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Green polynomials at roots of unity and its application

Hideaki Morita

ABSTRACT. We consider Green polynomials at roots of unity. We obtain a recursive formula for Green
polynomials at appropriate roots of unity, which is described in a combinatorial manner. The coefficients of
the recursive formula are realized by the number of permutations satisfying a certain condition, which leads
to interpretation of a combinatorial property of certain graded modules of the symmetric group in terms of
representation theory.

RESUME. Nous étudions les polynémes de Green évalués en les racines de 1’unité. Nous obtenons une for-
mule récursive pour ces polyndémes en certaines racines de ’'unité, que nous décrivons combinatoirement. Les
coefficients de cette formule récursive énumeérent certaines permutations, ce qui permet d’interpréter une pro-
priété combinatoire de certains modules du groupe symétrique, en termes de la théorie de la représentation.

1. Introduction

The Green polynomials Q5 (q) at roots of unity are considered. We handle Green polynomials Q% (q) of
type A for any partition p, and consider the behavior of them at I-th roots of unity (;, where [ is not larger
than the maximum multiplicity M, of u. We describe a certain recursive formula of Green polynomials
Qh(q) at ¢ = ( for the partition p satisfying @4 ((;) # 0. The results of Lascoux-Leclerc-Thibon on Hall-
Littlewood functions at roots of unity play an important role in the argument. Our result includes the result
of Lascoux-Leclerc-Thibon on Green polynomials as a special case.

We also consider the recursive formula in terms of representation theory of the symmetric group 5,.
It is known that the Green polynomials give the graded characters of a family of graded representations of
the symmetric group, called the DeConcini-Procesi-Tanisaki algebras, which includes the coinvariant algebra
as a special case. The DeConcini-Procesi-Tanisaki algebra R, was first introduced by C. DeConcini and
C. Procesi [DP] as an algebraic model of the cohomology ring of a certain subvariety of the flag variety
parametrized by a partition p, and T. Tanisaki [T] gives simple generators of the defining ideal of the
algebra, described by combinatorial information on the partition p. The DeConcini-Procesi-Tanisaki algebra
R, has a structure of graded S,,-modules, and the Green polynomial Q% (q) gives its graded character values
at the conjugacy class of which cycle type is p. The recursive formula is equivalent to some representation
theoretical interpretation of a certain combinatorial property on the Hilbert polynomial Hilbg,(q) of R,
that is, Hilbg, (q) has I-th roots of unity Qj (j =1,2,...,1—1) as its zeros for each positive integer | not
larger than the maximum multiplicity M, of p. This property of the Hilbert polynomial is equivalent to
the fact that the direct sums R, (k;1) (k =0,1,...,1 — 1) of the homogeneous components of R,, of which
degrees are congruent to k modulo [, have the same dimension. The recursive formula shows that there exists
a subgroup H,(I) of S,, and H,(I)-modules Z,(k;!) of equal dimension such that each R, (k;!l) is induced
from the corresponding H,(I)-modules Z,(k;l) for each k = 0,1,...,1 — 1, which could be regarded as a
representation theoretical interpretation of the property ‘coincidence of dimensions’. This work is a sequel
of [Mt, MN1, MN2].
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2. Preliminaries

We follow [M] for fundamental notation. Let n be a positive integer and p a partition of n. Define M,
to be the maximum multiplicity of the partition p:

M,, = max{mq(u), ma(p), - ,mn()},

where m; = m;(u) denotes the multiplicity of ¢ in the sequence u. Let p and p be partitions and let ¢ be an
indeterminate. The Green polynomial X/'(¢) is defined to be the coefficients of the Hall-Littlewood function
P,(x;q) in the linear expansion

pp(@) =D X1 (a)Pu(x; q),

where p,(x) denotes the power-sum function corresponding to the partition p, and the sum is over partitions
p of the same size as p. We also define the polynomial Q% (q) for partitions x and p of the same size by

