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Catalan triangle (1/3)

oVk>n, B(nk)=0

e B(1,0) =1

eVn > 1k <n,
B(n,k) = 31— B(n — 1,1)

14 28 42 42
20 48 90 132 132
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Catalan triangle (1/3)

1
1 1 oVk>n, B(nk)=0

1 2 2 e B(1,0) =1

13 5 5 oVn>1k<n,

1 4 9 14 14 B(n, k) =S¢, B(n —1,1)
1 5 14 28 42 42

1 6 20 48 90 132 132

B(n, k) = number of Dyck paths of length 2n with n — K DOWN
steps in the last sequence of DOWN steps
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Catalan triangle (2/3)

B(n, k) = number of Dyck paths of length 2n with £ DOWN steps
(excluding the last sequence of DOWN steps)
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Catalan triangle (2/3)

B(n, k) = number of Dyck paths of length 2n with £ DOWN steps
(excluding the last sequence of DOWN steps)
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Catalan triangle (2/3)

B(n, k) = number of Dyck paths of length 2n with £ DOWN steps
(excluding the last sequence of DOWN steps)
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Catalan triangle (2/3)

B(n, k) = number of Dyck paths of length 2n with £ DOWN steps
(excluding the last sequence of DOWN steps)

Example: n =3 1 22

SN AN N e A

FPSACO06 — San Diego — B-quasisymmetric polynomials and a Catalan tetrahedron — p.5/19



Catalan triangle (2/3)

B(n, k) = number of Dyck paths of length 2n with £ DOWN steps
(excluding the last sequence of DOWN steps)

Example: n =3 1 22

SN AN N e A

n—k(n+k
B(n’k):n+k< n )

FPSACO06 — San Diego — B-quasisymmetric polynomials and a Catalan tetrahedron — p.5/19



Catalan triangle (2/3)

B(n, k) = number of Dyck paths of length 2n with £ DOWN steps
(excluding the last sequence of DOWN steps)

Example: n =3 1 22

SN AN N e A

n—k(n+k
B(n’k):n+k< n )

nf B(n, k) = C(n) = ni : <2n>
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Catalan triangle (3/3)

k=0
1
2
2 D
5 5 14
9 14 14 42
14 28 42 42 132

20 48 90 132 132 429
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Catalan triangle (3/3)

k=0

1 1

I 1 2

1 2 2 D

I 3 5 5 14
1 4 9 14 14 42
1 5 14 28 42 42 132
1 6 20 48 90 132 132 429

What happens if we let the same recurrence grow
iIn dimension 37? — Catalan tetrahedron
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Catalan tetrahedron (1/2)

=N DN
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Catalan tetrahedron (1/2)

_ ; 14
- - 5
2 14 35
1 5 10
[1] 2 3 0 30 45
1 1 3 &8 10
1 2 2 4 15 30 35
- . 1 3 5 5
- - 1 4 9 14 14
n=1 n=2 n=3 n=4 n=>5

oeVk+1>n, Bs(n,k,l) =0
o B3(1,0,0) = 1
eVn>1, k+1l<n, By(n,k,l) =23 i Bs3(n—1,47)
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Catalan tetrahedron (1/2)
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1 5 10
[1] 2 3 0 30 45
1 1 3 &8 10
1 2 2 4 15 30 35
- . 1 3 5 5
- - 1 4 9 14 14
n=1 n=2 n=3 n=4 n=>5

oeVk+1>n, Bs(n,k,l) =0
o B3(1,0,0) = 1
eVn>1, k+1l<n, By(n,k,l) =23 i Bs3(n—1,47)

> Bs(n,k,l) =7

k+l<n
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Catalan tetrahedron (1/2)

- - 5
2
1 5 10
[1] 2 3
1 1 3 8
1 2 2
- - 1 3
n=1 n=2 n=3 n =

oeVk+1>n, Bs(n,k,l) =0
o B5(1,0,0) = 1

35
30 45
15 30 35

4 9 14 14
n==~y

eVn>1 k+1<n, Bs(n,k,l) =) ;i Bs(n—1,4,7)

