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Introduction

This chapter is devoted to the presentation of some recent results about context-free
languages. There have been many results that appeared in thelast years, both on classi-
cal topics and in new directions of research. The choice of the material to be presented
was guided by the idea to emphasize on results which are not presented in any of the
available textbooks [2, 12, 32, 33, 38, 55].

Context-free languages and grammars were designed initially to formalize gram-
matical properties of natural languages. They subsequently appeared to be most suit-
able for the formal description of the syntax of programminglanguages. This led to
a considerable development of the theory. The recent research is oriented toward a
more algebraic treatment of the main topics, in connection with mathematical theories;
it also pursues investigations about famous open problems,such as the equivalence of
deterministic pushdown automata, or the existence of principal cones with a principal
cone of nongenerators.

Most of the theorems given in this chapter have been proved inthe last five years.
It appears (as systematically indicated in the text) that some of them constitute answers
to questions listed in [3]. It should be observed that nearlyall the conjectures of [3] are
now solved (even if some of the solutions are not given here).As usual, these answers
raise new questions, some of which are mentioned below.

Even when restricted to recent results, we had make a choice for the material to
be presented. In the first section, we first illustrate the algebraic development of the
theory by showing the existence of an invariant for context-free languages, namely the
Hotz group. Then we give an account of recent refinements to the proof of inherent
ambiguity by a clever investigation of generating functions.

Section 2 is devoted to iteration. We first prove the iteration lemma of Bader and
Moura; we then discuss the interchange lemma and some of its applications, mainly
to square-free words. Finally we prove that a context-free language which has only
degenerated iterative pairs is in fact regular.

Section 3 describes the state of our knowledge concerning generators in cones of
context-free languages. The main conjecture, namely that the cone of nongenerators
of the context-free languages is not principal, is still open. New informations are:
this cone is not the substitution closure of any strict subcone, and it is not generated
by any family of deterministic context-free languages. Newresults concerning the
“geography” of the context-free cones are also reported.

In the final section, we give an account of the theory of context-free groups, that is
the groups for which the word problem is context-free. We give a global characteriza-
tion, a description in terms of Caley graphs, and a relation to the theory of “ends”.

There are major topics not presented here. Among them, the theory of rewriting
systems has been the object of a recent monograph by Jantzen [41]. Connections to
infinite words are only scarcely sketched in the text. For an overview, see [13] and
[61]. The decidability of equivalence of deterministic context-free languages has made
considerable progress in the last years. However, it seems not yet ripe for a systematic
treatment, and the interested reader is referred to [51, 59,62].
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1 Languages

1.1 Notation and examples

1.1.1 Grammars

A context-free grammarG = (V, A, P, S) is composed of a finite alphabetV , a subset
A of V called theterminal alphabet, a finite setP ⊂ (V −A)×V ∗ of productions, and
a distinguished elementS ∈ V −A called theaxiom. A letter inV −A is anonterminal
or variable.

Given wordsu, v ∈ V ∗, we writeu → v (sometimes subscripted byG or by P )
whenever there exist factorizationsu = xXy, v = xαy, with (X, α) a production. A
derivationof lengthk ≥ 0 from u to v is a sequence(u0, u1, . . . , uk) of words inV ∗

such thatui−1 → ui for i = 1, . . . , k, andu = u0, v = uk. If this hold, we write
u

k→ v. The existence of some derivation fromu to v is denoted byu
∗→ v. If there

is a proper derivation (i.e. of length≥ 1), we use the notationu
+→ v. The language

generated byG is the set

L(G) = {w ∈ A∗ | S
∗→ w} .

If X is a variable inG, we write

LG(X) = {w ∈ A∗ | X
∗→ w} .

ThusL(G) = LG(S). A languageL is calledcontext-freeif it is the language gener-
ated by some context-free grammar.

Consider a derivationu = u0 → u1 → · · · → uk = v. It is a leftmostderivation
if, for any derivation stepui → ui+1, the variable inui which is replaced is the left-
most occurrence of a variable inui. Rightmost derivations are defined symmetrically.
A derivation treein G is a rooted, planted labelled tree. The internal nodes of the
tree are labelled with variables. Leaves are labelled with elements inA ∪ {1}, subject
to the following condition. Lets be a node, and lets1, s2, . . . , sn be the children of
s, ordered from left to right. IfX is the label ofs, and if Yi is the label ofsi, then
(X, Y1 · · ·Yn) ∈ P . Moreover, ifn ≥ 2, then none of theYi’s is the empty word. It is
well-known that there is a bijection between derivation trees with rootX and leaves in
A ∪ {1}, and leftmost derivations (rightmost derivations) fromX into words overA.

Two grammars areequivalentif they generate the same language.

1.1.2 Examples

There are several convenient shorthands to describe context-free grammars. Usually,
a production(X, α) is writtenX → α, and productions with same lefthand side are
grouped together, the corresponding righthand sides beingseparated by a ‘+’. Usually,
the variables and terminal letters are clear from the context. The language generated
by a context-free grammar is denoted by the list of productions enclosed in a pair of
brackets, the axiom being the first lefthand side of a production.

(i) TheDyck languages. Let A = {a1, . . . , an}, Ā = {ā1, . . . , ān} be two disjoint
alphabets. TheDyck languageoverA ∪ Ā is the language

D∗
n = 〈 S → TS + 1 ; T → a1Sā1 + · · · + anSān 〉

The notation is justified by the fact thatD∗
n is indeed a submonoid of(A ∪ Ā)∗. It is

even a free submonoid, generated by the language ofDyck primes

Dn = 〈 T → a1Sā1 + · · · + anSān ; S → TS + 1 〉 .
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If n = 1, we writeD∗ andD instead ofD∗
1 andD1.

Thetwo-sided Dyck languageoverA ∪ Ā is the language

D̂∗
n = 〈 S → TS + 1 ; T →

n∑

i=1

aiSāi +

n∑

i=1

āiSai 〉 .

AgainD̂∗
n is a free submonoid of(A∪ Ā)∗ generated by the set̂Dn of two-sided Dyck

primes. This set is also context-free, and is generated byT in the following grammar

T →
n∑

i=1

Ti +

n∑

i=1

T̄i ,

Ti → aiSiāi ; T̄i → āiS̄iai (i = 1, . . . , n) ,

Si → 1 +

n∑

j=1

TjSi +
∑

j 6=i

T̄jSj (i = 1, . . . , n) ,

S̄i → 1 +
∑

j 6=i

TjS̄i +

n∑

j=1

T̄jS̄i (i = 1, . . . , n) .

Again, we writeD̂∗ andD̂ instead ofD̂∗
1 andD̂1.

There is an alternative way to define these languages as follows. Consider the
congruenceδ (resp.̂δ) overA ∪ Ā defined by

aiāi ≡ 1 mod δ (i = 1, . . . , n) , aiāi ≡ āiai ≡ 1 mod δ̂, (i = 1, . . . , n) .

ThenD∗
n = {w ∈ (A∪ Ā)∗ | w ≡ 1 mod δ} andD̂∗

n = {w ∈ (A∪ Ā)∗ | w ≡ 1 mod

δ̂}. Moreover, the quotient(A ∪ Ā)∗/δ̂ is a group, calledthe free group generated by
A and denoted byF (A).

(ii) The Lukasiewicz languageover a setA = A0 ∪ A1 · · · ∪ An partitioned into
subsetsAi of symbols of “arity”i is the language

〈S → A0 + A1S + · · · + AnSn〉
The most well-known case is whenA0 = {b}, A2 = {a}, and the other sets are empty.
This gives the language

–L = 〈S → b + aSS〉 .

(iii) The languages ofcompletely parenthesized expressions

En = 〈S →
n∑

k=1

akSbSck + d〉 .

Forn = 1, we writeE instead ofE1: E = 〈S → aSbSc + d〉.
(iv) The set ofpalindromesover an alphabetA

Pal = 〈S →
∑

a∈A

aSa +
∑

a∈A

a + 1〉

is the set of wordsw ∈ A∗ with w = w∼ wherew∼ denotes thereversalof w. Related
to this set are thesymmetric languagesSymn defined over the alphabet{a1, . . . , an,
ā1, . . . , ān} by

Symn = 〈S →
n∑

i=1

aiSāi + 1〉 .
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Contrary to previous conventions,Sym will denote the languageSym2.
It is interesting to observe that the languages

{w#w∼ | w ∈ A∗} and {w#w′ | w′ 6= w∼}
(with # not in A) are both context-free. On the contrary, the languageCopy =
{w#w | w ∈ A∗} is not context-free (as can be shown by one of the pumping lemmas
given below); however, the language{w#w′ | w′ 6= w} is context-free.

(v) TheGoldstine languageG over{a, b} is the setG of words

an1ban2b · · ·anpb

with p ≥ 1, ni ≥ 0, andnj 6= j for somej, 1 ≤ j ≤ p. To see that this language is
context-free we start with the context-free language

{apbqc | q 6= p + 1, q, p ≥ 0}
and then apply the substitution

a 7→ a∗b , b 7→ a , c 7→ b(a∗b)∗ .

The languageG is the result of this substitution. Since rational (and evencontext-free)
substitution preserves context-freeness, the languageG is context-free.

Observe thatG is related to the infinite word

x = aba2ba3b · · ·anban+1b · · ·
Let indeed

Co-Pref(x) = {w | w is not a prefix ofx} .

ThenG is just composed of those words in Co-Pref(x) which end with the letterb.
Further, consider the context-free language

{anbp | p > n + 1, n ≥ 0}
and then apply the substitution

a 7→ a∗b , b 7→ a .

Let H be the resulting language. Then

Co-Pref(x) = Ga∗ ∪ H .

This shows that Co-Pref(x) is a context-free language.

1.1.3 Ambiguity

A grammarG = (V, A, P, S) is unambiguousif every word inL(G) has exactly one
left most derivation. It is equivalent to say that there is only one derivation tree for
each word, whence only one right derivation. A language isunambiguousif there is an
unambiguous grammar to generate it, otherwise it is calledinherently ambiguous.

Ambiguity is undecidable. However there are techniques that work in special cases
to prove inherent ambiguity. One method is by using iteration lemmas in a clever way.
(see e.g. Harrison [38]). This can be used for instance to prove that the language
{anbpcq | n = p or p = q} is inherently ambiguous. The same method applies
sometimes to unambiguity relatively to a subclass. Let us just give one example. A
grammer islinear for if, for every production, the righthand side contains atmost one
occurrence of a variable. A language is linear if there exists a linear grammar that
generates it.
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Consider the following language over{a, b, #} :

M = {anbn#apbq | n, p, q ≥ 1} ∪ {apbq#anbn | n, p, q ≥ 1} .

This language is linear. However, it can be shown that every linear grammar generating
M is ambiguous. On the other hand

M = {anbn#apbq | n, q, p ≥ 1} ∪ {anbm#apbp | n, m, p ≥ 1, n 6= m}
is the disjoint union of two (non linear) languages, which both are unambiguous, thus
M is unambiguous.

We shall see another way to attack ambiguity below.

1.1.4 Reduced grammars, normal forms

There exist a great number of normal forms for grammars. These normal forms have
mainly theoretical interest and are of little help in pratical applications such as parsing.
Reduction is a first step toward these normal forms.