Qh(q) = ¢"WXh(g ™),
where n(p) = 32,51 (4 — i if = (1, pi2, ... ). The polynomial Q5 (q) is also called the Green polynomial.
The Green polynomial Q%(q) is a polynomial with integer coefficients whose degree is n(u), which was
introduced by J. A. Green [Gr] to describe irreducible character values of the general linear group GL,,(F,)
over a finite field F,.
Let ¢, (g) be the polynomial (1 —¢)(1 —¢*)---(1 —¢"), and b,(q) the polynomial

bu(q) = [ [ . (@),
i>1
where m;(p) is the multiplicity of ¢ in the partition u. Define
Qu(x§ Q) = bu(Q)Pu(x§ Q)a

which are referred to, as well as the P,, as Hall-Littlewood functions. If we replace the variables z =
(z1,22,...) of Qu(z;q) by

r/(1-q)= ($1,9€27---§q$17q$2,--~;q2$17q2$2,--~)7

then we obtain the modified Hall-Littlewood function, which is denoted by

Q. (;9) <= Qu <1qu;q>) :

Equivalently, it is also defined by replacing py,(x) by px(z)/(1 — t*) after expressing Q,,(z;t) as a polynomial
in {pr(x)[k > 1}. It is known (see, e.g., [DLT]) that the Green polynomial X (q) is obtained as the inner
product value

X} (2) = (Qu(z;9), po(@))
of the modified Hall-Littlewood function @], (z;¢) and the power-sum function p,(z). The inner product
(-,-) of the ring Alq] is defined by (sx, s,) = dau, where sy denotes the Schur function corresponding to the
partition A, and dy, the Kronecker delta.

In the rest of this section, we recall results on (modified) Hall-Littlewood functions at roots of unity due
to Lascoux-Leclerc-Thibon [LLT]. Let 1 F n be a partition, [ an integer such that 2 <1 < M, be fixed, and
mi(p) =1lgi +7r;, 0 <r; <l—1, for each i. Set g =¢q1 +2g2+ -+ ng, and r =1y 4+ 2ry + --- + nr,. Let
(1) and (1) be the partitions

i(l) == (1lq121q2 .. ,nlqn)
and
a(l) == (1m272...n™).
It is clear that the partition p decomposes into the disjoint union p = (1) U a(l). Also define
OV = (02 ),
which is a partition of ¢.

ExampLE 2.1. If p = (3,3,3,2,2,1), then M,, = 3. Let | = 2 be fixed. Then a(l) = (3,3,2,2),
(1) = (3,1), and p = (3,3,2,2) U (3,1). Also the partition (1)*/! is (3,2).
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Let 1 be a partition, and [ a positive integer such that { < M,,. The modified Hall-Littlewood function
QL(x;q) at ¢ = (;, a primitive I-th root of unity, is factorized in such a way that is consistent with the
decomposition of the partition p = (1) U a(l).

PROPOSITION 2.1 ([LLT, Theorem 2.1.)). @Q/,(2;¢) = Qo (@: Q) [ (Qgil)(x; Q))qi

i>1

ExXAMPLE 2.2. Let = (3,3,3,2,1,1,1,1,1) and I = 2. Then () = (3,2,1), and we have

PROPOSITION 2.2 ([LLT, Theorem 2.2.]). inl)(m; G) = (_1)(1—1)1(])[ o h;)(x), where (p; o h;)(x) denotes
the plethysm.

REMARK 2.3. Note that
(p1 o hi) Zz,\ pia(@ (2.1)

AR
Thus we have for example Q{2 (25 (2) = (1)@~ (paoha)(x) = —23p(6) (*) — 251 Pa,2) = 2(1.1.1)P(2,2,2) ()
It follows from Proposition 2.1, Proposition 2.2 and (2.1) that the Green polynomial corresponding to

a rectangular partition y = (7*) at a primitive k-th root of unity is described by a certain ‘smaller’ Green
polynomial.

PROPOSITION 2.3 ([LLT, Theorem 3.2.]). Let u = (r¥) be a rectangular partition, (x a primitive k-th
root of unity. If m;(u) > 1 for some i > 1 divisible by k, then it holds that

X4(G) = (~D)*E DX (), (2.2)
where 1 = jk.

If we rewrite the identity (2.2) in terms of the polynomial Q¥ (z), then the sign (—=1)* =17 is vanished and
we have [Mt, Lemma 7 or Proposition 5]

Q&) = Q) (G-
Applying this identity repeatedly, we also have

Q4 (Ck) = k'),

if the partition p consists of multiples of k.

