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Classifying ascents and descents with specified equivalences mod &
Jeffrey Liese

ABSTRACT. Given a permutation 7 of length j, we say that a permutation ¢ has a 7-match starting at
position i, if the elements in position i,7+ 1,...,44 j — 1 in o have the same relative order as the elements
of 7. If T is set of permutations of length j, then we say that a permutation ¢ has an Y-match starting
at position j if it has a 7-match at position j for some 7 € Y. A number of recent papers have studied
the distribution of 7-matches and Y-matches in permutations. In this paper, we consider a more refined
pattern matching condition where we take into account conditions involving the equivalence classes of the
elements mod k for some integer k > 2. In general, when one includes parity conditions or conditions
involving equivalence mod k, then the problem of counting the number of pattern matchings becomes more
complicated. In this paper, we prove explicit formulas for the number of permutations of n which have s 7-
equivalence mod k matches when 7 is of length 2. We also show that similar formulas hold for T-equivalence
mod k matches for certain subsets of permutations of length two.

RESUME. Etant donnée une permutation 7 de longueur j, on dit qu’une permutation o a un 7-motif débutant
en position % si les éléments en position 4,7+ 1,...,7+ 7 — 1 de o ont le méme ordre relatif que les éléments
de 7. Si T est un ensemble de permutations de longueur j, alors on dit que o a un Y-motif en position i
si 0 a un 7-motif en position ¢ pour une permutation 7 de Y. Plusieurs travaux récents ont portés sur la
distribution des T-occurrences et Y-occurrences dans les permutations. Dans ce travail, nous étudions un
raffinement de la notion de motif prenant en compte de conditions basée sur les classes d’équivalences des
éléments mod k. De manieére générale, lorsque I’on prend en compte la parité ou ’équivalence mod k, le
probléme de I’énumération du nombre d’occurrences d’un motif devient plus compliqué. Nous démontrons
une formule explicite pour le nombre de permutations de n qui ont s T-motifs équivalents mod k quand 7
est de longueur 2. Nous montrons aussi que des formules similaires existent pour les T-motifs quand T est
limité & certains sous-ensembles de permutations de longueur 2.

1. Introduction

Given any sequence o = o7 ---0, of distinct integers, we let red(c) be the permutation that results
by replacing the i-th largest integer that appears in the sequence o by i. For example, if 0 = 2 7 5 4,
then red(c) = 1 4 3 2. Given a permutation 7 in the symmetric group S;, we define a permutation
o =010, € S, to have a 7-match at place ¢ provided red(o; ---0i4+j—1) = 7. Let 7-mch(o) be the
number of 7-matches in the permutation o. To prevent confusion, we note that a permutation not having
a 7-match is different than a permutation being 7-avoiding. A permutation is called 7-avoiding if there are

no indices iy < --- < i; such that red[o;, ---0;;] = 7. For example, if 7 = 2 1 4 3, then the permutation
321465 does not have a 7-match but it does not avoid 7 since red[2 1 6 5] = 7.
In the case where |7| = 2, then 7-mch(o) reduces to familiar permutation statistics. That is, if o =

o1-0n € Sy, let Des(o) = {i : 0, > 0;41} and Rise(o) = {i : 0, < 0;41}. Then it is easy to see that
(2 1)-mch(o) = des(o) = |Des(o)| and (1 2)-mch(o) = rise(c) = |Rise(o)].

A number of recent publications have analyzed the distribution of 7-matches in permutations. See, for
example, [EN03, Kit03, Kit]. A number of interesting results have been proved. For example, let 7-nlap(o)
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be the maximum number of non-overlapping 7-matches in ¢ where two 7-matches are said to overlap if they
contain any of the same integers. Then Kitaev [Kit03, Kit] proved the following.

THEOREM 1.1.

" T-nlap(o) __ A(t)
(1.1) ;ﬁzm 1 ()_(1—x)+x(l—t)A(t)

where A(t) = 3,5 {0 € S, : T-mch(o) = 0}|.

In other words, if the exponential generating function for the number of permutations in S,, without any
T-matches is known, then so is the exponential generating function for the entire distribution of the statistic
T-nlap.

In this paper, we consider a more refined pattern matching condition where we take into account con-
ditions involving equivalence mod k for some integer k£ > 2. That is, suppose we fix k > 2 and we are given
some sequence of distinct integers 7 = 71 - - - 7;. Then we say that a permutation o = o, ---0, € S, has a 7-
k-equivalence match at place ¢ provided red(o; - - - 01 j—1) = red(r) and for all s € {0,...,j—1}, 0445 = Tiys
mod k. For example,if r=12and 0 =5174 36 82, then ¢ has T-matches starting at positions 2, 5, and
6. However, if £k = 2, then only the 7-match starting at position 5 is a 7-2-equivalence match. Later, it will
be explained that the 7-match starting a position 2 is a (1 3)-2-equivalence match and the 7-match starting
a position 6 is a (2 4)-2-equivalence match. Let 7-k-emch(o) be the number of 7-k-equivalence matches in
the permutation o. Let 7-k-enlap(c) be the maximum number of non-overlapping 7-k-equivalence matches
in o where two 7-matches are said to overlap if they contain any of the same integers.

More generally, if T is a set of sequences of distinct integers of length j, then we say that a permu-
tation 0 = o01---0, € S, has a T-k-equivalence match at place ¢ provided there is a 7 € T such that
red(o; - --0i4j—1) = red(r) and for all s € {0,...,5 — 1}, 0ixs = Ti4s mod k. Let Y-k-emch(o) be the
number of T-k-equivalence matches in the permutation o and Y-k-enlap(o) be the maximum number of
non-overlapping Y-k-equivalence matches in o.

