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T.CHUAN CO NGUGNG TRONG LOGIC MO

Byl CONG CUUNG, DINH TRONG HIEU
Vién Todn hoc Ha Noi
TRAN DAl HOAN, LE THANH QUANG
Pai hoc Bach Khoa Ha Noi

Tém tdt. t-chudn, 1-d6i chudn va quan hé ma déng vai trd quan trong rong logic ma va
Iap ludin xdp xi. Nguang la mot khdi niém tu nhién xudt hién trong nhiéu vdn dé thuc tién.
Két hop nhiing khdi niém ndy s€ cho nhimg ldp phép todn mai trong logic mar: t-chudn
cé ngudng, 1-déi chudn cé ngudng va quan hé md c6 nguang.

Béo cdo nay trinh bay nhanh vai ro ciia cde phép todn logic trong logic mor va trong cdc
hé tri thiec. Sau dé gicn thiéu dinh nghia va mét vai ménh dé Mét vai két qud budc dau cé
thé tim thay wrong [1].

L T-CHUAN, T-DOI CHUAN TRONG LOGIC MO

Truéc tién ching ta nhin nhanh 161 mdy phep todn co ban trong 1y thuyét
tap hop va trong logic ménh d&. ft nhat ching ciing xuét phat tir 3 phép todn cu
bén.

Dinh nghia 1.1. Cho A, B 1a hai tdp hgp trong khong gian nén X. Cho P, Q
13 céc ménh dé. C6 3 phép todn cd ban

Ly thuyét tdp hop Logic ménh dé
Phép giao AnB Phép hoi PAQ
Phép hop AuB Phéptuyén P v Q
Phéplfy phinbd AS= X- A Phép phit dinh  — P

Trong céc suy luan trong tri tué nhan tao chiing la cén xur 1§ cdc ménh dé
dang:

Néu P thi Q.
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Nhu vay ching ta phai dinh nghia phép kéo theo P = Q. Tuong tu, ching
ta cdn lim viéc véi nhidu phép todn logic Khdc.

Tuy nhién 14n nay véi cic suy ludn md, nhing suy ludn & dé khé dam bao
¢6 thé khing dinh sy déng dan cioa ménh dé mot clch that 16 rang - tic 1 c6 the
do gid tri chan 1y cla cic ménh dé v(P) =1 (diing ) hodac v(P)=0(sai).

Zadeh da dé nghi céin lim viec vai 0 < v(P) s I va thay th€ bang 3 phép

toan logic sau.
Ching ta s€ ki hitu  x= v(P), y= v(Q).
Trong logic ménh dé c8 dién  x,y € { 0,1}, controng logic miy x,y & [0,1].
Khi d6 & c6 cdc phép todn

Logic o6 dién Logic mds
v(P A~ Q)=min ( x,y) t-chudn T( x.y)
v(P v Q)=max (X,y) t- d6i chudn  S( x.y)
vi—-P) = I-x Phép phii dinh  n( x)

Tir 3 phép lién két logic méi ndy nguii ta tim cdch chon dinh nghia phép
kéo theo P = Q, hay chinh xdc hon dinh nghia  v( P = Q) sao cho hgp ly. Su
da dang ciia logic m mot phdn nao duge quyét dinh bi su da dang va lua chon
hop 1y cic phép todn nay. Cling véi quan hé mér, cée lien kél logic md vira nhic
tao nén bd cong cu co ban che logic més v cho che phuong phép 1ap luan xdp xi,
B¢ tim hifu thém mang kién thic ndy cc ban cd thé tim thdy trong [ 2-4].

IL PHEP HOI MO CO NGUONG

I1.1. Phép hoi mis (t-chudn)
Ham T: [0, 17 — [0. 1] la mot phép hdi m& (chudn tam gic hay t-chudn)
khi va chi khi thod man céc diu kién sau:
Cl: T(l,x)=x,voimoi0=x< 1
C2: T ¢6 tinh giao hodn : T(x.y) = T(y.x) véi moi 0<x,y<1
C3: T khong gidam theo nghia
T(x, y) < T(u, v) , v&i moi xsu, y=v

C4: T c6 tinh k&t hgp:




T(x, T(y. 2)) = T(T(x,y).z), v4i moi 0<x,y,z<1
Sau dy 13 mo6t s6 t-chudn thong dung
* Dang min (Zadeh, 1965) T(x.y)=min (x.y)
* Dangtch T(xy)=x.y
* t-chudn Lukasiewicz: T(x.y) = max{x+y-1,0)

* min nilpotent | Fordor )
min{x,y}] ,véix+y>1

T(x, y) =min, {x.y} =
4 S {D yVGiX +y <

* t-chufin y&u nhdt  drastic product )