3. Roots of unity

Let p be a partition of n [ a positive integer such that 2 <[ < M, be fixed, and m;(p) = lg; + 74,
0<r;<l—1,foreachi. Setq=aq +2gq2+---+ng, and r = ry + 2r9 + --- + nr,. Let g(l), g(l), and
A(1)*" be as in the previous section. We define ‘partitions of a partition’as follows. Let v = (v, v, ...,14)
be a partition of n. A partition of the partition v is by definition a sequence of partitions

A= AO AR @Dy

such that A + y; for each 1 = 1,2,...,d, which is denoted by A F v. We distinguish any nontrivial
permutation of A = (A, A®) _ A(D) from the original one. For example, we consider that the following
two partitions ((2), (1, 1)), ((1, ), (2)) are different as partitions of (2,2). The length I(\) of A F v is defined
by
d
1) =) 1Y),
i=1

and the size |\| is defined by the sum of sizes of the components \*) of X, which is equal to n = |v|. Also

define
Z\ = H 2@

i>1
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where z, is defined by

Zr = 1"™mq12™2my! - nMrmy, !
for a partition 7 = (1™12™2...n™n) | n of a positive integer as usual. Let v = (v;) be a partition of n and
A = (M) a partition of v. Let

d
mi(A) == Z m(AD)
i=1

for each possible k£ > 1. Then define

o mk()\)
e H <mk()\(1)),mk()\(2)), .. 7m,€()\(d)))'

k>1

Also, for each positive integer [, let [\ denotes the partition whose components are those of A multiplied by
l.

EXAMPLE 3.1. Let v = (4,2). Then the partitions A of v are ((4),(2)), ((3,1),(2)), ((2,2),(1,1)),

((2,1,1),(1,1)) and so on. Suppose that A = ((2,1,1),(2)) F v. Then my is computed as follows:
mi (A ma (A .

m((2,1,1),(2)) = (ml(,\<1>)11(m)1(,\<2>)) (m2(>\<1>)27(m)2(>\(2))) = (2?0) (1?1) = 2. For the same A, if [ = 2 for example,

the partition I\ = 2\ is (4,4, 2,2).

Let p be a partition and v a subpartition of p, i.e., m;(v) < m;(p) for each possible i > 1. Then we
define the binomial coefficient (5) by
<p)'::II (nu@ﬂ)
v . m;(v)

Let p be a partition, and ! an integer such that 2 <1 < M,, be fixed. For a partition v of |fi(l)|, define

Cv, i) == Z M.

ma)t/
lm=v

If there exists no 7 F fi(1)'/* such that im = v, then C(v, ;1) = 0.

ExAMPLE 3.2. Let pn = (5,4,4,2,2,1), and ! such that 2 < [ < M, fixed, say [ = 2. Then a(l) =
(4,4,2,2) and ji(1)'/? = (4,2). Suppose that v = (4,4,4) F |ji(l)|. Then there exists only one 7 - fi(l)'/?
such that 27 = v, ie., 7 = ((2,2),(2)). Hence C(v, ;2) = my2,2),(2)) = (231) = 3. On the other hand, if
v = (4,4,2,2), then there exist two 7 I (4,2) such that 27 = v, i.e.,, 7 = ((2, 2), (1,1)),((2,1,1),(2)). Hence
we have C(v, p;2) = m((2,2),(1,1)) + M((2,1,1),(2)) = (0?2) (2?0) + (2?0) (1?1) =142 = 3. On the other hand,
in the case where fi(l) is given by (4,4) for [ = 2 and v = (4,2,2), the partitions 7 - fi(l)'/! satisfying
Im =varem™ = ((2),(1,1)),((1,1)(2)). Since we distinguish these two partitions, C(v, u;1) is obtained by
m((2),(1,1)) T M(11),2) =1+ 1 =2

Now we can state our main result, which retrieves LLT’s result, Proposition 2.3, if we consider the case
where p is a rectangle and [ = M,,. Proposition 2.1 and Proposition 2.2 play a crucial role in the proof.

THEOREM 3.3. Let p = (1™2™2...n"™") be a partition of n, a positive integer | = 1,2,..., M, fized,
and ¢; an l-th primitive root of unity. Let m; = lg; +r;, 0 < r; <1 —1, for each i = 1,2,...,n. Let
r=ry+2ro+ - +nr,, and g(l) = (") Fr.