In this paper, we shall begin the study of the polynomials

n

(1.2) Trpn(z) = Z g7 hmemeh(@) — ZTf7k7nxs and
oeSy s=0

(13) U’r,k,n(x) _ Z xT—k—emch(U) — Z U§'7k7nxs'
ocSy, s=0

In particular, we shall focus on certain special cases of these polynomials where we consider only patterns
of length 2. That is, fix k > 2 and let Ay equal the set of all sequences (a b) such that 1 < a < b < 2k where
there is no lexicographically smaller sequence x y having the property that z =a mod k and y =b mod k.
For example,

Ay=1{1213,14,15723,24,25,26,34,35,36,37,45,46,47,48}.

Let D ={ba:abe A} and Ey, = Ay, U Dy. Thus Ej, consists of all k-equivalence patterns of length 2
that we could possibly consider. Note that if T = Ay, then Y-k-emch(o) = rise(o) and if T = Dy, then
Y-k-emch(c) = des(o).

Our goal is to give explicit formulas for the coefficients of 177 | and Uy ;. ,,. First we shall show that we
can use inclusion-exclusion to find a formula for Uy ; ,, for any T C Ej in terms of certain rook numbers of
a sequences of boards associated with Y. While this approach is straightforward, it is unsatisfactory since it
reduces the computation of Uy , ,, to another difficult problem, namely, computing rook numbers for general

boards. However, we can give two other more direct formulas for the coefficients 777, , where 7 € Ej. For
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example, in the case where 7 = (1 k), our results will imply that for all 0 < s <n and for all 0 < j < k — 1,

n

S r—Ss . r
(1'4)T(1 k) kkn+j = Z(_l) (kn—’_]_r)!(S)SnJanJrlr

— Z(_l:— Dn +j)!i(—1)sﬂ((l~c —Dn+j+r)" <(k - 1)7:q+j * r) (kn:_]: 1)
r=0
— (k- D +j>!§<—1)”—s-r<1 ey (T (i

where Sy, is the Stirling number of the second kind, i.e., S, 1 is the number of partitions of an n-set into
k parts. These formulas lead to interesting identities in their own right. For example, we see that for all
k>2,0<s<nand 0<j3<k—1,

i(_l)s—r((k —n+j+nr)" ((k AR T) <Im+j ¥ 1) N

T S—r
r=0

e (SO ().

r=0

The general problem of finding explicit expressions for the coefficients Ug . ,, for arbitrary T is open.
However, Kitaev and Remmel [KR05, KR06] have developed formulas for UT k,n 1D certain other special
cases. In particular, Kitaev and Remmel studied permutation statistics which cla551ﬁed the descents of a
permutation according to whether either the first element or the second element of a descent pair is equivalent
to 0 mod k. In our language, they computed explicit formulas for Uy, where either T = {b a: (b a) €
D& b=0 modk}or T ={ba:(ba) € Dy & a =0 mod k}. In this paper, we shall generalize some
of their results by deriving explicit formulas for Uy , ,, in the special cases where T is a subset of the form
{(z1,11), (z2,92), ..., (Tn,yn)} where for all i, j y; = y; mod k and either T C Ay or T C Dy,

The outline of this paper is as follows. In section 2, we shall discuss some of the previous results of Kitaev
and Remmel [KR05, KR06] and give some examples of the polynomials T j (). In section 3, we will show
how to one can use inclusion-exclusion to derive an Uy () in terms of certain rook numbers. In section

4, we shall prove formulas in the case where T consists of a sequences of pairs {(z1,y1),..., (zt,y:)} C Ag
such that for all  and j, y; = y; mod k. Using the bijection which sends each permutation ¢ = oy - -0, to
its reverse, 0" = o, - - - , 01, one can show that the same formulas hold for Y" = {(y1, 1), ..., (yt,x)} C Dy,.

We shall also see that the identities that result by equating the different formulas for any given coefficient are
interesting in their own right. Then, we shall make a few comments about the problem of finding Uy ,»(2)
for arbitrary Y.

2. Previous results and examples

In this section, we shall state some previous results and give some examples of the polynomials T j ()
and Uy kn(z). As mentioned in the introduction, Kitaev and Remmel [KR05, KRO06|, found explicit
formulas for the coefficients Uy ;. ,, in certain special cases. In particular, they studied descents according
to the equivalence class mod k of either the first or second element in a descent pair. That is, for any set
X C€{0,1,2,...}, define

— — —
e Desx(o)={i:0; > 0,41 & 0; € X} and desx (o) = |Desx (o)
— — —
e Desx(o)={i:0; > 0,41 & 0i41 € X} and desx (o) = |Desx (0)]
In [KRO5], Kitaev and Remmel studied the following polynomials.
(1) Ru(x) = ZUESn xdesE Zk o Bk, na?
(2) Pal,2) = Tpes, @ d“E<f’>zX<“1€E> S Pk
(8) Ma(2) = s, 370007 = T}_g My ¥, and
(4) Qn(x Z) Z €S deso(g)zX(gleo) = Zk:o Zjl:o Qj7k7nzjxk~
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where E = {0,2,4,...,} is the set of even numbers, O = {1,3,5,...} is the set of odd numbers, and for any
statement A, we let x(A) = 11is A is true and x(A4) = 0 if A is false. Thus, for example, in our language,
R,(x) = Uran(z) where T = {2 1,4 2} and P,(x,1) = Uron(x) where T = {3 2,4 2}. In this case,
there are some surprisingly simple formulas for the coefficients of this polynomials. For example, Kitaev and
Remmel [KRO5] proved the following.

(Z)2<n!>2,
2

(22)  Rignt1 = (k+1) (kz 1>2(n!)2 +(@2n+1-k) (Z) () = 7= (2)2((11 +1)2,

I

(2.4) Pogon = <";1) (Z)(n!)g,

(2.5) Pogonst = (k+1) <Z) (Zi 1) ()2 = (n+1) <Z) Q(n!)Q, and

(2.6) Pojons1 = <Z> (n!)2 (n <" . 1) +(k+ 1)(2‘)) .

