) C IT

The cocharge changes by

AN

cc(v,J) =y ce(v, J)
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Action of f,:

13
3 3 00

falv, J):
e add ~, boxesto string of length / in (v, J)@
e leave all colabels fixed, decrease the new label by 1
IS length of string with smallest nonpositive rigging of largest length
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Theorem [S] The operators f,, are Kashiwara crystal
operators.

Proof:
For simply-laced types uses Stembridge’s local
characterization of crystals.

For nonsimply-laced types uses virtual crystal
method.
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RCof type AP A = Ay + As, LY = 7

00
00 00
(v, J) = 00 11 oil
00 11
00
-1
00 11
(v, J) = 00 11 oil
00 11
00
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RCof type AP A = Ay + As, LY = 7

00
00 00
(v, J) = 00 11 oil
00 11
00
00
00 11 4
(VrJ) — 00 1 1 00
00 11
00
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Affine crystal structure (done for type Aff_)l)

Characterization of unrestricted rigged
configurations (done for type Aff_)l)

—ermionic formulas for unrestricted Kostka
nolynomials

Relation to fermionic formulas of [HKKOTY]?

Relation to other rigged configurations [S]
~» LLT polynomials

Relation to box ball systems, description in terms
of R-matrices

Extension of Balley lemma
Level restriction
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