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I ntroduction

This chapter is devoted to the presentation of some recenitseabout context-free
languages. There have been many results that appearedasthears, both on classi-
cal topics and in new directions of research. The choice@hthterial to be presented
was guided by the idea to emphasize on results which are eeepted in any of the
available textbooks [2, 12, 32, 33, 38, 55].

Context-free languages and grammars were designed lipittaformalize gram-
matical properties of natural languages. They subsequappeared to be most suit-
able for the formal description of the syntax of programmiggguages. This led to
a considerable development of the theory. The recent relsésroriented toward a
more algebraic treatment of the main topics, in connectiibh mathematical theories;
it also pursues investigations about famous open problsuas, as the equivalence of
deterministic pushdown automata, or the existence of pahcones with a principal
cone of nongenerators.

Most of the theorems given in this chapter have been provéukitast five years.
It appears (as systematically indicated in the text) thatesof them constitute answers
to questions listed in [3]. It should be observed that nealtl{he conjectures of [3] are
now solved (even if some of the solutions are not given heékgusual, these answers
raise new questions, some of which are mentioned below.

Even when restricted to recent results, we had make a choicdé material to
be presented. In the first section, we first illustrate thelatgic development of the
theory by showing the existence of an invariant for confes& languages, namely the
Hotz group. Then we give an account of recent refinementse@tbof of inherent
ambiguity by a clever investigation of generating function

Section 2 is devoted to iteration. We first prove the iteratemma of Bader and
Moura; we then discuss the interchange lemma and some gbpigcations, mainly
to square-free words. Finally we prove that a context-feeegyliage which has only
degenerated iterative pairs is in fact regular.

Section 3 describes the state of our knowledge concerningrg®rs in cones of
context-free languages. The main conjecture, namely beatone of nongenerators
of the context-free languages is not principal, is still mpeNew informations are:
this cone is not the substitution closure of any strict smec@nd it is not generated
by any family of deterministic context-free languages. N@sults concerning the
“geography” of the context-free cones are also reported.

In the final section, we give an account of the theory of cartee groups, that is
the groups for which the word problem is context-free. Weegiwglobal characteriza-
tion, a description in terms of Caley graphs, and a relaticthé theory of “ends”.

There are major topics not presented here. Among them, gayttof rewriting
systems has been the object of a recent monograph by Jadt¥enJonnections to
infinite words are only scarcely sketched in the text. For eergew, see [13] and
[61]. The decidability of equivalence of deterministic text-free languages has made
considerable progress in the last years. However, it seetngetripe for a systematic
treatment, and the interested reader is referred to [51629,



1 Languages

1.1 Notation and examples
111 Grammars

A context-free grammat = (V, A, P, .S) is composed of a finite alphab®t a subset
A of V called theterminal alphabeta finite setP? C (V — A) x V* of productionsand
a distinguished elementc V — A called theaxiom A letterinV — A is anonterminal
orvariable

Given wordsu, v € V*, we writeu — v (sometimes subscripted lgy or by P)
whenever there exist factorizations= Xy, v = zay, with (X, «) a production. A
derivationof lengthk > 0 from « to v is a sequencéug, u1, . . ., u) of words inV*
such thatu;_1 — u; fori = 1,...,k, andu = ug, v = ug. If this hold, we write
u % v. The existence of some derivation franto v is denoted by, = v. If there
is a proper derivation (i.e. of length 1), we use the notation = v. Thelanguage
generated by~ is the set

LG)={we A* | S 5 w}.
If X is avariable inGG, we write
Le(X)={we A" | X 5 w}.

ThusL(G) = L (S). Alanguagel is calledcontext-freef it is the language gener-
ated by some context-free grammar.

Consider a derivation = vy — u; — --- — u = v. Iltis aleftmostderivation
if, for any derivation step;; — w;+1, the variable inu; which is replaced is the left-
most occurrence of a variable iny. Rightmost derivations are defined symmetrically.
A derivation treein G is a rooted, planted labelled tree. The internal nodes of the
tree are labelled with variables. Leaves are labelled wigments inA U {1}, subject
to the following condition. Let be a node, and lety, s-, ..., s, be the children of
s, ordered from left to right. I1fX is the label ofs, and if Y; is the label ofs;, then
(X,Y1---Y,) € P. Moreover, ifn > 2, then none of th&’;’s is the empty word. Itis
well-known that there is a bijection between derivatior$r&vith rootX and leaves in
AU {1}, and leftmost derivations (rightmost derivations) frdfrinto words overA.

Two grammars arequivalentif they generate the same language.

1.1.2 Examples

There are several convenient shorthands to describe deinéexgrammars. Usually,
a production( X, «) is written X — «, and productions with same lefthand side are
grouped together, the corresponding righthand sides tssipgrated by a ‘+’. Usually,
the variables and terminal letters are clear from the cdanté€ke language generated
by a context-free grammar is denoted by the list of produstienclosed in a pair of
brackets, the axiom being the first lefthand side of a pradoct

(i) The Dyck languagesLet A = {a1,...,a,}, A = {ay,...,a,} be two disjoint
alphabets. Th®yck languagever A U A is the language

DZ:<S_)TS+]_;T—>alsdl+"'+ansan>

The notation is justified by the fact that’ is indeed a submonoid ¢fA U A)*. Itis
even a free submonoid, generated by the langua@y ok primes

D,=(T - a1Sa1+---+apSan; S — TS+1).



If n =1, we write D* andD instead ofD; e}nle.
Thetwo-sided Dyck languagaver A U A is the language

Dy=(S—TS+1;T — Y aiSa;+» a;Sa;).
=1 =1
Again D7 is a free submonoid dfA U A)* generated by the sé,, of two-sided Dyck
primes This set is also context-free, and is generated’liy the following grammar

T; — a;S;a;; T; — C_lis'iai (Z =1,... ,n) ,

Si =1+ TiSi+ Y T;8;  (i=1,...,n),
j=1 i
S'l—>1+ZT]§l+ZTJSZ (Z:].,,TL)
i j=1
Again, we writeD* and D instead ofD* andD; .
There is an alternative way to define these languages asvioll€Consider the
congruence (respd) over A U A defined by
a;ag; =1modd (i=1,...,n), a;a; E&iaizlmods, (i=1,...,n).

ThenD: = {w € (AUA)* | w=1mod é§}andD? = {w € (AUA)* | w =1 mod
4}. Moreover, the quotier(td U A)* /4 is a group, calledhe free group generated by
A and denoted by'(A).

(ii) The Lukasiewicz languagever a setA = Ag U A; --- U A, partitioned into
subsetsA; of symbols of “arity”i is the language

(S — Ag+ A S+---+ 4,5

The most well-known case is whety = {b}, A, = {a}, and the other sets are empty.
This gives the language

£=(S — b+aS8S).

(iif) The languages ofompletely parenthesized expressions

E,=(S — Y arSbScy +d).

k=1

Forn = 1, we write E instead ofF: E = (S — aSbSc+ d).
(iv) The set ofpalindromesver an alphabett

Pal=(S — Y aSa+ Y a+1)
acA acA

is the set of words € A* with w = w™ wherew™ denotes theeversalof w. Related
to this set are theymmetric languageSym,, defined over the alphabét, ..., a,,
a1, ... 0, by

Sym,, = (S — > a;Sa; +1).

i=1



Contrary to previous conventionSym will denote the languag8ym.,.
It is interesting to observe that the languages

{wH#w™ |w € A*} and {w#uw' | v # w™}
(with # not in A) are both context-free. On the contrary, the languégey =
{w#w | w € A*} is not context-free (as can be shown by one of the pumping Esnm

given below); however, the languade#w’ | w’ # w} is context-free.
(v) TheGoldstine languagé: over{a, b} is the seiz of words

a™ba™b---a"b

with p > 1,n; > 0, andn; # j for somej, 1 < j < p. To see that this language is
context-free we start with the context-free language

{a"bc|q#p+1, q,p >0}
and then apply the substitution
a—a*b, b—a, c—bla'd)".

The languagé is the result of this substitution. Since rational (and evemntext-free)
substitution preserves context-freeness, the langGaigecontext-free.
Observe that is related to the infinite word

x = aba®ba®b- - a"ba" b - - -
Letindeed
Co-Prefx) = {w | w is not a prefix of} .

ThenG is just composed of those words in Co-Rsef which end with the letteb.
Further, consider the context-free language

{a"V’ |p>n+1,n>0}
and then apply the substitution
a—a‘b, b—a.
Let H be the resulting language. Then
Co-Prefx) = Ga* UH .

This shows that Co-Prét) is a context-free language.

1.1.3 Ambiguity

A grammarG = (V, A, P, S) is unambiguou#f every word in L(G) has exactly one
left most derivation. It is equivalent to say that there idyasne derivation tree for
each word, whence only one right derivation. A languagen@ambiguousf there is an
unambiguous grammar to generate it, otherwise it is cafledrently ambiguous

Ambiguity is undecidable. However there are techniquetitioak in special cases
to prove inherent ambiguity. One method is by using iterat@nmas in a clever way.
(see e.g. Harrison [38]). This can be used for instance tweptbat the language
{a"bPc? | n = p or p = ¢} is inherently ambiguous. The same method applies
sometimes to unambiguity relatively to a subclass. Let gt give one example. A
grammer idinear for if, for every production, the righthand side containsraist one
occurrence of a variable. A language is linear if there exstinear grammar that
generates it.



Consider the following language ovéd, b, #} :
M = {a"b"#aPb? | n,p,q > 1} U {aPbI#a™b" | n,p,q > 1}.

This language is linear. However, it can be shown that eweeal grammar generating
M is ambiguous. On the other hand

M = {a"b"#aPb? | n,q,p > 1} U {a"b"#aPV" | n,m,p > 1,n # m}

is the disjoint union of two (non linear) languages, whichhoare unambiguous, thus
M is unambiguous.
We shall see another way to attack ambiguity below.

1.1.4 Reduced grammars, normal forms

There exist a great number of normal forms for grammars. &mesmal forms have
mainly theoretical interest and are of little help in pratiapplications such as parsing.
Reduction is a first step toward these normal forms.

A grammarG = (V, A, P, S) is reducedf the following 3 conditions are fulfilled :

(i) for every nonterminalX, the languagé.;(X) is nonempty ;
(i) forevery X € V — A, there exist, v € A* such thatS = uXwv ;
(iif) the axiom.S appears in no righthand side of a production.

Itis not difficult to see that for every gramm@rwith L(G) # 0, an equivalent reduced
grammar can effectively be constructed. A variation of tagastruction which some-
times is useful, requires thdits(X) is infinite for every variableX. A production is
called are-productionif its righthand side is the empty word. At least anproduction
is necessary if the language generated by the grammar nertted empty word. It is
not too difficult to construct, for every context-free gramnis, an equivalent gram-
mar with noe-production excepted a productiéh— 1if 1 € L(G). The final special
kind of grammars we want to mention is the class of proper gnars. A grammag is
properif it has neither-productions nor any production of the forlh — Y, with Y

a variable. Again, an equivalent proper grammar can effelgtibe constructed for any
grammarG if L(G) # 1. The two most common normal forms for context-free gram-
mars are the so called Chomsky normal form and the Greibachaldorm. A gram-
marG = (V, A, P, S) is in Chomsky normal forrif every productionX — « satisfies
a € AU(V — A)2 Itis in Greibach normal fornif « € AUA(V — A)UA(V — A)2.
For every context-free grammat with 1 ¢ L(G) equivalent grammars in Chomsky
normal form and in Greibach normal form can effectively bestoucted. A less usual
normal form is thedouble Greibach normal forrwhere every productiodX — «
satisfies

a € AUAZUA[(V — A)U(V — A)?A.

