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Schur functions sy, A= (A1 > X >--->0).

—_ 2 2
$(2,1) = i<j(@iTj + 2iws) + 23 <k i Tk
S\Su = >y ciusy, CKM > 0.

f>sg means f—g=> cy\s), c)=>0.



AV p = (maX(Alnul% maX(AQ,,LLQ), e )7
AA = (mMin(Aq, p1), Min(Ao, un),...).
M)V (w/p) :==AVr/uVp,

(A ) N (v/p) = AAv/iwAp.

(3,2)v(4,1,1) = (4,2,1),

(3,2)AN(4,1,1) = (3,1).



Theorem 1. (Cell transfer)[LPP]

SX\/uSv/p S8 SNV (w/p) SN AW/ p):

Example 2.

A= (6,5,5,5)/(3,3),
v/p=(6,6,4,4,4)/(6,1,1,1,1),

A w) v (v/p) = (6,6,5,5,4)/(6,3,1,1,1),

A/ p) n(v/p) =(6,5,4,4)/(3,1).




Consequences:
- Okounkov's conjecture ('97)
- Fomin-Fulton-Li-Poon conjecture ('05)

- ¢ = 1 case of Lascoux-Leclerc-Thibon con-
jecture ('97)



Example: FFLP conjecture.

AUp = (v1,vo,v3,...) - weakly decreasing re-
arrangement of A and u.

SOrt]_()\,,u) L= (V17V37V57"°)
SOI’tQ()\,,u) .= (V27V4>V67' . )

Conjecture 3. (Fomin-Fulton-Li-Poon)

S\Sp Ss Ssorty (A, p)Ssorto (A, pn)-



A= (5,4,2), v =(3,2,2,2).
AUv = (5,4,3,2,2,2,2).
sort;(A\,v) = (5,3,2,2),

sorto(\,v) = (4,2,2).

| | [ |

X <




FFLP *05

Okounkov 97

Cell Transfer

R-S
04, 705

Fan—Green
97

LLT 97

Haiman
93

K-L *79




Proof using Rhoades-Skandera work:
Generalized Jacobi-Trudi matrix:

n ey .
(h“i_”j)z',jzl’ for partitions

= (1 >po--->pun>0),

v=(v1 >vo--->vy>0).

For matrix X = (z;;) Temperley-Lieb im-
manant

Immy - (X) = 2 ful®) o) T

w - NON-Crossing matching on 2n vertices.

fw(v) - some function.



Theorem 4 (Rhoades-Skandera). Temperley-
Lieb immanants of generalised Jacobi-Trudi ma-
trices are Schur-nonnegative.

I,J C[n], |I| = |J|, A1 j(X): minor of X.

Theorem 5 (Rhoades-Skandera).

Arg(X)-App(X)= > Immg-(X).
wed(S)



Monomial Cell Transfer theorem.
P-poset, I - order ideal.

K - associated generating function of labellings.

T heorem 6. [LP] K]/\JK]\/J — K[KJ IS mono-
mial non-negative.

Strange phenomenon: K-non-negative!
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O-Hecke algebra: generators T;,1 <1 < n—1
and relations

T? =T

1
L1115 = 14151541,
TZTJ = TjTi7 |’L —]| > 1.

Characters: fundamental quasisymmetric func-
tions

Lo = Z Lgq = Ly,
11<:<1p; ij<73j_|_1,j€Sa

Here a = (1,2,1,4,1), Sa = {1,3,4,8}.
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Cell Transfer for chains:

Corollary 7. L., gLorg—LalLg is monomial non-
negative.

Example:

aAp aV i

Thus, Laa213)L@a1) —Lazia1lE) 2m 0.
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In fact:
Theorem 8. L.\ gLorg—LalLg is L-non-negative.

Form oriented poset P:

®
Cmmm——

Kp - quasisymmetric function associated with
P.
Proposition 9.

L L
Kp=| ovF = |
d ‘ Lg  Lang
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Diagonal-alternating labelled grid:

Jacobi-Trudi like formula: Kp =

Lio12) Lz12) L2312 L(1,123,1,2)
L1y L1y Leo3z1) La1,231)
Loy L1y L3 L(11,23)
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A - strict partition.

Marked Shifted Tableaux of shape \: filled
with

1"<1 <2/ <2< ...

SO that
- labels in rows and columns weekly increase,
- each row contains at most one &/,

- each column contains at most one k.

17 |1 1 3 |3

212 |3

Example: MST of shape (5,3,2) and weight
(37 2747 1)'
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Schur @-function: generating function

Q)\ — wat(T)
T

over all MST of shape .

Example:

Q1) =4 Z(:B,?x] + CBZQZ‘?) + 8 Z TiT T,

i< i<j<k

Multiply non-negatively:
Q)\Q,U — ; dK,HQV7

where dK,M > 0.
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Cell transfer for strict partitions:

AV = (mMax(Ay, u1), max(Az, p2), ... ),

AN = (Min(Ag, p1), Min(Ao, p2), ... ).

Corollary 10. Qxy,Qxry — QA& s monomial
non-negative.

Conjecture 11. Q) Qany — QAQu is Q-non-
negative.
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Example:

4Q[6,4] +2Q[6,3,1] + 2QI[5,4,1] + 2Q([5, 3, 2].

In fact:

HL[4,2]HL[3,1] — HL[4,1]HLI[3,2] =
(1 —t)(HL[5,3,2]t° + HL[6, 4]t°—
HL[5,5]t — HL[5,3,1,1]t — tHL[4,4,2]—
HL[6,4)t —tHL[6,3,1] + HL[4,4,1,1]+

HL[5,4,1] + HL[5,5)]).
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Pfaffian (definition by example):

0 r1p2  X13 T14
—x12 O x23 X4
—x13 —x23 0  x34
—T14 —%24 —x34 O

Pf = 212734 — ©13%24 + T14%23

Pfaffian formula for ()-s: if we form matrix
0 Q21 Q31 Qa1
—Q21 0 Q32 (a2

—@31 —Q32 0 Qa3
—Qa41 —Qap2 —Qs3 O

then Pf = Q[4,3,2,1].
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Pfaffinants? Case n = 4.

0 r1p2  T13 T14
—x12 O 23 T4
—x13 —x23 0 234
—T14 —x24 —x34 O

Po = 13224 — 12734

T
|

T13T24 — £14T23
Pe = x12%34 — 13%24 + 14723

r12T34 = Pe + P

Pf1oPf34

14723 = Pc+ Pq

Pf14Pf23

Pf13Pfoa = x13204 = Pe + Py + Fa
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When applied to:

0 Q21 @31 Qa1
—Q21 0 Q32 @32
—Q31 Q32 0 Q43
—Q41 —Qap —Qs3 O

Py = 4Q[7,3]+2Q[7,2,1]44Q[6,4]4+6Q|6, 3, 1]+
4Q[5,4,1] + 4QI5, 3, 2]

P, = 4Q[6,4]4-2QI6, 3,1]4+-2QI5, 4, 1]+2Q|[5, 3, 2]

PC — Q[473727 1]
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