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Abstract. We provide a new realization of the quantum cohomology ring of a flag variety as a certain
commutative subalgebra in the cross product of the Nichols-Woronowicz algebras associated to a certain
Yetter-Drinfeld module over the Weyl group. We also give a generalization of some recent results by Y.Bazlov
to the case of the Grothendieck ring of a flag variety of classical type.

Résumé. Nous fournissons une nouvelle réalisation de l’anneau de la cohomologie quantique d’une variété de
drapeaux comme sous-algèbre commutative dans le produit croise des algèbres de Nichols-Woronowicz as-
sociées à un certain module de Yetter-Drinfeld sur le groupe de Weyl. Nous donnons aussi une généralisation
de résultats récents par Y. Bazlov au cas de l’anneau de Grothendieck d’une variété de drapeaux de type
classique.

1. Introduction

The main purpose of this work is
• to construct a model of the quantum cohomology ring of the flag variety G/B corresponding to a

semisimple finite-dimensional Lie group G as a quantization of Bazlov’s model of the coinvariant algebra of
finite Coxeter groups,
• to construct a model for the Grothendieck ring of the flag varieties of classical type, in terms of a

braided (and discrete) analogue of the differential calculus.
Such a construction of a model for the classical cohomology ring of a flag variety, and more generally

for the coinvariant algebra of a finite Coxeter group, as a subalgebra in a braided Hopf algebra called the
Nichols-Woronowicz algebra has been invented recently by Y. Bazlov [2]. In the present paper we provide
a new realization of the quantum cohomology ring of a flag variety as a certain commutative subalgebra in
the braided cross product of the corresponding Nichols-Woronowicz algebra and its dual. We also give a
generalization of some results from [2] to the case of the Grothendieck ring of the flag variety of classical
type.

TheK-theoretic counterpart of the theory of the quantum cohomology ring has been invented by Givental
and Lee. In their paper [8], they study the quantum K-theory for the flag variety in a connection with the
difference Toda system. The author hopes to report on the Nichols-Woronowicz model of the quantum
Grothendieck ring of the flag variety elsewhere in the near future. A description of the quantum K-ring of
the flag variety of type A in terms of generators and relations will be given in our forthcoming paper [13].

2. Braided differential calculus

In order to formulate our construction, we will remind of the basic notion on the braided differential
calculus and the Nichols-Woronowicz algebra in this section.

Definition 2.1. The category C equipped with a functor ⊗ : C ×C → C, a collection of isomorphisms

(ΦU,V,W : (U ⊗ V )⊗W → U ⊗ (V ⊗W ))U,V,W∈Ob(C),
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an object 1 ∈ Ob(C) and isomorphisms of functors

ιleft : • ⊗ 1−̃→id, ιright : 1⊗ •−̃→id

is called a monoidal category if the following diagrams commute:
(1) (pentagon condition)

(U ⊗ V )⊗ (W ⊗X)
↗ ↘

((U × V )⊗W )⊗X U ⊗ (V ⊗ (W ⊗X))
↓ ↑

(U ⊗ (V ⊗W ))⊗X −→ U ⊗ ((V ⊗W )⊗X),

where all the arrows are induced by Φ,
(2) (triangle condition)

(U ⊗ 1)⊗ V
Φ
−→ U ⊗ (1⊗ V )

ι⊗ id↘ ↙ id⊗ ι
U ⊗ V.

Definition 2.2. A monoidal category C = (C,⊗,Φ,1, ι) is called a braided category if a collection of
functorial isomorphisms

(ΨU,V : U ⊗ V → V ⊗ U)U,V ∈Ob(C)

is given so that the following hexagon conditions are satisfied:

(Ψ⊗ id) ◦ Φ−1 ◦ (id⊗Ψ) = Φ−1 ◦Ψ ◦ Φ−1 : U ⊗ (V ⊗W ) −→ (W ⊗ U)⊗ V,

(id⊗ Φ) ◦ Φ ◦ (Ψ⊗ id) = Φ ◦Ψ ◦ Φ : (U ⊗ V )⊗W −→ V ⊗ (W ⊗ U).