There again, for every context-free gramntawith 1 ¢ L(G), an equivalent grammar
in double Greibach normal form can be effectively consedaiHotz [39]). A very
large variety of such normal forms exists (Blattner, Gingd.4]).

1.1.5 Systemsof equations

LetG = (V, A, P, S) be a context-free grammar. For each variaKlelet Px be the
set of righthand sides of productions havikigas lefthand side. With our notation, the



set of productions can be written as

X— Y p (XeV-4)

or simply as
X — Px (X eV —-4).

Thesystem of equatiorassociated to the gramm@ris the set of equations
X=Py (XeV-A4A).

A solution of this system is a familf, = (Lx)xev—a Of subsets ofA* such that
Lx=Px(L) (XeV-4),

with the notation

Px(L)= |J »(L)

pEPx

andp(L) being the product of languages obtained by replacing, Bach occurrence
of a variableY” by the languagé.y . Solutions of a system of equations are ordered by
component-wise set inclusion. Then one has :

1.1. THEOREM (Schiitzenberger [57])Let G = (V, A, P, S) be a context-free gram-
mar. The familyL = (Lx) with Lx = L (X) is the least solution of the associated
set of equations. If the grammaéf is proper, then the associated system has a unique
solution.

1.2. EXAMPLE. The grammatS — aSS + b is proper. Thus the Lukasiewicz lan-
guaget is the unique language satisfying the equatton o+ U b.

1.3. EXAMPLE. The grammaiS — S generates the empty set which is the least so-
lution of the equationX = X . Every language is indeed solution of this equation.

For more details along these lines see [43], and [56].

1.1.6 Pushdown automata

A pushdown automatofpda) A = (A4,V,Q,6,v",¢", Q") is composed of a finite
terminal alphabet4, a finite nonterminal alphabéft, a (nondeterministic) transition
function ¢ from (A U {e}) x @ x V into the finite subsets of) x V*, an initial
pushdownstore symbef in V, an initial state;” in @ and a set)’ of terminal states,
a subset of). A configurationof A is a triplec = (y,¢,z) in V* x Q x A*. The
automaton moves directly from configuration= (v, ¢, z) into configurationc’ =
(v, ¢, x"), denoted: — ¢ iff
—eithery =yv (v eV),z =ax’ (a € A),y =vm (m € V*)andi(a,q,v) >
(¢’,m); this is a “a-move”.
—ory=mvweV),z=2a,v9 =ymm(meV*)andi(e,q,v) > (¢',m); this is
a “e-move”.

We denote—— the reflexive and transitive closure of the relatien- , and we
define thdanguage recognized by empty stbreA as

Null(A) = {z € A* | (*,¢°, z) — (1,¢,1) qe€ Q},



and theanguage recognized by terminal stdtg .4 as
T(A) ={zec A | (°¢ z) v (v,¢,1) veV* ¢ cQ'}.

The context-free languages are then characterized in t&frpda’s: L C A* is context-
free iff there exists a pdal such thatl. = T'(A) (resp. L = Nuli(A)). Moreover,
this result holds even if4 is restricted to beealtime (= involves nos-moves in its
transition function).
A pda isdeterministiq(is a dpda) iff, for eacly in @ and eachy in V,
— eitherd(e, ¢, v) is a singleton inQ x V* and, for eactw in A, é(a, q,v) = 0;
—ordé(e,q,v) = P and, for eachu in A, the seb(a, ¢,v) is either empty or a singleton.
A context-free languagé is deterministidff there exists a dpdal such thatl, =
T(A). It should be noted that, contrarily to what happens for mexdninistic pda’s,
the family of languages recognized by empty store by a dpftarms a strict subfamily
of the deterministic languages. Similarly, the family chitene dpda’s gives raise to a
strict subfamily of deterministic languages. (See [38]dbithese classical results)

1.2 Hotzgroup

One of the most interesting questions concerning the ogldietween grammars and

languages is whether two grammars are equivalent, i.e. rgenthe same language.

Since this question is undecidable, one may look for weakandilations of this ques-

tion, i.e. properties which are implied by the equivalenteantext-free grammars.

One such invariant has been discovered by G. Hotz [40] afeitopic of this section.
Consider any setl. Thefree groupF’'(A) over A is the quotient monoid

F(A) = (AU A)*/§

whereA = {a | a € A} is adisjoint copy of4 and wheré is the congruence generated
by the relationsia = aa =1, (a € A) (see also Example (i) in Section 1.1.2.
LetG = (V, A, P, S) be a context-free grammar. Thiotz groupof G is the group

H(G) =F(V)/[P],
where|[P] is the group congruence generated®ythat isu = v mod [P] iff v andv
can be obtained one from each other by successive apptiaattioroductions or their

inverses irbothdirections :u = v mod [P] iff there existk > 0 andwy, . .., wy such
thatu = wg, v = wg, andfori =0,--- , k —1,

Wi — Wiy1 O wip1 — w; OF wW; — Wig1 OF Wiy1 — W;.

1.4. ExamPLE. Forthe gramma& = (S — 1+ aSb), the congruence is generated
by S =1, S = aSh; clearlya™b? = a™ P, for n,p € Z. ThusH(Q) = Z.

1.5. THEOREM. Let G, and G5 be two reduced context-free grammarsLIiG,) =
L(Gs), thenH(G1) = H(G2).

This result means that the Hotz group, defined for a grammarfact a property of
the language generated by the grammar. It is well-knowndttegr algebraic objects
are associated with a formal language. The most frequenibyeqgl is the syntactic
monoid (for a discussion, see Perrin’s Chapter [52]).

Theorem 1.5 is an immediate consequence of the followingsit characteriza-
tion of the Hotz group. LeL. C A* be a language. Theollapsing groupof L is the
guotient

C(L) = F(A)/[L x L]



of the free group over by the finest (group) congruence such thas contained in a
single class.

1.6. THEOREM. Let L be a context-free language, and E&the a reduced context-free
grammar generatind.; then the collapsing group af and the Hotz group of7 are
isomorphic, i.eC(L) =2 H(G).

PROOFR LetG = (V, A, P, S). For convenience, we denote the congruemeel | P]
by ~, and the congruenaeod[L x L] by =. Observe that- is defined ovet# (1),
and= is only defined ovefF'(A).

We first show that ifu, v € F/(A), then

U=V U~D.

For this, consider words, w’ € L. ThenS = w’. Consequently ~ S, andS ~ w’,
whencew ~ w’. By induction, it follows that for, v € F(A),

U=Vv=>UuU~0.

Conversely, consider words, w’ € Lg(X) for some variableX. Since the grammar
is reducedywv, uw’v € L for some words:, v € A*. Thusuwv = uw’v, and since
we have a group congruence, it follows that= w’. Thus each.q(X) is contained
in a single class of the collapsing congruence.

Consider now, for each variablg, a fixed wordp(X) € Lg(X), and extenay to
a morphism froml/* into A*, and then from#' (V') into F'(A), by settingp(a) = a
fora € A. In view of the previous discussion, given any production— « in P,
one hasp(X) = ¢(a). Assume now that,,v € F(V), andu ~ v. Then there are
k > 0, andwy, ..., w, € F(V), such thatu = wp,v = wg, ande(w;) = p(w;+1)
fori =0,...,k— 1. Consequenthp(u) = ¢(v), and sincep(u) = u, p(v) = v, this
shows that: = v. Thus, our claim is proved.

Let p be the canonical morphism

p:E(V) = F(V)/ ~ (2H(G)).

In order to complete the proof, it suffices to observe tH&&) = p(F'(A)), since for
eachw € V*, one hasv ~ p(w), andp(w) € F(A). O

The concept of collapsing group appears in [64]. A more syate formulation of
Theorem 1.6 is given by Frougny et al. [30]. For recent dgwelents on these lines,
see [23, 24].

The relation between the congrueriéd and the so-called NTS languages is the
following : rather than considering the groif{V') /[ P], we may consider the quotient
monoidV* /[ P] also called thédotz monoid Obviously, this is no more an invariant.
However, it may happen, for some gramntar= (V, A, P, S), that the congruence
class of each variabl& is exactly the set of sentential forms generatedkby

{zeV*|z2=Xmod[P]}={zcV*| X 5= z}.
In that case, the grammeéris called arNTS-grammarSome striking results concern-
ing these grammars are (Sénizergues [58]):

(i) languages generated by NTS-grammars are deterministiext-free languages;
(i) the equivalence of NTS-grammars is decidable;
(iii) given a context-free grammdkr, it is decidable whetha® is an NTS-grammar.



There remains an interesting open problem: is the family 88Nanguages (i.e. lan-
guages generated by NTS-grammars) closed under invergghiaor? This question
seems to be related to another one concerning a weakenihg TS condition. A
grammarG = (V, A, P, S) is calledpre-NTSi, for each variableX, the restriction of
its congruence class to terminal words is exactly the laggwgenerated by, thus if
Lg(X) = {x € A* | X = 2 mod [P]}. Clearly, any NTS-grammar is pre-NTS. The
question is whether the converse holds for languages.

1.3 Ambiguity and transcendence

As already mentioned above, a proof that a given contextdirguage is inherently
ambiguous by means of combinational arguments is rathéradel The reason for
this is that one has to show theerygrammar is ambiguous. Another reason is that
pumping lemmas like those described in the next section aoigern local structure.

A fundamental technique for proving ambiguity is based anubke of generating
functions. This technique has recently been refined andesstuly employed by Fla-
jolet [28, 29]. LetL. C A* be any language over a finite alphabet The generating
functionof L is given by the series

fo(z) = Z anz",
where
anp = Card{w € L | lw| =n}.

Sincea,, < Card(A)™ for n > 0, the seriesf1(z) is an analytic function in the neigh-
bourhood of the origin, and its radius of convergepaatisfiesp > 1/ Card(A). The
basic result for the study of ambiguity is the following d&sl theorem of Chomsky
and Schutzenberger:

1.7. THEOREM. Let f;,(2) be the generating function of a context-free languagéf
L is unambiguous, thefi, (z) is an algebraic function.

This result means of course thatfif (z) is transcendental andl is context-free,
then L is inherently ambiguous. In order to use this statementyffices to rely on
well-known classical families of transcendental functi@r to use more or less easy
criteria for transcendence. We just give some examples.

1.8. PROPOSITION The Goldstine languagg is inherently ambiguous.
ProoOF. Consider indeed a word which is not@ Then either it ends with the letter
a, or it is one of the words in the set

F = {1, ab, aba®b, aba®ba>b, - - - } .