In [KRO6], Kitaev and Remmel studied the polynomials
(1) AP (2) = 3, g, a®een@ = YLEL AR5 ang
( ) (k) (33 Z) deSn mdeskN(U)Zx(olekN) _ E]L:O }:0 B(k) Sigd

,J,m

THEOREM 2.1.

(2.1) Rk,gn

where kN = {0, k, 2k, ...}. Again both AP (z) and B (x,z) are special cases of Uy i (z). When k > 2,
the formulas for A%k) (z) and Bflk) (z, z) become more complicated. Nevertheless, certain nice formulas arise.
For example, Kitaev and Remmel [KRO06| proved the following.

THEOREM 2.2. For oll0 < j <k —1 and all n > 0, we have

@nA®) = (- 1>n+j>!2<—1>8T((’“‘””””) ("m”“) Lo +1+5+ k1))

r sS—7T
r=0 =0

(2.8) (k= Dt ) S (1) <<k ~Dn+j+ 7”) (k” A 1) L6+ (= 1)0)

r n—s—r
r=0 =1

In general, when one includes parity conditions or conditions involving equivalence mod k, then the
problem of counting the number of pattern matchings become more complicated. For example, if 7 = 2 1,
then the number of permutations of S, with no 7-matches is 1 since the only permutation of S, with
no (2 1)-matches is the identity permutation 1 2 --- n — 1 n. However, according to Theorem 2.1, the
number of permutations of S,, with no {(2 1), (4 2)}-2-equivalences matches is (n!)? if m = 2n and is
((n + 1)1)? if m = 2n + 1. Similarly, the analogue of the Kitaev’s result (1.1) fails to hold in general. For
example, in the case where k = 2 and 7 = 1 2, then (1.4) implies that for n > 1, T(1 9)2,2n = 1"(n!) and

T(?L 2),2,2n41 — =n+1D"((n+1)),

277,+1

A(t):ZgHaeSn:(l 2)-2-emch(c) =0} = 1—|—Z +Zm(n+1) (n+ 1)L

n>0 n>0

Moreover for any o € S,,, (1 2)-2-emch(c) = (1 2)—2—enlap(a). But is easy to check that

" 1 2)-2-emch(o A(t)
D 2t e 2 1—2) +a(l—DHAQ)

n>0  o€Sy,
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Next we give some examples of our polynomials. Here is a table that lists T{q ), (z) for all possible
values of a and b where k =3 and 2 < n < 8.
T(12),3,2(z) =1+ =
T(12),3,3(z) =4+ 2z
T(12),3,4 (z) =18 4 6z

T(13),3,2(®) = 2 T(14),3,2(z) =2
T(13),3,3(z) =4+ 2z

T(13)Y314(r) = 18 + 6z

T(14),3,3(z) =6
T(14)Y314(z) = 18 + 6z

T(14),3,5(x) = 96 + 24z

T(14),3,6 (¥) = 600 + 120z

T(12y,3,5(x) = 54 + 60z + 62> T(13),3,5 () = 96 + 242

T(12y,3,6(x) = 384 + 312z + 242° T(13).3,6(x) = 384 + 312z + 24z°

T(12,3,7 (x) = 3000 + 1920z + 120z” T(13),3,7(x) = 3000 + 1920z + 120z° T(14),3,7 (x) = 3000 + 1920z + 120z>

T(12),3,5 (x) = 15000 + 20520z + 4680z + 1202°  T(y3) 5 3(x) = 25920 + 13680z + 720x°  T(14) 3 8(x) = 25920 + 13680z + 720z"

Glancing at these values, certain things become apparent. First, observe that for each of these polynomials
all the coefficients are divisible by the coefficient of the highest power of x appearing in the polynomial.
Second, one can observe that polynomials T4t 3,»(7) depend only on b. Finally, one can also observe that
for any given n, the function T,) x,n(7) takes at most three distinct values. For example when n = 5, one
can see that all the polynomials T\,) 35(%) are equal to one of T{19) 35(x), T(13),3,5(), or T(36),3,5(x) and
that these three polynomials are distinct. All of these facts are true in general for any k& and n since they

follow from our closed forms for T(up) kn ().

T(23),3,2 (%) = 2

T(23y,3,3(x) =4+ 2=

T(23),3,4(®) = 18 4 6z

T(93),3,5(x) = 96 + 24z

T(23),3,6 (%) = 384 + 312z + 24a”
T(23y,3,7(x) = 3000 + 1920z + 120z°

T(23y,3,8(x) = 25920 + 13680z + 720z”

T(34),3,2 (%) = 2

T(34),3,3(2) =6

T(34),3,4(®) = 18 + 6z

T(34),3,5(z) = 96 + 24z

T(34),3,6 (%) = 600 + 120
T(34y,3,7(x) = 3000 + 1920z + 120z°

T(34y,3,8(x) = 25920 + 13680z + 720z”

T(24),3,2(®) =2

T(24),3,3(z) =6

T(24),3,4(m) = 18 + 6z

T(24)Y3’5(z) = 96 + 24z

T(24y,3,6 (%) = 600 + 120z
T(24y,3,7(x) = 3000 + 1920z + 120z”

T(24y,3,8(x) = 25920 + 13680z + 7202°

T(35),3,2(®) = 2
T(35),3,3(z) =6
T(35),3,4(7) =24
T(35)Y3’5(z) = 96 + 24z
T(35),3,6(®) = 600 + 120z
T(35),5,7(2) = 4320 + 720

T(35y,3,8(x) = 25920 + 13680z + 7202°

T(25),3,2(%) = 2
T(25),3,3(z) = 6
T(25),3,4(®) =24
T(25>’3y5(1‘) = 96 + 24«x
T(25),3,6(x) = 600 + 120z
T(25) 3,7 () = 4320 + 720z