[ min{x,y], véi max(x,y) = 1

Zixy)=
(%.y) 0] , max(x,y) < |

Tir cdc didu kién trén, con ching minh duge mdi t-chudn T
déu thda cde tinh chér:

Z(xy) £T(x,y) < min(x,y), vdi moi 0<x,y<1

Vi T(0,x) = T(x,0) =0, vGi moi 0<x<!
11.2. Phép hoi md c6 nguong

Mién xdc dinh [0, 1)° cia phép hoi ¢6 nguimg duge chia bai nguing theo x
lao, va ngudmng theo y 13 a;, 1am hai mién H-

- Mién vuat nguing: (o, < x)a(a. < y) Y

- Mién dudi nguimg: (x <o )viy <o) |
Midnviron
ngiiimg
(3 day chiing ta ki hidu: o,
- - phép gino. - - phép hop
Miéndudi
uguong
>
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[1.2.1. Pinh nghia [1]
Cho Ty(xy) la mot 1-chudn, piép hoi c6 ngugng T(x,y,a) diuge dinh nghia
bai
. A N TS S
Tx,y,0) = { min(x,y : "T o, =Xvao,sy
T,(x,y} VoIX <o, hodcy <a,

Trong do a ={a,, &) 1A vecto ngudng g6m hai thanh phidn o0, Wn luot 13
nguong theo x v y.

11.2.2. Cdc tinh chat:

G Tif tinh chft clia t-chudn, ta c6: Ti(1, x) =Tu(x, 1) =x, ¥x: 0 < x < LK&t hap
véi min(1,x) = min(x,1) =x , ¥x: 0 s x < 1, ching ta c6 :
T, x,a)=T(x, l,a)=x,¥x: 0<x <1

O Twngn,do: TH0,x)=Tyx,0)=0,Ve:0<x<]
min(0,x) = min(x,0} =0 . ¥x:0<x <

Tacé: TO.x, ) =Tix, 0, a)=0, Vi:0<x <]

0 Tinh lién tuc
Trong trudmg hop dac biét, néu T.(x,y) duoc chon chinh 12 min(x,y) thi
Tix,y,c) 12 lién tuc trén todn mién [0,1] vi phép hoi khong cdn cb ngudng nia.
Trong céc trudmg hgp khdc, tinh lién we cia T(x,y,c) phu thude tinh lién tuc
va gid i cla Ty(xy) trén mién (0 < x <o) v (0 < y < o). Tuy vy, trén misa
(o= x = 1) A (o < y 1), T(x,y,) (nhdn gid tr cta him min(x,y)) vin lién tuc.
Tai cdc ngudng x =« , y = o, thi T(x,y,a) thod man tinh chat nira lien tue trén.

O Tinh khéng giam
Tir tinh khong giam ciia cac t-chufn v tinh chét T,(x,y) < mia(x,y) véi moi
X, y nén phép hoi ¢6 nguing T(x,y,a) ciing thod man tinh khong giam
T(x.y,0) < T(uva), viimoix <u, y<v

o Tinh giao hodn
Ta o6 min(x,y) va Ty(x,y) d2u thod man tinh chat giao hodn:
min(x, y) = min (y, x) , v&i moi cap (x, y) € [0, 1T
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v Ty(x. y) = Ty(y, x) . v6i moi cap (x, y) € [0, 1]
Vi o, 12 ngufing cia biln x, va a, 12 ngudng cta bién y

bat a=min (&, o} vd b =max|a,, o)

y A y &
1 1
Ving v 1 v
nguinmg
(L, bl
1
Ving dui a
ugT'mg |
> »
0 % | x 0 a b L lis

Chia mién [0, 1]° thinh b6n mién, dugc k¥ hi¢u ldn luot 1a 1, 1T, I v IV nhu
hinh v&.

Tir d6, mién [ & dudi ngudng, mién IV nam trong viing vugt ngudng, con
mot trong hai mién [1 vi [I trong viing dud ngudmg, mién con lai trong ving vugt
npuong.

Nhan xét:

Né&u (x,y) thudc mién II thi (y,x) thude mién 11 va nguoce lal, néu (x,y) thude
mién IIT thi (y,x) thudc mién IL. Do d6 trén hai mién II va ITI phép hoi cb nguong
Tix,y.ct) khong thoa tinh giao hodn.

Né&u (x,y) thudc mién I thi ciing c6 (y.x) thude mién I, néu (x,y) thugc mién
IV thi ciing €6 (y.,x) thudc mién IV do dé trén hai mién I va IV, phép hbi cd
nguimg thoa tinh giac hodn.