The generating function of the words ovdr = {a, b} ending with the letter is
z/(1 — 2z). The generating function of the sEtis

14+24+224294 ... = Z Hn(nt1)/2-1
n>1

Thus

folz) = 1-z 1zzn(n+1)/2 e O

1-—2z anl 1-—2z z

10



Now f¢(z) is transcendental iff(z) is so. And indeedy(z) is trancendental. To see
this, recall that an algebraic function has a finite numbesigularities. On the other
hand, a powerful “gap theorem” [54] states that if for sommeseh(2) = Y~ - anz“"
the exponents satisiup(c,+1 — ¢,) = 0o, thenh(z) admits its circle of convergence
as a natural boundary. This holds for our functigi) which thus has infinitely many
singularities and is not algebraic. d

Two points should be observed. First, the fact that the geimgy function is alge-
braic holds for a language as well as for its complement. Ttigse is no way to get
any converse of the Chomsky-Schiitzenberger theorem., NMextechnique of natural
boundaries is quite general for proving transcendenceraftfons.

1.9. PROPOSITION Let A = {a,b}, and letC be the language of products of two
palindromes:

C ={wjws | wywy € A*, wy; = wy’, we = ws'}.
The languagé& is inherently ambiguous.
A first proof of this proposition is due to Crestin [21] who ha®ved that its am-
biguity is unbounded i.e. that there exists no bound for timlper of leftmost deriva-

tions for some word in any grammar. Kemp [42] computed thesgeing function of
C which is

fe(z) =142 p(m)

m>1

2™(1 4+ 2™)(1 4 22™)
(1 —2z2m)2 ’

wherep(m) = [,,,,(1—p), the product being over all prime divisorswf. A delicate
analysis by Flajolet [29] shows thdit:(z) has singularities at the poingd/?m e/ ™,
Thus there are infinitely many singularities afid(z) is not algebraic. O

1.10. PROPOSITION The language
L=A{we A" ||wla # |wly or Jw|y # |wlc}
overA = {a,b, c} is inherently ambiguous.
PROOF. The complemend/ of this language is
M =A{w e A" | |lwla = [w]y = |w|c}
and its generating function is

f]w(z) _ Z E::;L)); Z3n — Z anZBn )

n>0

In order to show thaf,(z) is not algebraic, we observe that by Stirling’s formula

Ay~ 33n,£
" 2mn

On the other hand, Flajolet [29] shows that an asymptotidvadgnt of the form3™ /n

is characteristic for transcendental functions. Tliygz) and f1.(z) are transcenden-
tal. O

Flajolet’'s paper [29] contains a lot of other examples okiréntly ambiguous lan-
guages, and develops a systematic classification of laeguwalgich can be handled by
analytic methods (See also [6]).

11



2 lteration

Iteration is the most direct method in order to prove thatranfa language is not in a
given family of languages. In general, the iteration is omwords of the language and
reflects some property of the way languages in the considareilly are constructed.
The iteration lemmas in fact give a property of “regularityhich expresses the finite-
ness of the construction mechanism.

There exist numerous results concerning iteration, deipgnoh the type of lan-
guages studied. For a fixed family of languages, there mast s&veral variations. A
bibliography on this topic has been compiled by Nijholt [49]

We are concerned here with iteration lemmas for contexd-frsaguages. We give
three recent results of different nature. The first (Theofe8) is the conclusion of
several statements of increasing precision concerningdhstraints for iterative pairs
in a context-free language. The second (Theorem 2.1) staldéferent kind of property
. if a language is “rich” i.e. if there are “many” words of givdength, then factors of
words may be interchange without leaving the language.

The third result (Theorem 3.1) expresses to what amoungaatibn property may
characterize languages : this is interesting becauseidpris only a “local” property
of words, and therefore is difficult to relate to global prdjes of grammars.

2.1 lteration lemmas

Consider a fixed languagke C A*. An iterative pairin L is a tuple of words; =
(z,u,y,v,z) with uv # 1, such that for alh > 0

zuyv"z € L.

Given a wordw € L, the iterative pair) is a pairfor w providedw = zuyvz; a word
w is said toadmitan iterative pair if there exists an iterative pair tor

2.1. ExAMPLE. For the languagé® of Dyck primes over{a,a}, the tuple(a,a, 1,
a,a) is an iterative pair. Howeve(], a, 1,a, 1) is not becausé ¢ D. The latter is of
course an iterative pair ip*.

An easy way to construct iterative pairs for an infinite algedlanguagd. gen-
erated by some (reduced) gramn@ir= (V, A, P, S) is the following. SinceL is

infinite, there exists iG some variableX and some derivatioX - uXwv for some
wordsu, v € A*. SinceG is reduced,

S S aXz, XSy
for some wordse, y, z in A*. But then
S 5 zu"yv"z foralln > 0.

Historically the first iteration result concerning contdsge languages is the fol-
lowing :

2.2. THEOREM (Bar Hillel, Perles and Shamir [38])Let . C A* be a context-free
language. There exists an integdr such that any wordv € L of length|w| > N
admits an iterative pair irL.

This theorem is a special case of Ogden’s refinement, thét tated below. In
order to formulate it, we need a definition.

12



Letw € A* be a word of lengtm. A positionin w is any integer in{1,2,...,n}.
Choosing a set of distinguished positiornuirthus is equivalent to choosing a subset of

{1,...,n}.

2.3. THEOREM (Ogden [38]). Let L. C A* be a context-free language. There exists an
integer N such that for any wordy € L and for any choice of at leasgt{ distinguished
positions inw, there exists an iterative paif = (x, u, y, v, z) for w in L such that, in
addition

(i) either x,u,y each contain at least one distinguished positionyov, z each
contain at least one distinguished position;
(i) the worduyv contains at mosiV distinguished position.

Observe that in (i), both conditions may be satisfied. Thede is a consequence
of this result obtained by considering that all positionaiword are distinguished.

This theorem means that the place of the iterating grawpwithin the factoriza-
tionw = zuyvz can be chosen to some extent : assume that the distinguiskitidps
are chosen to be consecutiveuin Then either, or v is entirely composed of letters at
distinguished positions.

One cannot expect to have a much more precise informatiohepdasition ofu
andwv within the wordw, and in particular it is impossible to force batrandv to be at
distinguished places. However, the following result of Badnd Moura indicate that,
to some extent, both andv cannot be at certain places.

2.4. THEOREM ((Bader and Moura [7])) Let L be a context-free language. There ex-
ists an integerN such that, for any wordv, and for any choice of at least distin-
guished and: excluded positions i with d > N'*¢, there exists an iterative pair

77 = (w’u7yavaz)
for w in L such that, in addition
() either x,u,y each contain at least one distinguished positionyov, z each
contain at least one distinguished position ;

(i) the worduwv contains no excluded position ;
(iii) if uyv containsr distinguished and excluded positions, then< N1+,

Before going into the proof, let us give a first example of tee af the theorem, to
show how it works.

2.5. EXAMPLE. LetA = {a,b}, and let
L =0b*"Uaatb* U {ab® | p prime} .

This language is not context-free of course. However Oggiggration lemma does not
prove it, because there is no way to get rid of pumping théginit On the other hand,
when the initiale is considered as in an excluded position, then Bader and &/sur
iteration lemma ensures that € b*, and then it is easily seen thatis not context-
free.

PROOF OFTHEOREM2.4. LetG = (V, A, P, S) be a context-free grammar generating
L. Lett be the maximal length of the righthand side of the produsti@md letN =
t2k+6 with k being the number of nonterminalsdi

Letw € L be a word withe excluded andl > N'*¢ distinguished positions.
Consider a derivation tree far. A node in the tree is Aranch pointif it has at least
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two children which have distinguished descendants. e a path with the greatest
number of branch points. Sinae has at least2(*+3)(e+1) distinguished positions,
the pathP has at leas2(k + 3)(e + 1) branch points. The branch points in path
P are grouped into two sets. keft branch point is a branch point having a child
with a distinguished descendant to the left of path P. Righbhth points are defined
symmetrically. Observe that a node may be both a left andn biganch point. Clearly
P has at leastk + 3)(e + 1) left or at least(k + 3)(e + 1) right branch points.

Assume thaP has at leastk+3)(e+1) left branch points and divide the lowermost
part of P in e+ 3 subpaths. The subpath nearest to the bottom contairideft branch
points, each of the following + 1 “internal paths” hag + 1 left branch points and the
topmost agair + 1 left branch points (see Fig. 1).

Figure 1: Factorization of a path

In each of the internal subpathg, (0 < i < e) there must be two branch
points with the same label, say,. Thus there exist words;,v; € A*, such that
X; = u; X,;v;. Moreover, since the node is a left branch point, the wordontains
at least one distinguished position.

Now observe that there aret+ 1 pairs of words(u;, v;) but onlye excluded posi-
tions. Therefore one of the wordsv; no excluded position.

The remaining claims are easily verified. O

2.6. EXAMPLE. As an application of the previous iteration lemma, we coasthe
following situation. Given an infinite word

x:a0a1a2...an...
over some alphabet, the language
Co-Prefx) = {w | w # apay - - - ajy|—1 } C A"

is the set of all words oved which are not initial segments af We consider infinite
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words of the form
x=a’ Wpaf@p...qf My .. 1)

wheref : N — N is some function, and we prove that Co-Rgfis not context-
free providedf grows rapidly enough. Assume indeed that for some funcfiotine
language Co-Préf) is context-free, lefV be the integer associated with this language
in Theorem 2.4, and consider the word

w = afMpfPp.. . pa!+F (M) ¢ Co-Prefx) .

Declare that all positions ia/ (Vb - - - af (»=Dp are excluded, and that the ldst f(n)
are distinguished. In order to be allowed to apply the theoieis required that

1+ f(n) > N"JFZ?:_f f (@)

Itis easily seen that this holds for large enougWwhenever
2

fln) =22

where there ar@n stacked exponents. In this case,has an iterative pain =
(o, u, B,v,7) with uBvy a right factor of the factor!'+/(™), Consequentlyrsy is
an initial segment ok, contradicting the theorem.

Let us mention that this brute force technique gives weagsults than Grazon'’s
clever iterated use of Ogden’s Lemma [35]. It appears indedxa rather involved to
prove that a language of the form Co-Ref is not context-free. It has been shown
by Grazon that all these languages satisfy Ogden’s lemm@. Main (personal com-
munication) observed that they also satisfy the interckdaghima given in the next
paragraph. A. Grazon shows that for a language CofRyefith x of the form (1) to
be not context-free, it suffices thatn) > 2" forn > 1.

2.2 Interchangelemma

The interchange lemma we describe below gives a differet&f constraint for words
of a context-free language. Instead of iteration, the uitialde property described
concerns the possibility to exchange factors of words inespositions without leaving
the language. One interesting aspect of this lemma is thatdts for languages which
have “many” words of given length. (Observe that this is [gely the case where the
classical iteration lemma are difficult to use).

Let L be a language over some alphadetand letn > 0 be an integer. A subset
R C LN A™is aninterchangeset forL if there exist integerp, qwith0 <p+¢<n
such that for alk, v, w, v’, v’, w’ with vow, w'v'w’ € R, |u| = |v/| = p, |v| = |v'| = ¢
impliesuv’w, v'vw’ € L. If this holds, the integey is called thespanof R.