Let us take a braided category C consisting of vector spaces over a fixed field k and a braided vector
space V ∈ Ob(C). Then, the braiding ψV : V ⊗V → V ⊗V is naturally associated to V, and the pair (V, ψV )
is used to designate V together with the braiding ψV . Note that the morphism ψV is not necessarily an
involution. Denote by ψi the endomorphism on the tensor product V ⊗n obtained by applying ψV on the
i-th and (i+ 1)-st components of V ⊗n. Then the braid relation

ψiψi+1ψi = ψi+1ψiψi+1

is a consequence of the hexagon condition.
The Nichols-Woronowicz algebra provides a natural framework to discuss the braided differential calculus.

When a finite-dimensional braided vector space (V, ψ) is given, we can attach naturally a braided Hopf algebra
structure to the tensor algebra T (V ) =

⊕∞
n=0 V

⊗n.

Definition 2.3. A k-algebra A in the braided category C is called a braided algebra if its multiplication
m : A×A→ A commutes with the braiding ψ = ψA, i.e.

(m⊗ id) ◦ (ψ ⊗ id) ◦ (id⊗ ψ) = ψ ◦ (id⊗m) : A⊗A⊗A→ A⊗A.

The tensor algebra T (V ) is naturally braided by the braiding ψT (V ) which is uniquely characterized by
the conditions:
(1) T (V ) is a braided algebra,
(2) ψT (V )|T 1(V )⊗T 1(V ) = ψV .

Now we can discuss the braided Hopf algebra structure on the tensor algebra T (V ). Define the linear
maps 4 : V → V ⊗ V, S : V → V and ε : V → k by

4(v) := v ⊗ 1 + 1⊗ v, S(v) := −v, ε(v) := 0.

Then, one can extend the maps 4, S and ε to endomorphisms on T (V ) so that they respectively define the
coproduct, the antipode and the counit of the braided Hopf algebra. In particular, 4 is made to satisfy the
condition

(m⊗m) ◦ (id⊗ ψ ⊗ id) ◦ (4⊗4) = 4 ◦m, on T (V )⊗ T (V ).

We call T (V ) the free braided Hopf algebra or the free braided group.
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Definition 2.4. Let H and K be braided Hopf algebras provided with a k-linear pairing 〈 , 〉 : H×K →
k. We say that H and K are dually paired if the following conditions are satisfied:

〈γ, κκ′〉 = 〈γ(1), κ
′〉〈γ(2), κ〉, 〈γγ

′, κ〉 = 〈γ′, κ(1)〉〈γ, κ(2)〉,

〈γ, 1〉 = εH(γ), 〈1, κ〉 = εK(κ), 〈SH(γ), κ〉 = 〈γ, SK(κ)〉,

where we use Sweedler’s notation 4(a) = a(1) ⊗ a(2). If the conditions above are satisfied, the pairing 〈 , 〉
is called a duality pairing.

Let V ∗ be the dual vector space of V. Then it has the natural braiding ψ∗ dual to ψ. It is nontrivial
problem to extend the natural pairing 〈 , 〉 : V ∗ × V → k to the duality pairing between the braided Hopf
algebras T (V ∗) and T (V ). The construction due to Woronowicz [22] guarantees the possibility of such an
extension of the pairing 〈 , 〉. Note that from the braid relation one can define the endomorphism Ψw on
V ⊗n associated to an element w in the symmetric group Sn with a reduced decomposition w = si1 · · · sil

,
si = (i, i + 1), as Ψw := ψi1 · · ·ψil

. The Woronowicz symmetrizer is defined as σn(ψ) :=
∑

w∈Sn
Ψw. Then

the pairing 〈 , 〉 : V ∗ × V → k can be extended to the one between (V ∗)⊗n and V ⊗n for each n ≥ 2 by the
formula

〈α1 ⊗ · · · ⊗ αn, v1 ⊗ · · · ⊗ vn〉 := (αn ⊗ · · · ⊗ α1)(σn(ψ)(v1 ⊗ · · · ⊗ vn)), αi ∈ V
∗, vj ∈ V.

Proposition 2.1. The free braided Hopf algebras T (V ∗) and T (V ) are dually paired with respect to the

pairing 〈 , 〉 : T (V ∗)× T (V )→ k.