T(a5y,3,8(x) = 25920 + 13680z + 720z°

T(36),3,2 (%) = 2
T(36),3,3(z) =6
T(36),3,4(®) =24
T(36),3,5 (z) = 120
T(36),3,6 (¥) = 600 + 120z
T(36),3,7 () = 4320 + 720z

T(36),3,8 (x) = 25920 + 13680z + 720z”

3. Finding the coefficients for Uy ; ,(z) by inclusion-exclusion

In this section, we shall show how we can use inclusion-exclusion to obtain an expression for Uy j ()

for any T C E). The idea is as follows. Suppose that we fix kK and T C Ej. Given any two element sequence
ab € Ej, we shall write ab &= zy mod k if (i) z =a mod k, (ii) y = b mod k, (iii) a < b implies z < y, and
(iv) @ > b implies © > y. Then for each n > 1, we let T,, = {zy : 1 < z,y < n & zy = ab mod k where
(ab) € T}. For each zy € T,,, we let Cyy , equal the set of all 0 = 01 ---0, € S, such that there exist an
1 <i < n such that 0; = « and 0,41 = y. Given o € S, we define Pry (o), the property set of o relative
to T, to be the set of all zy € T,, such that ¢ € Cyy n. Then we define the following.

(1) Foreach T C Yy, let E—py ,, = {0 €Sy : Pry (o) =T} and By = |E=11 .0l

(2) Foreach T C Yy, let Espyp ={0 €Sy : Pry (o) 2T} and aryn = |Eorr.nl

(3) Foreach r >0, let By v n = ZSng,|S|:’r Bsrn and arr, =
It is an easy consequence of the inclusion-exclusion principle that

(3.1) > Birma' =Y arra(z—1)"

>0 t>0

SCT,,|S|=r S, Y,n-

It is also easy to see from our definitions that

(3.2) > Bixma’ = Ur gn(x).

t>0

Thus we get an expression for Uy j »(z) by calculating the RHS of (3.1).
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Next we observe that it is easy to compute ar v . We say that 7' C T,, is consistent if there does not
exist distinct ab and ed in T such that either a = ¢ or b = d. For example, if k = 4 and T = {12, 34, 32,46},
then Y7 = {12,16,56,34,32,72,76,46}. Then 77 = {12,16,34} and T> = {12,32,76} are not consistent
while T3 = {12, 34,46} is consistent. First we claim that if T is consistent, then ar v , = (n—|T|)!. That is,
we need to construct E5r v, which consists of all permutations o € S, such that each pattern in T" occurs
consecutively in 0. We do this by first constructing the maximal blocks of elements of {1,...,n} where zy
occurs consecutively in a block if and only if zy € T'. For example, if n = 7 and T' = T3 as given above, then
the maximal blocks constructed from T are 12, 346, 5 and 7. Then it is easy to see that any permutation
of the maximal blocks constructed from T' corresponds to a permutation ¢ € Es7 v ,. For example, the
permutation of the maximal blocks 346 5 12 7 corresponds to the permutation 346 5127 € Espy, v 7.
Now it is easy to see that the number of maximal blocks of {1,...,n} constructed from T is n — |T|. Thus
aryn = |Eorrnl = (n—|T|)!. Of course, if T is inconsistent, there there is no permutation o € S,, such
that all the sequences in 7" occur consecutively in o. In this situation, oz v, = 0.

Thus to compute oy v n, we need only count the number of consistent subsets of size ¢ in T,,. We can
think of this problems as counting the number of rook placements of size ¢ in a certain board associated
with Y,,. That is, given Y, let By ,, be the set of all (x,y) such that xy € T,,. For example, if k = 4 and
T = {12,34,32,46} so that T7 = {12,16,56, 34,32,72,76,46}, then By 7 consists of the shaded squares on
the board pictured in Figure 1.

FIGURE 1. The board By 7.

Given any board B C {1,...,n} x {1,...,n}, we let r;(B) denote the number of placements of k rooks
in B such that no two rooks lie in the same row or the same column. It is then easy to see that number of
consistent subsets of size ¢ in T,, equals r,(B~ ) and thus, a; v, = (n — )7 ((By,n). It follows that

UT,k,"(m) = Zﬁt,'r,nxt = Zat7’1"n($ — 1)t

>0 >0
= - ondBr) §<—1>fs ()= > =10t

The problem with formula (3.3) is that we obtain an expression for the coefficients of Uy j () in terms
of the numbers 7;(Bry ) which are not easy to compute in general. There are however some special cases
of (3.3) where the numbers r,(By ;) are familiar. That is, suppose T = {(1k)}. Then it is easy to see that
Br kn+j consists of the set of squares {(1 + ik, jk) : 0 < i < j < n}. For example, if k =3 and T = {(13)},
then By 12 consists of the shaded squares on the board pictured in Figure 2.

10

FIGURE 2. The board Byia} 12

It is well known that the Stirling number of the second kind, Sy41 %, is the number of placements of
n + 1 — k rooks on the staircase board, consisting of columns of heights 0, 1,...,n reading from right to left,
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so that no two rooks lie in the same row or column. It then easily follows that

n

S s r—s( T .
(33) Tk kknts = Ufam)ykbnts = Z(_l) (5) (kn+j —r)Snt1ns1—r-

T=Ss

Another case that involves the Stirling numbers is when T = Dy. As pointed out in the introduction,
in that case, T-k-emch(c) = des(o). In this case the board the By , equals {(j,7) : 0 < i < j < n} which is
equivalent to a staircase board with column heights 0,1,...,n — 1.