2.7. THEOREM (“interchange lemma”, Ogden, Ross, Winklmann [500et L. C A*
be a context-free language. There exists a nundhesuch that, for any integens, m
with 2 < m < n and for any set) C L N A™, there exists an interchange setC Q
for L of size

Card
Card(R) > %T(f)

and of spary withm /2 < g < m.
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Clearly, the interchange s&tmay be empty unlesSard(Q) > Cn?, which means
in pratice that the number of words inn A™ should grow faster than?.

PROOF. Let L be generated by a context-free gramrGae (V, A, P, S) in Chomsky
normal form. Letn be an integer, and l&) € LN A™. Forall X € V — A, and
integersny, ny With 0 < n; + ng < n, we denote byQ(n1, X, ns) the set of words
w € @ such that there is a derivation

* *
S — uXv — uzv =w

with |u| = n1, |v| = no. Clearly each sef)(n1, X, n) is an interchange set with span
n — (n1 + n2). Itis also clear thaf)(n1, X, ne) C Q.
Let nowm be any integer that satisfies< m < n. We claim that

Q cJQ(m, X,ns) 2
where the union is over all sets with spar= n — (n1 + ns) satisfying the relation
m/2 < qg <m.

Letindeedw € Q. Then clearlyw € Q(n1, X, ns) for somen,, X, no. It remains
to shows that the parametetis, X, no can be chosen in such a way that the span of
Q(n1, X, n9) is in the desired interval. It is clear that the span can asnag chosen
greater thann/2 (take X = S). Assume now that spapis strictly greater thamn.
Then the derivatioX — x where|z| = ¢, may be factorized into

X -YZ 5 o=yz

for somey, z with Y = y andZ = z. Clearly one of the words or = has length
strictly greater thamn /2. Assume it isy. Thenw is in Q(n1,Y, na + |z|) which has
spang — |z|. The conclusion follows by induction.

Now observe that in Equation 2, the union is over at ntastd(V — A) - n? terms.
Consequently, there is at least one Bet Q(n1, X1, n2) with

Card(Q)
Card(R) Card(V — A) -n2 "’

O

We now apply the Interchange Lemma to prove that a specigulage is not
context-free. For this, we call squareany word of the formuu, with « nonempty.
A word is squarefredf none of its factors is a square. It is easily seen that tlagee
only finitely many squarefree words over 1 or 2 letters. Wetqueithout proof the
following result.

2.8. THEOREM (Thue [44]). The set of squarefree words over a three letter alphabet
is infinite.

For a proof and a systematic exposition of the topic, see. [4#]s easily seen
that the set of squarefree words over at least three letergticontext-free. The same
guestion concerning its complementi.e. the set of wordsagoimg squares, was stated
as conjecture in [3] and was open for a long time. Two diffegmoofs were given,
the first (Ehrenfeucht and Rozenberg [26]) based on growttsideration for EOL
systems, the second (Ross and Winklmann [53]) contains poatisninary version of
the interchange lemma. The proof given here is from [50].

2.9. THEOREM. The language of words containing a square over an alphakbtét ati
least three letters is not context-free.
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Denote byC,, the language of words overletters containing a square. The proof
is in two steps. Only the first one is sketched below. The ftegt & to show thafg is
not context-frere. Then a so-called square-free morphigmg morphism preserving
square-free words) is applied to show tfiatalso is not context-free (For more details
about square-free morphisms, see [8, 18, 22]).

PROOF OF STEP1 OF THEOREM 2.9. Let us consider the 6 letter alphabet=
{$,0,1,a,b,c} and assume th& C A* is context-free. We choose a large enough in-
tegerN and fix a squarefree word ové = {a, b, c} of lengthV, sayv = c1c2 -+ - ey
with ¢; € B. Next we consider the set

Q = {$t$t | t= doCldlcg .. -CNdN, dl S {O, 1}} .

Any word in @ is a square and contains no other square. Each wapdias4(N + 1)
letters, andCard(Q) = 2V*!. Choosen = 4(N + 1) andm = n/2 = 2(N + 1) in
the interchange lemma. Then there exists an interchande sef) of size

Card(Q) N+l
> =
Card(R) 2 =55 = TGen T 1)

for some constant C. Moreover, the sppof R satisfieg N + 1) < ¢ < 2(N +1).

Using the notation of the beginning of the paragraph, c@rsibrdsuzv, v'z’v’
in R, such thatuz'v is in Cg. Since|u| = ||, |z| = |2’| = ¢, the wordsr etz have
the same letters i at the same places. But sincés square-freeyzv anduz’v both
contain a square only if = z’. This shows that ifuzv, v'2’v" € R interchange, then
z = x’. Consequently, the number of wordsfihis bounded by

Card(R) < 2N*+1-(1+4/2) < 9(N+1)/2

3)

since|z| = ¢ > N + 1. From Equation (3), it follows that
2NF6C(N +1)% < Card(R) < 2V+D/2
which is impossible for large enoug¥. O

There have been several developments around the topic téhdeneeness related
to square-free words. In [3], a conjecture claims that anytext-free language con-
taining the langag€,, for n > 3 must be the complement of a finite langage. This
conjecture has been disproved by Main [45]. He shows thaséteCo-Prefx) is
context-free where is an infinite word which is square-free (and even overla)r
An analogue of Proposition 2.5 for words with overlaps (aertap is a word of the
form uzuzu with u nonempty) has been given by Gabarr6 [31]. For other develop
ments along these lines, see [44].

2.3 Degeneracy

In Section 2.1, we have defined an iterative pair of a woid a languagd. as a 5-uple
(z,u,y,v,z) such that

() w=zuyvz;

(i) zu"yv™z € L for all integersn > 0.
Such a pair is calledegenerated zu*yv*z C L (for more details, see Section 3.1).
The aim of this section is to prove the

2.10. THEOREM. If all the iterative pairs in a given context-free language aegen-
erated, then the language is regular.
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It should be observed that this result does not charactexigdar sets. Forinstance,
the languag® = {a™b? | n,p > 0, n = p mod 2} isregular. It has the following pair
(a,a,1,b,b) which is not degenerated becaus€bb ¢ R. On the other hand, there
do exist nonregular languages having all their iterativiespdegenerated. (Obviously,
they cannot be context-free!) Such an example is

{a"b"c" |n>1}uat UbT UCT.

The following definitions and proofs are from [27]. tpeover A is a wordy such that
lyl. < 1foranya € A. Note that the number of different types is finite.

A word = over the alphabe#l has typey iff there exists a morphism such that
h(y) = z and such thak(a) € aA*a U a for all lettersa € A.

2.11. EXAMPLE. Let A = {a,b,c}. The wordz = acabc is of typeabc; just set
h(a) = aca, h(b) = b, h(c) = c. ltis also of typeac with h'(a) = a, h'(b) = b,
h'(c) = cabe.

As seen in the example, a word may have several types. Onhbelwnd, we have
the following

2.12. LEMMA. Every wordx over A has a type.

PrROOF. The proof is by induction on the numbkrof different letters inx. If £ = 0
or k = 1, the result is obvious. Assume the result holds for séraed letz be a word
usingk + 1 letters.

Leta be the first letter ok and letr; be the longest prefix af ending witha. Then
x = x1x2. SinCexy uses at most letters, by induction it has a typeand, clearlyay
is a type forz. O

2.11. EXAMPLE (continued. Applied tox = acabc, this method gives raise to a
factorizationz = aca - be and to the morphism(a) = aca, h(b) = b, h(c) = c. This
computation thus gives the typéc.

Given two wordse andz’ of some typey, we define thénterleavingz” of z andz’
(according to the associated morphistrend’’) as follows. Lety = ajas - - ag, z =
T1x2 - - - Tk, & = zhah - -z, With h(a;) = z; = Z;a, andh/(a;) = z; then, the
interleaving ist” = 12 Taah - - - Tpx).

2.13. EXAMPLE. Letz = acabe be of typeabe with h(a) = aca, h(b) = b, h(c) = c.
Letz’ = ababcbebe be of typeabe with b/ (a) = aba, ' (b) = bebeb, ' (¢) = ¢. Then,
their interleavinge” is equal taucaba - bebeb - c. If we were to changé’ in b (a) = a,
h'(b) = babebeb, h''(¢) = ¢, the (new) interleaving would beca - babebed - ¢

We now turn to some constructs on derivation trees for a gyemmarG in
Chomsky normal form generating a langudgé-) having all its iterative pairs degen-
erated.

Pruned Trees Given a derivation tree, a fixed path in this tree and two saf¢he
path having the same label, we define léfe directly prunedree as the tree obtained
by erasing all subtrees to the left of the path between thectvamsen nodes including
the first one. Clearly, in general, the new tree obtained isnooe a derivation tree.
However, if L has all its pairs degenerated, the produced word still &.ikVe define
similarly theright directly prunedree (see Fig. 2).

We now extend this construct to several pairs of nodes onxkd fiath. To do so,
we choosé: pairs of nodegry, s1) - - - (r, si) such that
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original tree left directly pruned right directly pruned

Figure 2: Pruning a tree

(i) foreachi, r; ands; have the same label,
(i) for eachi, s; is a descendant of,
(i) foreachi, r;11 = s; orr;y1 is a descendant af.

To each pair(r;, s;), we associate amdexL or R. Then, the corresponding pruned
tree is, by definition the tree obtained by successivelydéttctly or right directly
pruning the original tree on the pdir;, s;) according to the fact that the indexisor
R. Again, the resulting tree may not be a derivation tree. H@xeas soon ag has
all its pairs degenerated, the produced word will belondnlanguage.

Relabeled TreesWe define a new set of labels for the nodes, by

V={(X,Y,Z,i)| X,Y,Z € (V- A),ic{0,1}}
U{(X,a) |z e (V,A), a € A}.

Given a derivation tree and a fixed path in it, we relabel thdesoof the path by
elements o/ according to the following rule :

(i) if the noder is labeled by a variabl& which is derived inY Z in the tree, the
new label ofr will be (X,Y, Z,4) with i = 0 if Y is on the path and= 1 if Z is on
the path.

(ii) if the noder is labeled by the variabl® which is derived iu € A in the tree,
the new label of- will be (X, a).

The word of new labels collected on the path from the root &l#af is called the
spineof the marked tree.

Further Definitions: First, let be the function from/+ x VT into the subsets
of V* defined as follows u(a, () is the set of words such thatay is generated in
the grammaxs by a derivation tree where the path from the root to the lagti®f «
gives raise to a marked tree with spiieNow, leté be the function froni/* into the
subsets ot/ * defined by

8(a) ={B e V" | ula,B) # 0} .

Finally, for each non empty left facter of a word in L(G), we defined(a) = {3 €
V* | By is atype of somé& in §(a)}. Clearly, for eachy, ©(«) is a finite set and the
number of such possible sets is finite. We are now ready toepttow crucial lemma
needed for the theorem:

2.14. LEMMA. Leta ando’ be two nonempty left factors 6{G) and assumé®(«) =
©(c’); then

{vlaye L(G)} = {v]a'y € L(G)}.
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ProoF Clearly, it suffices to prove
O(a) =O(a’) anday € L(G) = oy € L(G). 4)

Sketch of the proof ofd). Asay is in L(G), there exists a derivation tr@eproducing
av. InT, choose the path from the root to the last lettenofind build the marked
version ofT giving raise to its sping. If 3 has types,, thenj, is in ©(a’) and there
exist a word3 of type 3, such that3’ € §(a’). Hence, we can build a derivation
treeT"’ which has a marked version with spifeproducing a wordy'y’ in L(G). So,
now we have two derivation tredsand7” producingay anda’~' respectively, with
in each a selected path whose marked versions are of sam@dyfde idea is then
to produce a new tre€” looking like an interleaving of” and7” along the selected
paths. Namely, leBy = 010 --- v, andh(By) = B, h'(Bo) = 3. Let 3" be the
interleaving of and3’ according tah andh’.