The dually paired braided Hopf algebras T (V ∗) and T (V ) are not appropriate objects to perform the
braided differential calculus on them, since the kernel of the duality pairing is big in general. The Nichols-

Woronowicz algebra is a braided Hopf algebra which is obtained as a quotient of the free braided Hopf algebra
by the kernel of the duality pairing. Such a construction is due to Majid [17]. Note that the kernels

I(V ∗) := {ξ ∈ T (V ∗) | 〈ξ, x〉 = 0, ∀x ∈ T (V )},

I(V ) := {x ∈ T (V ) | 〈ξ, x〉 = 0, ∀ξ ∈ T (V ∗)}

are Hopf ideals.

Definition 2.5. The Nichols-Woronowicz algebras B(V ∗) and B(V ) are the dually paired braided Hopf
algebras defined to be the quotients of the free braided Hopf algebras by I(V ∗) and I(V ) respectively:

B(V ∗) := T (V ∗)/I(V ∗), B(V ) := T (V )/I(V ).

The following equivalent definition is due to Andruskiewitsch and Schneider [1]:

Definition 2.6. The Nichols-Woronowicz algebra B(V ) is the graded braided Hopf algebra characterized
by the conditions:
(1) B0(V ) = k,
(2) V = B1(V ) = {x ∈ B(V ) | 4(x) = x⊗ 1 + 1⊗ x},
(3) B(V ) is generated by B1(V ) as an algebra.

Each element v ∈ B1(V ) acts on B(V ∗) as a twisted derivation
←−
Dv from the right:

←−
Dv : B(V ∗)

4
−→ B(V ∗)⊗B(V ∗)

id⊗〈 ,v〉
−→ B(V ∗)⊗ k = B(V ∗).

The twisted derivation
←−
Dv satisfies the twisted Leibniz rule

(fg)
←−
Dv = f(g

←−
Dv) + f / ψ−1(g ⊗

←−
Dv),

where f /ψ−1(g⊗
←−
Dv) =

∑
i(f
←−
Dvi

)gi if ψ−1(g⊗v) =
∑

i vi⊗gi. This action extends to the left action of the
opposite algebra B(V )op on B(V ). The braided cross product B(V )op ./ B(V ∗) with respect to the action
by the twisted derivations can be identified with the algebra of the braided differential operators acting on
B(V ∗). In other words, the algebra structure of B(V )op ./ B(V ∗) is given by the multiplication rule

(u ⊗ x) · (v ⊗ y) = u(ψ−1(x⊗ v(1)) / v(2))y

on B(V )op ⊗B(V ∗), see [18] for details.

At the end of this section, we introduce an important example of the braided categories, which is called
the category of the Yetter-Drinfeld modules. Let Γ be a finite group.
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Definition 2.7. A k-vector space V is called a Yetter-Drinfeld module over Γ, if
(1) V is a Γ-module,
(2) V is Γ-graded, i.e. V =

⊕
g∈Γ Vg, where Vg is a linear subspace of V,

(3) for h ∈ Γ and v ∈ Vg, h(v) ∈ Vhgh−1 .

One of the importance of the category Γ
ΓY D of the Yetter-Drinfeld modules over a fixed group Γ is that

it is naturally braided. The tensor product of V and W in Γ
ΓY D is again a Yetter-Drinfeld module with

the Γ-action g(v ⊗ w) = g(v)⊗ g(w) and the Γ-grading (V ⊗W )g =
⊕

h,h′∈Γ, hh′=g Vh ⊗Wh′ . The braiding

between V and W is defined by ψV,W (v ⊗ w) = g(w)⊗ v, for v ∈ Vg and w ∈W.

3. Nichols-Woronowicz model of quantum Schubert calculus

Let G be a connected, simply-connected and semi-simple complex Lie group. Fix a Borel subgroup
B of G. Denote by ∆ the set of roots, which is decomposed into the disjoint union ∆ = ∆+ t (−∆+) by
choosing the set of positive roots ∆+ corresponding to B. Our main interest is a combinatorial structure of
the (quantum) cohomology ring of the flag variety G/B. It is well-known that the cohomology ring of the
flag variety is isomorphic to the quotient ring of the ring of polynomial functions on the Cartan subalgebra
h by the ideal generated by the fundamental invariants f1, . . . , fr, r = rkh, of the Weyl group W, i.e.

H∗(G/B,Q) ∼= SymQh∗/(f1, . . . , fr).