A grammarG = (V, A, P, S) is reducedif the following 3 conditions are fulfilled :

(i) for every nonterminalX , the languageLG(X) is nonempty ;

(ii) for everyX ∈ V − A, there existu, v ∈ A∗ such thatS
∗→ uXv ;

(iii) the axiomS appears in no righthand side of a production.

It is not difficult to see that for every grammarG with L(G) 6= ∅, an equivalent reduced
grammar can effectively be constructed. A variation of thisconstruction which some-
times is useful, requires thatLG(X) is infinite for every variableX . A production is
called anε-productionif its righthand side is the empty word. At least oneε-production
is necessary if the language generated by the grammar contains the empty word. It is
not too difficult to construct, for every context-free grammar G, an equivalent gram-
mar with noε-production excepted a productionS → 1 if 1 ∈ L(G). The final special
kind of grammars we want to mention is the class of proper grammars. A grammarG is
proper if it has neitherε-productions nor any production of the formX → Y , with Y
a variable. Again, an equivalent proper grammar can effectively be constructed for any
grammarG if L(G) 6∋ 1. The two most common normal forms for context-free gram-
mars are the so called Chomsky normal form and the Greibach normal form. A gram-
marG = (V, A, P, S) is in Chomsky normal formif every productionX → α satisfies
α ∈ A∪ (V −A)2. It is in Greibach normal formif α ∈ A∪A(V −A)∪A(V −A)2.
For every context-free grammarG with 1 /∈ L(G) equivalent grammars in Chomsky
normal form and in Greibach normal form can effectively be constructed. A less usual
normal form is thedouble Greibach normal formwhere every productionX → α
satisfies

α ∈ A ∪ A2 ∪ A[(V − A) ∪ (V − A)2]A .

There again, for every context-free grammarG with 1 /∈ L(G), an equivalent grammar
in double Greibach normal form can be effectively constructed (Hotz [39]). A very
large variety of such normal forms exists (Blattner, Ginsburg [14]).

1.1.5 Systems of equations

Let G = (V, A, P, S) be a context-free grammar. For each variableX , let PX be the
set of righthand sides of productions havingX as lefthand side. With our notation, the
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set of productions can be written as

X →
∑

p∈PX

p (X ∈ V − A)

or simply as

X → PX (X ∈ V − A) .

Thesystem of equationsassociated to the grammarG is the set of equations

X = PX (X ∈ V − A) .

A solution of this system is a familyL = (LX)X∈V −A of subsets ofA∗ such that

LX = PX(L) (X ∈ V − A) ,

with the notation

PX(L) =
⋃

p∈PX

p(L)

andp(L) being the product of languages obtained by replacing, inp, each occurrence
of a variableY by the languageLY . Solutions of a system of equations are ordered by
component-wise set inclusion. Then one has :

1.1. THEOREM (Schützenberger [57]).Let G = (V, A, P, S) be a context-free gram-
mar. The familyL = (LX) with LX = LG(X) is the least solution of the associated
set of equations. If the grammarG is proper, then the associated system has a unique
solution.

1.2. EXAMPLE . The grammarS → aSS + b is proper. Thus the Lukasiewicz lan-
guage–L is the unique language satisfying the equation–L = a–L–L ∪ b.

1.3. EXAMPLE . The grammarS → S generates the empty set which is the least so-
lution of the equationX = X . Every language is indeed solution of this equation.

For more details along these lines see [43], and [56].

1.1.6 Pushdown automata

A pushdown automaton(pda)A = (A, V, Q, δ, v0, q0, Q′) is composed of a finite
terminal alphabetA, a finite nonterminal alphabetV , a (nondeterministic) transition
function δ from (A ∪ {ε}) × Q × V into the finite subsets ofQ × V ∗, an initial
pushdownstore symbolv0 in V , an initial stateq0 in Q and a setQ′ of terminal states,
a subset ofQ. A configurationof A is a triplec = (γ, q, x) in V ∗ × Q × A∗. The
automaton moves directly from configurationc = (γ, q, x) into configurationc′ =
(γ′, q′, x′), denotedc 7−− c′ iff
— eitherγ = γ1v (v ∈ V ), x = ax′ (a ∈ A), γ′ = γ1m (m ∈ V ∗) andδ(a, q, v) ∋
(q′, m); this is a “a-move”.
— or γ = γ1v (v ∈ V ), x = x′, γ′ = γ1m (m ∈ V ∗) andδ(ε, q, v) ∋ (q′, m); this is
a “ε-move”.

We denote
∗7−− the reflexive and transitive closure of the relation7−− , and we

define thelanguage recognized by empty storebyA as

Null(A) = {x ∈ A∗ | (v0, q0, x)
∗7−− (1, q, 1) q ∈ Q} ,
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and thelanguage recognized by terminal statebyA as

T (A) = {x ∈ A∗ | (v0, q0, x)
∗7−− (γ, q′, 1) γ ∈ V ∗, q′ ∈ Q′} .

The context-free languages are then characterized in termsof pda’s:L ⊂ A∗ is context-
free iff there exists a pdaA such thatL = T (A) (resp. L = Null(A)). Moreover,
this result holds even ifA is restricted to berealtime (= involves noε-moves in its
transition function).

A pda isdeterministic(is a dpda) iff, for eachq in Q and eachv in V ,
— eitherδ(ε, q, v) is a singleton inQ × V ∗ and, for eacha in A, δ(a, q, v) = ∅;
— or δ(ε, q, v) = ∅ and, for eacha in A, the setδ(a, q, v) is either empty or a singleton.

A context-free languageL is deterministiciff there exists a dpdaA such thatL =
T (A). It should be noted that, contrarily to what happens for nondeterministic pda’s,
the family of languages recognized by empty store by a dpdaA forms a strict subfamily
of the deterministic languages. Similarly, the family of realtime dpda’s gives raise to a
strict subfamily of deterministic languages. (See [38] forall these classical results)

1.2 Hotz group

One of the most interesting questions concerning the relation between grammars and
languages is whether two grammars are equivalent, i.e. generate the same language.
Since this question is undecidable, one may look for weaker formulations of this ques-
tion, i.e. properties which are implied by the equivalence of context-free grammars.
One such invariant has been discovered by G. Hotz [40] and is the topic of this section.

Consider any setA. Thefree groupF (A) overA is the quotient monoid

F (A) = (A ∪ Ā)∗/δ̂

whereĀ = {ā | a ∈ A} is a disjoint copy ofA and wherêδ is the congruence generated
by the relationsaā ≡ āa ≡ 1, (a ∈ A) (see also Example (i) in Section 1.1.2.

Let G = (V, A, P, S) be a context-free grammar. TheHotz groupof G is the group

H(G) = F (V )/[P ] ,

where[P ] is the group congruence generated byP , that isu ≡ v mod [P ] iff u andv
can be obtained one from each other by successive application of productions or their
inverses inbothdirections :u ≡ v mod [P ] iff there existk ≥ 0 andw0, . . . , wk such
thatu = w0, v = wk, and fori = 0, · · · , k − 1,

wi → wi+1 or wi+1 → wi or w̄i → w̄i+1 or w̄i+1 → w̄i .

1.4. EXAMPLE . For the grammarG = 〈S → 1 + aSb〉, the congruence is generated
by S ≡ 1, S ≡ aSb; clearlyanbp ≡ an−p, for n, p ∈ Z. ThusH(Q) = Z.

1.5. THEOREM. Let G1 andG2 be two reduced context-free grammars. IfL(G1) =
L(G2), thenH(G1) ∼= H(G2).

This result means that the Hotz group, defined for a grammar, is in fact a property of
the language generated by the grammar. It is well-known thatother algebraic objects
are associated with a formal language. The most frequently quoted is the syntactic
monoid (for a discussion, see Perrin’s Chapter [52]).

Theorem 1.5 is an immediate consequence of the following intrinsic characteriza-
tion of the Hotz group. LetL ⊂ A∗ be a language. Thecollapsing groupof L is the
quotient

C(L) = F (A)/[L × L]
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of the free group overA by the finest (group) congruence such thatL is contained in a
single class.

1.6. THEOREM. LetL be a context-free language, and letG be a reduced context-free
grammar generatingL; then the collapsing group ofL and the Hotz group ofG are
isomorphic, i.e.C(L) ∼= H(G).

PROOF. Let G = (V, A, P, S). For convenience, we denote the congruencemod[P ]
by ∼, and the congruencemod[L × L] by ≡. Observe that∼ is defined overF (V ),
and≡ is only defined overF (A).

We first show that ifu, v ∈ F (A), then

u ≡ v ⇐⇒ u ∼ v .

For this, consider wordsw, w′ ∈ L. ThenS
∗→ w′. Consequentlyw ∼ S, andS ∼ w′,

whencew ∼ w′. By induction, it follows that foru, v ∈ F (A),

u ≡ v ⇒ u ∼ v .

Conversely, consider wordsw, w′ ∈ LG(X) for some variableX . Since the grammar
is reduced,uwv, uw′v ∈ L for some wordsu, v ∈ A∗. Thusuwv ≡ uw′v, and since
we have a group congruence, it follows thatw ≡ w′. Thus eachLG(X) is contained
in a single class of the collapsing congruence.

Consider now, for each variableX , a fixed wordϕ(X) ∈ LG(X), and extendϕ to
a morphism fromV ∗ into A∗, and then fromF (V ) into F (A), by settingϕ(a) = a
for a ∈ A. In view of the previous discussion, given any productionX → α in P ,
one hasϕ(X) ≡ ϕ(α). Assume now thatu, v ∈ F (V ), andu ∼ v. Then there are
k ≥ 0, andw0, . . . , wk ∈ F (V ), such thatu = w0, v = wk, andϕ(wi) ≡ ϕ(wi+1)
for i = 0, . . . , k − 1. Consequentlyϕ(u) ≡ ϕ(v), and sinceϕ(u) = u, ϕ(v) = v, this
shows thatu ≡ v. Thus, our claim is proved.

Let p be the canonical morphism

p : F (V ) → F (V )/ ∼ (∼= H(G)) .

In order to complete the proof, it suffices to observe thatH(G) = p(F (A)), since for
eachw ∈ V ∗, one hasw ∼ ϕ(w), andϕ(w) ∈ F (A). �

The concept of collapsing group appears in [64]. A more systematic formulation of
Theorem 1.6 is given by Frougny et al. [30]. For recent developments on these lines,
see [23, 24].

The relation between the congruence[P ] and the so-called NTS languages is the
following : rather than considering the groupF (V )/[P ], we may consider the quotient
monoidV ∗/[P ] also called theHotz monoid. Obviously, this is no more an invariant.
However, it may happen, for some grammarG = (V, A, P, S), that the congruence
class of each variableX is exactly the set of sentential forms generated byX :

{x ∈ V ∗ | x ≡ X mod [P ]} = {x ∈ V ∗ | X
∗→ x} .