> Bs(n,k,l) =7

k+l<n

1 3 12 5%5)
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Catalan tetrahedron (2/2)

2, ol = Calr) = 2n1+ 1 (37?)

k+l<n

FPSACO06 — San Diego — B-quasisymmetric polynomials and a Catalan tetrahedron — p.8/19



Catalan tetrahedron (2/2)

> Bkt =) = 51 ()

k+l<n

Bs(n, k,1) = number of 2-Dyck paths (steps (1,1) and (2,-2)) of
length 4n with k¥ DOWN steps at even height and | DOWN steps
at odd height (excluding the last DOWN sequence)
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Catalan tetrahedron (2/2)

> Bkt =) = 51 ()

k+l<n

Bs(n, k,1) = number of 2-Dyck paths (steps (1,1) and (2,-2)) of
length 4n with k¥ DOWN steps at even height and | DOWN steps
at odd height (excluding the last DOWN sequence)
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Catalan tetrahedron (2/2)

> Bkt =) = 51 ()

k+l<n

Bs(n, k,1) = number of 2-Dyck paths (steps (1,1) and (2,-2)) of
length 4n with k¥ DOWN steps at even height and | DOWN steps
at odd height (excluding the last DOWN sequence)
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Catalan tetrahedron (2/2)

1 3n
k+Il<n

Bs(n, k,1) = number of 2-Dyck paths (steps (1,1) and (2,-2)) of
length 4n with k¥ DOWN steps at even height and | DOWN steps
at odd height (excluding the last DOWN sequence)

Explicit formula (proved using the cycle lemma):

n+k—1\/n+l—1\n—k—1
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Symmetric polynomials

Alphabet X,, = z1,..., 2,
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Symmetric polynomials

Alphabet X,, = z1,..., 2,

hi(X3) = 21 + 22 + 23

ho(X3) = :1;% + 129 + T1X3 + :c% + Tox3 + :U%

h3(X3) = o3 + xix0 + TIT3 + T175 + T1T2T3 + T1T2
—|—:c§ + ZU%LUg + LUQLU% + LU%
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Symmetric polynomials

Alphabet X,, = z1,..., 2,

hi(X3) = 21 + 22 + 23

ho(X3) = LL’% + 129 + T1X3 + x% + Tox3 + x%

h3(X3) = o3 + xix0 + TIT3 + T175 + T1T2T3 + T1T2
—|—:c§ + :U%:Ug + :ng% + az%

Space Sym,, = Q|hx(X,), k > 0]
Ideal (Sym}) = (hi(X,), k > 0)
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Symmetric polynomials

Alphabet X,, = z1,..., 2,

hi(X3) = 21 + 22 + 23

ho(X3) = LL’% + 129 + T1X3 + x% + Tox3 + x%

h3(X3) = o3 + xix0 + TIT3 + T175 + T1T2T3 + T1T2
—|—:c§ + :U%:Ug + :ng% + az%

Space Sym,, = Q|hx(X,), k > 0]
Ideal (Sym}) = (hi(X,), k > 0)

Theorem (Artin — 1944)

dim Q[X,]/(Sym,;) = n!

FPSACO06 — San Diego — B-quasisymmetric polynomials and a Catalan tetrahedron — p.11/19



Quasisymmetric polynomials

Basis F,. indexed by compositions:
Definition-example:

F(2,1,3) (Xn) — E Liy Lig Lig Liy Lig Lig
1< 2 <i3<t4 i5 g <N
Fiio(X3) = 5 T = T125 + + 2125 + T203
(1’2) 3) — Iy LU] Ll = L1L9 L1X2X3 L1T3 L2X3
1<i<j<k<3
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Quasisymmetric polynomials

Basis F,. indexed by compositions:
Definition-example:

F(2,1,3) (Xn) — E Liy Lig Lig Liy Lig Lig
1< Si2<13 <14 Ki5 g <N
Fiio(X3) = 5 T = T125 + + 2125 + T203
(1’2) 3) — Iy LU] Ll = L1L9 L1X2X3 L1T3 L2X3
1<i<j<k<3

Space QSymy = Span(Fe(Xy), |c[ = 0)
Ideal (QSym,") = (F.(X,), |¢[] > 0)
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Quasisymmetric polynomials

Basis F,. indexed by compositions:
Definition-example:

F(2,1,3) (Xn) — E Liy Lig Lig Liy Lig Lig
1< 2 <i3<t4 i5 g <N
Fiio(X3) = 5 T = T125 + + 2125 + T203
(1,2)(X3) = T; X Tl = T1T5 + T1T2T3 + T123 + T2x3
1<i<j<k<3

Space QSymy = Span(Fe(Xy), |c[ = 0)
Ideal (QSym,") = (F.(X,), |¢[] > 0)

Theorem (Aval, Bergeron, Bergeron — 2002)

dim Q[X,,]/(QSym,) = C(n) = n _1" 1 <277:)
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B-quasisymmetric polynomials (1/2)

Alphabet X,,.Y,, = z1,..., 20, v1,...,Yn

Definitions on examples:
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B-quasisymmetric polynomials (1/2)
Alphabet X,,, Y, = z1,..., 20, Y1,...,Yn

Definitions on examples:
Bi-composition 42 02 10 31 (patterns 00 and 00 forbidden)
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B-quasisymmetric polynomials (1/2)

Alphabet X,,, Y, = z1,..., 20, Y1,...,Yn
Definitions on examples:
Bi-composition 42 02 10 31 (patterns 00 and 00 forbidden)

Fi2,01,20(Xn, Yn) = Z Tiy Yig Yiz YiaTis i

11 L1213 <14 <1516
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B-quasisymmetric polynomials (1/2)

Alphabet X,,, Y, = z1,..., 20, Y1,...,Yn

Definitions on examples:

Bi-composition 42 02 10 31 (patterns 00 and 00 forbidden)
F12 01,20(Xn, Yn) = > Tiy Yiz Yis YiaTis Tig
11 1213 <14 <t5 <16

[defined by Poirier, studied by Baumann-Hohlweg]

FPSACO06 — San Diego — B-quasisymmetric polynomials and a Catalan tetrahedron — p.13/19



B-quasisymmetric polynomials (1/2)

Alphabet X,,, Y, = z1,..., 20, Y1,...,Yn
Definitions on examples:

Bi-composition 42 02 10 31 (patterns 00 and 00 forbidden)
F12 01,20(Xn, Yn) = > Tiy Yiz Yis YiaTis Tig
11 1213 <14 <t5 <16

[defined by Poirier, studied by Baumann-Hohlweg]

Space BQSym, = Span(Fc(Xna Yn)a ’C’ P> O)
Ideal (BQSym) = (F.(X,,Y,), |c[ > 0)
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B-quasi-symmetric polynomials (2/2)

Theorem (Aval)
The quotient space Q[X,,,Y,]|/(BQSym)
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B-quasi-symmetric polynomials (2/2)
Theorem (Aval)
The quotient space Q[X,,,Y,]/(BQSym.)

o has dimension ﬁ(?’g) (number of ternary trees)
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B-quasi-symmetric polynomials (2/2)
Theorem (Aval)
The quotient space Q[X,,,Y,]/(BQSym.)

o has dimension ﬁ(?’g) (number of ternary trees)

¢ IS bi-graded, and its Hilbert series is

n+k—1\/n+1l—1\n—k—1
R ol G [ L =Y

0<k+I<n
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B-quasi-symmetric polynomials (2/2)
Theorem (Aval)
The quotient space Q[X,,,Y,]/(BQSym.)

o has dimension ﬁ(?’g) (number of ternary trees)