Then we have:

(1) Q&) #0=p=1pUp for some p+ (DY and p 7.
(2) For such a partition p =1pU p, it holds that:

= ¥ ()cwmnri.

vElA)]
vCp

ExXAMPLE 3.4. Let u = (5,4,4,2,2,1) F 18 and | = 2. In this case, we have u(2) = (4,4,2,2)
~ 1/2
and p(2) 2 _ (4,2). Suppose that p = (4,4,2,2) U (4,2) = (4,4,4,2,2,2). Then subpartitions v of p

which satisfy v F |u(2)] = 12 are v = (4,4,4),(4,4,2,2). Consider the case where v = (4,4,4). Then
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(") = (8) (3) = 1. There exists only one A - u( )1/ (4,2) such that 2XA = (4,4,4), i.e., A = ((2,2),(2)),
and we have my = (22T11) = 3. Thus C(v,1;2) = 3. If v = (4,4,2,2), then (°) = ( )(2) = 9. The cor-
responding \’s satisfying 2\ = v are A = ((2,2),(1,1)),((2,1,1),(2)), and m((2,2),(1,1)) = (0?2) (2 0) =1,
m211).2) = (o) (%) = 2. Hence we have C(v,1;2) = 3 in this case. Thus we have Qgi_ii gg ;;(Cg) =

1) 1)
(wh)C((4,4,9), 1 2)2! 444>Q‘;{<444)<<2) + ((4dom) C(4,4,2,2), 1 2)24422Q80) | (G) = 1 x 3 x
8Q5 75 (C2) +9 X 3 x 16Q53)(C2).

4. Permutation enumeration

In this section, we shall give a combinatorial characterization of the coefficients

P M)
(2)ewmne,

in the preceding formula. Let p be a partition of a positive integer n, and an integer [ € {2,3,..., M} fixed.
We define a product of cyclic permutations a = a,(!) corresponding to p and ! as follows. To avoid abuse of
notation, we shall see the definition by the following example. It is clear from the definition that the element
a, (1) has the order .

EXAMPLE 4.1 (Definition of a,(1)). Let p = (3,3,2,2,2,1) and | = 2(< M, = 3). We fix the numbering
of the Young diagram of y as follows:

1 2 3
4 5 6
7 8

9 10

11 12

13

Corresponding to the number [ = 2, we extract subtableaux

1 2 3 7 8
4 5 67 9 10

Then the cyclic permutation product a,(2) is defined by using the letters corresponding to fi(l) as follows:
0, (2) = 1 2 3 45 6 7T 8 9 10
M7\ 4 5 6 1 2 3 9 10 7 8

|

Let n =gl +r, 0 <r <[ — 1. Recall that fi(l) is a partition of n —r. Let S;) be the Young subgroup
which permutes the letters corresponding to fi(1) in the preceding tableau, and let S, be the subgroups which
permutes the remaining letters. It is obvious that elements of these groups commute with each other. In the
preceding definition (Example 11), these groups are the following:

Suwy = Sr2,3y X Stasey X Sgrey X Spo,103,

Sr = S(11,12,13}»
where fi(l) = (3,3,2,2), 7 = 3 and Sy, ;... »} denotes the symmetric group of the letters {i, j, ..., k}. Consider
the subgroup of S,

H#(Z) = (Sﬂ(l) X Sr) Dl <a#(l)> = (Sﬂ(l) X (a#(l)>) X Sy.
The following lemma is proved by straightforward computation.

LEMMA 4.2. The cycle types p of elements of the subgroup H,(I) are of the form
p=I1lpUp,

where p+ ()Y and p . Conversely, if p is a partition of such a form, then there exists an element of
H,, (1) whose cycle type is p.
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EXAMPLE 4.3. Consider the case u = (3,3,2,2,2,1) and [ = 2. Then the corresponding cyclic permu-
tation product is a,(2) = (1,4)(2,5)(3,6)(7,9)(8,10). If we consider w = (1,2)(7,8)a,(2)(11,13) € H,(2),
then w = (1,4,2,5)(3,6)(7,9,8,10)(11, 13) and its cycle type is (4,4, 2,2, 1), which is the union of (4,4, 2) and
(2,1). The partition (4,4, 2) is written in the form (4,4,2) = 2((2,1), (2)) for ((2,1),(2)) F (3,2) = a())*/>.
Conversely, if we consider p = 2((2,1),(1,1)) U (3) = (4,3,2,2,2), then choose 71 = (1,2) € Sj(;) and
T2 = (11,12,13) € S, for example. It is easy to see that the cycle type of w = 71720, (2) coincides with p.

