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Braided differential calculus and quantum Schubert calculus

Anatol N. Kirillov and Toshiaki Maeno

ABSTRACT. We provide a new realization of the quantum cohomology ring of a flag variety as a certain
commutative subalgebra in the cross product of the Nichols-Woronowicz algebras associated to a certain
Yetter-Drinfeld module over the Weyl group. We also give a generalization of some recent results by Y.Bazlov
to the case of the Grothendieck ring of a flag variety of classical type.

RESUME. Nous fournissons une nouvelle réalisation de ’anneau de la cohomologie quantique d’une variété de
drapeaux comme sous-algebre commutative dans le produit croise des algébres de Nichols-Woronowicz as-
sociées a un certain module de Yetter-Drinfeld sur le groupe de Weyl. Nous donnons aussi une généralisation
de résultats récents par Y. Bazlov au cas de ’anneau de Grothendieck d’une variété de drapeaux de type
classique.

1. Introduction

The main purpose of this work is

e to construct a model of the quantum cohomology ring of the flag variety G/B corresponding to a
semisimple finite-dimensional Lie group G as a quantization of Bazlov’s model of the coinvariant algebra of
finite Coxeter groups,

e to construct a model for the Grothendieck ring of the flag varieties of classical type, in terms of a
braided (and discrete) analogue of the differential calculus.

Such a construction of a model for the classical cohomology ring of a flag variety, and more generally
for the coinvariant algebra of a finite Coxeter group, as a subalgebra in a braided Hopf algebra called the
Nichols-Woronowicz algebra has been invented recently by Y. Bazlov [2]. In the present paper we provide
a new realization of the quantum cohomology ring of a flag variety as a certain commutative subalgebra in
the braided cross product of the corresponding Nichols-Woronowicz algebra and its dual. We also give a
generalization of some results from [2] to the case of the Grothendieck ring of the flag variety of classical
type.

The K-theoretic counterpart of the theory of the quantum cohomology ring has been invented by Givental
and Lee. In their paper [8], they study the quantum K-theory for the flag variety in a connection with the
difference Toda system. The author hopes to report on the Nichols-Woronowicz model of the quantum
Grothendieck ring of the flag variety elsewhere in the near future. A description of the quantum K-ring of
the flag variety of type A in terms of generators and relations will be given in our forthcoming paper [13].

2. Braided differential calculus

In order to formulate our construction, we will remind of the basic notion on the braided differential
calculus and the Nichols-Woronowicz algebra in this section.

DEFINITION 2.1. The category C equipped with a functor ® : C' x C' — C| a collection of isomorphisms

(Puyvw:(UV)eW = U (VeW))yvweobnc):
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an object 1 € Ob(C') and isomorphisms of functors
Ueft © ® ® 1—id, Lright 1®e—id

is called a monoidal category if the following diagrams commute:
(1) (pentagon condition)

UV)e(WeX)

/ N
(UxV)eW)e X Ue (Ve WeX))
| T
UeVeWw)eX — Ue(VeW)s X),

where all the arrows are induced by @,
(2) (triangle condition)

UeleV -2 Us@eV)
L ®id N\, /1d®e
URV.

DEFINITION 2.2. A monoidal category C = (C,®,®,1,:) is called a braided category if a collection of
functorial isomorphisms

(\I/U,V UV -VE U)U7Ve0b(C)

is given so that the following hexagon conditions are satisfied:
(TRid)od lo(ild@¥)=01oVod LU (VW) — (WelU)aV,
([d@®)oPo(¥PRid)=PoVod: (URV)W — V& (WeU).

Let us take a braided category C' consisting of vector spaces over a fixed field £ and a braided vector
space V' € Ob(C). Then, the braiding ¢y : V®V — V ®V is naturally associated to V, and the pair (V, ¢y )
is used to designate V together with the braiding i»,. Note that the morphism ¢y is not necessarily an
involution. Denote by v; the endomorphism on the tensor product V®" obtained by applying 1y on the
i-th and (i + 1)-st components of V®". Then the braid relation

Yivip1¥s = Yip10i0ig

is a consequence of the hexagon condition.

The Nichols-Woronowicz algebra provides a natural framework to discuss the braided differential calculus.
When a finite-dimensional braided vector space (V1) is given, we can attach naturally a braided Hopf algebra
structure to the tensor algebra T'(V) = @, -, V™.

DEFINITION 2.3. A k-algebra A in the braided category C' is called a braided algebra if its multiplication
m:Ax A— A commutes with the braiding ) = 14, i.e.

