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Composifions and partifions

composition of a positive infeger n

k
(/}/17727"-/}//6)7 where Z/Yz 0}
1=1

partifion of a positive integer n
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Ferrers diagram

The Ferrers diagram of a partition
A = A1, ..., A\, consists of rows of cells, where
the it row contains \; cells.

Example A= (5,3,3,3,2,1)
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SSY'T

A semi-standard young tableau (SSYT) is a
filling of the cells of a Ferrers diagram with

positive infegers in such a way that the

numbers are wedadkly increasing across rows

and strictly increasing up columns.
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Example: A = (5,3,3,3,2,1)

—_
-

—| =
O
—_
O

~
|
=D | | CO| O

DO | O
Q| Ot OO

5 |10

weight(l) = o1 = zy 25 23 14 22 27 25 v9 23, 711
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The Schur function s,

For a partition A, to get the Schur function s,,
determine all the possible SSYTs of shape .
Then s, equals the sum over all such SSYTs of

the weights.

TeSSYT (M)
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Example: A = (2,1)

2 2 2

2 3 2 3
1)1 1|1 1|2 1]2

T1Toxg + 513133% + CC%CC?, + CEQCU%

L3 L3 2|2 2|3
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Symmerftric functions

o(f)(x1, 22, ...) = f(To(1), To(2), ---) = f@1, 20, ...)

for every permutation o of Z+.

Example

2 y 2 2 y 2
f(x1, 09, x3) = X{To+x{T3+ X501+ X503+ X301 + 1322
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Symmetfric functions

o(f)(x1, 22, ...) = f(To(1), To(2), ---) = f@1, 20, ...)

for every permutation o of Z+.

Example
2 2 2 2 2 2

f(x1, 2, x3) = T{To+T{T3+ 2501+ 2503+ T501 + 1522

The Schur functions form a basis for the
algebra of symmetric functions.
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Schur functions

» ofther symmetric function bases
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Schur functions

» ofther symmetric function bases

» characters of the irreducible
representations of GL,,.

» cohomology ring of the Grassmannian.

» RSK algorithm and other combinatorial
properties

RSK Analogue — p.10/6¢



Rearrangements (v = \)

Each partition A can be considered as a
collection of compositions which rearrange
to A. For this talk, we want compaositions of n
INfo n parts, so we allow zeros as well.

Example There are six compositions of 3 info
3 parts which rearrange fo (2,1):
{(2,1,0),(2,0,1),(1,0,2),(1,2,0),(0,1,2),(0,2,1)}
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Composition Diagram

To each composition v = 91 + 72 + ... + Y., WE
associate a composition diagram, which
consists of n columns of cells, where the "
column contains ~; cells.

v=1(0,2,1,0,2,3,0,0,1,1)

1 2 3 4 5 6 7 8 9 10

basement
RSK Analogue — p.12/6¢




Fillings

A filling of a composition diagram is a filling
of the cells with positive integers.

Example

DO | Ot =
(GOR \)
N

Q| O | O

7 8 9 10
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Haglund, Haiman, Loehr

» generdlized descent and inversion
statistics on fillings of diagrams

» combinatorial description of Macdonald
polynomials and nonsymmeiric
Macdonald polynomials

» nonsymmetric Schur functions obtained
as a special case of the nonsymmetric
Macdonald polynomials.
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Descent

A descent is a pair of cells, ¢; and ¢,, such
that ¢; Is directly on top of ¢; and ¢; > ¢s.

DO | O =
| DN
S
Ot O | O
S| Ot = | O
S
%

7 8 9 10
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Type A friple:

a friple {c1, co, c3} Of cells such that:
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Type A friple:

a friple {c1, co, c3} Of cells such that:
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Type A friple:

a friple {c1, co, c3} Of cells such that:

» ¢; And ¢3 Are in the same row
» ¢ IS directly below ¢

» tThe column containing ¢; and ¢, is weakly
taller than the column containing cs.
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Type A inversion friple

413
7 8 9 10

DO | Ot =
(GORE \)
N
Ot O | O
S| Ot =] O

x counter-clockwise ordering from smallest o
largest
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Type A inversion friple

