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1. Background on root systems

V finite-dimensional, real vector space;
(-, -) nondegenerate symmetric bilinear form.

Reflection s, : A= A — (\,a¥)a,
where oV :=2a/(a, a) .

Root system for a semisimple Lie algebra g:
& C V finite, invariant under s, o € P.

Positive and negative roots: ® = T U ®~ .
Simple roots: as,...,q,; form a basis of V.
Simple reflections: s; 1= s, .



Weyl group:
W=(sy :acd)=(s:i=1,...,r).

Length: ¢(w) =min{k : w=s;...5,}.



Weyl group:

W={(sy : acd)=(s; : i=1,...

Length: ¢(w) =min{k : w=s;...5,}.

Bruhat order: w < ws, if {(ws,) = £¢(w)+ 1.



Weyl group:

W=(sy :acd)=(s:i=1,...,r).
Length: ¢(w) =min{k : w=s;...5,}.
Bruhat order: w < ws, if {(ws,) = £¢(w)+ 1.
Example. Type Ap—1.

V=(Re1®...®Ren) /R(eL+ ... +n).
d={aj=ci—¢j:1<i#j<n}=0".
W=S5,, s,

; 1s the transposition t;; .
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Weights and dominant weights
A={xeV:(\a")eZ, acd}.

AN ={xeA: (N\a")>0, acdt}.
Example. Type Ap_1:

n—1

AN= {Z)\,‘é;:()\l,...,)\nl) : )\;EZ} ,
i=1

AN ={(A>X>...>X_1>0) : \ €Z}.

Alcoves
Hyperplanes Hq x = {\ : (\,a¥) = k} (k € Z).
Reflection in H, ) denoted by s, j .

Alcoves: connected components of V' '\ (|J Hak) -
Fundamental alcove:

Ar={ eV :0<(\aY)<1 for a € dT}.
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2. New combinatorial model for characters (joint with A.
Postnikov)

Let g be a complex semisimple Lie algebra with root system ®. For
A € AT, we have an irreducible representation V). Its character
can be written

ch(Vy) = Z c.e” (cu € Z>o),
BEN

Given X € AT, let
(Ao = Ao, A1, ..., Al = As — \)

be a shortest sequence of adjacent alcoves.

Let F; C Hg, s;: common wall of A;_; and A;.
Let r; == sg, and 7; := sg, ;.

A-chain (of roots): I = (f1,...,5).
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Admissible subsets A(X) = A(\,TN):
J={a<jp<...<js} CI={1,...,1} such that

l<ry<rmr,<...<r...rp=k(J) (key).

Weight of an admissible subset:

Theorem. (L. and Postnikov) The irreducible character ch(Vy) of g
can be expressed as

ch(Vy) = Z ')

JEA(N)
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Example. Type Az, A = 3e1 + 2.

-A

f=s
3~ “dz30
J ={3,6}, saturated chain e = 123 < tp3 = 132 < to3t13 = 231.

J = {6} forbidden: e < t;3 = 321.
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3. Poset structure of A(\)
It is given by the crystal graph structure of the corresponding
canonical basis. Minimum Jnin = 0 and maximum Jmax.
Fact: A(\) is a self-dual poset, i.e. there is a bijection
n : A(X) — A(X) such that
J<J =) =>n().

In particular, n : Jmin < Jmax -

The map 7 is given by the action of w, (longest element of W) on
the canonical basis, so

p(n(J)) = wo(p(J))-

Goal: describe 1 explicitly.
In type A, it is given by Schiitzenberger's evacuation on
semistandard Young tableaux (Berenstein and Zelevinsky).



Schiitzenberger's evacuation

1/1[2]3] 54
2133 PREEE, 13]3)2
45 13/2]11
COMPLEMENT
""" 1]2 12
3/3/3/4] <> 1 334
4|55 13/4|55
SLIDE
""" 1]2] 4] 1]2[3]4]
3|3[3] _suee 3/13/5




4. Generalizing Schutzenberger's evacuation

Assume that X is regular, for simplicity (i.e., (A, a") > 0 for all
a € o).



4. Generalizing Schutzenberger's evacuation

Assume that X is regular, for simplicity (i.e., (A, a") > 0 for all
a € o).

Consider the A-chain

r:: (ﬂf?"wﬁmalglw'wﬁ/))
where {f1, ..., Om} = 7.



4. Generalizing Schutzenberger's evacuation

Assume that X is regular, for simplicity (i.e., (A, a") > 0 for all
a € o).

Consider the A-chain

r:: (ﬂf?"wﬁmalglw'wﬁ/))
where {f1, ..., Om} = 7.

Fact:

rrev .— (/3? s B B B, - .,ﬁl)

is also a A-chain.



4. Generalizing Schutzenberger's evacuation

Assume that X is regular, for simplicity (i.e., (A, a") > 0 for all
a € o).

Consider the A-chain
M= (ﬂf?"wﬁﬁaﬁlw'wﬁ/))
where {f1, ..., Om} = 7.

Fact:
[rev .— (ﬁ? s B B B, - .,ﬁl)

is also a A-chain.

STEP 1 (REVERSE-COMPLEMENT)
Define a bijection

Je A\T) — J e A\ TTY),

such that
u(J*Y) = wo(pu(J)) -
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Example.
Type Az, A = 4e1 + 262, J = {2, 4},
1 2 3 1 2 3 4 5

r:(04127 @13, @23, 013, 12, Q13, &23, 0413)

1 2 3 1 2 3 4 5
M= (a2, o3, a3, 13, 3, @13, 12, 13)

wok(J) = (tiotasti)(tiates) = ti2.

v = {1, 2, 4}
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STEP 2 (SLIDE)
Yang-Baxter moves. Let ', " be A-chains related as follows:

F=(B,. .., (B Bit1, -5 5j), .- B1) =
rI: (/817-"7(/8j7ﬂj—17”’76f)7”'ﬂ/)7

where {3, Biy1,..., 5} = &' of rank 2.
Theorem. (L.) There is a bijection

Je ANT) B J e AT

such that J\[i,j] = S\ [i.j], &(J)=&(JS), wu(J)=puJ).

Let ™ =1T4,l5,...,[x =T be related as above. We have

Je ANT) = J' = J € A\ T1) 5
B e AN T) 2 .8 Jo=J e ANT).

Theorem. (L.) We have J* = n(J).
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Example.
Jev ={1,2, 4}

1 2 3 1 2 3 4 5

M= (a2, o3, a3, a3, (a3, o3, a), «ai13)

1 2 3 1 2 3 4 5
M= (aw, a3, a3, o3, (a2, a3, @), 013)

v = tyo, ( rev) = vipztip = 321 = viy3tr3

321

213

J={2,4} — J* ={1,3,4}
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5. Related results

1. Chevalley-type multiplication formulas in K+ (G/B) ;
symmetries of coefficients in these formulas;

2. generalization of the model to complex symmetrizable
Kac-Moody algebras, i.e., infinite root systems (character
formula, Littlewood-Richardson rule, and crystal graph
structure);

3. combinatorial construction of the commutator in the category
of crystals, i.e., the isomorphism between the crystals A® B
and B® A.

(1) and (2) are joint with A. Postnikov.
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