In that case, the grammarG is called anNTS-grammar. Some striking results concern-
ing these grammars are (Sénizergues [58]):

(i) languages generated by NTS-grammars are deterministiccontext-free languages;
(ii) the equivalence of NTS-grammars is decidable;
(iii) given a context-free grammarG, it is decidable whetherG is an NTS-grammar.
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There remains an interesting open problem: is the family of NTS-languages (i.e. lan-
guages generated by NTS-grammars) closed under inverse morphism? This question
seems to be related to another one concerning a weakening of the NTS condition. A
grammarG = (V, A, P, S) is calledpre-NTSif, for each variableX , the restriction of
its congruence class to terminal words is exactly the language generated byX , thus if
LG(X) = {x ∈ A∗ | X ≡ x mod [P ]}. Clearly, any NTS-grammar is pre-NTS. The
question is whether the converse holds for languages.

1.3 Ambiguity and transcendence

As already mentioned above, a proof that a given context-free language is inherently
ambiguous by means of combinational arguments is rather delicate. The reason for
this is that one has to show thateverygrammar is ambiguous. Another reason is that
pumping lemmas like those described in the next section onlyconcern local structure.

A fundamental technique for proving ambiguity is based on the use of generating
functions. This technique has recently been refined and successfully employed by Fla-
jolet [28, 29]. LetL ⊂ A∗ be any language over a finite alphabetA. Thegenerating
functionof L is given by the series

fL(z) =
∑

anzn ,

where

an = Card{w ∈ L | |w| = n} .

Sincean ≤ Card(A)n for n ≥ 0, the seriesfL(z) is an analytic function in the neigh-
bourhood of the origin, and its radius of convergenceρ satisfiesρ ≥ 1/ Card(A). The
basic result for the study of ambiguity is the following classical theorem of Chomsky
and Schützenberger:

1.7. THEOREM. LetfL(z) be the generating function of a context-free languageL. If
L is unambiguous, thenfL(z) is an algebraic function.

This result means of course that iffL(z) is transcendental andL is context-free,
thenL is inherently ambiguous. In order to use this statement, is suffices to rely on
well-known classical families of transcendental functions or to use more or less easy
criteria for transcendence. We just give some examples.

1.8. PROPOSITION. The Goldstine languageG is inherently ambiguous.

PROOF. Consider indeed a word which is not inG. Then either it ends with the letter
a, or it is one of the words in the set

F = {1, ab, aba2b, aba2ba3b, · · · } .

The generating function of the words overA = {a, b} ending with the lettera is
z/(1 − 2z). The generating function of the setF is

1 + z2 + z5 + z9 + · · · =
∑

n≥1

zn(n+1)/2−1 .

Thus

fG(z) =
1 − z

1 − 2z
− 1

z

∑

n≥1

zn(n+1)/2 =
1 − z

1 − 2z
− g(z)

z
.
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Now fG(z) is transcendental iffg(z) is so. And indeed,g(z) is trancendental. To see
this, recall that an algebraic function has a finite number ofsingularities. On the other
hand, a powerful “gap theorem” [54] states that if for some seriesh(z) =

∑
n≥0 anzcn

the exponents satisfysup(cn+1 − cn) = ∞, thenh(z) admits its circle of convergence
as a natural boundary. This holds for our functiong(z) which thus has infinitely many
singularities and is not algebraic. �

Two points should be observed. First, the fact that the generating function is alge-
braic holds for a language as well as for its complement. Thus, there is no way to get
any converse of the Chomsky-Schützenberger theorem. Next, the technique of natural
boundaries is quite general for proving transcendence of functions.

1.9. PROPOSITION. Let A = {a, b}, and letC be the language of products of two
palindromes:

C = {w1w2 | w1w2 ∈ A∗, w1 = w∼
1 , w2 = w∼

2 } .

The languageC is inherently ambiguous.

A first proof of this proposition is due to Crestin [21] who hasproved that its am-
biguity is unbounded i.e. that there exists no bound for the number of leftmost deriva-
tions for some word in any grammar. Kemp [42] computed the generating function of
C which is

fC(z) = 1 + 2
∑

m≥1

µ(m)
zm(1 + zm)(1 + 2zm)

(1 − 2z2m)2
,

whereµ(m) =
∏

p|m(1−p), the product being over all prime divisors ofm. A delicate

analysis by Flajolet [29] shows thatfC(z) has singularities at the points21/2meij/m.
Thus there are infinitely many singularities andfC(z) is not algebraic. �

1.10. PROPOSITION. The language

L = {w ∈ A∗ | |w|a 6= |w|b or |w|b 6= |w|c}
overA = {a, b, c} is inherently ambiguous.

PROOF. The complementM of this language is

M = {w ∈ A∗ | |w|a = |w|b = |w|c}
and its generating function is

fM (z) =
∑

n≥0

(3n)!

(n!)3
z3n =

∑
anz3n .

In order to show thatfM (z) is not algebraic, we observe that by Stirling’s formula

an ∼ 33n

√
3

2πn
.

On the other hand, Flajolet [29] shows that an asymptotic equivalent of the formβn/n
is characteristic for transcendental functions. ThusfM (z) andfL(z) are transcenden-
tal. �

Flajolet’s paper [29] contains a lot of other examples of inherently ambiguous lan-
guages, and develops a systematic classification of languages which can be handled by
analytic methods (See also [6]).
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2 Iteration

Iteration is the most direct method in order to prove that a formal language is not in a
given family of languages. In general, the iteration is on the words of the language and
reflects some property of the way languages in the consideredfamily are constructed.
The iteration lemmas in fact give a property of “regularity”which expresses the finite-
ness of the construction mechanism.

There exist numerous results concerning iteration, depending on the type of lan-
guages studied. For a fixed family of languages, there may exist several variations. A
bibliography on this topic has been compiled by Nijholt [49].

We are concerned here with iteration lemmas for context-free languages. We give
three recent results of different nature. The first (Theorem1.3) is the conclusion of
several statements of increasing precision concerning theconstraints for iterative pairs
in a context-free language. The second (Theorem 2.1) statesa different kind of property
: if a language is “rich” i.e. if there are “many” words of given length, then factors of
words may be interchange without leaving the language.

The third result (Theorem 3.1) expresses to what amount an iteration property may
characterize languages : this is interesting because iteration is only a “local” property
of words, and therefore is difficult to relate to global properties of grammars.

2.1 Iteration lemmas

Consider a fixed languageL ⊂ A∗. An iterative pair in L is a tuple of wordsη =
(x, u, y, v, z) with uv 6= 1, such that for alln ≥ 0

xunyvnz ∈ L .

Given a wordw ∈ L, the iterative pairη is a pairfor w providedw = xuyvz; a word
w is said toadmitan iterative pair if there exists an iterative pair forw.

2.1. EXAMPLE . For the languageD of Dyck primes over{a, ā}, the tuple(a, a, 1,
ā, ā) is an iterative pair. However,(1, a, 1, ā, 1) is not because1 /∈ D. The latter is of
course an iterative pair inD∗.

An easy way to construct iterative pairs for an infinite algebraic languageL gen-
erated by some (reduced) grammarG = (V, A, P, S) is the following. SinceL is
infinite, there exists inG some variableX and some derivationX

∗→ uXv for some
wordsu, v ∈ A∗. SinceG is reduced,

S
∗→ xXz , X

∗→ y

for some wordsx, y, z in A∗. But then

S
∗→ xunyvnz for all n ≥ 0.

Historically the first iteration result concerning context-free languages is the fol-
lowing :

2.2. THEOREM (Bar Hillel, Perles and Shamir [38]).Let L ⊂ A∗ be a context-free
language. There exists an integerN such that any wordw ∈ L of length|w| ≥ N
admits an iterative pair inL.

This theorem is a special case of Ogden’s refinement, the result stated below. In
order to formulate it, we need a definition.
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Let w ∈ A∗ be a word of lengthn. A positionin w is any integer in{1, 2, . . . , n}.
Choosing a set of distinguished position inw thus is equivalent to choosing a subset of
{1, . . . , n}.

2.3. THEOREM (Ogden [38]). LetL ⊂ A∗ be a context-free language. There exists an
integerN such that for any wordw ∈ L and for any choice of at leastN distinguished
positions inw, there exists an iterative pairη = (x, u, y, v, z) for w in L such that, in
addition

(i) either x, u, y each contain at least one distinguished position ory, v, z each
contain at least one distinguished position;

(ii) the worduyv contains at mostN distinguished position.

Observe that in (i), both conditions may be satisfied. Theorem 2.2 is a consequence
of this result obtained by considering that all positions ina word are distinguished.

This theorem means that the place of the iterating groupuyv within the factoriza-
tion w = xuyvz can be chosen to some extent : assume that the distinguished positions
are chosen to be consecutive inw. Then eitheru or v is entirely composed of letters at
distinguished positions.

One cannot expect to have a much more precise information on the position ofu
andv within the wordw, and in particular it is impossible to force bothu andv to be at
distinguished places. However, the following result of Bader and Moura indicate that,
to some extent, bothu andv cannot be at certain places.

2.4. THEOREM ((Bader and Moura [7])).LetL be a context-free language. There ex-
ists an integerN such that, for any wordw, and for any choice of at leastd distin-
guished ande excluded positions inw with d > N1+e, there exists an iterative pair

η = (x, u, y, v, z)

for w in L such that, in addition

(i) either x, u, y each contain at least one distinguished position ory, v, z each
contain at least one distinguished position ;

(ii) the worduv contains no excluded position ;
(iii) if uyv containsr distinguished ands excluded positions, thenr ≤ N1+s.

Before going into the proof, let us give a first example of the use of the theorem, to
show how it works.

2.5. EXAMPLE . Let A = {a, b}, and let

L = b∗ ∪ aa+b∗ ∪ {abp | p prime} .

This language is not context-free of course. However Ogden’s iteration lemma does not
prove it, because there is no way to get rid of pumping the initial a. On the other hand,
when the initiala is considered as in an excluded position, then Bader and Moura’s
iteration lemma ensures thatuv ∈ b∗, and then it is easily seen thatL is not context-
free.

PROOF OFTHEOREM2.4. LetG = (V, A, P, S) be a context-free grammar generating
L. Let t be the maximal length of the righthand side of the productions, and letN =
t2k+6 with k being the number of nonterminals inG.

Let w ∈ L be a word withe excluded andd > N1+e distinguished positions.
Consider a derivation tree forw. A node in the tree is abranch pointif it has at least
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two children which have distinguished descendants. LetP be a path with the greatest
number of branch points. Sincew has at leastt2(k+3)(e+1) distinguished positions,
the pathP has at least2(k + 3)(e + 1) branch points. The branch points in path
P are grouped into two sets. Aleft branch point is a branch point having a child
with a distinguished descendant to the left of path P. Right branch points are defined
symmetrically. Observe that a node may be both a left and a right branch point. Clearly
P has at least(k + 3)(e + 1) left or at least(k + 3)(e + 1) right branch points.

Assume thatP has at least(k+3)(e+1) left branch points and divide the lowermost
part ofP in e+3 subpaths. The subpath nearest to the bottom containse+1 left branch
points, each of the followinge + 1 “internal paths” hask + 1 left branch points and the
topmost againe + 1 left branch points (see Fig. 1).

Figure 1: Factorization of a path

In each of the internal subpathsPi, (0 ≤ i ≤ e) there must be two branch
points with the same label, sayXi. Thus there exist wordsui, vi ∈ A∗, such that
Xi

∗→ uiXivi. Moreover, since the node is a left branch point, the wordui contains
at least one distinguished position.