We shall now build the tre&” by completing this path into a derivation tree. At
the same time that we indicate how to build Tify, we indicate on the path” some
pairs of nodes with an indek or R. This is done is such a way that when we praie
according to these pairs of nodes, we get a newitéproducingay’. Then, because
the language has all its pairs degenerated,will produce a word in the language
and (4) will be proved. We now describe the constructior?¢ftogether with the

or

pair (r,s)  index L pair (r,s) index R
pair (s,t} index R pair (s,t) index L

Figure 3:Case 1 h(@l‘) 7& V; 7& h/(’l_}i), ﬁ_” = @iﬁ’l—}iﬁ_l’l_}i

pairs of nodes to be pruned. For this, we go throggtby segments, each of which is
the contribution of a letter; of 3,. We shall picture what to do by indicating which
subtrees (fronT" or T”) have to be added to the right and left of the path The dotted
arrows will show what is dropped out after the pruning. Theder will check that, in
each case, the pruned tree obtaifiédproduces a part of’ on the right of the path
and a part ofx on the left of it. Henc&™” producesyy’ as already announced.

There are four cases according to the fact that the imagesdhh andh’ of a letter
v; is equal tog; or not. In each case, we have two symmetric situations, doupto
the fact that the selected path leaves the node througttitsrldght son (see Figures
3-6). O

Now, we can prove the announced result.
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pair (r,s) index L pair (r,s)  index L

Figure 4:Case 2 h(@) = v; 7é h/(@;), 57/ = 17)1'6/17)1'

or

pair (r,s) index R pair (r,s) index R

Figure 5:Case 3 h(7;) # v; = W (4;), 8" = 0;07;

no pair

Figure 6:Case 4 h(v;) = v; = h'(v;), B = ©;

PROOF OF THE THEOREM By the lemma, the nonempty left factors bffall into a

finite number of classes modulo: there are at most as many classes as the number of
different sets9(«). On the other hand, there is at most one new class contaiméng t
empty word. As all the words which are not left factorsiofall in one specific class,

the equivalence modulb has at most 2 more classes than the number of possible sets
O(a). Hence, this equivalence is of finite index which shows fhit regular. O

3 Looking for nongenerators

3.1 Preiminaries

A transduction fromd* to B* is any function fromA* to the set of subsets éf*. Such
a mapping is aational transductioriff its graph is rational. Many characterizations of
rational transductions have been given (see [12]). We wiietuse the following :

3.1. THEOREM. A transductionr from A* to B* is rational iff there exist an alphabet
C, aregular setR overC and two alphabetical morphismgsandh from C* to A* and
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B* respectively, such that for all € A*,
7(x) = h(g~'(x) N R).

This is known as Nivat's theorem. (A morphism is alphabétizdength-decrea-
sing if it maps a letter into either a letter, or the empty wdrds usual, we will use
transductions on languages : the image of a languagethe union of the images of
each word inL. From Theorem 3.1, it is clear that any context-free languaidj have
a context-free image through a rational transduction. COrtae basic properties of
rational transductions is the:

3.2. THEOREM. Given two rational transductions;: A* — B* andr: B* — C*,
their composition, o 7, is a rational transduction fromd* to C*.

Usually, this is stated as “rational transductions areedasnder composition” and
is known as Elgot and Mezei's theorem. Now, given two lang@sdg andL,, it may
happen that there exists a rational transducti@uch thatl., = 7(L1). Then we say
that,; dominated., and denote this by,; > L.. Note that because of Theorem 3.2,
this relation is transitive. If it happens then that > L, andL, > L, we say that
L, andL- arerationally equivalentin symbolsL; =~ L». Again, because of Theorem
1.2, this relation is transitive. Hence, it is an equivakerglation. Two languages are
incomparabldf no relation holds between them.

3.3. EXAMPLE. The Dyck language®; andD; are equivalent. The Dyck language
D, dominatesD;. These languages are not equivalerd?; does not dominat®;.
The language®; and D are incomparable.

The main motivation in using rational transductions for gamng context-free
languages comes from the idea thaLif > Ls, thenL; should be at least as “com-
plicated” asL.. This idea is more or less formalized in the framework ofatise
pairs.

In Section 2.1, aiiterative pairof a wordw in a languagd. is defined as a tuple
(z,u,y,v,2) such thatw = zuyvz andzu"yv™z € L for all n > 0. The classi-
cal pumping lemma for context-free languages (see Sectibnehsures that if. is
context-free, any long enough word inwill have such a pair. In general the set of
possible exponents

{(n,m) e Nx N |zu"yv™z € L}

contains, by definition, the diagonf{n,n) | » > 0}. If it reduces to that set, the
iterative pair is calledstrict ; if on the contrary the set of exponents is the whole set
N x N, the iterative pair islegeneratedArbritrary intermediate situations may arise.

3.4. EXAMPLE. (i) Let D* be the Dyck language over = {a,a}. Thenz = aadaaa
admits the following pairr = (a, a,aaa, a, 1). It is a strict iterative pair.

(i) Let S¢ = {a™™ | 1 < m < n}. The wordz = aaabb admitsT =
(a,a,ab,b,1) as an iterative pair. Note that is neither strict nor degenerated. On
the other handa, aa, 1,bb, 1) is not a pair because exponedtyieldsa ¢ S.. We
leave to reader to check thét has no strict iterative pair.

3.5. THEOREM. Let L; and L, be two context-free languages such that> L; if
L has a strict iterative pair then so doés.
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This result shows that strict pairs cannot be created bgnatitransductions. This
is extensively used to show that > L. does not hold. For instance, going back to
the above example, Theorem 3.5 shows thatdloes not dominat®*.

Theorem 3.5 has been considerably strengthened by thedesason of systems
of pairs. A system consists in several iterative pairs ingamme word, each of which
can be pumped up independently. We will not give here anyildeta this interesting
extension (see [12]).

The notion of rational transduction naturally leads to ¢desfamilies of languages
closed under this operation. Such a family is calledtdonal cone We have already
remarked that the image of a context-free language thronghational transduction
is context-free, so we can state : the famillg of context-free languages is a rational
cone. The same holds, for instance,Rat andLin, which are respectively the families
of regular and linear languages. If we look at some faniilsuch as the deterministic
languages) which fails to be a rational cone, we can definketst rational cone con-
taining £. It is denoted by7 (£) and called the rational cone generatedylf £ is
the family of deterministic languages, th&r L) will be Alg again.

On the other hand, given a rational coieywe may look for the smallest possible
set of language§ such thatC = 7(G). WhenevelG can be chosen to be one single
languagds, the conel is said to be grincipal rational conewith generatolG; it is
denoted? (G). From the Chomsky-Schutzenberger theorem, we derivetitieatone
Alg is principal and thaDj is a generator. Note then that, as two equivalent languages
generate the same cone, the following languages are geretdtAlg as well : D,
ﬁ;, Dz, D, 15;,, D, (n > 2), E, E,. So, for instance, we may writklg = 7 (F).
The family of linear languages turns out to be a principaletwo. The languageRal
or Sym are generators dfin. The familyRat is principal too. Any nonempty regular
language is a generator of it. Moreowst is included in any rational cone. Besides
all this, as we have mentioned thAf does not dominat®;, we know that7 (D7)
is a strict subfamily ofAlg. It is the family Rocl of restricted one counter languages,
those languages which can be recognized by a pushdown awtomih one symbol
in the pushdown alphabet and no zero test (see [12]). Nowuhkstimpn of building up
some nonprincipal cones is raised. If we do not accept &fivdonstructions such as
the union of two principal cones with incomparable genemstae get that any set of
generators of a nonprincipal cone must be infinite. To prbe¢ such cones exist and
to build them, the easiest method is to use substitution.

Given a languagd. over the alphabetl and, for each lettet of A a language
L., we define the substitutiom as the morphism fromd* into its subsets given by
o(a) = L, for eacha € A. If all the languaged., are in some familyZ, theno
is an L£-substitution. So, a rational substitution is a substitutsuch that eacli.,
is regular. (Note that in this case, a substitution is a ratidransduction). Given
two families of language£ and M, we can define the substitution ¢# in £ by
LaoM = {o(L) | L € L, ois anM-substitution}. Again, substitution and rational
transductions nicely mix together.

3.6. THEOREM. If £ andM are two rational cones, then so 450 M. Moreover, ifC
and M are principal, so isCO M.

The proof of Theorem 3.6 uses a very special substitutided#hesyntactic sub-
stitution : given a languagé over A and a languagé/ over B with AN B = §,
the syntactic substitution g/ in L, denoted byl. T M, is the substitution defined by
o(a) = aM for (a € A). This special substitution gives raise to a crucial lemma :
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3.7. LEMMA (“Syntactic lemma”).Given two languaged and M and two rational
conesC and M, then. T M € Lo M implies eitherL € £ or M € M.

ExAmMPLE (application. We want to prove that iRlg = £0 M, then eitherZ or M
is equal toAlg. For this we use the syntactic lemma with two copie&af

E1TE cLfLaoM = EcLorE c¢ M

and the result is proved.
Another application allows us to build nonprincipal cones.

3.8. LEMMA. Given a conel, either£0 L = L or the smallest substitution closed
rational cone7 (L) containingL is not principal.

Take nowL = Lin. As LinOLin is not included inLin, the cone7 ?(Lin) =
77 (Sym) is not principal. This cone is the family of quasi-rationahguages (or of
non-expansive languages) and is denoteddpty The same conclusion holds with
L = Rocl giving raise to the nonprincipal conet of iterated-counter languages. We
may even takeL = Lin U Rocl and get a nonprincipal cone of socalled Greibach
languages, denoted tfyre. For each of these cones, we get a generating family us-
ing the syntactic substitution. For instan&t will be generated by Sym, Sym 1
Sym,...,Sym 1 (Sym--- 1 Sym),...}. Up to now, we have used two methods to
get rational cones. We choose a familynd look either at the coriE(L) it generates,
or at the substitution closed cofi€ (L) it generates. However, there exist other meth-
ods. We shall present here two new ways of getting cones, @ablem raising more
guestions than it anwers !

Given a principal con&, we may distinguish the family of those languages which
are generators of as well as the family of those languagesdrwhich are not. It is
easy to see that this second family is a rational chf@which is the largest subcone
of £. In the particular case of = Alg, this largest subcone is rather denoted\ige
and one of the most popular conjecture in this framework is

CONJECTURE Nge is a nonprincipal rational cone.