413
7 8 9 10

DO | Ot =
GOR \)

N
Ot O | O
OY| Ot — | O

x counter-clockwise ordering from smallest o
largest
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Type B friple:

a friple {c1, co, c3} Of cells such that:
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Type B friple:
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Type B friple:

a friple {c1, co, c3} Of cells such that:

» ¢; And ¢3 Are in the same row

> ¢ IS directly above c;
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Type B friple:

a friple {c1, co, c3} Of cells such that:

» ¢; And ¢3 Are in the same row
> ¢ IS directly above c;

» The column containing ¢; and ¢; is strictly
taller than the column containing c;.
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Type B inversion friple

413
7 8 9 10

DO | Ot =
Q| DO
N
Ot O | O
S| Ot =] O

x clockwise ordering from smallest to largest
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Type B inversion friple

413
7 8 9 10

DO | Ot =
GOR \)

I
Ot O | O
OHY| Ot — | O

x clockwise ordering from smallest to largest
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Skyline augmented fillings

A syline augmented filling (SAF) safisfies:

» NO descents

» every triple is an inversion triple

For a composition, v, the nonsymmetric
Schur function NS, is defined as the sum of
the wieghts of all skyline augmented fillings

of ~.
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Example: v = (1,0,2,2,0)

NS, = 5131332513%334 + 21 Tow375 + a:lajga:i

214
1 314
1 2 3 4 5
3| 2 3|4
1 314 1 3|4

1 2 3 4 5 1 2 3 4 5
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Macdonald Polynomials

The nonsymmetric Macdonald polynomiadl
. (X;q.t) specializes to the nonsymmetric
Schur function NS, (X).

B, (X; ¢, t)lg—1-0 = NS, (X)
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Macdonald Polynomials

Ju(X;q.t) =)  E(X;q.1)

Yr=p
The combinatorial formula of Haglund,
Haiman, and Loehr for the nonsymmetric

Macdonald polynomials motivates us to
seek a bijective proof.
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Theorem (MO05)

There exists a weight-preserving bijection
between SSYT and SAF which gives a
combinatorial inferpretation of

Su(x1, @, .y ) = 2{: NSy (x1, xa, ..., xp).

YT=p
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The inserfion map p

—_
-

—| =
ol
H
-]

~
|
=N | =~ CO| O

DO | O
Q| OO0

Colform(T) =
1098421-1110752-10853-5-10
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0:SSYT — SAF

» Begin with a semi-standard Young

tableau T

» Move right fo left through the enfries in

col form/(T).

» Insert entry o by bumping t
where o > 7 and 3 is direct
enfry greater than or equa

Ne first entry G
y on top of an

To a.
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Example

Let T be the following SSYT.

I
213

colform(T)=5421-72-3.

DN =~ | Ot
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b421-72-3—

1 2 3 4 5 6 7
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b421-72-3 —

1 2 3 4 5 6 7
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b421-72-3 —

1 2 3 4 5 6 7
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b421-72-3 —

R W I DN =
\‘[
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b421-72-3 —

W | W | DN DO
~J
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b421-72-3 —

2

2 4
1 3 7
1 2 3 4 5 6 7
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b0421-72-3 —

4 5 6 7
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0:SSYT — SAF

=1 DN | OT

\'l

—_
O W DN DO
~J| —J| U1

H~| H~
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0:SSYT — SAF

— DO | Ot
\“l
—_
O W DN DO
H | e~
~J| —J| U1

» This map preserves weight.
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0:SSYT — SAF

5 2
4 2 5
217 - 1] |34 7
11213 1 23456 7

» This map preserves weight.

» The shape of p(T) is always a
rearrangement of the shape of 7.
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0 SSYT — SAF

5 2
4 2 5
217 - 1] |34 7
11213 1 23456 7

» This map preserves weight.

» The shape of p(T) is always a
rearrangement of the shape of 7.