It is also well known that the Eulerian numbers, E,, , counts the number of permutations in S, that
have exactly n descents. Thus we can derive the following formula for the Eulerian numbers in terms of the
Stirling numbers.

n
(T
(3.0 B = Upne) = 317 (1) 0= 1850
r=s
In some other cases, we have been able to derive formulas that involve sums over products of Stirling
numbers. In such cases, the board By ;, naturally breaks up as a disjoint union of staircase boards. However,
because of lack of space, we shall not give such examples in this paper.

4. Finding the coefficients of Uy ;, by iterating recursions

In this section, we shall give an alternative approach to finding the Uy , ,, that exploits the fact that we
can find simple recursion for the polynomials Uy j .

Given any permutation o = o1 ---0, € S,, we label with the integers from 0 to n (from left to right)
the possible positions of where we can insert n + 1 to get a permutation in Sj,+1. In other words, inserting
n+ 1 in position 0 means that we insert n 4 1 at the beginning of o and for ¢ > 1, inserting n + 1 in position
1 means we insert n+ 1 immediately after o;. In such a situation, we let o denote the permutation of S, 11
that results by inserting n + 1 in position 1.

Throughout the rest of this section, we shall assume that & > 2 and T C Ay is a subset of the
form {(z1,y1), (x2,Y2), ..., (@, y)} where for all ¢, y; = y; mod k. Now, define y = min({y1,...,y:})
and o = [{z; : x; < y}|. We then let Aseyp(o) = {i : 0y < 0441 & 0 = z; modk & 0,41 = y;
mod k for some (z;,y;) € T}. We shall call the elements of Ascy (o) the YT-ascents of o.

Forj=y—k+1,...,y — 1, let Ap,y; be the operator which sends z* to sx*~t 4+ (kn + j — s)z® and
Ljn+y be the operator that sends z* to ((k — [Y|)n+y + s — a)z® + (|T|n + a — s)z*+. Then we have the
following.

THEOREM 4.1. Given Y, y, and « as described above, the polynomials {Uy k.n(x)}n>1 satisfy the fol-
lowing recursions.

(1) Urga(z) =1,
(2) Forj=y—Fk+1,...,y —1, UT,k,kn—i—j (33) = Akn—i—j (UT,k,kn+j—1(33)); and
(3) Ur kknty(®) = Thny (Ur ke knty—1()).

Proor. Part (1) is trivial.

For part (2), fix j such that y —k+1 < j < y — 1. Now suppose ¢ = 01 - Ogntj—1 € Skntj—1 and
ascy (o) = s. It is then easy to see that if we insert kn + j in position ¢ where i € Ascy y(0), then
ascy (o) = s — 1. However, if we insert kn + j in position i where i ¢ Ascy (o), then ascy x(c(¥) = s.
Thus {¢ :i=0,...,kn+j — 1} gives a contribution of sz°~* + (kn + j — 8)x* t0 Uy g kn+;-

For part (3), suppose 0 = 01 -+ - Oknty—1 € Sknty—1 and ascy (o) = s. In this situation we can create
a Y-ascent, but we can’t lose one. That is, if we place kn + y after any element equivalent to x; mod k for
some (z;,y;) € T which isn’t already part of a T-ascent, we would create an additional T-ascent. There are
|T|n + o — s such locations. This means that the number of locations that keep the number of ascents the
same must be (k —|Y|)n +y+ s — «a as the two must sum to kn +y. Thus {¢(® :i=0,...,kn+y— 1} gives
a contribution of ((k — |[Y])n+y + s — @)z + (|T|n + a — 8)z° ! to Ur k. knty- O

We can give combinatorial proofs of two simple formulas for the extreme coefficients of Uy j ().
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THEOREM 4.2. Let Y, y, and « be as described above. Then for all k > 2, for all j =y —Fk,...,y—1
and n such that kn+j > 0,
n—1
(k=Dn+) [](k=Dn+j+1—a—i(X| 1)
i=0
n—1
(4.2) U insy = (k=) [[a+i(lT] - 1)
i=0

PRrOOF. Clearly when n =0, the only j € {y — k,...,y — 1} such that kn+j >0arej=1,...y — 1.
In these cases, no permutation ¢ of S; can have an T-k- equivalence match so that Uy ;(x) = jl. By
convention, we assume the empty product is equal to 1 so that our formulas holds when n = 0.

Next assume that n > 1 and Y = {(x;,y;) : i = 1,...t} where x1,...x, consist of those x;’s such that
(xzi,y) € Y. Suppose that j € {y — k,...,y — 1}.

First we consider those permutations ¢ € Sk, 4; such that T-k-emch(o) = 0. We claim that we can
construct all such o as follows. By our definition, there are (k—1)n+j elements in {1,..., kn+ j} which are
not equivalent to y mod k. We can arrange these elements in ((k — 1)n+ j)! ways. Given an arrangement 7
of the elements in {1,...,kn + j} which are not equivalent to y mod k, we can extend 7 to a permutation
0 € Skn; such that YT-k-emch(c) = 0 as follows. First we can insert y into 7 so that we do not create any
Y-k-equivalence matches. Clearly this can be done in (kK — 1)n+ j+ 1 — o ways since all we have to do is to
ensure that we do not insert y immediately after any of z1,...x,. Now suppose 71 is a sequence that results
from inserting y into 7 so that we do not create any Y-k-equivalence matches. Then, the number of ways to
insert y + k into 7 so that we do not create any Y-k-equivalence matches is (k—1)n+j+1—a—(|]T]—1).
That is there are (k — 1)n + j 4+ 2 possible ways to insert y + k into 7; but that are a+|Y| elements =z
such that if we insert y + k after z, then we would form an Y-k-equivalence match. Now suppose 75 is a
sequence that results from inserting y + k into 71 so that we do not create any Y-k-equivalence matches.
Then, the number of ways to insert y + 2k into 7o so that we do not create any Y-k-equivalence matches is
(k—=1)n+j+1—a—2(|T|—1). That is there are (k—1)n+j+3 possible ways to insert y+ 2k into 75 but that
are a+2|Y| elements z such that if we insert y + 2k after z, then we would form an Y-k-equivalence match.
Continuing on in this way, we see that Uy ; 1, = ((k —1)n+ j)! H;:Ol(k —Dn+r+j+1—a—i(|T]-1).