Several attempts to prove this conjecture have been madeeak gumber of them
tried to use the substitution operation to build Nge in a similar way than we built
Qrt. We now know that such an attempt cannot succeed (see S&8cBprBesides, in
the sequel, we will show thage differs from all the already presented cones in that
sense that there is no family of deterministic languagesiwban generatge (see
Section 4). It should be noted that for any principal ratiaae £ (excepted the cone
Rat) the question of the principality o% L is open (VRat = {(}}). Along the same
lines, we can mention that nobody knows if there exists olrmational coneC which
contains onlyRat as a strict subcone. Such a cone has to be principal. So we have

QuESTION. Does there exist a principal rational cofesuch that\'£ = Rat?

A second method for getting new rational cones comes fronfoll@ving obvious
observation : given two rational conésand M, their intersectionC N M is a rational
cone. Here again we do not know much about such cones and vidyrhave open
guestions rather than results. For instance, if we fake Lin and M = Rocl, we only
have thatin N Rocl O 7 (S), whereS = {a™b" | n > 0}. This inclusion has recently
been proved to be strict by Brandenburg [19]. However, wkdsiinot know whether
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this intersection is a principal cone. In Section 3.5, wesprd some results in this area
showing that such intersections seem to be, in generaktdingn was thought at the
beginning (Note that here again some attemps have been maeésdribeNge as the
intersection of two rational cones (see [36])).

3.2 Generators

We state here one of the most important characterizatiorgenérators of the cone
of context-free languages. The proofs of the following Hssare very technical and
will not be given there. They can be found in [10]. Over the dixdphabetd =
{#1,#2,a,b,c,d}, we define the language’ by E' = #, E#,. Then we have

3.9. THEOREM. A languageL over B is a generator of the cone of context-free lan-
guages iff there exist a morphisirfrom A* to B* and two regular sets2 over A and
K over B such that
(i) (E)=LNK
@iy Y (L)NR=F'
(i) |h='(w) N R| =1 for allwordsw € L.

This is known as Beauquier's theorem. From this result we get

3.10. COROLLARY. For any generatol, there exists a regular sét such thatl N K
is an unambiguous generator.

Theorem 3.9 can be stated in a slightly different way :

3.11. THEOREM. A languagel C B* is a generator iff there exist six words y, «,
08,7, 6 € B* and a regular sefX C B* such that

LNK=(S—aTy, T — oTBT~+ d)

A recent improvement shows that 3, ~, & can be chosen to be a (biprefix) code
[11].

Essentially, these results show that, in any generatae iken encoded version of
the languagd”. We now present an application.

3.12. PROPOSITION The coné\lg of context-free languages has no commutative gen-
erator.

PrROOF. Let L be a commutative language ov@r Suppose thak is a generator. Then
Theorem 3.9 holds. Sét(#1) = x, h(#2) = y, h(a) = «, h(b) = B, h(c) = 7,
h(d) =4.

Sinceu = #1aa™d(bdc)™ba™d(bdc)™c#- is in E’ for all integersn, we can choose
n large enough to find in each block @k an iterative factor* in the regular seR.
Thenz = #jaa" d(bdc)"ba™*d(bdc)"c#> is in R. Moreover, it has the same
commutative image tham Henceh(z) isin L andh~'(h(2))) € h~'(L) N R. Now 2
isin h=1(h(z)) and by (ii) of Theorem 3.9 it should also be##i which is not trueJ

COMMENT. Corollary 3.10 stated above leads naturally to the follgwnotion : a
languagel. is strongly ambiguou# for any regular set<” such that. N K and L are
equivalent,. N K is ambiguous. So, we know that no generatoAtf is strongly
ambiguous. We can even extend this notion as follows : a kaggl is intrinsically
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ambiguousdf there is no language equivalent fowhich is unambiguous. Such lan-
guages do exist. For instance, the language

{a"ba™baPba’ | (n > g andm > p) or (n > mandp > ¢)}

is intrinsically ambiguous (see [9]). We leave to the readerheck that, generally, the
classical examples of ambiguous languages are not irdalhgiambiguous (not even
strongly ambiguous).

3.3 Nongenerators and substitution

The aim of this section is to prove the following theorem.

3.13. THEOREM. The coneéNge of nongenerators of context-free languages is not the
substitution closure of any strict subcone.

This result puts an end to any attempt of proving tigé is nonprincipal by show-
ing that this cone is the substitution closure of simplercautes. It implies for instance
that the family of Greibach languages is strictly includedNige. Theorem 3.13 will
follow from the following more general result :

3.14. THEOREM. For any given context-free languade there exists a context-free
languageL' such that
(i) L' is anongenerator if. is so;
(i) the rational cone generated by' contains the substitution closure of the cone
generated by_, i.e. 7 (L") > 7°(L).

Theorem 3.14 has other consequences, such as the folloaiotlacy which an-
swers Conjecture 8in [3] :

3.15. COROLLARY. There does exist a principal rational cone of hongeneratans-
taining the familyQrt of non-expansive languages.

The proofs given here come from [15]. Let us turn first to thegfrof Theo-
rem 3.14. We start by some definitions necessary to constradanguagd.’ associ-
ated toL.

Given a wordz in D over the alphabedl = {a,a}, we define theheightof an
occurrencéxy, o, x2) in xz (With z = z1axs, o € A) by |z1a|q — |710]5. Then, the
height of the wordz is the maximum of all heights over the occurrences:inlt is
easy to check that we can compute the heights of the occ@sédram left to rightin a
sequential manner.

Namely, if the current height is, add 1 if you read a letter and substract 1 if you
read a lettefi. On the other hand, the set of words/inof height at mosk is a regular
set. Hence, there exists a gsm-mapping which, when readivayéwx in D of height
at mostk, produces the worg obtained by indicing the letters by their heights. It will
be denoted byumy.

3.16. ExampPLE. Consider the word: = aaaaaaaaaa. The height of the third, is 2.
The height ofr is 3. Thennumy(x) = () and

nums (Z‘) = @a10201020302010201040 -

Note that innumy(z), a lettera; matches a lettef; _; .
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Given the alphabef = AU B, with BN A = (), we consider the projectignfrom
C* into A*. A word z over(C'is called aD-word if p(x) is in D andzx begins and ends
with a letter inA. The height of an occurrence in suctbaword is then defined in the
same way than for a word iv. Again, we define the gsm-mappingm; producing
from a D-word of height at mosk, the wordy obtained by indicing the letters afby
their height.

3.17. EXAMPLE. Let B = {b,c}. The wordzx = aabcabababcabcacacabcaa is a
D-word; further,nums(z) = 0 and

numg(x) = arasbocoarbrasboasbscsasbocoarcrasbocoarag -

Given a context-free languadeover B, we consider first the marked version bf
which is the languag®/ = aLa U {1} overC = A U B. We then denote by/; the
copy of M obtained by indicing all the letters df by 4, the lettera by ¢ and the letter
a by i — 1. Thus, inM; the lettera; will matcha,_;. We use these copies to define

My = My, M@y = Myt Ms,...,
My = Myt (Ma(--- A My--+)),. .0,

where1} stands for a substitution very similar to the syntactic stdtson. The sub-
stitution 1} is defined as follows : the image of ahyis b; M, ; whenb is in B, the
imagea; is a;M;+; and the image ofi;_; is justa;_;. Clearly, |} is so near from
the usual syntactic substitution that the family/(1), M sy, ..., M(y), ...} generates
the substitution closed rational coff€ (M) generated byi/, which is the same than
7°7(L). Using the morphisnt from (U;>1C;)* ontoC* which just erases the indices,
we defined ®) = h(M ;) andM (=) = Uy M. (For instance, ifL = {bc}, the
word z of Example 3.2 will be inV/(®).) We then get our first proposition.

3.18. PROPOSITION The languagé//(>) is context-free.

To prove the proposition, note first the

OBSERVATION. zz € M () ifand only ifz € M = M™) or
T = ay1az10Y20220 " * * Yn—102n—10Yna

with y1, yn, € B*,y; € Bt for2 <i<n—1,aza € M anday1ys - - - Yn_1Yna
c M.

This observation is proved by a straightforward inductiontbe integer for which
x e M®),

PROOF OFPROPOSITION3.18. Using the observation, we get thdt>) can be gen-
erated by the following generalized context-free grammhictv has infinitely many
productions (.S — ay15y2S - Yn—1SYna+1 | ayry2 - - - Yn—1yna € M ). Clearly,
the set of right members is context-free and it is well knohat tsuch a generalized
grammar does generate a context-free language. O

Still using the above observation, it is easy to prove thgtaord 2 in M/(>) is a
D-word overC. Moreover, ifz is of height at mosk, thennumy () is in M. So,
we getnumy, (M) = num;, (M*®) = My — {1}

Now defineM () to be the set of those words ow€rwhich are notD-words, we
note thatM/ () is context-free. Sek! = M) U M(). Clearly L' is context-free.
Moreover, sincenum;, equalsh) on M), we getnumy(LT) = numy (M) =
My — {1}. This shows that the cone &f does contain all thé/(;,. So, we can state
the following proposition.
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3.19. PrRoPOSITION L' is a context-free language such thatL") > 77(L).

Note that this proposition is the condition (ii) of Theorem 8. So, we now turn to
condition (i) and prove this proposition.

3.20. PrROPOSITION L' is a generator of the conglg of context-free languages iff
is.

Before starting the proof, we introduce a notation. GivemrguageP over an
alphabet disjoint from¥, let <Pr> denote the language

P> = {a"ya" |n>1, y € P}.
Let us show first the following lemma.

3.21. LEMMA. Given a language?, if <Pr> is in 7 (L"), then there exists an integer
k such thatP is in 7 (M (®)).

PrRooF (outling). The detailed proof is rather technical. We just outlinedis <1 Pr> is
in 7 (L"), we may writet P> = g(f~ (L") N R).

Let k& be the number of states of a finite automaton recognizzinge want to show
that all the words:."ya"™ with n > k are images of words in/(¥). For this, we choose
a wordz of minimal length inf ~1(L") N R such thay(z) = a"ya" for somen > k.
Thenz naturally factorizes inta; z2z3 such thatg(z2) = y and z; is maximal with
this property. Moreover, as is larger thark, z; can be factorized iajuz{ such that
2iu*zy 2023 C R andg(u) € at. So, for all integersn # 1, f(zju™z}2923) is
notin LT because(z;u™z z223) is not in<iP>. As z is of minimal length,f () is
non empty which implies thaf(z) is not in M () otherwise all its iterated versions
with at most one exception would be i (*), hence inL'. So f(z) is in M (>,
Assume then thaf(z) is notinM*), Inz = f(z), there exist occurrences of letters
of height larger thark. This implies that: can be factorized inte = 2,25%3 such
that 22523 C R andp(f(%2)) = a® for somes # 0. Hencef(225%3) is in M)
andg(21)g(22)*g(23) isin <Pr>. As z is of minimal lengthg(22) is not empty. Then
it has to be a factor of.. So, we know that, is a factor ofz, and we may write
2 = 2hu 2hEezl zg With f(24uzl2h222Y23) € M), Then, for allm but at most
one, we have (zju™ 2} 245324 23) € M), This contradicts the fact that the image of
such aword is inaiPr> only form = 1. O

We are now ready for the following proof.