» pisinvertible.
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Example: A = (2,1)

2 _ 2
NS(Q,L()) — X7X2 NS(l,O,Z) — T1ToX3 + I1T3
1 2 3
112 1 3 1 3
1 2 3 1 2 3 1 2 3
NS = zix NS = T1T9%3 + T5T
(2,0,1) — 4143 (0,2,1) — 414243 243
1 1 2
1 3 2|3 23
1 2 3 1 2 3 1 2 3

NS120) = 37137% NSp1,2) = fﬁ%

= =
DN DN
Wl W N

— p2
S(2,1) = TiT2+ RSK Analogue - p.38/6¢




Example: A = (2,1)

= =

— 2 2
S(2,1) = TI1T2 + TIT3

_ 2
NS(102) = 12203 + 1103

W W

1
1

(\)

1
1

| Wl w

— 2
NS(Q’Q’l) = X1T2x3 + Lol3

DN DN —
Wl w

NS(07172) = ZCQZIf%

DO DN
Wl W DN

NN DN
Wl w
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Example: A = (2,1)

2 _ 2
NS@1,0) = 2122 NS(102) = 12203 + 1103
1 2 3
1]2 1 3 1 3
1 2 3 1 2 3 1 2 3
2 _ 2
NS(Q,O,l) — XT3 NS(Q’Q’l) — X1X9T3 -+ Lol3
1 1 2
1 3 213 213
1 2 3 1 2 3 1 2 3

NS(1,2,0) = 33‘1513% NS(0,1,2) — 372517%

Sy -
N DN
Wl W N

2
S(2,1) = zc%zcg + CU%CBg + x125
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Example: A = (2,1)

2 _ 2
NS(Q’LQ) — T{X2 NS(1,0,2) — T1ToX3 + I1Xg
1 2 3
112 1 3 1 3
1 2 3 1 2 3 1 2 3
2 _ 2
NS(Q,O,l) — XT3 NS(Q’Q’l) — T1Tox3 + Lol3
1 1 2
1 3 213 213
1 2 3 1 2 3 1 2 3
_ 2 _ 2
NS(1,2,0) — L1Ly NS(0,1,2) — L2d3
2 2
1|2 213
1 2 3 1 2 3

S(2,1) = x%xg + ZU%CC;; + a:la:% + x1x20T3 + :clzc%
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Example: A = (2,1)

2 o 9
NS@1,0) = 2122 NS(102) = 12203 + 1103
1 2 3
12 1 3 1 3
1 2 3 1 2 3 1 2 3
NS — 12y NS — T1XoXa + T2
(2,0,1) — 4143 (0,2,1) — 414243 QL3
1 1 2
1 3 213 213
1 2 3 1 2 3 1 2 3
_ 9 . 9
NSag0 =2123  NS@12) = 223
2 2
1|2 213
1 2 3 1 2 3

2 2
$(2,1) = x%xg + zc%zcg + xlx% + xr1x203 + T1T3 + 12273 + 573 RSK Analogue — p.38/6!




Example: A = (2,1)

2 _ 9
NS@1,0) = 2122 NS(10.2) = 12203 + 2103
1 2 3
112 1 3 1 3
1 2 3 1 2 3 1 2 3
NS — x2x NS — T1ToT3 + T3T
(2,0,1) = X1T3 (0,2,1) = L1223 53
1 1 2
1 3 213 213
1 2 3 1 2 3 1 2 3
_ 2 _ 9
NS0 =z125  NSo12) = 2273
2 2
1(2 213
1 2 3 1 2 3

_ .2 2 2 2 2 2
S(2,1) = 122 + x1x3 + 2125 + 2x12223 + X123 + 2523 + T3 RSK Andlogue - p.38/6




The RSK Algorithm

The Robinson-Schensted-Knuth (RSK)
Algorithm provides a bijection between
N-maftrices with finite support and pairs (P, ()
of SSYT of the same shape.

N — matrices #5K (P Q)

—

permutations £5K (S T7),

—

for S and T standard Young tableaux.
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Theorem (M)

There exists a bijection between N — matrices
with finite support and pairs (F, G) of SAFs
whose shapes rearrange the same partition.
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Theorem (M)

There exists a bijection between N — matrices
with finite support and pairs (F, G) of SAFs
whose shapes rearrange the same partition.