Truirng hop ddc biét, khi o=« , chi cdn lai hai mién 12 mién I ciing chinh
l viing dudi ngudng va mién IV chinh I viing vugt ngudng. Ca hai mién nay déu
d61 ximg qua dudmg phin gidc gbc phin ur thi nhit. Vi vay, phép hdi c6 nguing
thod tinh giao hodn: T(x, y, o) = T(y, X, a), véi moi cap (x, y) & [0, 1]".

a Phép héi c6 ngidng T(x,y,a) thod man tinh chdt :

Zixy) <T(xy.c) <min(x,y), vor moi 0 <x,y </
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Chimg minh: Ban doc tu kiém tra
Bay gidr ching ta s& cho vai vi du
e Vidul:Chon'T,(xy) =xy, v nguimg a,= o, = 0.2 , ta dirge mot phép hoi

O ngumg:
T = min(x,y) VO10.2<xva02<y
A4 X.y ,va1 X < 0.2 hoicy< 0.2
bifu difn clia todn tr trong khong gian ba chiu nhir sau:
T
]
Y
1 ful
!
02
o I o O O 0 0 A —
0 0z 1 p'd

Trong trubng hogp riéng nay, ta nhén thdy ring d6 thi cla todn tir d6i xing
qua mét phang X = Y trén todn mién xdc dinh [0, 1)%, qua dé thé hitn tinh giao
hodan cia T(x,y,a).

Do sur khdc nhau vé gid tri cia hai hdm tai lan cdn ciia ngudng (him x.y ¢6
gid tr1 nhd hon min(x,y)) nén phép héi ¢6 ngudng gifn doan tai ngudng. Mic du
cd hai ham co s& min(x,y) vd x.y déu la cdc ham lién tuc, nhung phép hoi c6
nguimg thu duoc lai 13 mot him khéng lign tue.

e Vidu2: Chontchuin T(xy)=max{ x+y-1,0 | viia,=02 vio,= 0.4

-

04




min(x,y) ,v6i02<xval4sy
T,(x.y.0) = :
Lt e { max| x+y-1,0 }, véi x < 0.2 hodc y < 0.4

Trong trutmg hop niy dé thi ca toan tir hoi 6 ngudmg khong con doi ximg
qua mit x=y nhi trudmg hop trén nifa, thé hign phep hai khong thoa min tinh giao
hoan. Tuy nhién, trén hai mién con la (x<0.2) v (y<0.2) vii ((L4=x) A (D.4<y) cOng
theém phén dubmg chéo tir (0.2; 0.2) t6i (0.4 0.4) ta viin ¢6 T(x,y.0) thoa tinh giao
hodn.

o Vidu3i:
Khi chon t-chudin thit hai 1a Min nilpotent: Ty(x.,y) = min, {x , vl véio, =04 o, =
(.2
min(x, v 04 <xva02s
T, (x.y.a) = in(x.y) <, y
min, (X ,y}, véi x < 0.4 hoac y <0.2

Ty
1 4
1
02
a 04 1 W

Bién déi tifp duoe cong thic:

T.(x,y,0) = min(x,y) , véi (0.4 <x) v (02 y) v (x+y > 1)
%Y, 0 . v6i céc trudng hop khdc
Ham min nilpotent i kim khong lién tuc, ghm hai phan:

- Khi x+v < | thi min, [x, 5] =0
_ Cbn trong trudng hop nguge lai, vé1 x+y > 1 thi min, {x, y} bang chinh

min{x.y).
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Néu thod diu kién x+y > 1 thi him trén ngudng vi ham du6i ngudng 1a triing
nhau. Vi vy trén mién x+y > 1 khong c6 su gidn doan gita phén vuat nguimg va
phin duéi ngudng. Déc biét, nfu a +a,>1, thi véi x > o va y = a, ciing suy ra
X+y>1. Nghia 12 khi d6 phén vugt nguing hoan todn nim trong mién x+y > 1. Khi
(G phép hoi ¢ ngudmg lai chinh 14 t-chufn min nilpotent va gid tri cu thé cia o, va
. khong con c6 vai trd quan trong nifa.

I1I. PHEP TUYEN CO NGUONG

11L.1. Pinh nghia [1]

Cho Sy(x.y) la mot t-dsi chudn, phép wuyén cé nguing Stxyvf) duwge dinh
nghia nhur sau:

S(x‘y B] - { max{l,}f) . Vﬂi X = Bl V& y = |3'1
' S,(x.y) ,V6i B, < x hoac B, < y

Trong d6 P 1a vecto ngudng gém hai thanh phén By, Bs ldn luot 12 ngudng,

theo x vii y.
I11.2, Cac tinh chat
O Mién gid tri
Ta ¢6 vii mdi 1-d6i chudn S(x,y) bt ky déu thoa bat ding thic:
max(x,y) < 8,(x,y)
Vi vy ma phép tuyén ¢ ngudng S(x,y,B) thod min: S(x,y,B) = max(x,y).
0 Tinh khong gidm

Theo dinh nghia Sy(x,y) 14 t-d6i chufn, ciing véi max(x,y) c6 tinh chat khong
giam. K&t hop v6i tinh chat max(x,y) < S,(x.y). Phép tuyén c6 ngudng S(x,y,p)
thoa man tinh khong giam -

S(x,y,8) < S{uv,B), véimoix<u, y<v
g SO,xP)=8Sx.0p)=x,viimoil<x<1
O S(Lx,P=8Sx.1B=1,voimoilsx<1
O Tinh giao hodn



Ciing gi6ng phép hoi ¢6 ngudng, trong phép tuyén ¢6 ngudmg cde ham hop
thanh S,(x,y) vi S,(x;y) déu 1A céc i-d6i chudn vi déu thod man tinh chat giao
hoin.

