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The Symmetric Group

e &, is the group of permutations on {1,2,...,n}

o me &, is of cycle type [1"12™2...] F n if it consists of m;
disjoint i-cycles

@ %, is the conjugacy class consisting of all permutations of
cycle type a b n
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Factorizations of Full Cycles

Definition

Let c&”l) .oy, be the number of ways of writing (12 --- n) € &,, as

g

an ordered product o7 - - - 0, Where 0; € 6,,.
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Factorizations of Full Cycles

Definition

n)

Let c&l o be the number of ways of writing (12 --- n) € &, as
an ordered product o7 - - - 0, Where 0; € 6,,.

1111

Example

—
=)
=

In Gg the following factorizations are counted by Cl23) 124"

o1 02

(123456) = (13)(25)(46) - (1542)(36)
= (15)(24)(36) - (14)(2653)
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An Explicit Formula

For a partition A = [1"12™23™3 ... ] et
@ U(A\):=mi+mg+---
o zy =[], mm,!
o Aut(A) =[], m;!
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An Explicit Formula

For a partition A = [1"12™23™3 ... ] et
@ U(A\):=mi+mg+---
o zy =[], mm,!
o Aut(A) =[], m;!

Theorem (Goulden & Jackson, 1995)

Let ai,...,am Fn with l(oq) + - +4(am) =n(m —1) + 1.
Then

m N1\
C(n) o = nm1 H (Z(al) 1)

oo pale Aut(ay)
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What Else is Known?

@ 1998 (Goupil & Schaeffer): c(an/)g
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What Else is Known?

@ 1998 (Goupil & Schaeffer): c(an/)g
e 2002 (Poulalhon & Schaeffer): "

yeensXm
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What Else is Known?

@ 1998 (Goupil & Schaeffer): cgn/)g

@ 2002 (Poulalhon & Schaeffer): cgi),,,,,am
@ 2005 (Biane): cg%
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For a partition A = (A1, Ag,...), let
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Main Result

For a partition A = (A1, Ag,...), let
@ ¢) :=ey, ey, - bethe usual elementary symmetric function
@2\ —1:=(2\; —1,2X0 — 1,2\3 —1,...)

o Ra.y) = - [J(@ +0)™ =@ =0))
i>1
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Main Result

For a partition A = (A1, Ag,...), let

@ ¢) :=ey, ey, - bethe usual elementary symmetric function
@2\ —1:=(2\; —1,2X0 — 1,2\3 —1,...)

1 A Ny j vyt
o malwy) =g [~ @-v) = 3 BGH

i>1 jtk=n—1
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Main Result

For a partition A = (A1, Ag,...), let

@ ¢) :=ey, ey, - bethe usual elementary symmetric function

@2\ —1:=(2\; —1,2X0 — 1,2\3 —1,...)
1 ) _ ad
o Bawy) =g [+ — @ -9 = 37 RS2

Ak

1>1

Fix aq,...,amFn and let x = (z1,...,2y). Then
m—1 an

s = ( 1)<n 0
2 Hizaio

<j<n =1

where the outer sum extends over all j = (j1,.

0 <j; <n foralli.

k

j+k=n—1

> [Ia - 3 2o

i Aut(\)

.+, Jm) such that

V.
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@ ¢) :=ey, ey, - bethe usual elementary symmetric function

@2\ —1:=(2\; —1,2X0 — 1,2\3 —1,...)
1 ) _ ad
o Bawy) =g [+ — @ -9 = 37 RS2

Ak

1>1

Fix aq,...,amFn and let x = (z1,...,2y). Then
m—1 e
(n) = n Ji . [xd ear—1(x)
Cor'voom = Sm=1)(m—1 Z Ry, -]
2=1)(m=1) TT. zq, T =i Z(/\):n_lAut(A)

where the outer sum extends over all j = (j1,.

0 <j; <n foralli.

k

j+k=n—1

.+, Jm) such that
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Main Result

For a partition A = (A1, Ag,...), let

@ ¢) :=ey, ey, - bethe usual elementary symmetric function

@2\ —1:= 2\ — 1,20 — 1,203 — 1,...)
1 ) _ ad
o Bawy) =g [+ — @ -9 = 37 RS2

Ak

1>1

Fix aq,...,amFn and let x = (z1,...,2y). Then
m—1 an

s = ( 1)<n 0
2 Hizaio

<j<n =1

where the outer sum extends over all j = (j1,.

0 <j; <n foralli.

k

j+k=n—1

> IIREb) Y 2

T Aut(\)

.+, Jm) such that

o
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Hook Shapes

Definition

Let (i|j) denote the hook partition [17 (i + 1)].
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Hook Characters

o ) = (1) ifA=(i|j) withi+j=n—1
] 0 otherwise
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o ) = (1) ifA=(i|j) withi+j=n—1
] 0 otherwise
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Hook Characters

o ) = (1) ifA=(i|j) withi+j=n—1
] 0 otherwise

ilj -1\ ..

OHAJ;y ZXU)Z
i+j=n—1
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Hook Characters

o ) = (1) ifA=(i|j) withi+j=n—1
] 0 otherwise

ilj -1\ ..

("] H>\ x y Z X\ (@l5) z o L H(ﬂj)\k _ (—y))‘k).