Now observe that there aree + 1 pairs of words(ui, vi) but onlye excluded posi-
tions. Therefore one of the wordsuivi no excluded position.

The remaining claims are easily verified. �

2.6. EXAMPLE . As an application of the previous iteration lemma, we consider the
following situation. Given an infinite word

x = a0a1a2 · · · an · · ·
over some alphabetA, the language

Co-Pref(x) = {w | w 6= a0a1 · · · a|w|−1} ⊂ A∗

is the set of all words overA which are not initial segments ofx. We consider infinite
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words of the form

x = af(1)baf(2)b · · ·af(n)b · · · (1)

wheref : N → N is some function, and we prove that Co-Pref(x) is not context-
free providedf grows rapidly enough. Assume indeed that for some functionf , the
language Co-Pref(x) is context-free, letN be the integer associated with this language
in Theorem 2.4, and consider the word

w = af(1)bf(2)b · · · ba1+f(n) ∈ Co-Pref(x) .

Declare that all positions inaf(1)b · · ·af(n−1)b are excluded, and that the last1+f(n)
are distinguished. In order to be allowed to apply the theorem, it is required that

1 + f(n) > Nn+
Pn−1

i=1
f(i)

It is easily seen that this holds for large enoughn whenever

f(n) ≥ 22·

·
·

2

where there are2n stacked exponents. In this case,w has an iterative pairη =
(α, u, β, v, γ) with uβvγ a right factor of the factora1+f(n). Consequentlyαβγ is
an initial segment ofx, contradicting the theorem.

Let us mention that this brute force technique gives weaker results than Grazon’s
clever iterated use of Ogden’s Lemma [35]. It appears indeedto be rather involved to
prove that a language of the form Co-Pref(x) is not context-free. It has been shown
by Grazon that all these languages satisfy Ogden’s lemma. M.G. Main (personal com-
munication) observed that they also satisfy the interchange lemma given in the next
paragraph. A. Grazon shows that for a language Co-Pref(x) with x of the form (1) to
be not context-free, it suffices thatf(n) ≥ 2n for n ≥ 1.

2.2 Interchange lemma

The interchange lemma we describe below gives a different kind of constraint for words
of a context-free language. Instead of iteration, the unavoidable property described
concerns the possibility to exchange factors of words in some positions without leaving
the language. One interesting aspect of this lemma is that itholds for languages which
have “many” words of given length. (Observe that this is precisely the case where the
classical iteration lemma are difficult to use).

Let L be a language over some alphabetA, and letn ≥ 0 be an integer. A subset
R ⊂ L ∩ An is aninterchangeset forL if there exist integersp, q with 0 ≤ p + q ≤ n
such that for allu, v, w, u′, v′, w′ with uvw, u′v′w′ ∈ R, |u| = |u′| = p, |v| = |v′| = q
impliesuv′w, u′vw′ ∈ L. If this holds, the integerq is called thespanof R.

2.7. THEOREM (“interchange lemma”, Ogden, Ross, Winklmann [50]).Let L ⊂ A∗

be a context-free language. There exists a numberC, such that, for any integersn, m
with 2 ≤ m ≤ n and for any setQ ⊂ L ∩ An, there exists an interchange setR ⊂ Q
for L of size

Card(R) ≥ Card(Q)

Cn2

and of spanq with m/2 ≤ q ≤ m.
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Clearly, the interchange setR may be empty unlessCard(Q) ≥ Cn2, which means
in pratice that the number of words inL ∩ An should grow faster thann2.

PROOF. Let L be generated by a context-free grammarG = (V, A, P, S) in Chomsky
normal form. Letn be an integer, and letQ ⊂ L ∩ An. For all X ∈ V − A, and
integersn1, n2 with 0 ≤ n1 + n2 ≤ n, we denote byQ(n1, X, n2) the set of words
w ∈ Q such that there is a derivation

S
∗→ uXv

∗→ uxv = w

with |u| = n1, |v| = n2. Clearly each setQ(n1, X, n2) is an interchange set with span
n − (n1 + n2). It is also clear thatQ(n1, X, n2) ⊂ Q.

Let nowm be any integer that satisfies2 ≤ m ≤ n. We claim that

Q ⊂
⋃

Q(n1, X, n2) (2)

where the union is over all sets with spanq = n − (n1 + n2) satisfying the relation
m/2 < q ≤ m.

Let indeedw ∈ Q. Then clearlyw ∈ Q(n1, X, n2) for somen1, X, n2. It remains
to shows that the parametersn1, X, n2 can be chosen in such a way that the span of
Q(n1, X, n2) is in the desired interval. It is clear that the span can always be chosen
greater thanm/2 (takeX = S). Assume now that spanq is strictly greater thanm.
Then the derivationX

∗→ x where|x| = q, may be factorized into

X → Y Z
∗→ x = yz

for somey, z with Y
∗→ y andZ

∗→ z. Clearly one of the wordsy or z has length
strictly greater thanm/2. Assume it isy. Thenw is in Q(n1, Y, n2 + |z|) which has
spanq − |z|. The conclusion follows by induction.

Now observe that in Equation 2, the union is over at mostCard(V −A) ·n2 terms.
Consequently, there is at least one setR = Q(n1, X1, n2) with

Card(R) ≥ Card(Q)

Card(V − A) · n2
.

�

We now apply the Interchange Lemma to prove that a special language is not
context-free. For this, we call asquareany word of the formuu, with u nonempty.
A word is squarefreeif none of its factors is a square. It is easily seen that thereare
only finitely many squarefree words over 1 or 2 letters. We quote without proof the
following result.

2.8. THEOREM (Thue [44]). The set of squarefree words over a three letter alphabet
is infinite.

For a proof and a systematic exposition of the topic, see [44]. It is easily seen
that the set of squarefree words over at least three letters is not context-free. The same
question concerning its complement i.e. the set of words containing squares, was stated
as conjecture in [3] and was open for a long time. Two different proofs were given,
the first (Ehrenfeucht and Rozenberg [26]) based on growth consideration for EOL
systems, the second (Ross and Winklmann [53]) contains somepreliminary version of
the interchange lemma. The proof given here is from [50].

2.9. THEOREM. The language of words containing a square over an alphabet with at
least three letters is not context-free.
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Denote byCn the language of words overn letters containing a square. The proof
is in two steps. Only the first one is sketched below. The first step is to show thatC6 is
not context-frere. Then a so-called square-free morphism (i.e. a morphism preserving
square-free words) is applied to show thatC3 also is not context-free (For more details
about square-free morphisms, see [8, 18, 22]).

PROOF OF STEP1 OF THEOREM 2.9. Let us consider the 6 letter alphabetA =
{$, 0, 1, a, b, c} and assume thatC6 ⊂ A∗ is context-free. We choose a large enough in-
tegerN and fix a squarefree word overB = {a, b, c} of lengthN , sayv = c1c2 · · · cN

with ci ∈ B. Next we consider the set

Q = {$t$t | t = d0c1d1c2 · · · cNdN , di ∈ {0, 1}} .

Any word inQ is a square and contains no other square. Each word inQ has4(N +1)
letters, andCard(Q) = 2N+1. Choosen = 4(N + 1) andm = n/2 = 2(N + 1) in
the interchange lemma. Then there exists an interchange setR ⊂ Q of size

Card(R) ≥ Card(Q)

Cn2
=

2N+1

16C(N + 1)2
(3)

for some constant C. Moreover, the spanq of R satisfies(N + 1) < q ≤ 2(N + 1).
Using the notation of the beginning of the paragraph, consider wordsuxv, u′x′v′

in R, such thatux′v is in C6. Since|u| = |u′|, |x| = |x′| = q, the wordsx et x′ have
the same letters inB at the same places. But sincev is square-free,uxv andux′v both
contain a square only ifx = x′. This shows that if,uxv, u′x′v′ ∈ R interchange, then
x = x′. Consequently, the number of words inR is bounded by

Card(R) ≤ 2N+1−(1+q/2) ≤ 2(N+1)/2

since|x| = q ≥ N + 1. From Equation (3), it follows that

2N+116C(N + 1)2 ≤ Card(R) ≤ 2(N+1)/2

which is impossible for large enoughN . �

There have been several developments around the topic of context-freeness related
to square-free words. In [3], a conjecture claims that any context-free language con-
taining the langageCn for n ≥ 3 must be the complement of a finite langage. This
conjecture has been disproved by Main [45]. He shows that theset Co-Pref(x) is
context-free wherex is an infinite word which is square-free (and even overlap-free).
An analogue of Proposition 2.5 for words with overlaps (an overlap is a word of the
form uxuxu with u nonempty) has been given by Gabarró [31]. For other develop-
ments along these lines, see [44].

2.3 Degeneracy

In Section 2.1, we have defined an iterative pair of a wordw in a languageL as a 5-uple
(x, u, y, v, z) such that

(i) w = xuyvz;
(ii) xunyvnz ∈ L for all integersn ≥ 0 .

Such a pair is calleddegeneratedif xu∗yv∗z ⊂ L (for more details, see Section 3.1).
The aim of this section is to prove the

2.10. THEOREM. If all the iterative pairs in a given context-free language are degen-
erated, then the language is regular.
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It should be observed that this result does not characterizeregular sets. For instance,
the languageR = {anbp | n, p ≥ 0, n ≡ p mod 2} is regular. It has the following pair
(a, a, 1, b, b) which is not degenerated becauseaa2bb /∈ R. On the other hand, there
do exist nonregular languages having all their iterative pairs degenerated. (Obviously,
they cannot be context-free!) Such an example is

{anbncn | n ≥ 1} ∪ a+ ∪ b+ ∪ c+ .

The following definitions and proofs are from [27]. AtypeoverA is a wordy such that
|y|a ≤ 1 for anya ∈ A. Note that the number of different types is finite.

A word x over the alphabetA has typey iff there exists a morphismh such that
h(y) = x and such thath(a) ∈ aA∗a ∪ a for all lettersa ∈ A.

2.11. EXAMPLE . Let A = {a, b, c}. The wordx = acabc is of typeabc; just set
h(a) = aca, h(b) = b, h(c) = c. It is also of typeac with h′(a) = a, h′(b) = b,
h′(c) = cabc.

As seen in the example, a word may have several types. On the other hand, we have
the following

2.12. LEMMA . Every wordx overA has a type.

PROOF. The proof is by induction on the numberk of different letters inx. If k = 0
or k = 1, the result is obvious. Assume the result holds for somek and letx be a word
usingk + 1 letters.

Let a be the first letter ofx and letx1 be the longest prefix ofx ending witha. Then
x = x1x2. Sincex2 uses at mostk letters, by induction it has a typey and, clearly,ay
is a type forx. �

2.11. EXAMPLE (continued). Applied to x = acabc, this method gives raise to a
factorizationx = aca · bc and to the morphismh(a) = aca, h(b) = b, h(c) = c. This
computation thus gives the typeabc.

Given two wordsx andx′ of some typey, we define theinterleavingx′′ of x andx′

(according to the associated morphismsh andh′) as follows. Lety = a1a2 · · ·ak, x =
x1x2 · · ·xk, x′ = x′

1x
′
2 · · ·x′

k with h(ai) = xi = x̄iai andh′(ai) = x′
i; then, the

interleaving isx′′ = x̄1x
′
1x̄2x

′
2 · · · x̄kx′

k.