(meid)o (Y ®id)o (id®@ ) =¢o(id@m): ARA®A — AR A.

The tensor algebra T'(V') is naturally braided by the braiding ¢p(y-y which is uniquely characterized by
the conditions:
(1) T(V) is a braided algebra,
(2) Vel (vyeri(v) = Yv.
Now we can discuss the braided Hopf algebra structure on the tensor algebra T'(V'). Define the linear
maps A:V -VRV,S:V-sVande:V — k by
A)=vR1+1®v, S):=—v, e(v) :=0.

Then, one can extend the maps A, S and & to endomorphisms on 7'(V) so that they respectively define the
coproduct, the antipode and the counit of the braided Hopf algebra. In particular, A is made to satisfy the
condition

(me@m)o(ideyid)o(A®A)=~Aom, on T(V)®@T(V).
We call T'(V) the free braided Hopf algebra or the free braided group.
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DEFINITION 2.4. Let H and K be braided Hopf algebras provided with a k-linear pairing (, ) : Hx K —
k. We say that H and K are dually paired if the following conditions are satisfied:

(v, 66" = (v, K Y2y ), (Y R) = (Y k) (0 K2)),
<7a 1> = EH(’Y)v <1a K> = EK(R)v <SH(7)a K> = <7a SK(“)%

where we use Sweedler’s notation A(a) = a(1) ® a(g). If the conditions above are satisfied, the pairing ( , )
is called a duality pairing.

Let V* be the dual vector space of V. Then it has the natural braiding 1* dual to . It is nontrivial
problem to extend the natural pairing (, ) : V* x V — k to the duality pairing between the braided Hopf
algebras T'(V*) and T'(V'). The construction due to Woronowicz [22] guarantees the possibility of such an
extension of the pairing ( , ). Note that from the braid relation one can define the endomorphism ¥, on
V®" associated to an element w in the symmetric group S, with a reduced decomposition w = s;, © 80,
si = (1,3 + 1), as Wy 1= ¢, -+~ 1;,. The Woronowicz symmetrizer is defined as 0, (¥) := >, cg V. Then
the pairing {, ) : V* x V — k can be extended to the one between (V*)®" and V®" for each n > 2 by the
formula

(@ @ap, v ® - Qup) = (A ® - Q) (on(V) (N ® - ®uy)), oy €V*, v; €V.

PROPOSITION 2.1. The free braided Hopf algebras T(V*) and T'(V') are dually paired with respect to the
pairing {, ) : T(V*) xT(V) — k.

The dually paired braided Hopf algebras T'(V*) and T'(V') are not appropriate objects to perform the
braided differential calculus on them, since the kernel of the duality pairing is big in general. The Nichols-
Woronowicz algebra is a braided Hopf algebra which is obtained as a quotient of the free braided Hopf algebra
by the kernel of the duality pairing. Such a construction is due to Majid [17]. Note that the kernels

IV*) :={eT(V") [ () =0, Ve e T(V)},
(V) = {w € T(V) | (&,2) = 0, ¥ € T(V*)}
are Hopf ideals.

DEFINITION 2.5. The Nichols-Woronowicz algebras B(V*) and B(V') are the dually paired braided Hopf
algebras defined to be the quotients of the free braided Hopf algebras by I(V*) and I(V') respectively:

B(V*) :=T(V")/I(V"), B(V):=T(V)/I(V).
The following equivalent definition is due to Andruskiewitsch and Schneider [1]:

DEFINITION 2.6. The Nichols-Woronowicz algebra B(V) is the graded braided Hopf algebra characterized
by the conditions:

(1) BY(V) =k,
2 V=BY(V)={zeB(V)|Alz) =2®1+1®z},
(3) B(V) is generated by B'(V) as an algebra.
Each element v € BY(V') acts on B(V*) as a twisted derivation BU from the right:

A id®( ,v)
—

D, : B(V*) 2 B(V*) @ B(V*) B(V*) @k = B(V*).

The twisted derivation 5@ satisfies the twisted Leibniz rule
— — 1 —
(fg)Dv:f(gDv)"‘qu (9®Dv)a

where f<¢‘1(g®5v) = Zi(f(ﬁvi)g’i if = (g®@v) =Y, v; ®g;. This action extends to the left action of the
opposite algebra B(V)°? on B(V'). The braided cross product B(V)°? < B(V*) with respect to the action
by the twisted derivations can be identified with the algebra of the braided differential operators acting on
B(V*). In other words, the algebra structure of B(V)°? 01 B(V*) is given by the multiplication rule

(u®z) (vey)=u@ (z@v1)ve)y
on B(V)°? @ B(V*), see [18] for details.