PROOFOF PROPOSITION3.20. Clearly, ifL is a generator, so i&!. So, only the
converse has to be proved. Assume thafs a generator. Then, for any context-free
language?, <\Pr> € T(L"). In particular<Er> € T(L"). By lemma 3.7, there exists
an integerk such that?? € 7(M®*)) and thusM (*) is a generator. As we know that
M) andM;, are equivalent, we have thaf;, is a generator. A simple application
of the syntactic lemma shows then thais generator. O

Clearly, Propositions 3.19 and 3.20 prove Theorem 3.14. e show how we
can derive Theorem 3.13.
PROOFOFTHEOREM 3.13. It is known that ifC is a rational cone, its closure under
unionL, satisfies7 ? (L) = 7°(Ly). On the other hand; = Nge impliesL = Nge.
Assume thalge is the substitution closure of some subcdhélhen, we may assume
that £ is closed under union. Ldt be any language iNge. Then, by (i) of Theorem
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3.2,LTisinNge. It follows that<L'> € Nge = 77(L£). So, there exists a finite num-
ber of languages i, say Ly, Lo, ..., Ly such thatiL'> € T°({Ly, Lo, ..., Li}).
If we consider nowL, to be the union of disjoint copies dfy, Lo, ..., L, we get
AL'> € T(Lo) with Lo € £. AsT7 (L) is contained i (L/), we have<iL'> €
T(L)).

By the lemma, there exists an integesuch thatL! ¢ T(Lff’)) and by (i) of
Theorem 3.277 (L) is included in7 (L ). HenceT? (L) ¢ T(L') ¢ T(L{”). Then,
by the syntactic lemma] (L) C 7 (Lg). As Ly is in £, we have that any languade
in Nge is in £, which meangC D Nge. Since the reverse inclusion is obvious, we have
L = Nge. O

CONCLUDING REMARKS. Itis worthwhile pointing out that if. is deterministic, so is
the languagd.' constructed here. Thus for instance, there does exist aipahsub-
cone ofAlg containingQrt which has a deterministic generator. However, the proposed
construction leaves the following questions open.

QUESTION 1. Does there exist a principal substitution closed conetlstincluded in
Alg, larger tharRat ?

QUESTION 2. Does there exist a nongenerafosuch that7 (L) = T(L") ?

Note that if we can answer Question 2 positively, we will havgositive answer
to Question 1. Note also that Nge is principal, both questions can be answered
positively.

3.4 Nongeneratorsand determinism
The aim of this section is to prove

3.22. THEOREM. The conelNge is not generated by any family of deterministic con-
text-free languages.

This result shows that the comNge is very different from all the classical cones
of context-free languages (principal or not) which all haleterministic generators.
The theorem will follow from the existence of a particulan¢magel. which has the
following two properties :

() L is anon-generator;
(i) any deterministic language which dominatess a generator.

The proof proposed here is an adaptation of the one givengh [W/e will start
by some general results on dpda’s before defining the lareguaghen, we will show
that L satisfies (i) and (ii) and, finally, prove Theorem 3.22.

Given adpda (deterministic pushdown automatad)with input alphabet4, non-
terminal alphabeV” and set of state®, recall (see Section 1.1.6) thatanfiguration
of Ais atriplec = (y,¢,z) in V* x @ x A*. The right most symbol of is the
top of the pushdown store. The dpdangrmalizedif any e-move of A erases the top
of the pushdown store. It is well known that for any dpda, ¢hexists an equivalent
normalized dpda (see [38]). So, from now on, we will assunag.this normalized. As
usual, acomputatiorof A is a sequence of configuratien = (v;, ¢;, x;) such that4
goes frome; to ¢; 11 in one move and wher@ = (So, qo, zo) is initial (i.e. Sy is the
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initial pushdown and the initial state). The computatiag, c1, . . ., ¢, is maximalif
¢n = (Yn, gn, 1) (which means that the inpu} has been completely read) and there
is no configuration which can possibly follaw . It is well known that, as soon a4 is
normalized, for each input over A, there is exactly one maximal associated compu-
tation. It will be calledthe computation of4 overz, the configuratiomn, is said to be
its result

A computationcg, 1, . . ., ¢, With ¢; = (74, ¢;, ;) IS said tocontain an iterative
pair if there exist four integers, j, k, [ with 0 < i < j < k < [ < n, such that the
following holds for allm :

(i) vi=~S forsomeyeV* SeV,;
(i) ym €Vt fori<m <y,
(i) v; =~yuS forsomeu € V* andg; = g;;
(V) v € ypV*  forj<m <k;
V) % =i
Vi) vm €4Vt fork<m<I;
(vii) v =~ andq = g.

If we look at the wordsey = yx;, ©; = vz, ; = 2x, 2 = vy, We get that
the computations afl over the wordgju™zv™x;, (n > 0) all lead to the same result.
Moreover, asA is normalized, we known thatis not empty. So, for any suffiksuch
thatzot is accepted byd, the wordzxot will have (y,u, z, v, 2;t) as an iterative pair.
Conversely, ifr is a recognized word containing a nondegenerated iterptirethere
exists an iteration af for which the associated computation contains an itergiaie

A prime computatioiis a computation containing no iterative pairpfime wordis
a word on which the computation of is prime. We then leave to the reader the proof
of

FAcT 1. Given a dpda4, the setP(.A) of prime words is regular.

FAcT 2. For any wordz in the regular se)(A) = A* — P(A), there exist infinitely
many words whose computations have the same result thaothgutation over:.

We are now ready to define our special languégeLet A = {a,b,c,d}. Over
A U {#}, consider the languages

Sc={a""|n>p}, Li=SH#E,
Ly ={a#y |2,y € AT, |a] <|yl}.

Then, the languagé is defined by, = L., U L,. Clearly, L is context-free. We
first prove

3.23. PROPOSITION L is not a generator of the cong.

PROOF. We show thatl has no strict iterative pair. Lét, u,y, v, z) be an iterative
pair ofw = zuyvz in L. We then look for the occurrence ¢f in w. Clearly, it can be
neither inu nor inv. So the following situations may arise:

(i) # lies inz. Then there exists an integersuch thatu*yv*z| > |z|. Hence,
zuPutyvToFz € Ly € Land(x, u,y,v, z) is not strict.

(i) # liesinz. Thenz = z;#2z, and, asctuyv™z; becomes longer that, the
word z9 is in E. Thus(z,u, y, v, z1) must be a pair ob. and it cannot be strict.

(iii) # liesiny. Theny = yi1#y,. Clearly, if u or v is empty the pair is not
strict. So, we assume # 1. Then, there is at most one integesuch thaty,v*z
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is in E. Hence, for alln but possibly onexu™y, #y2v™z is in Ly, which implies
zu™y1#y2v™v T 2z is in Lo and the pair is not strict. O

Before proving that no deterministic nongenerator donggat we need a prelim-
inary result on the pairs af :

3.24. PROPOSITION For any wordy in E, there exists a word such thatr#y € L
and such that#y has a nondegenerated pair whose iterative elements arénwith

PROOF. Let N be the integer associated foby Bader and Moura’s Theorem 1.3.
Giveny in E, chooser = a%® with d > N?*vl. In the wordz#y, distinguish
the d occurrences of the letter, and exclude they| + 1 letters of#y. Bader and
Moura’s theorem guarantees thaky contains an iterative pair withim. Clearly, it is
not degenerated. O

We can now prove the following crucial result needed for Teen3.22.

3.25. PROPOSITION LetT be a deterministic language arhcan alphabetic morphism
such thatl = h(T'), thenT is a generator oAlg.

PrRoOF Sketch LetT be recognized by a dpdd over B. Let B’ be the letter$) such
thath(0) = #. Recall thatP(.A) is the regular set of those words ov@nwhich have
a prime computation and th@t(.A) is its complement. We then define the regular set
B* —h~!(h(P(A)) = K. This is the set of those words on B such that there exists
no prime worde” satisfyingh(z’) = h(z”). We then defineR = K B’ and we claim
that E = h(R™'T).

(i) E C h(R™'T). By Proposition 3.24, for any worg in £, we can find a word
x such thatr#y is in L and has an iterative pair within which is not degenerated.
Then, for any words’ andy’ and anyd in B’ such thath(z’) = z,h(y’) = y and
'8y’ € T, the wordz’6y’ has a nondegenerated pair withih Hencez’ is in K and
2’6 is in R. It then follows that/’ is in R=!7 and then thay € h(R~T).

(i) R(R™'T) C E. Lety be in R~'T. Then, there exists’6 in R such that
2’0y’ is in T'. Choose the shortest suety. The wordz’ is in K, so it is not prime.
Moreover, the iterative pair that it contains has an imagé:lwhich is an iterative
pair of h(z'6y’). So, we can find infinitely many words leading to the same tékah
z'. These words have images undewhich are of increasing length becausezas
was choosen as short as possible, the iterative elementshiave a nonempty image
by . Then, there will exist a word:” leading to the same result thah such that
[h(z")] > |h(y")|. This implies that(y') isin E.

So, putting together (i) and (i), we have = h(R~'T) and thusT is a generator.
U

We can now prove Theorem 3.22.
PROOFOFTHEOREM 3.22. Suppose that there exists a fan{il§y, 75, -+ , T, - }
of deterministic languages generatiNge. Then, there would exist an integersuch
that the languagé is in 7 (T}). Thus, for some alphabetic morphisms: and some
regular language?, one would have, = h(g~}(Tx) N R). SetT = g~ 1(T}x) N R,
thenZ = h(T) with T a deterministic language. By Proposition 3.25s a generator
of Alg and obviously, so i§}. Then{T1,...,T,,...} will generateAlg. O

Observe that this result shows in particular thaligfe is principal, it has no deter-
ministic generator. On the other hand, this proof leavesidpe following

QUESTION. May Nge be generated by a family of unambiguous languages ?
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3.5 Intersection of principal cones

It is easily verified that the intersection of two cones isingacone. However, it is
not known whether the intersection of two principal conesafitext-free languages
is again principal. (There is a counter-example by UlliaB][oncerning noncontext-
free cones. In his definition, morphisms are required to beerasing.) In fact, for no
pair of context-free principal cones, the status of therggetion is known, excepted in
trivial cases.
Among the various conjectures concerning these problemtsywere recently dis-

proved by Brandenburg [19] and Wagner [65]. Consider thglages

S={a"b" |n>1}, Copy={w#w|w e {a,b}"}.

3.26. THEOREM (Brandenburg [19]).Let B = {a’b/c™d" | i # morj < m < n}.
ThenB € Lin N Rocl, butB ¢ T(S).

This result shows thdtin N Rocl strictly contains7 (.5), disproving the conjec-
ture that these two cones coincide. It leaves open the guestietherLin N Rocl is
principal. The proof is delicate, and we omit it here.

3.27. THEOREM (Wagner [65]). Let W = {u#v#w | v # u™~ orv = w}. Then
W € Lin N Reset, butW ¢ Ocl.

PrROOF (Sketch. Clearly {u#v#w | v = w} is in Reset. On the other hand, as
{u#tv | v # v~} = {fag#g'bf’ | a,b € A, a # b, |f| = |f'|}, we see that
{u#tv#w | v # u™~} is in Reset. HencelV € Reset. Similarly, asiW can be written
{u#v#w | v # u~ orw = u~}, we have thal¥’ € Lin and, consequently})/ €
Lin N Reset.