2.13. EXAMPLE . Let x = acabc be of typeabc with h(a) = aca, h(b) = b, h(c) = c.
Let x′ = ababcbcbc be of typeabc with h′(a) = aba, h′(b) = bcbcb, h′(c) = c. Then,
their interleavingx′′ is equal toacaba · bcbcb · c. If we were to changeh′ in h′′(a) = a,
h′′(b) = babcbcb, h′′(c) = c, the (new) interleaving would beaca · babcbcb · c

We now turn to some constructs on derivation trees for a givengrammarG in
Chomsky normal form generating a languageL(G) having all its iterative pairs degen-
erated.

Pruned Trees: Given a derivation tree, a fixed path in this tree and two nodes of the
path having the same label, we define theleft directly prunedtree as the tree obtained
by erasing all subtrees to the left of the path between the twochoosen nodes including
the first one. Clearly, in general, the new tree obtained is nomore a derivation tree.
However, ifL has all its pairs degenerated, the produced word still is inL. We define
similarly theright directly prunedtree (see Fig. 2).

We now extend this construct to several pairs of nodes on the fixed path. To do so,
we choosek pairs of nodes(r1, s1) · · · (rk, sk) such that
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Figure 2: Pruning a tree

(i) for eachi, ri andsi have the same label,
(ii) for eachi, si is a descendant ofri,
(iii) for eachi, ri+1 = si or ri+1 is a descendant ofsi.

To each pair(ri, si), we associate anindexL or R. Then, the corresponding pruned
tree is, by definition the tree obtained by successively leftdirectly or right directly
pruning the original tree on the pair(ri, si) according to the fact that the index isL or
R. Again, the resulting tree may not be a derivation tree. However, as soon asL has
all its pairs degenerated, the produced word will belong to the language.

Relabeled Trees: We define a new set of labels for the nodes, by

V̄ ={(X, Y, Z, i) | X, Y, Z ∈ (V − A), i ∈ {0, 1}}
∪ {(X, a) | x ∈ (V, A), a ∈ A} .

Given a derivation tree and a fixed path in it, we relabel the nodes of the path by
elements of̄V according to the following rule :

(i) if the noder is labeled by a variableX which is derived inY Z in the tree, the
new label ofr will be (X, Y, Z, i) with i = 0 if Y is on the path andi = 1 if Z is on
the path.

(ii) if the noder is labeled by the variableX which is derived ina ∈ A in the tree,
the new label ofr will be (X, a).

The word of new labels collected on the path from the root to the leaf is called the
spineof the marked tree.

Further Definitions: First, letµ be the function fromV + × V̄ + into the subsets
of V ∗ defined as follows :µ(α, β̄) is the set of wordsγ such thatαγ is generated in
the grammarG by a derivation tree where the path from the root to the last letter of α
gives raise to a marked tree with spineβ̄. Now, letδ be the function fromV + into the
subsets of̄V + defined by

δ(α) = {β̄ ∈ V̄ + | µ(α, β̄) 6= ∅} .

Finally, for each non empty left factorα of a word inL(G), we defineΘ(α) = {β̄0 ∈
V̄ + | β̄0 is a type of somēβ in δ(α)}. Clearly, for eachα, Θ(α) is a finite set and the
number of such possible sets is finite. We are now ready to prove the crucial lemma
needed for the theorem:

2.14. LEMMA . Letα andα′ be two nonempty left factors ofL(G) and assumeΘ(α) =
Θ(α′); then

{γ | αγ ∈ L(G)} = {γ | α′γ ∈ L(G)} .
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PROOF. Clearly, it suffices to prove

Θ(α) = Θ(α′) andαγ ∈ L(G) =⇒ αγ′ ∈ L(G) . (4)

Sketch of the proof of(4). Asαγ is in L(G), there exists a derivation treeT producing
αγ. In T , choose the path from the root to the last letter ofα and build the marked
version ofT giving raise to its spinēβ. If β̄ has typeβ̄0, thenβ̄0 is in Θ(α′) and there
exist a wordβ̄′ of type β̄0 such thatβ̄′ ∈ δ(α′). Hence, we can build a derivation
treeT ′ which has a marked version with spinēβ′ producing a wordα′γ′ in L(G). So,
now we have two derivation treesT andT ′ producingαγ andα′γ′ respectively, with
in each a selected path whose marked versions are of same typeβ̄0. The idea is then
to produce a new treeT ′′ looking like an interleaving ofT andT ′ along the selected
paths. Namely, let̄β0 = v̄1v̄2 · · · v̄k andh(β̄0) = β̄, h′(β̄0) = β̄′. Let β̄′′ be the
interleaving ofβ̄ andβ̄′ according toh andh′.

We shall now build the treeT ′′ by completing this path into a derivation tree. At
the same time that we indicate how to build upT ′′, we indicate on the path̄β′′ some
pairs of nodes with an indexL or R. This is done is such a way that when we pruneT ′′

according to these pairs of nodes, we get a new treeT̂ ′′ producingαγ′. Then, because
the language has all its pairs degenerated,T̂ ′′ will produce a word in the language
and (4) will be proved. We now describe the construction ofT ′′ together with the

Figure 3:Case 1: h(v̄i) 6= v̄i 6= h′(v̄i), β̄′′ = v̄iβ̄v̄iβ̄′v̄i

pairs of nodes to be pruned. For this, we go throughβ̄′′ by segments, each of which is
the contribution of a letter̄vi of β̄0. We shall picture what to do by indicating which
subtrees (fromT or T ′) have to be added to the right and left of the pathβ̄′′. The dotted
arrows will show what is dropped out after the pruning. The reader will check that, in
each case, the pruned tree obtainedT̂ ′′ produces a part ofγ′ on the right of the path
and a part ofα on the left of it. HencêT ′′ producesαγ′ as already announced.

There are four cases according to the fact that the images throughh andh′ of a letter
v̄i is equal tov̄i or not. In each case, we have two symmetric situations, according to
the fact that the selected path leaves the node through its left or right son (see Figures
3–6). �

Now, we can prove the announced result.
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Figure 4:Case 2: h(v̄i) = v̄i 6= h′(v̄i), β̄′′ = v̄iβ̄′v̄i

Figure 5:Case 3: h(v̄i) 6= v̄i = h′(v̄i), β̄′′ = v̄iβ̄v̄i

Figure 6:Case 4: h(v̄i) = v̄i = h′(v̄i), β̄′′ = v̄i

PROOF OF THE THEOREM. By the lemma, the nonempty left factors ofL fall into a
finite number of classes moduloL : there are at most as many classes as the number of
different setsΘ(α). On the other hand, there is at most one new class containing the
empty word. As all the words which are not left factors ofL fall in one specific class,
the equivalence moduloL has at most 2 more classes than the number of possible sets
Θ(α). Hence, this equivalence is of finite index which shows thatL is regular. �

3 Looking for nongenerators

3.1 Preliminaries

A transduction fromA∗ to B∗ is any function fromA∗ to the set of subsets ofB∗. Such
a mapping is arational transductioniff its graph is rational. Many characterizations of
rational transductions have been given (see [12]). We will here use the following :

3.1. THEOREM. A transductionτ fromA∗ to B∗ is rational iff there exist an alphabet
C, a regular setR overC and two alphabetical morphismsg andh fromC∗ to A∗ and
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B∗ respectively, such that for allx ∈ A∗,

τ(x) = h(g−1(x) ∩ R) .

This is known as Nivat’s theorem. (A morphism is alphabetical or length-decrea-
sing if it maps a letter into either a letter, or the empty word.) As usual, we will use
transductions on languages : the image of a languageL is the union of the images of
each word inL. From Theorem 3.1, it is clear that any context-free language will have
a context-free image through a rational transduction. One of the basic properties of
rational transductions is the:

3.2. THEOREM. Given two rational transductionsτ1: A∗ → B∗ andτ2: B∗ → C∗,
their compositionτ2 ◦ τ1 is a rational transduction fromA∗ to C∗.

Usually, this is stated as “rational transductions are closed under composition” and
is known as Elgot and Mezei’s theorem. Now, given two languagesL1 andL2, it may
happen that there exists a rational transductionτ such thatL2 = τ(L1). Then we say
thatL1 dominatesL2 and denote this byL1 ≥ L2. Note that because of Theorem 3.2,
this relation is transitive. If it happens then thatL1 ≥ L2 andL2 ≥ L1, we say that
L1 andL2 arerationally equivalent, in symbolsL1 ≈ L2. Again, because of Theorem
1.2, this relation is transitive. Hence, it is an equivalence relation. Two languages are
incomparableif no relation holds between them.

3.3. EXAMPLE . The Dyck languagesD∗
2 andD̂∗

2 are equivalent. The Dyck language
D2 dominatesD∗

1 . These languages are not equivalent :D∗
1 does not dominateD∗

2 .
The languagesD∗

1 andD̂∗
1 are incomparable.

The main motivation in using rational transductions for comparing context-free
languages comes from the idea that ifL1 ≥ L2, thenL1 should be at least as “com-
plicated” asL2. This idea is more or less formalized in the framework of iterative
pairs.

In Section 2.1, aniterative pairof a wordw in a languageL is defined as a tuple
(x, u, y, v, z) such thatw = xuyvz andxunyvnz ∈ L for all n ≥ 0. The classi-
cal pumping lemma for context-free languages (see Section 2.1) ensures that ifL is
context-free, any long enough word inL will have such a pair. In general the set of
possible exponents

{(n, m) ∈ N × N | xunyvmz ∈ L}
contains, by definition, the diagonal{(n, n) | n ≥ 0}. If it reduces to that set, the
iterative pair is calledstrict ; if on the contrary the set of exponents is the whole set
N × N, the iterative pair isdegenerated. Arbritrary intermediate situations may arise.

3.4. EXAMPLE . (i) Let D∗ be the Dyck language overA = {a, ā}. Thenx = aaāaāā
admits the following pairπ = (a, a, āaā, ā, 1). It is a strict iterative pair.

(ii) Let S< = {anbm | 1 ≤ m ≤ n}. The wordx = aaabb admitsπ =
(a, a, ab, b, 1) as an iterative pair. Note thatπ is neither strict nor degenerated. On
the other hand(a, aa, 1, bb, 1) is not a pair because exponent0 yields a /∈ S<. We
leave to reader to check thatS< has no strict iterative pair.

3.5. THEOREM. Let L1 andL2 be two context-free languages such thatL1 ≥ L2; if
L2 has a strict iterative pair then so doesL1.
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This result shows that strict pairs cannot be created by rational transductions. This
is extensively used to show thatL1 ≥ L2 does not hold. For instance, going back to
the above example, Theorem 3.5 shows thatS< does not dominateD∗.

Theorem 3.5 has been considerably strengthened by the consideration of systems
of pairs. A system consists in several iterative pairs in thesame word, each of which
can be pumped up independently. We will not give here any details on this interesting
extension (see [12]).