At the end of this section, we introduce an important example of the braided categories, which is called
the category of the Yetter-Drinfeld modules. Let I' be a finite group.
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DEFINITION 2.7. A k-vector space V is called a Yetter-Drinfeld module over T, if
(1) V is a I-module,
(2) V is T'-graded, i.e. V = @ger Vg, where V; is a linear subspace of V,
(3) for h € I" and v € Vg, h(v) € Vjgp-1.

One of the importance of the category LY D of the Yetter-Drinfeld modules over a fixed group I is that
it is naturally braided. The tensor product of V and W in 1Y D is again a Yetter-Drinfeld module with
the I'-action g(v ® w) = g(v) ® g(w) and the I'-grading (V@ W)y = @B, prer. pnr=y Vo ® Wir. The braiding
between V' and W is defined by ¢v,w (v ® w) = g(w) @ v, for v € V; and w € W.

3. Nichols-Woronowicz model of quantum Schubert calculus

Let G be a connected, simply-connected and semi-simple complex Lie group. Fix a Borel subgroup
B of G. Denote by A the set of roots, which is decomposed into the disjoint union A = A, U (—A4) by
choosing the set of positive roots A corresponding to B. Our main interest is a combinatorial structure of
the (quantum) cohomology ring of the flag variety G/B. It is well-known that the cohomology ring of the
flag variety is isomorphic to the quotient ring of the ring of polynomial functions on the Cartan subalgebra
h by the ideal generated by the fundamental invariants f1,..., f., 7 = rkb, of the Weyl group W, i.e.

H*(G/B,Q) = Symqh™/(f1, .., fr)-

On the other hand, the Schubert classes €, w € W, corresponding to the dual of the cycles BwowB/B
form a linear basis of H*(G/B, Q). Then the fundamental problems of the Schubert calculus are stated as
follows:

PRrROBLEM 3.1. (1) Find the natural polynomial representative for the Schubert class §2,, in the coinvariant

algebra Symqb*/(f1,. .., fr)-
(2) Determine the structure constants ¢!, in the multiplication rule

QuQy = Y Q.
weWw

The answer to the first problem (1) is given for example by the polynomials due to Bernstein, Gelfand
and Gelfand [3] for general root system, and Schubert polynomials defined by Lascoux and Schiitzenberger
[14] for the root system of type A. The latter have nice combinatorial properties. As for the second problem
(2), the structure constants ¢!, are complicated in general. However, for special choices of the element
u,v,w € W, some combinatorial descriptions of the constants c;’, , such as Pieri’s formula, are known.

The origin of the model of the cohomology ring of the flag variety in terms of a certain noncommutative
algebra defined by the data of the root system is the work by Fomin and Kirillov [5]. They have introduced

an associative Q-algebra &, for the root system of type A, _1, generated by the symbols
subject to the quadratic relations:
(1) [i,5]* =0,
(2) [i.7][k. 1) = [k. 5. 4). i {5} 0 (k. 1} = 0,
(3) [Za]][]a k] + [Ja k][kvz] + [k,l][’t,]] =0.
Define the Dunkl element 64, ...,0, in &, by
0; =Y i, jl.
J#i
Then one can check the commutativity 6;0; — 0;0; = 0, Vi, j, from the quadratic relations above.
THEOREM 3.1. (Fomin and Kirillov [5]) The subalgebra generated by the Dunkl elements is isomorphic
to the cohomology ring of the flag variety Fl, of type A,_1. The isomorphism is given by
E.D Qlby,....0,] — H*(Fl,),
91+"'+0i — Qsi-

The key tool which connects the algebra &, to the Schubert calculus is the following Bruhat representa-
tion.
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DEFINITION 3.2. The Bruhat representation of &, is defined to be the representation on the vector space

@wGW Q Tw by
oo wsgy, i l(wsgy) = 1(w) + 1,
[i, jlw = { 0, otherwise,

where ¢ < j and s;; is the transposition of ¢ and j.