The fundamental operation of this bijection is
the inserfion process p described above.
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EXCJm,O/e: A= (Clz'j)

0101
2 001
01 00
0010

Corresponding array:

1122234
24114 2 3

A—
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PDrocedure

——

1. Begin with the rightmost entry, «, in the
potftfom row of the array.
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PDrocedure

——

1. Begin with the rightmost entry, «, in the
pbottom row of the array.

2. Begin with an empty SAF F.
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Procedure

——

1. Begin with the rightmost entry, «, in the
pbottom row of the array.

2. Begin with an empty SAF F.

3. Insert a info F' via the map p.
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Procedure

——

1. Begin with the rightmost entry, «, in the
pbottom row of the array.

2. Begin with an empty SAF F.
3. Insert a info F' via the map p.

4, Begin with an empty SAF G, the
recording SAF.
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Procedure

——

1. Begin with the rightmost entry, «, in the
pbottom row of the array.

2. Begin with an empty SAF F.
3. Insert a info F' via the map p.

. Begin with an empty SAF &, the
recording SAF.

S. The entfry g immediately above « In the
array marks in G the position of o In F'.

O I B B B B B B B B B B B B B B e B B B B B B
AN
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——

Procedure

1.

Begin with the rightmost entry, «, in the
pbottom row of the array.

. Begin with an empty SAF F'.

. Insert o intfo F via the map p.

Begin with an empty SAF G, the
recording SAF.

The entry g immediately above o Iin the
array marks in G the position of o In F'.

Repeat with The new F and ¢, with the
enfry immediately 1o the leff of o, rscanac

ue — p.42/6¢



Example

1122234
2 4114 2 3

I 2 3 4 I 2 3 4

F G
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Example

11222 34
2 4114 2 3

2 3
3 4
I 2 3 4 1 2 3 4

F G
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Example

11222 34
2 4114 2 3

2 3
3|4 2 4
I 2 3 4 I 2 3 4
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Example

1122 2 34
24114 2 3

1 2
2 3
314 2 4
I 2 3 4 I 2 3 4

F G
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Example

11222 34
24114 2 3

LR W I DN =
=~ | DN | DO

F G
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Example

I 122 2 34
2 4114 2 3

LR W I DN —]| =
=~ | =

O | DN | —

=~ | QO N DD

F G
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Example

1122234
24114 2 3

AR WD PD| =
=~ | |
DO | DN | — | —
=~ S | Q0| DN DD

F G
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Schubert polynomials

» iInfroduced by Lascoux and
Schutzenberger in 1982

» combinatorial tool To approach
guestions in algelbraic geometry

» consfructed from standard bases (7, A)
(m a permutation, A a parfition)
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Definition

A key is a semi-standard Young tableau such
that the entries in the (5 + 1) column are @
subset of the entries in the 5 column.

Example

p—t
e

DO | —J| OO| O
| = —J| 00| O
= = ]| O

= = ]| O

= ~J| O

NP [INe
NP [N
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Keys < compositions

Each key K maps to The composition
denoting its content, v(K):

Y(K) = (71,72, - -+),

where ~; Is the number of i's in K.

ek
p—

. (4,1,0,7,0,0,8,2,7,0,1)

= DNO| H~| —J| C0| ©
= =~ —J| C0| ©
=alEE NN [N
= ]| O

H~ ~J| ©

H~ ~J| ©

H~ ~J| ©
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Keys < compositions

A composition v maps to the key key(v) with
content ~;

fy — (471707 77 0707 87 27 7707 1)
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Keys < compositions

A composition v maps to the key key(v) with
content ~;

fy — (471707 7707 0787 27 7707 1)

e
e
el
—_
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Keys < compositions

A composition v maps to the key key(v) with
content ~;

fy — (471707 7707 0787 27 7707 1)

e
e
el
—_
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Keys < compositions

A composition v maps to the key key(v) with
content ~;

fy — (471707 77 0707 87 27 7707 1)

—_
—_
—_
o
S
S
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Keys < compositions

A composition v maps to the key key(v) with
content ~;

fy — (471707 77070787 27 77 O? 1)

—_
—_
—_
o
S
S
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Keys < compositions

A composition v maps to the key key(v) with
content ~;

fy — (471707 77 070787 27 7707 1)

—_
—_
—_
o
S
S
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Keys < compositions