On the other hand, the Schubert classes Ωw, w ∈ W, corresponding to the dual of the cycles Bw0wB/B
form a linear basis of H∗(G/B,Q). Then the fundamental problems of the Schubert calculus are stated as
follows:

Problem 3.1. (1) Find the natural polynomial representative for the Schubert class Ωw in the coinvariant
algebra SymQh∗/(f1, . . . , fr).
(2) Determine the structure constants cwuv in the multiplication rule

ΩuΩv =
∑

w∈W

cwuvΩw.

The answer to the first problem (1) is given for example by the polynomials due to Bernstein, Gelfand
and Gelfand [3] for general root system, and Schubert polynomials defined by Lascoux and Schützenberger
[14] for the root system of type A. The latter have nice combinatorial properties. As for the second problem
(2), the structure constants cwuv are complicated in general. However, for special choices of the element
u, v, w ∈ W, some combinatorial descriptions of the constants cwuv, such as Pieri’s formula, are known.

The origin of the model of the cohomology ring of the flag variety in terms of a certain noncommutative
algebra defined by the data of the root system is the work by Fomin and Kirillov [5]. They have introduced
an associative Q-algebra En, for the root system of type An−1, generated by the symbols

[i, j] = −[j, i], 1 ≤ i, j ≤ n, i 6= j,

subject to the quadratic relations:
(1) [i, j]2 = 0,
(2) [i, j][k, l] = [k, l][i, j], if {i, j} ∩ {k, l} = ∅,
(3) [i, j][j, k] + [j, k][k, i] + [k, i][i, j] = 0.

Define the Dunkl element θ1, . . . , θn in En by

θi :=
∑

j 6=i

[i, j].

Then one can check the commutativity θiθi − θjθi = 0, ∀i, j, from the quadratic relations above.

Theorem 3.1. (Fomin and Kirillov [5]) The subalgebra generated by the Dunkl elements is isomorphic

to the cohomology ring of the flag variety Fln of type An−1. The isomorphism is given by

En ⊃ Q[θ1, . . . , θn] → H∗(Fln),
θ1 + · · ·+ θi 7→ Ωsi

.

The key tool which connects the algebra En to the Schubert calculus is the following Bruhat representa-

tion.
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Definition 3.2. The Bruhat representation of En is defined to be the representation on the vector space⊕
w∈W Q · w by

[i, j]w =

{
wsij , if l(wsij) = l(w) + 1,

0, otherwise,

where i < j and sij is the transposition of i and j.

The algebra En admits a natural quantum deformation which corresponds to the quantum cohomology
ring of the flag variety. The quantum cohomology ring QH∗(G/B) of the flag variety G/B also has a
structure of a quotient ring of the polynomial ring SymQh∗⊗Q[q1, . . . , qr], where q1, . . . , qr are deformation

parameters corresponding to the simple roots. The generators f̃1, . . . , f̃r of the defining ideal of QH∗(G/B)
are explicitly determined by Givental and Kim [7] for the root system of type A, and by Kim [9] for general
root systems. Roughly speaking, they are the conserved quantities of the Toda system. Denote by R the
polynomial ring Q[q1, . . . , qn−1].

Definition 3.3. The quantum deformed quadratic algebra Ẽn is an R-algebra defined by the same
symbols and relations as those for the algebra En except that the relation (1) for En is replaced by
(1)’

[i, j]2 =

{
qi, if i = j − 1,
0, if i < j − 1.

The quantized version of the Bruhat representation of Ẽn is also defined on
⊕

w∈W R · w. The action of
the generator [i, j], i < j, is given by

[i, j]w =





wsij , if l(wsij) = l(w) + 1,
qiqi+1 · · · qj−1wsij , if l(wsij) = l(w)− 2(j − i) + 1,

0, otherwise,

The Dunkl elements θi in the quantized algebra Ẽn is defined as before. The following theorem was first
conjectured in [5] and later proved by Postnikov [21].

Theorem 3.4. The subalgebra generated by the Dunkl elements is isomorphic to the quantum cohomology

ring of the flag variety Fln of type An−1.

Their description of the (quantum) cohomology ring Fln in terms of the algebra En (or Ẽn) is of use to
consider Problem 2.1 combinatorially. See [5] and [21] for the detail on this point. A generalization to other
root systems is treated in [10].