The notion of rational transduction naturally leads to consider families of languages
closed under this operation. Such a family is called arational cone. We have already
remarked that the image of a context-free language through any rational transduction
is context-free, so we can state : the familyAlg of context-free languages is a rational
cone. The same holds, for instance, forRat andLin, which are respectively the families
of regular and linear languages. If we look at some familyL (such as the deterministic
languages) which fails to be a rational cone, we can define theleast rational cone con-
tainingL. It is denoted byT (L) and called the rational cone generated byL. If L is
the family of deterministic languages, thenT (L) will be Alg again.

On the other hand, given a rational cone,L we may look for the smallest possible
set of languagesG such thatL = T (G). WheneverG can be chosen to be one single
languageG, the coneL is said to be aprincipal rational conewith generatorG; it is
denotedT (G). From the Chomsky-Schützenberger theorem, we derive thatthe cone
Alg is principal and thatD∗

2 is a generator. Note then that, as two equivalent languages
generate the same cone, the following languages are generators ofAlg as well : D2,
D̂∗

2 , D∗
n, Dn, D̂∗

n, D̂n (n ≥ 2), E, En. So, for instance, we may writeAlg = T (E).
The family of linear languages turns out to be a principal cone too. The languagesPal

or Sym are generators ofLin. The familyRat is principal too. Any nonempty regular
language is a generator of it. MoreoverRat is included in any rational cone. Besides
all this, as we have mentioned thatD∗

1 does not dominateD∗
2 , we know thatT (D∗

1)
is a strict subfamily ofAlg. It is the familyRocl of restricted one counter languages,
those languages which can be recognized by a pushdown automaton with one symbol
in the pushdown alphabet and no zero test (see [12]). Now the question of building up
some nonprincipal cones is raised. If we do not accept “trivial” constructions such as
the union of two principal cones with incomparable generators, we get that any set of
generators of a nonprincipal cone must be infinite. To prove that such cones exist and
to build them, the easiest method is to use substitution.

Given a languageL over the alphabetA and, for each lettera of A a language
La, we define the substitutionσ as the morphism fromA∗ into its subsets given by
σ(a) = La for eacha ∈ A. If all the languagesLa are in some familyL, thenσ
is anL-substitution. So, a rational substitution is a substitution such that eachLa

is regular. (Note that in this case, a substitution is a rational transduction). Given
two families of languagesL andM, we can define the substitution ofM in L by
L�M = {σ(L) | L ∈ L, σ is anM-substitution}. Again, substitution and rational
transductions nicely mix together.

3.6. THEOREM. If L andM are two rational cones, then so isL�M. Moreover, ifL
andM are principal, so isL�M.

The proof of Theorem 3.6 uses a very special substitution called thesyntactic sub-
stitution : given a languageL over A and a languageM over B with A ∩ B = ∅,
the syntactic substitution ofM in L, denoted byL ↑ M , is the substitution defined by
σ(a) = aM for (a ∈ A). This special substitution gives raise to a crucial lemma :
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3.7. LEMMA (“Syntactic lemma”).Given two languagesL andM and two rational
conesL andM, thenL ↑ M ∈ L�M implies eitherL ∈ L or M ∈ M.

EXAMPLE (application). We want to prove that ifAlg = L�M, then eitherL or M
is equal toAlg. For this we use the syntactic lemma with two copies ofE :

E ↑ E′ ∈ L�M ⇒ E ∈ L or E′ ∈ M
and the result is proved.

Another application allows us to build nonprincipal cones.

3.8. LEMMA . Given a coneL, eitherL�L = L or the smallest substitution closed
rational coneT σ(L) containingL is not principal.

Take nowL = Lin. As Lin � Lin is not included inLin, the coneT σ(Lin) =
T σ(Sym) is not principal. This cone is the family of quasi-rational languages (or of
non-expansive languages) and is denoted byQrt. The same conclusion holds with
L = Rocl giving raise to the nonprincipal coneIct of iterated-counter languages. We
may even takeL = Lin ∪ Rocl and get a nonprincipal cone of socalled Greibach
languages, denoted byGre. For each of these cones, we get a generating family us-
ing the syntactic substitution. For instance,Qrt will be generated by{Sym,Sym ↑
Sym, . . . ,Sym ↑ (Sym · · · ↑ Sym), . . .}. Up to now, we have used two methods to
get rational cones. We choose a familyL and look either at the coneT (L) it generates,
or at the substitution closed coneT σ(L) it generates. However, there exist other meth-
ods. We shall present here two new ways of getting cones, eachof them raising more
questions than it anwers !

Given a principal coneL, we may distinguish the family of those languages which
are generators ofL as well as the family of those languages inL which are not. It is
easy to see that this second family is a rational coneNL which is the largest subcone
of L. In the particular case ofL = Alg, this largest subcone is rather denoted byNge

and one of the most popular conjecture in this framework is

CONJECTURE. Nge is a nonprincipal rational cone.

Several attempts to prove this conjecture have been made. A great number of them
tried to use the substitution operation to build upNge in a similar way than we built
Qrt. We now know that such an attempt cannot succeed (see Section3.3). Besides, in
the sequel, we will show thatNge differs from all the already presented cones in that
sense that there is no family of deterministic languages which can generateNge (see
Section 4). It should be noted that for any principal rational coneL (excepted the cone
Rat) the question of the principality ofNL is open (NRat = {∅}). Along the same
lines, we can mention that nobody knows if there exists or nota rational coneL which
contains onlyRat as a strict subcone. Such a cone has to be principal. So we have

QUESTION. Does there exist a principal rational coneL such thatNL = Rat?

A second method for getting new rational cones comes from thefollowing obvious
observation : given two rational conesL andM, their intersectionL∩M is a rational
cone. Here again we do not know much about such cones and we mainly have open
questions rather than results. For instance, if we takeL = Lin andM = Rocl, we only
have thatLin ∩ Rocl ⊇ T (S), whereS = {anbn | n ≥ 0}. This inclusion has recently
been proved to be strict by Brandenburg [19]. However, we still do not know whether
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this intersection is a principal cone. In Section 3.5, we present some results in this area
showing that such intersections seem to be, in general, larger than was thought at the
beginning (Note that here again some attemps have been made to describeNge as the
intersection of two rational cones (see [36])).

3.2 Generators

We state here one of the most important characterizations ofgenerators of the cone
of context-free languages. The proofs of the following results are very technical and
will not be given there. They can be found in [10]. Over the fixed alphabetA =
{#1, #2, a, b, c, d}, we define the languageE′ by E′ = #1E#2. Then we have

3.9. THEOREM. A languageL overB is a generator of the cone of context-free lan-
guages iff there exist a morphismh from A∗ to B∗ and two regular setsR overA and
K overB such that

(i) h(E′) = L ∩ K
(ii) h−1(L) ∩ R = E′

(iii) |h−1(w) ∩ R| = 1 for all wordsw ∈ L.

This is known as Beauquier’s theorem. From this result we get

3.10. COROLLARY. For any generatorL, there exists a regular setK such thatL∩K
is an unambiguous generator.

Theorem 3.9 can be stated in a slightly different way :

3.11. THEOREM. A languageL ⊂ B∗ is a generator iff there exist six wordsx, y, α,
β, γ, δ ∈ B∗ and a regular setK ⊂ B∗ such that

L ∩ K = 〈S → xTy, T → αTβTγ + δ〉

A recent improvement shows thatα, β, γ, δ can be chosen to be a (biprefix) code
[11].

Essentially, these results show that, in any generator, there is an encoded version of
the languageE. We now present an application.

3.12. PROPOSITION. The coneAlg of context-free languages has no commutative gen-
erator.

PROOF. LetL be a commutative language overB. Suppose thatL is a generator. Then
Theorem 3.9 holds. Seth(#1) = x, h(#2) = y, h(a) = α, h(b) = β, h(c) = γ,
h(d) = δ.

Sinceu = #1aand(bdc)nband(bdc)nc#2 is in E′ for all integersn, we can choose
n large enough to find in each block ofa’s an iterative factoraλ in the regular setR.
Then z = #1aan+λd(bdc)nban−λd(bdc)nc#2 is in R. Moreover, it has the same
commutative image thanu. Henceh(z) is in L andh−1(h(z))) ∈ h−1(L)∩R. Nowz
is in h−1(h(z)) and by (ii) of Theorem 3.9 it should also be inE′ which is not true.�

COMMENT. Corollary 3.10 stated above leads naturally to the following notion : a
languageL is strongly ambiguousif for any regular setK such thatL ∩ K andL are
equivalent,L ∩ K is ambiguous. So, we know that no generator ofAlg is strongly
ambiguous. We can even extend this notion as follows : a languageL is intrinsically
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ambiguousif there is no language equivalent toL which is unambiguous. Such lan-
guages do exist. For instance, the language

{anbambapbaq | (n ≥ q andm ≥ p) or (n ≥ m andp ≥ q)}
is intrinsically ambiguous (see [9]). We leave to the readerto check that, generally, the
classical examples of ambiguous languages are not intrinsically ambiguous (not even
strongly ambiguous).

3.3 Nongenerators and substitution

The aim of this section is to prove the following theorem.

3.13. THEOREM. The coneNge of nongenerators of context-free languages is not the
substitution closure of any strict subcone.

This result puts an end to any attempt of proving thatNge is nonprincipal by show-
ing that this cone is the substitution closure of simpler subcones. It implies for instance
that the family of Greibach languages is strictly included in Nge. Theorem 3.13 will
follow from the following more general result :

3.14. THEOREM. For any given context-free languageL, there exists a context-free
languageL↑ such that

(i) L↑ is a nongenerator ifL is so;
(ii) the rational cone generated byL↑ contains the substitution closure of the cone

generated byL, i.e. T (L↑) ⊃ T σ(L).

Theorem 3.14 has other consequences, such as the following corollary which an-
swers Conjecture 8 in [3] :

3.15. COROLLARY. There does exist a principal rational cone of nongeneratorscon-
taining the familyQrt of non-expansive languages.

The proofs given here come from [15]. Let us turn first to the proof of Theo-
rem 3.14. We start by some definitions necessary to constructthe languageL↑ associ-
ated toL.

Given a wordx in D over the alphabetA = {a, ā}, we define theheightof an
occurrence(x1, α, x2) in x (with x = x1αx2, α ∈ A) by |x1α|a − |x1α|ā. Then, the
height of the wordx is the maximum of all heights over the occurrences inx. It is
easy to check that we can compute the heights of the occurrences from left to right in a
sequential manner.

Namely, if the current height isk, add 1 if you read a lettera and substract 1 if you
read a letter̄a. On the other hand, the set of words inD of height at mostk is a regular
set. Hence, there exists a gsm-mapping which, when reading aword x in D of height
at mostk, produces the wordy obtained by indicing the letters by their heights. It will
be denoted bynumk.

3.16. EXAMPLE . Consider the wordx = aaāaaāāaāā. The height of the thirda is 2.
The height ofx is 3. Thennum2(x) = ∅ and

num3(x) = a1a2ā1a2a3ā2ā1a2ā1ā0 .

Note that innumk(x), a letterai matches a letter̄ai−1.
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Given the alphabetC = A∪B, with B∩A = ∅, we consider the projectionp from
C∗ into A∗. A word x overC is called aD-word if p(x) is in D andx begins and ends
with a letter inA. The height of an occurrence in such aD-word is then defined in the
same way than for a word inD. Again, we define the gsm-mappingnumk producing
from aD-word of height at mostk, the wordy obtained by indicing the letters ofx by
their height.