The algebra &, admits a natural quantum deformation which corresponds to the quantum cohomology
ring of the flag variety. The quantum cohomology ring QH*(G/B) of the flag variety G/B also has a
structure of a quotient ring of the polynomial ring Symgbh* ® Q[q1, . . ., ¢,], where q1, ..., ¢, are deformation

parameters corresponding to the simple roots. The generators fi, ..., f of the defining ideal of QH *(G/B)
are explicitly determined by Givental and Kim [7] for the root system of type A, and by Kim [9] for general
root systems. Roughly speaking, they are the conserved quantities of the Toda system. Denote by R the

polynomial ring Qq1, ..., qn-1]-

DEFINITION 3.3. The quantum deformed quadratic algebra &, is an R-algebra defined by the same
symbols and relations as those for the algebra &,, except that the relation (1) for &, is replaced by

(1
.2 qdi, ifiZj—l,
[i. ] —{ 0, ifi<j—1.

The quantized version of the Bruhat representation of &, is also defined on @Pecw R-w. The action of
the generator [i,j], i < j, is given by

(EDR if l{ws;j) = H(w) + 1,
[i,jlw = § @igir1 - gawsiy, i l(wsy;) = l(w) —2(j —i) +1,
0, otherwise,

The Dunkl elements 6; in the quantized algebra &, is defined as before. The following theorem was first
conjectured in [5] and later proved by Postnikov [21].

THEOREM 3.4. The subalgebra generated by the Dunkl elements is isomorphic to the quantum cohomology
ring of the flag variety Fl, of type A,_1.

Their description of the (quantum) cohomology ring Fl,, in terms of the algebra &, (or En) is of use to
consider Problem 2.1 combinatorially. See [5] and [21] for the detail on this point. A generalization to other
root systems is treated in [10].

The algebra &, is defined by generators and relations, so it is a problem to understand its meaning
conceptually. The importance of the (braided) Hopf algebra structure of &, has been pointed out by [6],
[20] and other works. Now it is conjectured that the algebra &, is a kind of the Nichols-Woronowicz
algebra. Bazlov [2] has constructed a model of the cohomology ring of the flag variety G/B by using a
Nichols-Woronowicz algebra By, defined below instead of &£,. When we work on the algebra &,, all the
considerations are based on the defining relations and the Bruhat representation. On the other hand, the
results on the Nichols-Woronowicz algebra should come from the method of the braided differential calculus.
Hence, the argument for the algebra Byy is completely different from that for &,.

Let us define a Yetter-Drinfeld module V' = Vi over the Weyl group W. We consider a vector space V
generated by the symbols [a] = —[—a], a € A :

V=D Q-[a]/([a] + [-a)).
aEA
The action of w € W on V is given by w[a] = [w(«)]. If we set the W-degree of the symbol [a] to be the
reflection s, then V' becomes a Yetter-Drinfeld module over W. The braiding ¢ : V@V — V ® V is given
by ¥([a] ® [8]) = sa([0]) ® [@]. The braided vector space V is identified with its dual V* via a W-invariant
inner product on V. We denote by By the Nichols-Woronowicz algebra associated to the Yetter-Drinfeld
module V.

REMARK 3.5. It is conjectured that the Nichols-Woronowicz algebra By for A,,_; should be isomorphic
to the Fomin-Kirillov quadratic algebra &, . This conjecture is now confirmed up to n = 6.
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Consider a W-homomorphism pg : h* — V. The homomorphism g can be written as
po(@) = Y calay)[al,
ac€Ay
by using a set of W-invariant constants (cq)aca. Then the following result corresponds to the commutativity
of the Dunkl elements.
PropPOSITION 3.1. The image of po generates a commutative subalgebra in Byy.

Then fi9 can be extended to an algebra homomorphism y : Symgh* — By .

THEOREM 3.6. (Bazlov [2]) If po is injective, the image of p is isomorphic to the cohomology ring
H*(G/B, Q).

REMARK 3.7. Bazlov proved the theorem above for arbitrary finite Coxeter groups and for their coin-
variant algebras (over R).

The braided differential operator Ea = E[a] plays an important role for the proof of Theorem 2.3.
Indeed, ‘EEe following properties
(1) M(f)Da = ?iﬂ(aaf)a
(2) Naca, Ker(Dy) =BY, (= Q)
imply the result. Here, we denote by 9, the divided difference operator on Symgh* :

804(,]0) — f_Soz(f)

@
We introduce a quantum deformed version of Bazlov’s construction. Let R = Q[qo‘v | € AL], where the
parameters ¢¢ satisfy the condition ¢*** = ¢%¢®. We denote by B,z the scalar extension R ® Byy. Since
— —
the twisted derivations D, satisfy the Coxeter relations, one can define the operators D, for any elements
«— — —

w€EW by Dy = Dg, - D, for areduced decomposition w = sq, - - - Sq,-
DEFINITION 3.8. Let (cq)aca be a set of nonzero constants with the condition ¢, = cyo, w € W. For
each root o € A, we define an element [«] in the algebra of braided differential operators B%’;’ r > Bw.r by

Vv .
[;“] — cala] +daq® D, ifl(sq)=2ht(a") -1,
calal, otherwise.