Next we consider those permutations ¢ € Sgn4; such that Y-k-emch(o) = n. We claim that we can
construct all such o as follows. By our definition, there are (k—1)n+j elements in {1, ..., kn+ j} which are
not equivalent to y mod k. We can arrange these elements in ((k — 1)n+ j)! ways. Given an arrangement 7
of the elements in {1,...,kn + j} which are not equivalent to y mod k, we can extend 7 to a permutation
0 € Skn+; such that Y-k-emch(c) = n as follows. Clearly, we must insert y,y + k, ...,y + (n — 1)k in such
a way that each of these elements create an Y-k-equivalence match. Thus we must insert y into 7 so that
it immediately follows one of x1,...,x,. Hence we have o ways to insert y. Now suppose 71 is a sequence
that results from inserting y into 7 so that we did create a Y-k-equivalence match. Then the number of
ways to insert y + k into 73 so that we create another Y-k-equivalence match is aw + (|]T]| — 1) since there
a+ |T| elements x < y + k such that (z (y + k)) would be an T-k-equivalence match and we can not insert
y + k immediately before y. Now suppose 73 is a sequence that results from inserting y + &k into 7 so that
we have created a second Y-k-equivalence match. Then the number of ways to insert y 4+ 2k into 7 so that
we create an additional Y-k-equivalence matches is @ = 2(|Y| — 1) since there o + 2| Y| elements x < y + k
such that (z (y + 2k)) would be an Y-k-equivalence match and we can not insert y + 2k immediately before
y or y + 2k. Continuing on in this way, we see that Uy ; ., = ((k —1)n + j)! H?;OI a+i(|T] - 1). O

(1) U b

This given, we can derive a general formula Uy ; ,, using the recursions implicit in Theorem 4.1. It is
easy to see from Theorem 4.1 that we have two following recursions for the coefficients Uy ; .
Fory—-k+1<j3j<y—1,

(4.3) Ut kentj = (bn+J = 8)Us g gntj1 + (5 + l)U’?‘:‘—kl,knakjfl
Similarly, we have
(44) U’?‘,k,kn—‘—y = ((k - |T|)n Ty—oa+ S)U'?‘,k,kn—o—y—l + (|T|77/ ta—s+ ]‘)U’;,_kl,kn+y—1

We will now turn to a closed form for US & kn+ e This formula was obtained by using (4.3) and iterating
these recursions from the bottom up.



CLASSIFYING ASCENTS
THEOREM 4.3. Forally—k <j<y—1 and all s <n such that kn+ j > 0, we have

Uiy = (= s gt | Sy (BT F e dy (B 2d g nﬂ

r=0
n—1
where T'(r,j,n) = H((k— n+r+j+1—-—a—i(|Y]-1))
i=0

PROOF. We shall prove by induction, first on s, and then n that our formulas hold. That is, by Theorem
4.2, our formulas hold when s = 0 for alln > 0 and and y — k < j <y —1if kn+ j > 0. Next assume
that our formulas satisfy the recursions (4.3) and (4.4), which we will verify later in the proof. Then, we
can complete the induction as follows. First assume that that our formulas hold at some s for all n > s and
y—k<j<y-—1ifkn+j> 0. Note that the recursions (4.3) and (4.4) can be rewritten as

S 1 S . S
(4.5) UTJ,rkl,kn-{-j—l = H—l(UT,k,knJrj —(kn+j— S)UT7k7kn+j71)7

fory—k+1<j<y-—1,and

1
s+1 _ s+1 s
UT,k,kn—i—y—l - ((k — |T|)7’L+ y—a+s+ 1) (UT,k,kn—i-y - (|T| +a-— S)UTJchnerfl)

Thus in particular, (4.5) implies our formulas hold at s+ 1 whenn > s+1and j=y—k,...,y —2. We are
then able to use (4.6) to establish that our formula holds at s +1 whenn > s+ 1 and j =y — 1.

Thus to complete our proof, we need only verify that our formulas satisfy the recursions (4.3) and (4.4).
In order to simplify the algebra, we will convert the form from (4.5) to the following

(=) "(k—1n+r+ )l kn+j+ 1)IT(r,j,n)
(kn+j—s+r+Drl(s —r)! '

(4.6)

S

(4.7) U“sf‘,k,kn+j = Z

r=0
So, for y — k+1 < j <y — 1 plugging in the above form into the RHS of (4.3) gives

. ~ (1) (k= Dn+r+j—Dkn+)I0(r,j —1,n)
(kn+j — ) LX_:O (kn+j—s+nr)rl(s —r)! ]
s+1 _ . . .

(=) (k= Dn+r+j—Dkn+4)T(rj —1,n)
Hs+1) ; (kntj—s+r—Dl(s+1—r) ]

Removing the s + 1 term from the second summand, recognizing that I'(r,j — 1,n) = I'(r — 1,4,n) and
combining the rest of the terms yields

S

D (R =Dn+r+j—-Dikn+ )T =1 jn) [-r(kn+j+ D] (k=Dn+s+j)T(s+1,j—-1n)
Z (kn+j—s+r)lrl(s+1—r)! + s!

r=0
Since there is a factor of r in the numerator, we may omit the » = 0 term from the summand, shift indices
and recognize that I'(s + 1,57 — 1,n) = I'(s, j,n) to get
s—1

3 (=17 ((k = Dnd 7+ Hikn + 4+ DI gyn) (k= Dt s +)T(s,4,0)
e (kn+j—s+r+1lrl(s—r) s!