A composition v maps to the key key(v) with
content ~;

/y — (471707 77 07078727 77 O? 1)

= DN | 1
= | =]
= ]

= W~ =]
=~ ~J
=~ ~J
=~ ~J
~J
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Keys < compositions

A composition v maps to the key key(v) with
content ~;

/y — (471707 77 0707 87277707 1)

=D | —J| OO
= = ~J| OO

— |~
= W~ =]
=~ ~J
=~ ~J

NN
\]
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Keys < compositions

A composition vy maps to the key key(~) with
content ~;

/y — (471707 77 0707 87 27 7707 1)

1 DNO| H~| —J| O0| O
= W~ —J| O0| ©
= s ]| O
= ] O

H~ ~J| ©

H~ ~J| ©

H~ ~J| ©

RSK Analogue - p.53/6!



Keys < compositions

A composition vy maps to the key key(~) with
content ~;

/y — (471707 77 0707 87 27 7707 1)

1 DNO| H~| —J| O0| O
= W~ —J| O0| ©
= s ]| O
= ] O

H~ ~J| ©

H~ ~J| ©

H~ ~J| ©
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Keys < compositions

A composition vy maps to the key key(~) with
content ~;

/y — (471707 77 0707 87 27 7707 1)

e
—_

1 DNO| H~| —J| O0| O
= W~ —J| O0| ©
= s ]| O
= ] O

H~ ~J| ©

| | ©
(PN (Ve

RSK Analogue - p.53/6!



Right keys

Each semi-standard Young tfableau T has an
associafted right key denoted K (T)

xK (T Is determined by examining words
which are Knuth equivalent to 7.

RSK Analogue — p.54/6¢




Example

~
|

— N [~ O
Ot

RSK Analogue — p.55/6¢



Example

wy =421-3-6542

~
|

— N [~ O
Ot

DO | H~ | O | O

RSK Analogue - p.55/6!



Example

6 w =421-3-6542
T—=14]5 Wwo=6421-3-542

213

11214

DO [~ | O | O
N
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Example

6 w =421-3-6542

T—=14]5 Wwo=6421-3-542
2|3 ws=6421-532-4
11214

DO [~ | O | O
N

RSK Analogue - p.55/6!



Definition

Given:
» partifion A
» permutation

There exists an associated key K (A, ) such
that the i'* column of K (A, 7) contains the
first \; lefters of .

Note: The shape of K(A,7)is N,
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Example

b A= (4,3,1)
b = 61524738

Ja
>
3
|

— DN | O O
@)
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Keys and standard bases

The standard basis U(A, 7) is given by the
weights of all SSYT with right key K(\, 7):
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Theorem (MO05)

The standard basis corresponding to
partition A and permutation = is equal to the

nonsymmetric Schur function corresponding
to the composition 7w (\):

Ll()\, 7T) — NSW()\)
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Remark

This theorem gives a non-inductive
construction of the standard basis $(u, 1)
given p and I. The proof also uses the

insertion process similar to Schensted
inserfion.
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Sketch of proof

Each partition, A = (A, Ao, ...A;), has an
associated dominant monomial

2 = (a2 . a)h)

(The monomial z* is the weight of the super
tfableau of shape \.)
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Example: A = (5,3,3,3,2,1)

0

5| O

41414

3133

2122
L1111
XN = LT T T T
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Theorem

(Lascoux, Schutzenberger)

Let z* be a dominant monomial and ¢;0;...04
e any reduced decomposition of a
permutation 7. Then U(u, \) = 226,6;...6;.

(Here 6, is a certain action on words
corresponding to the elementary
fransposition o;.)
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(2,1)
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3 2
111 1|2
(91 92
3 _|_3 2 _|_3
1(2 2|2 113 1(3
02 91
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Corollary

The right key of a semi-standard Young
tableau T is the key corresponding to the
shape of ¥ (7).

Proof.

» Each SSYT T mapps to an SAF U (T).
» U(T') € NS, for some .
» The key key(v) is the super SAF In N S.,.
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Where fo find fhis...

Slides available at:

www.math.upenn.edu/ sarahm?2

Pre-print:
arXiv: math.C0/0604430
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