)

where do, = (Cay *** Ca;) L

Let fip be a W-homomorphism hr — B%’ZR ® (R @ Vg) given by
fio(@) = > (a,z)a).

aEA
The image of fip again generates a commutative subalgebra in By}, , <t Byy,g, so it can be extended to an
algebra homomorphism f : Symghy — B‘;",” r X Bw r. Now we can state our main result:

THEOREM 3.9. ([11]) The image of fi is isomorphic to the quantum cohomology ring of the flag variety
G/B.
The key fact to prove this theorem is that the action of the operator fig(x) on Im(u) coincides with

the quantization operator by Fomin, Gelfand and Postnikov [4] for A,,_; and by Maré [19] for other root
systems.

4. Model of the Grothendieck ring

The Nichols-Woronowicz model of the Grothendieck ring K (G/B) of the holomorphic vector bundles on
the flag variety G/ B has also been constructed for the classical root systems and Gs in [12]. In this section,
we briefly show the construction of the model of K(G/B) for the root system of type B,,.

Let eq,...,e, be an orthonormal basis of h*, and {£e; £ e;,+e; | 1 < i,5 < n,i # j} be a standard
realization of the root system A = A(B,,). For simplicity, we use the symbols [i, ], [i,j] and [i] to denote
lei — €j], [e; + €;] and [e;] in By respectively. Then the elements h;; == 1+ [4,5], ¢;5 := 1+ [¢,] and
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h; :== 1+ [i] are solutions of the Yang-Baxter equations:

(1) hijhir = hrihij, gijgr = grgij, for {i,5} N {k,1} =0,

hihj = hjhi; hijgi; = gijhij,

(2) hijhikhjx = hjrhichig, hijgicgix = 9kGirhij,

(3) hijhigijhj = hjgijhihi;-

The equations (1), (2) and (3) are respectively corresponding to the subsystems of types A; x A;, Ay and
Bs.

DEFINITION 4.1. We define the multiplicative Dunkl elements or the Ruijsenaars-Schneider-Macdonald
elements ©F, ..., 08 of type B, by the formula

OF i=h Y bty bl higrig2ic Gni hi RinBin—1 i

The multiplicative Dunkl elements ©F (resp. ©#) of type D,, (resp. A,_1) are obtained by the specialzation
hi+—1 (resp. g;j — 1 and h; — 1).

REMARK 4.2. The multiplicative Dunkl elements have been also introduced by Lenart and Yong [15],
[16] for the root system of type A.

The commutativity ©F0F = ©P6F follows from the Yang-Baxter relations.

THEOREM 4.3. ([12]) The subalgebra in the Nichols- Woronowicz algera Bp, generated by the multiplica-
tive Dunkl elements ©F ... ©F is isomorphic to the Grothendieck ring K(G/B) of the flag variety G/B of
type B,,.

COROLLARY 4.1. The following identity in the algebra B, holds:
(©F +(0F) ) =n-2*
=1

J

for all k € Z>g.

REMARK 4.4. The results for D,, and A, _; are obtained by the specializations h; — 1, Vi, and h; — 1,
gij — 1, Vi, j, respectively.

The (small) quantum K-ring QK (Fl,,) of the flag variety F'l,, has the following expression by generators
and relations:

QK (Fl,) = Z[q17'~'7Qn71][X17-~-7Xn]/(90Z(X)7 k=1,...,n),

where

n
am= > IIx I a-w-(})
IC{l,..n},|I|=ki€l  igli+1€l

Let us introduce the quantized multiplicative Dunkl elements by substituting [ij] defined in Definition 3.8
for [i5] in the definition of ©. Here, we put ¢, = 1. More precisely, we define the quantized multiplicative
Dunkl elements ©, i = 1,...,n, of type A,,_; by the formula

87 = (1 — gt i

i—1iliceihyg
= ~ . = ..
where hj =1+ [ij] =1+ [ij] +qi---q;-1Ds,;, 0 < J.
THEOREM 4.5. ([13]) The equalities
Pl (04,...,00 =0, k=1,...n,

hold in the algebra BY | p><Ba, , g
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