The fact thatiW ¢ Ocl is more delicate. The argument can be sketched as fol-
lows. Itis known that any counter pda may be assumed to b#medl34]. Hence, the
height of the pushdown store after reading an input of lemgistbounded byk.n for
some fixedk. It follows that the number of different possible configimas reached
then is bounded by’.n for somek’ (remember that the pda is just a counter). On
the other hand, after reading#u™#, the only possible suffix i&™. So, any config-
uration reached after reading#u™~# will acceptu™ or nothing. This shows that no
successfull configuration can be simultaneously reachediy™ # andu’#u'~ # for
u # u’. But, the number of different such words2% whence the number of different
configurations is at mogt'n. Hence the contradiction. O

Note that Brandenburg [19] shows the same result usingeansbfiV/, the lan-
guage

{a'¥/ c™d"a"b*cPd? | i # norj #mor
(i=n=r=gqgandj=m=s=p).
In the same direction, we mention the following result.
3.28. THEOREM (Brandenburg [19]).Let C be the language defined by
C={atc™d™ |i#nor(i>jandj =m)}.
ThenC' € Rocl N Reset andC' ¢ Lin.

Finally, let Queue be the cone of languages accepted by queue machine (FIFO
languages or simple Post languages).

32



3.29. THEOREM. LetS® = {a™b™c™d" | n,m > 0}. ThenS® ¢ LinNQueue, but
S & Ocland S ¢ Reset.

3.30. COROLLARY. The languages = {a"b" | n > 1} is not a generator of any of
the following cones Lin N Rocl, Lin N Reset, Rocl N Reset, andLin N Queue.

4 Context-free groups

There exist several relations between context-free laggsiand groups, such as the
Hotz group described in Section 1, or the definition of the-siged Dyck language
as the set of words equivalent to the empty word in the momplitthe free monoid
onto the free group. This section describes recent resnéts)ly by Muller and Schupp
[46, 47, 48] on the reverse probleme raised by Anisimov [1pn€lder a presentation of

a finitely generated group, and consider the language ofatiswvhich are equivalent

to the empty word. This language may or may not be context-é¢hat does it mean
about the group that the languageontext-free ? Before we give some recent answers
concerning this question, let us recall some basic concepts

4.1 Context-free groups
41.1 Presentation

A presentatiorof a groupG is defined by an alphabét, and a sef? of relators A new
alphabet4, disjoint from A, is chosen, with a bijection — @ between4 and A. This
bijection is extended td U A by settinga = a. Forw € (AUA)*,w = ajaz - - - a,, the
word w is defined byw = a,, - - - a;. The relators are pairg:, v) of words. Since7 is
wanted to be a group, thevial relations (aa, 1), fora € AU A are tacitely required to
be in R and are omitted in the notation. Then any relatjornw) is equivalent tduv, 1)
and therefore? may also be considered as a subsetof) A)*. The pair(A4; R) is a
presentatiorof G if G ~ (A U A)*/[R], where[R] is the congruence generated By
The group is finitely generated A is finite.

4.1. EXAMPLE. The free commutative group ovet = {a,b} is defined byR =
{ab = ba} (It is easier to read equations than pairs). In the free nbwower the
alphabetd U A = {a, b, a,b}, this relator, together witha = aa = bb = bb = 1,
induces other relators, such@s= ba, ab = ba etc... In fact, this free abelian group is
isomorphic toZ?2.

4.1.2 Word problem

Let G be a finitely generated group with presentatioh R). Theword problemof
G (more accurately one should say the word problem of the ptasien), is the set
W(G) of words overA U A that are equivalent to the empty word.

4.2. EXAMPLE. For the free groug”(A) over ann letter alphabet, the word problem
is the two-sided Dyck languag®’, which is context-free.

4.3. EXAMPLE. It is easily seen that the word problem for the free abeliesug

{a,b;ab = ba) is the set of words € (AUA)* such thatw|, = |w|; and|wl|, = |wl;.
This language is not context-free.
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A finitely generated grou- is calledcontext-freeif there exists a presentation
(A; Ry of G for which the word problem is a context-free language. THi¥ang
observation states that context-freeness is a propertyeofitoup and not of the pre-
sentation.

4.4. PROPOSITION Let G be a context-free group. Then the word problem of any
finitely generated presentation 6fis a context-free language.

Thus, the free group is context-free, and the free abeliangwith two generators
is not.

4.1.3 A global characterization.

The guestion to determine the context-free groups wasddgeAnisimov. It was
solved by Muller and Schupp [47] up to a special argumentrdmrted by Dunwoody
[25]. It uses also a theorem of [60] concerning the structidirgroups with more than
one end (in the sense of Section 4.3 below).

First, we recall that a grougr is virtually freeif G has a free subgroup of finite
index.

45. THEOREM. Let G be a finitely generated group. Théhis context-free ifi7 is
virtually free.

It can be expected that there is a relation between spe@apgrand special con-
text-free languages. One such result has been given by d4&rinith [37] : the word
problem of a finitely presented group is freely generated biyrale context-free lan-
guage [38], if and only if the group is a free product of a freeup of finite rank and
of a finite number of finite groups.

4.2 Cayley graphs

In this section, we describe a characterization of confied-groups by a triangulation
property of the Cayley graph associated to one of its prasient

Let G be a finitely generated group and let; R) be a presentation a¥ with A
finite. TheCayley graph/’(G) of the presentation has as vertices the elements. of
The edges are labelled by elements of the alphdhetA. There is an edge fromto
¢’ labelled bye iff gc = ¢’ mod [R]. For each edge, there is an inverse edge, fgom

to g and labelled by.
O ,, O

no pair

Figure 7: Cayley graph ok

4.6. EXAMPLE. Figures 7-9 represent the Cayley graphs of the free grotip avie

generator, the free abelian group with two generators aadrée group with two gen-
erators. In drawing graphs, we represent only one of the qgaitposed of an edge
and of its inverse. Each edge being labelled (by a letteg,ldbel of a path is the
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word composed of the labels of its edges. Clearly any laba olbsed path (a cy-
cle) is in the word problem of the representation, and caselgr A cycle issimpleif
nonconsecutive edges do not share a common vertex.

T T

no pair

Figure 8: Cayley graph df?

T P

no pair

Figure 9: Cayley graph of the free group with two generators

A diagonaltriangulationT of a simple cycleP is a triangulation ofP with the
following properties:

(1) The vertices of the triangles are among thos& of

(2) Each new edge has a label oyer U A)*; these labels are such that reading
around the boundary of each triangle gives a relation whaitisin the group.

A boundfor the triangulation is an upper bound to the length of the tabels.

4.7. ExAMPLE. Inthe free abelian group ovét, b}, a closed path is given in fat lines
in Figure 10, the additional edges are drawn in thin linesoArx for the triangulation
is 3. There is also a triangulation of bound 2, but none of lolalin

[V §
o4

Figure 10: Triangulations iZ>

The Cayley graph can haiformly triangulatedf there is an integek such that
every simple cycle admits a diagonal triangulation with todé .

4.8. THEOREM. A finitely generated grouf given by a presentatiof4; R) is con-
text-free if and only if its Cayley graph can be uniformhatrgulated.
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PROOF (Sketch. Take a reduced context-free gramndar= (V, AU A, P, S) gener-
ating the word problem, in Chomsky normal form (see Sectidr). FFor each variable
X, letux € (AU A)* be a fixed word generated by. Let

W= aias---ay (a; € AU A)
be the labels of a simple cycle, and assume 4. SinceS = w one has
S — XY 5 ay T=ap- @, Y=aiy1- 0.

Introduce a new edge from the starting point of the first edgée endpoint of théth
edge with label:x (= u;l). Thentherelationsx = ay - - - a;, uy = a;41 - - - a, hold
in G and the cycles are shorter.

The reverse construction is similar. First, a varialilg is introduced for any word
u € (AUA)* of length less or equal to the uniform bound. Then produstibn — w,
andA, — A,A,, are introduced whenever = vw in the groupG. Finally, one
shows by induction on the length of the cycles thatiif- - - , u,, are the labels of the
edges of a cycle, each of bounded length, tHen—> Au Ay - A, O

This proof shows that in a context-free groGithere always exists a finite subset
H with the following property : any wordv in the word problem of5 can be split
into two partsw;wy such that eachy; is a product of elements df. In some sense,
the constructed grammar just takes this Heas set of variables. It is then easily seen
that the grammar generates a pre-NTS language. On the ahel; b very similar
construction has been used to show that some special laagaag NTS [4]. So, it
was natural to ask if the above proof could be improved tolyefallowing theorem:

4.9. THEOREM. Any context-free group has a NTS word-problem.

No proof of this result is known which uses the triangulatiesult. However, using
a constructive characterization of virtually free groujpg above theorem was recently
shown to be a consequence of Theorem 4.5 [5]. Note that thedre@ may be used
to construct a set of generators in a context-free group éh suway that the uniform
bound of Theorem 4.8is.

4.3 Ends

The triangulation result of the previous section gives aéld characterization. We
now quote a more global one.

Let I" be the Cayley graph of a finitely generated presentation odagy= Denote
by I'(") the subgraph with vertices at distance at mogtom the origin (the vertex
with label 1), and let,, be the number o€onnected componerits I" — "™, The
number of endsf I' is lim,,—, o ky,.

4.10. ExAMPLE. Forthe Cayley graph of the infinite cyclic group, the numtfeznds
is 2. For the free abelian group, the number of ends; i&r the free group with two
generators, the number of ends is infinite.

4.11. PrROPOSITION If G is an infinite context-free group, then the Cayley graph of
one of its finitely generated presentations has more thareade

Stallings [60] gives a complete description of the struetaf groups with more
than one end.
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This result, showing that there must be several ends for gegtfree group, will
now be opposed to a statement which claims that there must{p&a nonisomorphic
subgraphs. For this, we need some definitions.

Letn > 0, and letC' be a connected componentBf— I"("). A frontier pointof
C is a vertexu of C' at distance: + 1 from the origin. Ifv is a vertex ofl" at distance
sayn + 1, we denote by "(v) the component of — I"(") containingw, and byA (v)
the set of all frontier points of (v).

An end-isomorphismetween two subgraphs(u) andI"(v) is a label preserving
graph isomorphism that maps(u) onto A(v). The Cayley graph isontext-freef
the set{I'(v) | vavertex of['} has only finitely many isomorphism classes under
end-isomorphism.

4.12. THEOREM. A group is context-free if and only if its Cayley graph is axttfree.

4.13. ExaMPLE. Consider first the infinite cyclic group. There are exactlyp tiso-
morphism classes. For the free abelian group with two géoerahe number of
frontier points of the unique connected componenf'of I"("™) grows quadratically
and therefore all these components are non isomorphic. ifeu€ayley graph is not
context-free. For the free group over two generators, athere are four isomorphism
classes.

There is a strong relation between context-free graphs aistigown automata.
Muller, Schupp [48] proved this last theorem.

4.14. THEOREM. A graph is context-free if and only if it is the complete tiiting
graph of a pushdown automaton.
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