3.17. EXAMPLE . Let B = {b, c}. The wordx = aabcābababcābcācācabcāā is a
D-word; further,num2(x) = ∅ and

num3(x) = a1a2b2c2ā1b1a2b2a3b3c3ā2b2c2ā1c1a2b2c2ā1ā0 .

Given a context-free languageL overB, we consider first the marked version ofL
which is the languageM = aLā ∪ {1} overC = A ∪ B. We then denote byMi the
copy ofM obtained by indicing all the letters ofL by i, the lettera by i and the letter
ā by i − 1. Thus, inMi the letterai will match āi−1. We use these copies to define

M(1) = M1, M(2) = M1 ⇑ M2, . . . ,

M(k) = M1 ⇑ (M2(· · · ⇑ Mk · · · )), . . . ,

where⇑ stands for a substitution very similar to the syntactic substitution. The sub-
stitution⇑ is defined as follows : the image of anybi is biMi+1 whenb is in B, the
imageai is aiMi+1 and the image of̄ai−1 is just āi−1. Clearly,⇑ is so near from
the usual syntactic substitution that the family{M(1), M(2), . . . , M(k), . . .} generates
the substitution closed rational coneT σ(M) generated byM , which is the same than
T σ(L). Using the morphismh from (∪i≥1Ci)

∗ ontoC∗ which just erases the indices,
we defineM (k) = h(M(k)) andM (∞) = ∪k≥1M

(k). (For instance, ifL = {bc}, the
wordx of Example 3.2 will be inM (3).) We then get our first proposition.

3.18. PROPOSITION. The languageM (∞) is context-free.

To prove the proposition, note first the

OBSERVATION. x ∈ M (∞) if and only ifx ∈ M = M (1) or

x = ay1az1āy2az2ā · · · yn−1azn−1āynā

with y1, yn ∈ B∗, yi ∈ B+ for 2 ≤ i ≤ n − 1, aziā ∈ M (∞) anday1y2 · · · yn−1ynā
∈ M .

This observation is proved by a straightforward induction on the integerk for which
x ∈ M (k).

PROOF OFPROPOSITION3.18. Using the observation, we get thatM (∞) can be gen-
erated by the following generalized context-free grammar which has infinitely many
productions :〈S → ay1Sy2S · · · yn−1Synā+1 | ay1y2 · · · yn−1ynā ∈ M 〉. Clearly,
the set of right members is context-free and it is well known that such a generalized
grammar does generate a context-free language. �

Still using the above observation, it is easy to prove that any word x in M (∞) is a
D-word overC. Moreover, ifx is of height at mostk, thennumk(x) is in M(k). So,
we getnumk(M (∞)) = numk(M (k)) = M(k) − {1}.

Now defineM (+) to be the set of those words overC which are notD-words, we
note thatM (+) is context-free. SetL↑ = M (+) ∪ M (∞). ClearlyL↑ is context-free.
Moreover, sincenumk equals∅ on M (+), we getnumk(L↑) = numk(M (∞)) =
M(k) −{1}. This shows that the cone ofL↑ does contain all theM(k). So, we can state
the following proposition.
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3.19. PROPOSITION. L↑ is a context-free language such thatT (L↑) ⊃ T σ(L).

Note that this proposition is the condition (ii) of Theorem 3.14. So, we now turn to
condition (i) and prove this proposition.

3.20. PROPOSITION. L↑ is a generator of the coneAlg of context-free languages iffL
is.

Before starting the proof, we introduce a notation. Given a languageP over an
alphabet disjoint fromA, let ⊳P⊲ denote the language

⊳P⊲ = {anyān | n ≥ 1, y ∈ P} .

Let us show first the following lemma.

3.21. LEMMA . Given a languageP , if ⊳P⊲ is in T (L↑), then there exists an integer
k such thatP is in T (M (k)).

PROOF (outline). The detailed proof is rather technical. We just outline it. As ⊳P⊲ is
in T (L↑), we may write⊳P⊲ = g(f−1(L↑) ∩ R).

Let k be the number of states of a finite automaton recognizingR; we want to show
that all the wordsanyān with n > k are images of words inM (k). For this, we choose
a wordz of minimal length inf−1(L↑) ∩ R such thatg(z) = anyān for somen > k.
Thenz naturally factorizes intoz1z2z3 such thatg(z2) = y andz2 is maximal with
this property. Moreover, asn is larger thank, z1 can be factorized inz′1uz′′1 such that
z′1u

∗z′′1 z2z3 ⊂ R andg(u) ∈ a+. So, for all integersm 6= 1, f(z′1u
mz′′1 z2z3) is

not in L↑ becauseg(ziu
mz′′1 z2z3) is not in⊳P⊲. As z is of minimal length,f(u) is

non empty which implies thatf(z) is not inM (+) otherwise all its iterated versions
with at most one exception would be inM (+), hence inL↑. So f(z) is in M (∞).
Assume then thatf(z) is not inM (k). In x = f(z), there exist occurrences of letters
of height larger thank. This implies thatz can be factorized intoz = ẑ1ẑ2ẑ3 such
that ẑ1ẑ

∗
2 ẑ3 ⊂ R andp(f(ẑ2)) = as for somes 6= 0. Hencef(ẑ1ẑ

r
2 ẑ3) is in M (+)

andg(ẑ1)g(ẑ2)
∗g(ẑ3) is in ⊳P⊲. As z is of minimal length,g(ẑ2) is not empty. Then

it has to be a factor ofy. So, we know that̂z2 is a factor ofz2 and we may write
z = z′1uz′′1 z′2ẑ2z

′′
2 z3 with f(z′1uz′′1 z′2ẑ

2
2z′′2 z3) ∈ M (+). Then, for allm but at most

one, we havef(z′1u
mz′′1 z′2ẑ

2
2z′′2 z3) ∈ M (+). This contradicts the fact that the image of

such a word is in⊳P⊲ only for m = 1. �

We are now ready for the following proof.

PROOFOF PROPOSITION 3.20. Clearly, ifL is a generator, so isL↑. So, only the
converse has to be proved. Assume thatL↑ is a generator. Then, for any context-free
languageP , ⊳P⊲ ∈ T (L↑). In particular,⊳E⊲ ∈ T (L↑). By lemma 3.7, there exists
an integerk such thatE ∈ T (M (k)) and thusM (k) is a generator. As we know that
M (k) andM(k) are equivalent, we have thatM(k) is a generator. A simple application
of the syntactic lemma shows then thatL is generator. �

Clearly, Propositions 3.19 and 3.20 prove Theorem 3.14. We now show how we
can derive Theorem 3.13.
PROOFOFTHEOREM 3.13. It is known that ifL is a rational cone, its closure under
unionL∪ satisfiesT σ(L) = T σ(L∪). On the other hand,L∪ = Nge impliesL = Nge.
Assume thatNge is the substitution closure of some subconeL. Then, we may assume
thatL is closed under union. LetL be any language inNge. Then, by (i) of Theorem
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3.2,L↑ is in Nge. It follows that⊳L↑⊲ ∈ Nge = T σ(L). So, there exists a finite num-
ber of languages inL, sayL1, L2, . . . , Lk such that⊳L↑⊲ ∈ T σ({L1, L2, . . . , Lk}).
If we consider nowL0 to be the union of disjoint copies ofL1, L2, . . . , Lk, we get
⊳L↑⊲ ∈ T σ(L0) with L0 ∈ L. As T σ(L0) is contained inT (L↑

0), we have⊳L↑⊲ ∈
T (L↑

0).

By the lemma, there exists an integerk such thatL↑ ∈ T (L
(k)
0 ) and by (ii) of

Theorem 3.2,T σ(L) is included inT (L↑). HenceT σ(L) ⊂ T (L↑) ⊂ T (L
(k)
0 ). Then,

by the syntactic lemma,T (L) ⊂ T (L0). As L0 is in L, we have that any languageL
in Nge is inL, which meansL ⊃ Nge. Since the reverse inclusion is obvious, we have
L = Nge. �

CONCLUDING REMARKS. It is worthwhile pointing out that ifL is deterministic, so is
the languageL↑ constructed here. Thus for instance, there does exist a principal sub-
cone ofAlg containingQrt which has a deterministic generator. However, the proposed
construction leaves the following questions open.

QUESTION 1. Does there exist a principal substitution closed cone strictly included in
Alg, larger thanRat ?

QUESTION 2. Does there exist a nongeneratorL such thatT (L) = T (L↑) ?

Note that if we can answer Question 2 positively, we will havea positive answer
to Question 1. Note also that ifNge is principal, both questions can be answered
positively.

3.4 Nongenerators and determinism

The aim of this section is to prove

3.22. THEOREM. The coneNge is not generated by any family of deterministic con-
text-free languages.

This result shows that the coneNge is very different from all the classical cones
of context-free languages (principal or not) which all havedeterministic generators.
The theorem will follow from the existence of a particular languageL which has the
following two properties :

(i) L is a non-generator;
(ii) any deterministic language which dominatesL is a generator.

The proof proposed here is an adaptation of the one given in [16]. We will start
by some general results on dpda’s before defining the languageL. Then, we will show
thatL satisfies (i) and (ii) and, finally, prove Theorem 3.22.

Given adpda (deterministic pushdown automaton)A with input alphabetA, non-
terminal alphabetV and set of statesQ, recall (see Section 1.1.6) that aconfiguration
of A is a triplec = (γ, q, x) in V ∗ × Q × A∗. The right most symbol ofγ is the
top of the pushdown store. The dpda isnormalizedif any ε-move ofA erases the top
of the pushdown store. It is well known that for any dpda, there exists an equivalent
normalized dpda (see [38]). So, from now on, we will assume thatA is normalized. As
usual, acomputationof A is a sequence of configurationci = (γi, qi, xi) such thatA
goes fromci to ci+1 in one move and wherec0 = (S0, q0, x0) is initial (i.e. S0 is the
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initial pushdown andq0 the initial state). The computationc0, c1, . . . , cn is maximalif
cn = (γn, qn, 1) (which means that the inputx0 has been completely read) and there
is no configuration which can possibly followcn. It is well known that, as soon asA is
normalized, for each inputx overA, there is exactly one maximal associated compu-
tation. It will be calledthecomputation ofA overx, the configurationcn is said to be
its result.

A computationc0, c1, . . . , cn, with ci = (γi, qi, xi) is said tocontain an iterative
pair if there exist four integersi, j, k, l with 0 ≤ i < j < k < l ≤ n, such that the
following holds for allm :

(i) γi = γS for someγ ∈ V ∗, S ∈ V ;
(ii) γm ∈ γV + for i ≤ m ≤ j;
(iii) γj = γµS for someµ ∈ V ∗ andqi = qj ;
(iv) γm ∈ γµV ∗ for j < m < k;
(v) γk = γµ;
(vi) γm ∈ γV + for k < m < l;
(vii) γl = γ andql = qk.

If we look at the wordsx0 = yxi, xi = uxj , xj = zxk, xk = vxl, we get that
the computations ofA over the wordsyunzvnxl, (n ≥ 0) all lead to the same result.
Moreover, asA is normalized, we known thatu is not empty. So, for any suffixt such
thatx0t is accepted byA, the wordx0t will have (y, u, z, v, xlt) as an iterative pair.
Conversely, ifx is a recognized word containing a nondegenerated iterativepair, there
exists an iteration ofx for which the associated computation contains an iterativepair.