The algebra En is defined by generators and relations, so it is a problem to understand its meaning
conceptually. The importance of the (braided) Hopf algebra structure of En has been pointed out by [6],
[20] and other works. Now it is conjectured that the algebra En is a kind of the Nichols-Woronowicz
algebra. Bazlov [2] has constructed a model of the cohomology ring of the flag variety G/B by using a
Nichols-Woronowicz algebra BW defined below instead of En. When we work on the algebra En, all the
considerations are based on the defining relations and the Bruhat representation. On the other hand, the
results on the Nichols-Woronowicz algebra should come from the method of the braided differential calculus.
Hence, the argument for the algebra BW is completely different from that for En.

Let us define a Yetter-Drinfeld module V = VW over the Weyl group W. We consider a vector space V
generated by the symbols [α] = −[−α], α ∈ ∆ :

V =
⊕

α∈∆

Q · [α]/([α] + [−α]).

The action of w ∈ W on V is given by w[α] = [w(α)]. If we set the W -degree of the symbol [α] to be the
reflection sα, then V becomes a Yetter-Drinfeld module over W. The braiding ψ : V ⊗ V → V ⊗ V is given
by ψ([α]⊗ [β]) = sα([β]) ⊗ [α]. The braided vector space V is identified with its dual V ∗ via a W -invariant
inner product on V. We denote by BW the Nichols-Woronowicz algebra associated to the Yetter-Drinfeld
module V.

Remark 3.5. It is conjectured that the Nichols-Woronowicz algebra BW for An−1 should be isomorphic
to the Fomin-Kirillov quadratic algebra En. This conjecture is now confirmed up to n = 6.
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Consider a W -homomorphism µ0 : h∗ → V. The homomorphism µ0 can be written as

µ0(x) =
∑

α∈∆+

cα(α, x)[α],

by using a set of W -invariant constants (cα)α∈∆. Then the following result corresponds to the commutativity
of the Dunkl elements.

Proposition 3.1. The image of µ0 generates a commutative subalgebra in BW .

Then µ0 can be extended to an algebra homomorphism µ : SymQh∗ → BW .

Theorem 3.6. (Bazlov [2]) If µ0 is injective, the image of µ is isomorphic to the cohomology ring

H∗(G/B,Q).

Remark 3.7. Bazlov proved the theorem above for arbitrary finite Coxeter groups and for their coin-
variant algebras (over R).

The braided differential operator
←−
Dα =

←−
D [α] plays an important role for the proof of Theorem 2.3.

Indeed, the following properties

(1) µ(f)
←−
Dα = cαµ(∂αf),

(2) ∩α∈∆+
Ker(
←−
Dα) = B0

W (= Q)
imply the result. Here, we denote by ∂α the divided difference operator on SymQh∗ :

∂α(f) :=
f − sα(f)

α
.

We introduce a quantum deformed version of Bazlov’s construction. Let R = Q[qα∨

|α ∈ ∆+], where the
parameters qa satisfy the condition qa+b = qaqb. We denote by BW,R the scalar extension R ⊗ BW . Since

the twisted derivations
←−
Dα satisfy the Coxeter relations, one can define the operators

←−
Dw for any elements

w ∈W by
←−
Dw =

←−
Dα1

· · ·
←−
Dαl

for a reduced decomposition w = sα1
· · · sαl

.

Definition 3.8. Let (cα)α∈∆ be a set of nonzero constants with the condition cα = cwα, w ∈ W. For

each root α ∈ ∆+, we define an element [̃α] in the algebra of braided differential operators B
op
W,R ./ BW,R by

[̃α] :=

{
cα[α] + dαq

α∨←−
Dsα

, if l(sα) = 2ht(α∨)− 1,
cα[α], otherwise.

,

where dα = (cα1
· · · cαl

)−1.

Let µ̃0 be a W -homomorphism hR → B
op
W,R ⊗ (R ⊕ VR) given by

µ̃0(x) =
∑

α∈∆+

(α, x)[̃α].

The image of µ̃0 again generates a commutative subalgebra in B
op
W,R ./ BW,R, so it can be extended to an

algebra homomorphism µ̃ : SymRh∗R → B
op
W,R ./ BW,R. Now we can state our main result:

Theorem 3.9. ([11]) The image of µ̃ is isomorphic to the quantum cohomology ring of the flag variety

G/B.