¢ IS bi-graded, and its Hilbert series is

n+k—1\/n+1l—1\n—k—1
R ol G [ L =Y

0<k+I<n

o has a basis naturally indexed by paths
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B-quasi-symmetric polynomials (2/2)
Theorem (Aval)
The quotient space Q[X,,,Y,]/(BQSym.)

o has dimension ﬁ(?’g) (number of ternary trees)

¢ IS bi-graded, and its Hilbert series is

n+k—1\/n+1l—1\n—k—1
R ol G [ L =Y

0<k+I<n

o has a basis naturally indexed by paths

Moreover, there is an effective explicit description of a Grébner
basis for the ideal.
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Proof (1/3)

Bijection monomials «— paths:

n =29

5

4

3

2
22 L
1913 <
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Proof (1/3)

Bijection monomials «— paths:

n=2>9
s |
5 [ T
P00 24 8 O
P 1 O 8
< T 00 7 0 O
T T L N R N T S S S
2 77777777777777777777777777777777777777777777777777
b
1 boaogibandbacadhanod —l. baadboandhioandhoacdbaoodbacndhnaa0aao0s -
riypxz — 1l T transdiagonal path
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Proof (1/3)

Bijection monomials «— paths:
n=2>

Ty T3 — transdiagonal path

To Y3 Yy 2-Dyck path
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Proof (2/3)

Theorem (Aval)

dim Q[ X, Yn]/<BQSym’j;> - 2n1—|— 1 (Sf:)
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Proof (2/3)

Theorem (Aval)

1

dim Q[ X, Yn]/<BQSym;LF> — on +1 (3:)

Proof

Explicit construction of a Grobner basis for the ideal (BQSym,)
whose leading monomials (for the lexicographic order) are the
monomials associated to transdiagonal paths.
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Proof (2/3)

Theorem (Aval)

dim Q[ Xy, Y5]/(BQSym,!) = : (S’n)

Cn+1\n

Proof

Explicit construction of a Grobner basis for the ideal (BQSym,)
whose leading monomials (for the lexicographic order) are the
monomials associated to transdiagonal paths.

Conseguence

A monomial basis for the quotient

dim Q[ X, Y]/ (BQSym;")

IS given by the monomials associated to 2-Dyck paths.
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Proof (3/3)

Conseguence
A monomial basis for the quotient Q[ X,,, Y,,]/(BQSym) is given
by the monomials associated to 2-Dyck paths.
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Proof (3/3)

Conseguence

A monomial basis for the quotient Q[ X,,, Y,,]/(BQSym) is given
by the monomials associated to 2-Dyck paths.

Qn.ii = QLXn, Yal /{BQSym;) N Q[X,,, Yoy (polynomials of
degree kin (z1,...,z,) and 1 in (yi,...,yn))

k—1 [—1\n—-—Fk—1
dim Qn,k,l — (n+ )(n+ )n — B3(nak7l)

k [ n
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Proof (3/3)

Conseguence

A monomial basis for the quotient Q[ X,,, Y,,]/(BQSym) is given
by the monomials associated to 2-Dyck paths.

Qnii = QLXn, Yol /(BQSym;) N Q[X,, Y1 (polynomials of
degree kin (z1,...,z,) and 1 in (yi,...,yn))

k—1 [—1\n—-—Fk—1
dian,k,l — (n+k )(n+ )n — B3(nak7l)

n

Proof

I Y3 Yq — 1 L= 2- Dka path
(k,1) = (1,2) «—— East steps 1 at even height, 2 at odd height
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Extensions and open questions
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Extensions and open questions

e ItIs easy to extend the combinatorial part to a
(p + 1)-dimensional recurrence, as well as the agebraic part
to polynomials in p alphabets of n variables...
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Extensions and open questions

e ItIs easy to extend the combinatorial part to a
(p + 1)-dimensional recurrence, as well as the agebraic part
to polynomials in p alphabets of n variables...

e open question: find a description of B-quasisymmetric
polynomials as invariants
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