0

A direct but a little complicated enumeration shows the following proposition. Remark that I(\) = I(k))
for any partition A and any positive integer k.

PROPOSITION 4.1. Let = n be a partition, | =2,3,..., M, fized, and a = a,(l) the cyclic permutation
product corresponding to p and l. Let p - n be a partition of the form p =1pUp where p ﬂ(l)l/l and p - r.
Suppose that w € S, be a permutation whose cycle type is p. Then it follows that

(l‘;) C(lp, s DI"P = {0 € S,/Saqy x Srlwoa™" = o mod Szy x Sy}

EXAMPLE 4.4. Let p = (2,2,2,2,2,1) and | = 2,...,M,(= 5) be fixed, say [ = 2. Then the corre-
sponding product of cyclic permutations is a = (13)(24)(57)(68). The subgroups S;) and S, = S3 are
S{1,2y X Sqzay X S(5,6) X Sqr,8y and Syg 10,11} respectively. Let us consider the case w = (12)a(9,10) =
(1324)(57)(68)(9,10) (11 = (12), 72 = (9,10)). The cycle type p of w is p = (4,2,2,2,1). If we let
p=1((2),(1,1) F @(!)/? =(2,2) and p = (2,1) F r = 3, we have p = 25U p. Then it follows that

Z mx = m(2),(1,1)) + M(1,1),2) = 2,

ARA()Y/2=(2,2)
23=(4,2,2)

and (l’,’a) = (242'1) = 3. Thus we have

- 3
ﬁ{a S 511/5(24) X 5’3|an ! = 0 mod 5(24) X Sg} = <2) (m((2)7(1,1)) + m((1,1)7(2))) 23 = 48.

5. Representation theory of the symmetric group

In this final section, we understand the main result in terms of representation theory of the symmetric
group.

It is known that the Green polynomial Q%(q) gives the graded character value of a certain graded S,,-
module, called the DeConcini-Procesi- Tanisaki algebra [DP]. The DeConcini-Procesi-Tanisaki algebras R,
are defined for each partition p of n, and afford a family of graded representations of .S,,. We denote by

d
Ry = @ R,
d>0
its grading. Geometrically, the algebra R,, is isomorphic to the cohomology ring
H*(X,, C)

of the fixed point subvariety X, of the flag variety, corresponding to the partition p. In this point of view,
the representation of S, afforded by R, is called the Springer representation [S, L]. As an S,-module, R,, is
isomorphic to the induced representation Indgz 1.

The graded character charyR,, of the graded module R,,, evaluated on the conjugacy class corresponding
to p F n, is by definition a polynomial in ¢

chargR,(p) = Z qdcharRﬁ(p)
d>0
with integer coefficients. It is known that it coincides with the Green polynomial
Qb (q) = charg R, (p)
for each p F n.
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The aim of this section is to rephrase the recursive formula of the Green polynomials Q% (g) in the main
theorem, in terms of the graded algebra R,. The formula gives a representation theoretical interpretation
of a certain combinatorial property of the algebra R,. By considering behavior of the Hilbert polynomial

Hilb,, ( Z q" dim R¢
d>0

of the graded module R,, at roots of unity, we can show that R, has the following property. Let M, be the
maximum multiplicity of x, and let an integer [ € {2,3,..., M} be fixed. For each k =0,1,...,l—1, define

R,kl)= €& R

d=k mod [

It is clear that these R, (k;!)’s are S,-submodules of R,,. Then it follows that

PROPOSITION 5.1. The dimensions of the submodules R, (k;1) (k =0,1,...,1 — 1) coincides with each
other.

This is a consequence of the fact that the Hilbert polynomial Hilb,(¢) has the roots of unity Clj for each
7=1,2,...,1 —1 as its zeros.

Our problem is to give an interpretation to this property “coincidence of dimensions” in terms of repre-
sentation theory, that is, constructing a subgroup H(!) and its modules Z(k;1) (k =0,1,...,1 — 1) of equal
dimension such that

R, (k1) =g, IndSr, Z(k;l), k=0,1,...,1—1.