The key fact to prove this theorem is that the action of the operator µ̃0(x) on Im(µ) coincides with
the quantization operator by Fomin, Gelfand and Postnikov [4] for An−1 and by Maré [19] for other root
systems.

4. Model of the Grothendieck ring

The Nichols-Woronowicz model of the Grothendieck ring K(G/B) of the holomorphic vector bundles on
the flag variety G/B has also been constructed for the classical root systems and G2 in [12]. In this section,
we briefly show the construction of the model of K(G/B) for the root system of type Bn.

Let e1, . . . , en be an orthonormal basis of h∗, and {±ei ± ej,±ei | 1 ≤ i, j ≤ n, i 6= j} be a standard

realization of the root system ∆ = ∆(Bn). For simplicity, we use the symbols [i, j], [i, j] and [i] to denote

[ei − ej], [ei + ej ] and [ei] in BW respectively. Then the elements hij := 1 + [i, j], gij := 1 + [i, j] and
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hi := 1 + [i] are solutions of the Yang-Baxter equations:
(1) hijhkl = hklhij , gijgkl = gklgij , for {i, j} ∩ {k, l} = ∅,

hihj = hjhi, hijgij = gijhij ,

(2) hijhikhjk = hjkhikhij , hijgikgjk = gjkgikhij ,

(3) hijhigijhj = hjgijhihij .

The equations (1), (2) and (3) are respectively corresponding to the subsystems of types A1 × A1, A2 and
B2.

Definition 4.1. We define the multiplicative Dunkl elements or the Ruijsenaars-Schneider-Macdonald
elements ΘB

1 , . . . ,Θ
B
n of type Bn by the formula

ΘB
i := h−1

i−1 ih
−1
i−2 i · · ·h

−1
1 i · hi · g1 ig2 i · · · gn i · hi · hi nhi n−1 · · ·hi i+1.

The multiplicative Dunkl elements ΘD
i (resp. ΘA

i ) of type Dn (resp. An−1) are obtained by the specialzation
hi 7→ 1 (resp. gij 7→ 1 and hi 7→ 1).

Remark 4.2. The multiplicative Dunkl elements have been also introduced by Lenart and Yong [15],
[16] for the root system of type A.

The commutativity ΘB
i ΘB

j = ΘB
j ΘB

i follows from the Yang-Baxter relations.

Theorem 4.3. ([12]) The subalgebra in the Nichols-Woronowicz algera BBn
generated by the multiplica-

tive Dunkl elements ΘB
1 , . . . ,Θ

B
n is isomorphic to the Grothendieck ring K(G/B) of the flag variety G/B of

type Bn.

Corollary 4.1. The following identity in the algebra BBn
holds:

n∑

j=1

(ΘB
j + (ΘB

j )−1)k = n · 2k

for all k ∈ Z≥0.

Remark 4.4. The results for Dn and An−1 are obtained by the specializations hi 7→ 1, ∀i, and hi 7→ 1,
gij 7→ 1, ∀i, j, respectively.

The (small) quantum K-ring QK(Fln) of the flag variety Fln has the following expression by generators
and relations:

QK(Fln) ∼= Z[q1, . . . , qn−1][X1, . . . , Xn]/(ϕq
k(X), k = 1, . . . , n),

where

ϕq
k(X) =

∑

I⊂{1,...n},|I|=k

∏

i∈I

Xi

∏

i6∈I,i+1∈I

(1 − qi)−

(
n

k

)
.

Let us introduce the quantized multiplicative Dunkl elements by substituting [̃ij] defined in Definition 3.8
for [ij] in the definition of ΘA

i . Here, we put cα = 1. More precisely, we define the quantized multiplicative

Dunkl elements Θ̃A
i , i = 1, . . . , n, of type An−1 by the formula

Θ̃A
i = (1− qi−1)h̃

−1
i−1 ih̃

−1
i−2 i · · · h̃

−1
1 i · h̃i nh̃i n−1 · · · h̃i i+1,

where h̃ij := 1 + [̃ij] = 1 + [ij] + qi · · · qj−1
←−
Dsij

, i < j.

Theorem 4.5. ([13]) The equalities

ϕq
k(Θ̃A

1 , . . . , Θ̃
A
n ) = 0, k = 1, . . . n,

hold in the algebra B
op
An−1,R ./ BAn−1,R.
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