- DTk =D+ U4+ DIT(rGin)

_T; (kn+j—s+7r+1)lrl(s —r)! — T Tkkntg

Thus we have shown that our formula for Uy ., ; satisfies (43)fory—k+1<j<y-—1. We will now
show that our formula satisfies (4.4). The RHS of (4.4) becomes

S

Z (1) "(k—Dn+r+y— D kn+y)'T(r,y — 1,n)]

(k= TDhn+s+y—a) knty —s+r)ri(s —r)!

=0
s—1

z‘: (=1 Yk — Dn+7+y— Dl(kn +y)(r,y — l,n)!‘|

T —s+1
HTn+a—s+1) (kn+y—s+r+Drl(s—r—1)!

=0
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Removing the s term from the first summand, and combining the rest of the terms yields

s—1

Z (1) "((k—Dn+r+y—Dlkn+y)'T(r,y—1,n) [(kn+y+1)(kn —n|T|+7+y — a)]
= (kn+y—s+r+Dlrl(s—r)!
(k—|Thn+s+y—a)((k—1n+y+s— 1T (s,y — 1,n)
s!
B Si(_1)s—r((k—1)n+r+y—1)!(kn+y+1)!r(r,y—1,n)
B (kn4+y—s+r+ Dlrl(s —r)!
+((k—|'I"|)n+s+y—oz)((k—1)n+y—|—s—1)!I‘(s,y—1,n)
s!
_ Z (1) "((k—1n+r+y— D kn+y+DI0(r,y—1L,n)((k—|Th)n+r+y— )
(kn4+y—s+r+ Dirl(s —r)!

+

r=0
B Z ) ((k=Dn+r+y—Dikn+y+ DIy —kn+1) o,
B o (kn+y—s+r+Dlrl(s —r)! — T hkknty
Thus we have shown that our formula for Uy ; ., ; satisfies (4.4) as desired. O

Here is another formula for Ug ; 1, ;. This one was obtained by iterating the recursions (4.3) and (4.4)
from the top down.

THEOREM 4.4. Forally—k < j<y—1 and all s <n such that kn+ j > 0, we have

(48) Uy = (6= Dt ) [ e (BT Er ) (9 g, n>]
r=0
where Q(r,n) = H(r +a+i(|T]-1)).
i=0

PrOOF. We shall prove by induction, first on s and then on kn + j that our formulas hold. Theorem
4.2 proves our formulas hold when s =0 for alln > 0 and y — k < j <y — 1 such that kn + j > 0. Now
assume that our formulas for Uy ,*, | satisfy the the recursions, (4.3) and (4.4), which we will verify later
in the proof. Then, we can complete our induction as follows. Assume that our formulas for U;;jkn +; hold
at s for all n > s and and y — k < j <y — 1 such that kn + j > 0. Then, the recursions can be rewritten as

n—(s+1 . n—(s+1 n—s
(4.9) UT,kfkj;+)j =(kn+j-—n+s+ 1)UT,kEk:+)j—1 + (n— S)Ur,k,kn+j—1
fory—k+1<j<y—1,and
n+1)—(s+1 n—s n—(s+1
(4.10) U S = (=T 4y —atn— ) Up ) + (X +a—n+s+ DU

It is easy to see that the recursions (4.10) and (4.10) will allow us to prove our formulas hold for U;_k(ij;i)j,

foralln > s+1and y — k < j < y— 1 such that kn+ j > 0, by induction on kn + j so long as we can prove
a base case. In the base case, we can prove the recursion

s+1)—(s+1 s—s§ s—(s+1
(@11) USRS = = Thnty —at s — Uy 1 + (T +a—s+ s+ DU, Y,
if we interpret each term in the sense of the RHS of (4.8). The problem is that our formulas make sense
even in the case

s+1
s—(s sH+1—r k—ln—l—r—l— -1 kn+
(112) U5, = (k= Dty 1) [Z(—l) S G AR [ RS LT
r=0

However, by our definitions, it must be the case that U;T(f,;?ufl = Uy jknay—1 = 0. Thus in order to

establish the base case, we need an independent proof that the RHS of (4.12) is 0. In fact, we can prove
much more. That is, we can give a direct combinatorial proof that

%(—1)n+1_r<<k —Dn+r +j) (kn it 1>Q(r, n)

=0
= T n+1l—r

Ut ens; = (B = Dn+ j)!
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for any y — k < j <y — 1. We will not give this combinatorial proof here due to lack of space.
Thus to complete our induction, we need only show that our formulas satisfy the recursions (4.3) and
(4.4). In order to simplify the algebra, we will again convert the form from (4.8) to the following

n—s

Z (D) "((k—1n+r+NDkn+ 7+ 1DQ>r,n)
(k—=1n+j+s+r+Dlrlln—s—7)!

s _
UT,k,kn+j -
r=0

So, for y — k+ 1 < j <y — 1 plugging in the above form into the RHS of (4.3) gives

n—s

5 (=)= ((k — Dn+r 4 j — 1)!(kn + §)1Q(r, n)]
(k=1n+j+s+nr)rlin—s—r)!