H(l)

Since the dimension of the induced representation IndS“ yZ(k;1) is dim Z(k; 1) S| /|H(1)|, we can convince
ourselves that these isomorphisms are representation theoretlcal interpretation of the coincidence of di-
mensions. Let g - n be a partition, [ € {2,3,...,M,} fixed, a = a,(l) the cyclic permutation product
corresponding to p and I, and C; = (a) the cyclic subgroup of S,, generated by a. Recall that the subgroup
H,(1) is defined by H,(l) = (Szq) x Ci) x Sy. Consider, for each k= 0,1,...,1— 1, H,(I)-modules Z,(k;1)
defined as follows:

n(a(l))

(k—d)
@ #u u(l)
(r)

where ¢;"’ is the irreducible representation of the cyclic group C; = (a) such that a — (/. The Young

subgroup Sj;) acts trivially on Z,,(k;[). Since gpl(r)’s are one dimensional, the dimension of Z,,(k;!) is equal

to dim Ry for each k. We shall show that

Ry (k1) =g, Ind®r . Z,(k;l), k=0,1,...,1—1.

Hy. (1)

Actually, we shall show a certain S,, X Cj-module isomorphism between R,, and Indg’j(l) « 5. By, originally
5 v

suggested by T. Shoji, which is equivalent to those isomorphisms.
We define S, x Cj-modules structures on R, and Indgz(l) %5, Ry as follows. In both cases, the S,,-actions
are natural ones. The action of C; on R, is defined by

ax=(lr, xc€ RZ.
Recall that the induced modules Indgz(l) w5, Bu() has the following realization:
S’V‘L pr—
Indg” s Baq) = D oeRru
0€Sn /Sy XSr
Then the Cj-action is defined by
ao®r=ca '®ax, o€ Sn/Saa) X Sry € Rypy.

It is easy to see that the S,-action and the Cj-action commute on each module. These two .S,, X Cj-modules
are isomorphic, which is proved by comparing the characters of these modules.
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THEOREM 5.1. Let i be a partition of a positive integer n, and | an integer such that 2 <1 < M,, fized.
Suppose that n =gl + 17, 0 <r <1 —1, and let C; be the cyclic group generated by the element a = a,(1).
Then there exists an isomorphism of S, x Cj-modules

R, =1Ind3" s Ra). (5.1)

If we consider the eigenspace decomposition of the action of a in the S,, x Cj-isomorphism (5.1), then we
obtain a representation theoretical interpretation of the property, coincidence of dimension, of the algebra
R,.

PROPOSITION 5.2. Let p = n be partition and an integer | € {2,3,...,M,} fived. Then there exist
H,(1)-modules Z,,(k;1) (k=0,1,...,1—1) of equal dimension such that

Ry (k;1) =5, Ind3y y Z,, (k3 1)
for each k=0,1,...,1—1.
EXAMPLE 5.2. Let = (5,4,4,2,2,1) and [ = 2. Then (2) = (4,4,2,2), u(l) = (5,1), and

_(2)_678910111213 14 15 16 17

== 10 11 12 13 6 7 8 9 16 17 14 15 /-

The dimensions of R, (k;2), k = 0,1, equals dim R,,/2 = (5 , 15 ,)/2 = 18!/5!41412121112. The subgroup
H#(2) is defined by H#(2) = SM(2) X <CL> X 567 where SM(2) = 5{677,879} X 5{10711712713} X 5{14,15} X S{lﬁ,l?} and

S, = Sp1234518) (r = 3). Define H,,(2)-modules Z,(k;1) (k = 0,1) by Z,(k;2) == Byp moa 205 * @
Rg(l). These spaces are considered as H,,(2)-modules, where S#(Z) acts on them trivially. The dimension

of these modules are both equal to dim R;;) = (5(_31) = 6!/5!1!. Then, for each & = 0,1, we have an

isomorphism of Sig-modules R, (k;2) = Indf§?4,4,2,2) 1Cy)x 5g Zn(k;2). The induced modules are of dimension

181/41412121612 x 6!/5!1! = 18!/5!41412121112 = dim R,,(k; 2) for each k =0, 1.

REMARK 5.3. Recently, the author was informed by T. Shoji that the problem considered in this section
is given an affirmative answer in a largely generalized setting [Sh].
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