X
i+j=n—1 +y k>1
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Hook Characters

(=1)7 ifx=(i|j) withi+j=n—1
0 otherwise

ilj -1 U
°XE1|,3])=<nj ) ifi+j=n—1

o Hymy)i= 3 xiaiyl = —— [ — (—)™).

xr
i+j=n—1 TY k>1

Murnaghan-Nakayama rule.
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A Character Sum Formulation
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A Character Sum Formulation

From the Lemma there follows:

nm—l

NP A Y T

Zay "t Zag, P
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A Character Sum Formulation

From the Lemma there follows:

nm—l

A o = e L (@)D D -1

Z DY Z
a1 m ot b=n—1

John Irving On the Number of Factorizations of Full Cycles



A Gaussian Integral

Let du(z) be the normalized Gaussian density on C

1
du(z) == ;e_|z|2dz,

where dz = dsdt for z = s + t/—1.
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Let du(z) be the normalized Gaussian density on C

1
du(z) == ;e_|z|2dz,
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An Integral Representation

Let aq,...,am Fn+1, and set du(u,v) := [T dp(u;)dp(v;).

Then
3 (@b Iy o) 1y
a+b=n
1 m
= - (Ug - Upy — V1 - 0" HHai(ﬂi,@i) du(ua, v).
e i=1

John Irving On the Number of Factorizations of Full Cycles



An Integral Representation

1 m
E(ul U, — V]~ U " HH (s, 0;)
' i=1
a a b b
_ Z Ul“‘“m'”1“'”m bH Z (al\b b
alb! Vi
a+b=n i=1a;+b;=n
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An Integral Representation

1 m
E(ul o Um — V1 'fUm)nHHozi(ﬂ’ia'Ui)
' i=1
a a b b
_ Z ul..-um~’l)1...'l)m bH (al\b bz
a! b! Z Vi
a+b=n i=1a;+b;=n

@ Integrating with respect to du(u,v) forces a; = a and b; = b.
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An Integral Representation

1 m
E(ul"'um*Ul"'vm)nHHai(ﬂial_}i)
' i=1
a a b b
_ Z ul..-um~’l)1...'l)m bH (al\b bz
a! b! Z Vi
=1 a;+b;=n

@ Integrating with respect to du(u,v) forces a; = a and b; = b.
@ The RHS becomes

S (el by X e (1)
a-+b=n

Ol
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Change of Variables

o Ry(z,y) = ;y [T +9™ — @ —p)™),
E>1
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Change of Variables

o Ry(z,y) = ;y [T +9™ — @ —p)™),

k>1

o Hy(,y) = —— [[@@™ — (=p)™).

THY 51

Key Observations

Upon setting u; = %(y, + ;) and v; = %(y,, —x;), get

() Hk(ﬂi, ﬁi) = 2_n/2RA(3?i7 g’t)
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Change of Variables

o Ry(z,y) = ;y [T +9™ — @ —p)™),

k>1

o Hy(,y) = —— [[@@™ — (=p)™).

THY 51

Key Observations

Upon setting u; = %(y, + ;) and v; = %(y,, —x;), get

() Hk(ﬂi, ﬁi) = 2_n/2RA(3?i7 g’t)
o du(u,v) =du(x,y)

1-m/2 T a
@ Uy Uy — V] Uy = 2 /yl---ymg egs_l(y—i,...,y—:)
s>1
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Change of Variables

Thus
/(:2 (Ug -« Uy, — 01+ o))" HHai (a;, v;) dp(ua, v)
" i=1
becomes
1 <\ \ 2 o
on(m—1) /(CQm <y1 ©Ym Z €251 (y>> H Rai (xi7 yl) dM(Xa Y)

s>1 i=1
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Reversing the Integral Formulation

Now

/sz <y1 o YUm Z 6231(;)>n ﬁ Re, (%4, 5:) dp(x,y)

s>1 i=1
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Reversing the Integral Formulation

Now
/ < ymZQQS 1 > HRa, fb‘uyz) dﬂ(X Y)
(C2'm
s>1 i=1
5 by (o Y eann () ) - 5 ] A
jt+k=n s>1 i=1
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Reversing the Integral Formulation

Now
/ < ymZEQS 1 > HRa, :B’Lvyl) dﬂ(X Y)
czm s>1 i=1
= Z J'k! [xIy¥] (yl “Ym 2625—1(;)> - [®Iy%] HRai(@', ¥i)
jt+k=n s>1 i=1
= Y ] (Z@sl(x)> 117
0<j<n s>1 i=1
_ M Ji . [ ear—1(%)
Z H R, - b Aut(\)
0<j<n i=1 ((N=n

John Irving On the Number of Factorizations of Full Cycles



Reversing the Integral Formulation

Now
/ < ymZEQS 1 > HRa, :B’Lvyl) dﬂ(X Y)
cam s>1 i=1
= Z J'k! [xIy¥] (yl “Ym 2625—1(;)> - [®Iy%] HRai(@', ¥i)
jt+k=n s>1 i=1
= Y ] (Z@sl(x)> 117
0<j<n s>1 i=1
. a Ji . j 62)\71(){) DONE!
Z HR%. %] R ONE!
0<j<n i=1 L(AN)=n

John Irving On the Number of Factorizations of Full Cycles



Main Result

Fix aq,...,am Fn and let x = (z1,...,2). Then
m—1 i
)  _ n Ji .15 ear—1(x)
Coryerym = —1)(m—1 Z Rai ’ [X ]
2(n=D(m=1) [T 2, e =i Z(A):n—lAUt()\)
where the outer sum extends over all j = (j1,...,Jm) such that
0 <j; <n foralli.
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A Binomial |dentity

The “integral trick” is equivalent to the identity

2n
3 D) e ) ifk=¢
n - k
b8t (’) 0 otherwise.
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