(kn+j —s) l
r=0

n—s—1

5 (—1)P=s="=L((k — Dn+r + j — 1)!(kn + §)1Q(r, n)]

Hs+1) (k=1)n+j+s+r+Drl(n—s—r—1)!

r=0
Removing the n — s term from the first summand, and combining the rest of the terms yields

n—s—1

Z ()" ((k—=1n+r+j—DWkn+)r,n) [(kn+7+1)(k—1Dn+j+r)
(k=1n+j+s+r+Dirliln—s—1)!

r=0
kn+j—98)Qn—s,n
+( : (nis)(! )
- n—z:s—l (=) "((k—=1)n+r+)kn+7+DQ(r,n)  (kn+j—3s)Qn—s,n)
B —o0 (k—=1n+j+s+r+Dlrlln—s—7)! (n —s)!
- nf (D" "((k—Dn+r+ D kn+j+ DQ>r,n) - .
= (k—Dn+j+s+r+Drl(n—s—r) = Yk kntg

Thus we have shown that our formula for Uy 1, ; satisfies (4.3) for y —k+1 < j <y —1. We will now
show that our formula satisfies (4.4). The RHS of (4.4) becomes

n—s

Z (=)= "((k = )n+r+y— Dl kn+y)!IQ(r,n)
(k—=Un+y+s+r)lrl(n—s—r1)!

r=0

S g 00 m]

((k—|T|)n—|—S+y—o¢)[

+(|Tn+a—s+1)

e (k=1n+y+s+r—ll(n—s—r+1)!

Removing the n — s + 1 term from the second summand, and combining the rest of the terms yields
"i:s (=)= "(k—1)n+r+y—Dlkn+y)!Qr,n) [(-1)(a+7r+n(Y|—1)(kn+y + 1)]
e (k—n+y+s+r)lrl(n—s—r+1)!
(ITn+a—-s+1)(kn+y—9)!Qn—s+1,n)

(n—s+1)!

+

n_irl (D) (k= Dntr+y = DWkn+y + DIQ(r n)(a + 7+ n(|Y[ 1))
e (k—1Dn+y+s+r)lrin—s—r+1)!
‘Z“ ()" (k= Doty = Di(knty + DIArn+ 1)
e (k—=Dn+y+s+nr)lrlin—s—r+1)! — T Thkknty
Thus we have shown that our formula for Uy. ;. . ; satisfies (4.4) as desired. O

5. Conclusion and perspectives

This paper can be regarded as some initial results on the study of pattern matching in permutations
that include conditions on the equivalence class modulo k£ of the elements of the pattern. In particular, we
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studied the polynomials

n n

TTJCJZ(:E) _ Z xT-k-emch(o’) _ ZT‘f,k,nxs and UT,k,n(x) _ Z x'r—k—emch(a) _ U’?‘,k,nxs'
oceSy s=0 ocSy, s=0

We developed a number of explicit formulas for these polynomials in the case where 7 is a two-element
sequence or when Y is a set of ascents of the form {(x1,y1),...,(z+ y¢)} where for all ¢ and j, y; = y;
mod k or a set of descents of the form {(yi,21),..., (ys, 2¢)} where for all ¢ and j, y; = y; mod k. Our
formulas for the coefficients of these polynomials lead to a number of interesting identities. For example, it
follows from Theorems 4.3 and 4.4 that we have Y is set of ascents of the form {(z1,¥1),..., (z¢,y:)} where

for all ¢ and j, y; = y; mod k, y = min({y1,...,yx}), and o = [{z; : ; < y}|, then

[i(—l)” ((k - 1)7;4— r+ j) <kns—|—_]:— 1>F(T, ; n)]

r=0

_ ["ZS(_U”_S_T <(k —Dn+r+ j) (lm +5+ 1) o n)]
= r n—s—r
where T'(r,7,n) = [[72g (k = D)n+7+j+1—a—i(|Y| = 1)) and Q(r,n) = [['2) (r + a +i(|T] = 1)). Tt
would be nice to have a more general explanation as to how these types of identities arise.

Also the results of this paper give rise to a number of interesting bijective questions. For example, our
formulas show that many of the polynomials T 4p) 1, kn+; (%) are identical for certain values of a, b, n and j.
One can ask to give a bijective proof of such facts. We have not been able to do this in all cases, but we
can give can a bijective proof that T(4p) k.kn+;(T) = T(cd),k,kn+;(x) Where for all n and 1 < j < k whenever
n—xb>k) +x({G>b modk)=n—x(d>k)+x(j>d mod k).

There is still much work to be done on the structure of the polynomials T i »(z) and Uy i n(z). First
one can consider generalized Wilf equivalence questions, i.e., given k, for which patterns a and 8 do we have
Tokn(x) = T kn(x) for all n. We can also consider more complicated sets of patterns. We should note that
when we consider more complicated patterns, the problems get considerably harder. For example, consider
Uk kn+j(x) where k = 3 and T = {12,23}. We can no longer get simple recursions for the coefficients
U k. kn+; since we need to keep track of more information than just the number of T-k-equivalence matches.

That is, let
A, (Z‘, y) _ Z m(lQ)—B—emch(d)y(23)—3—emch(0) — Z Ai,txsyt.
ocES, r,s>0
Using the methods of this paper, we can derive simple recursions for the coefficients of A]>*
Al = (HDASY DA B+ 1 - s — A3
A = @H+n—9) A5 M+ (E+ DA+ n+1+s—1)A5)
A§i+3 = (s+ 1)A§:Jlr2t +@2+n- t)qufJ_r% +@n+2+t— 5)A§i+2-

These recursions are more difficult to iterate, but we have found explicit formulas similar to the ones described
in this paper for the coefficients A”* when either r is the maximum power of z that appears in A, (z,y) or
s is the maximum power of y that appears in A, (x,y). Similarly, we can use extend the inclusion-exclusion
approach of section 3 to show that A, (z,y) =3 ,(n —k — Dre(Baz) n)ri(B@2s).n)-

Similar problems arise when we consider patterns of length > 3. For example, if one is going to study
the number of (123)-k-equivalence matches, then to develop simple recursive formulas, one needs to also
keep track of the number of (12)-k-equivalence matches so that one ends up studying polynomials like

Bn(x,y) _ Z x(l2)—3—emch(a)y(123)—3-emch(o) — Z B:L7S$Syt.
ocES, r,s>0

Finally, we should note we have derived g-analogues of the results of this paper.
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