Vi B, la ngudng cia bién x, va B, 1a ngudng cia bién y.
Bit a=min (B, B.} vib= max (., p.]

y4 ye
= : ! l.
! Vimgvio ‘
J ngtl.rﬂl‘ang b v
1 [
[3, a
[11
Vg dinil ngucmg I
— P —p
0 By 1 X 0 a b I X

Chia mién [0, 1)° thanh b6n mién con, duge ky higu ldn lugt 14 1, 11, 11T va 1V
nhar hinh ve. Trong d6 mot trong hai mién 11 va 111 thude viing trén nguémg, mién
con lai thude viing dudi ngudmg. Con midn I lu6n & dufn nguimg, mién 1V luon
thube viing vuo ngudmg.

Vi ohimg lap luan tueng tu nhu vai phép hoi ¢ ngudng, ta duoe két luan:
trén hai mién 1 va IV, phép tuyén cé nguing thod tinh giao hodn. Vi khi §,= p,
ngudng theo hai bign x va y bing nhau thi phép tuyén c6 ngudmg S(x,y.B) thoi
mén linh giao hodn.
Vidu

Khi chon :
S:X, ¥)=x+y-xy
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Khi :
S:(x, y) = min{x + vy, 1}

Khi chon:
S:(x, ¥) =7 (x, y}

0 1 =

IV. TINH POINGAU CUA PHEP HOI VA PHEP TUYEN CO NGUGNG

IV.1. Nhan xét:

wCho n(x) la phép phii dinh manh, S(xy.B) la mét phép ruyén cé nguing.
Khi do ham T(x.y, ) xdc dinh trén [0, 1]’ béng biéu thirc:

T(x.y.@) = n(S(n(x), n(y), B)), véi moi 0 <xy <1
la mét phép hoi c6 ngudng.

aCho n(x) la phép phi dinh manh, T(x,y.a) la mét phép héi c6 nguong. Khi
dé ham S(x,y ) xdc dinh trén [0, 1] bdng biéu thitc:

S(x,y.B) = n(T(n(x), nfy), a}), véi moi 0 <x,y <1
la mot phép tuyén cé ngudng.

IV.2. Pinh Iy :
Cho phép hoi c6 ngudng T(x,y,a), phép tuyén c6 ngudng S(x.y,B):

T&x v a)= { T,(x, y) ,Vifﬁ o, SXvau,<y
Tz(x. )") ,V01 X < o, hagc y<ao,



_ 1 Si(x,y) (VG X <P, vay<B,
S h) {Sl{x,y} VOB, <x hodc B, <y

vit n(x) 12 mot phép phi dinh manh. Khi do:
New (T, 8. n)va (T,, 8;, n) la hai bé ba De Morgan,vi thod man: f, = n(a,).

Bo=nfa,) , thi (T(xy,e), S(xy.0), n) ciing la mdr b ba De Morgan

Chimg minh
Chiing ta ¢d:

T(nx, ny, o) = { T,(nx, ny) ‘-'t'h (o, s nx) A (o, < ny)
Ty(nx, ny) , véi (nx < a,) v (ny < ,)

L { Ty(nx, ny) , véi (not, = x) A (na, 2 y)

T,(nx, ny) , véi (x > neey) v (y > no)
(vi n la phép pht dinh manh)

Do (T, S, n) va (T,, Si n) 1a hai b ba De Morgan nén ¢6:
n(8,(x.y)) = T(nx, ny)

n(S,(x,y)) = T,(nx, ny)
Thay vio ta ci:

Tinx, ny, a) = { (S,(x,y)) V‘f“f (B, 2x) A (By2y)
n(Sy(x,y)) ,v6i(x>P))v(y>p,)

=n( (X, y, B)

Nhur vay ( T(x.y.a), S(x,y.B), n) ciing 12 m{t bd ba De Morgan.

Ban doc quan tAm (& cdc phép lign k&l md va logic md cing nhur cic ung
dung ctia chiing c6 thé doc cdc tai litu [2-5]. Mot s6 tinh chdt khdc va dinh nghia

quan hé mir cé ngudng o6 thé tim thiy trong [1] va nhiing bii s& duge cong b
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