A prime computationis a computation containing no iterative pair. Aprime wordis
a word on which the computation ofA is prime. We then leave to the reader the proof
of

FACT 1. Given a dpdaA, the setP (A) of prime words is regular.

FACT 2. For any wordx in the regular setQ(A) = A∗ − P (A), there exist infinitely
many words whose computations have the same result than the computation overx.

We are now ready to define our special languageL. Let A = {a, b, c, d}. Over
A ∪ {#}, consider the languages

S< = {anbp | n ≥ p} , L1 = S<#E ,

L2 = {x#y | x, y ∈ A+, |x| < |y|} .

Then, the languageL is defined byL = L1 ∪ L2. Clearly,L is context-free. We
first prove

3.23. PROPOSITION. L is not a generator of the coneAlg.

PROOF. We show thatL has no strict iterative pair. Let(x, u, y, v, z) be an iterative
pair ofw = xuyvz in L. We then look for the occurrence of# in w. Clearly, it can be
neither inu nor in v. So the following situations may arise:

(i) # lies in x. Then there exists an integerk such that|ukyvkz| > |x|. Hence,
xuku+yv+vkz ⊂ L2 ⊂ L and(x, u, y, v, z) is not strict.

(ii) # lies in z. Thenz = z1#z2 and, asxunyvnz1 becomes longer thanz2, the
wordz2 is in E. Thus(x, u, y, v, z1) must be a pair ofS< and it cannot be strict.

(iii) # lies in y. Theny = y1#y2. Clearly, if u or v is empty the pair is not
strict. So, we assumev 6= 1. Then, there is at most one integerk such thaty2v

kz
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is in E. Hence, for alln but possibly one,xuny1#y2v
nz is in L2, which implies

xuny1#y2v
nv+z is in L2 and the pair is not strict. �

Before proving that no deterministic nongenerator dominatesL, we need a prelim-
inary result on the pairs ofL :

3.24. PROPOSITION. For any wordy in E, there exists a wordx such thatx#y ∈ L
and such thatx#y has a nondegenerated pair whose iterative elements are within x.

PROOF. Let N be the integer associated toL by Bader and Moura’s Theorem 1.3.
Given y in E, choosex = adbd with d > N2+|y|. In the wordx#y, distinguish
the d occurrences of the lettera, and exclude the|y| + 1 letters of#y. Bader and
Moura’s theorem guarantees thatx#y contains an iterative pair withinx. Clearly, it is
not degenerated. �

We can now prove the following crucial result needed for Theorem 3.22.

3.25. PROPOSITION. LetT be a deterministic language andh an alphabetic morphism
such thatL = h(T ), thenT is a generator ofAlg.

PROOFSketch. Let T be recognized by a dpdaA overB. Let B′ be the lettersθ such
thath(θ) = #. Recall thatP (A) is the regular set of those words overB which have
a prime computation and thatQ(A) is its complement. We then define the regular set
B∗ − h−1(h(P (A)) = K. This is the set of those wordsx′ onB such that there exists
no prime wordx′′ satisfyingh(x′) = h(x′′). We then defineR = KB′ and we claim
thatE = h(R−1T ).

(i) E ⊂ h(R−1T ). By Proposition 3.24, for any wordy in E, we can find a word
x such thatx#y is in L and has an iterative pair withinx which is not degenerated.
Then, for any wordsx′ andy′ and anyθ in B′ such thath(x′) = x, h(y′) = y and
x′θy′ ∈ T , the wordx′θy′ has a nondegenerated pair withinx′. Hencex′ is in K and
x′θ is in R. It then follows thaty′ is in R−1T and then thaty ∈ h(R−1T ).

(ii) h(R−1T ) ⊂ E. Let y′ be in R−1T . Then, there existsx′θ in R such that
x′θy′ is in T . Choose the shortest suchx′θ. The wordx′ is in K, so it is not prime.
Moreover, the iterative pair that it contains has an image byh which is an iterative
pair ofh(x′θy′). So, we can find infinitely many words leading to the same result than
x′. These words have images underh which are of increasing length because, asx′

was choosen as short as possible, the iterative elements inx′ have a nonempty image
by h. Then, there will exist a wordx′′ leading to the same result thanx′ such that
|h(x′′)| > |h(y′)|. This implies thath(y′) is in E.

So, putting together (i) and (ii), we haveE = h(R−1T ) and thusT is a generator.
�

We can now prove Theorem 3.22.
PROOFOFTHEOREM 3.22. Suppose that there exists a family{T1, T2, · · · , Tn, · · · }
of deterministic languages generatingNge. Then, there would exist an integerk such
that the languageL is in T (Tk). Thus, for some alphabetic morphismsg, h and some
regular languageR, one would haveL = h(g−1(Tk) ∩ R). SetT = g−1(Tk) ∩ R,
thenL = h(T ) with T a deterministic language. By Proposition 3.25,T is a generator
of Alg and obviously, so isTk. Then{T1, . . . , Tn, . . .} will generateAlg. �

Observe that this result shows in particular that ifNge is principal, it has no deter-
ministic generator. On the other hand, this proof leaves open the following

QUESTION. May Nge be generated by a family of unambiguous languages ?
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3.5 Intersection of principal cones

It is easily verified that the intersection of two cones is again a cone. However, it is
not known whether the intersection of two principal cones ofcontext-free languages
is again principal. (There is a counter-example by Ullian [63] concerning noncontext-
free cones. In his definition, morphisms are required to be nonerasing.) In fact, for no
pair of context-free principal cones, the status of the intersection is known, excepted in
trivial cases.

Among the various conjectures concerning these problems, two were recently dis-
proved by Brandenburg [19] and Wagner [65]. Consider the languages

S = {anbn | n ≥ 1} , Copy = {w#w | w ∈ {a, b}+} .

3.26. THEOREM (Brandenburg [19]).Let B = {aibjcmdn | i 6= m or j ≤ m ≤ n}.
ThenB ∈ Lin ∩ Rocl, butB 6∈ T (S).

This result shows thatLin ∩ Rocl strictly containsT (S), disproving the conjec-
ture that these two cones coincide. It leaves open the question whetherLin ∩ Rocl is
principal. The proof is delicate, and we omit it here.

3.27. THEOREM (Wagner [65]). Let W = {u#v#w | v 6= u∼ or v = w}. Then
W ∈ Lin ∩ Reset, butW 6∈ Ocl.

PROOF (Sketch). Clearly {u#v#w | v = w} is in Reset. On the other hand, as
{u#v | v 6= u∼} = {fag#g′bf ′ | a, b ∈ A, a 6= b, |f | = |f ′|}, we see that
{u#v#w | v 6= u∼} is in Reset. HenceW ∈ Reset. Similarly, asW can be written
{u#v#w | v 6= u∼ or w = u∼}, we have thatW ∈ Lin and, consequently,W ∈
Lin ∩ Reset.

The fact thatW 6∈ Ocl is more delicate. The argument can be sketched as fol-
lows. It is known that any counter pda may be assumed to be realtime [34]. Hence, the
height of the pushdown store after reading an input of lenghtn is bounded byk.n for
some fixedk. It follows that the number of different possible configurations reached
then is bounded byk′.n for somek′ (remember that the pda is just a counter). On
the other hand, after readingu#u∼#, the only possible suffix isu∼. So, any config-
uration reached after readingu#u∼# will acceptu∼ or nothing. This shows that no
successfull configuration can be simultaneously reached byu#u∼# andu′#u′∼# for
u 6= u′. But, the number of different such words is2n whence the number of different
configurations is at mostk′n. Hence the contradiction. �

Note that Brandenburg [19] shows the same result using, instead ofW , the lan-
guage

{aibjcmdnarbscpdq | i 6= n or j 6= m or

(i = n = r = q andj = m = s = p) .

In the same direction, we mention the following result.

3.28. THEOREM (Brandenburg [19]).LetC be the language defined by

C = {aibjcmdn | i 6= n or (i ≥ j andj = m)} .

ThenC ∈ Rocl ∩ Reset andC 6∈ Lin.

Finally, let Queue be the cone of languages accepted by queue machine (FIFO
languages or simple Post languages).
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3.29. THEOREM. LetS(2) = {anbmcmdn | n, m ≥ 0}. ThenS(2) ∈ Lin∩Queue, but
S(2) 6∈ Ocl andS(2) 6∈ Reset.

3.30. COROLLARY. The languageS = {anbn | n ≥ 1} is not a generator of any of
the following cones :Lin ∩ Rocl, Lin ∩ Reset, Rocl ∩ Reset, andLin ∩ Queue.

4 Context-free groups

There exist several relations between context-free languages and groups, such as the
Hotz group described in Section 1, or the definition of the two-sided Dyck language
as the set of words equivalent to the empty word in the morphism of the free monoid
onto the free group. This section describes recent results,mainly by Muller and Schupp
[46, 47, 48] on the reverse probleme raised by Anisimov [1] : Consider a presentation of
a finitely generated group, and consider the language of all words which are equivalent
to the empty word. This language may or may not be context-free. What does it mean
about the group that the languageis context-free ? Before we give some recent answers
concerning this question, let us recall some basic concepts.

4.1 Context-free groups

4.1.1 Presentation

A presentationof a groupG is defined by an alphabetA, and a setR of relators. A new
alphabetĀ, disjoint fromA, is chosen, with a bijectiona 7→ ā betweenA andĀ. This
bijection is extended toA∪Ā by settinḡ̄a = a. Forw ∈ (A∪Ā)∗, w = a1a2 · · · an, the
word w̄ is defined byw̄ = ān · · · ā1. The relators are pairs(u, v) of words. SinceG is
wanted to be a group, thetrivial relations(aā, 1), for a ∈ A∪Ā are tacitely required to
be inR and are omitted in the notation. Then any relation(u, v) is equivalent to(uv̄, 1)
and thereforeR may also be considered as a subset of(A ∪ Ā)∗. The pair〈A; R〉 is a
presentationof G if G ≃ (A ∪ Ā)∗/[R], where[R] is the congruence generated byR.
The group is finitely generated ifA is finite.

4.1. EXAMPLE . The free commutative group overA = {a, b} is defined byR =
{ab = ba} (It is easier to read equations than pairs). In the free monoid over the
alphabetA ∪ Ā = {a, b, ā, b̄}, this relator, together withaā = āa = bb̄ = b̄b = 1,
induces other relators, such asāb̄ = b̄ā, ab̄ = b̄a etc... In fact, this free abelian group is
isomorphic toZ2.

4.1.2 Word problem

Let G be a finitely generated group with presentation〈A; R〉. Theword problemof
G (more accurately one should say the word problem of the presentation), is the set
W (G) of words overA ∪ Ā that are equivalent to the empty word.

4.2. EXAMPLE . For the free groupF (A) over ann letter alphabet, the word problem
is the two-sided Dyck languagêD∗

n which is context-free.

4.3. EXAMPLE . It is easily seen that the word problem for the free abelian group
〈a, b; ab = ba〉 is the set of wordsw ∈ (A∪Ā)∗ such that|w|a = |w|ā and|w|b = |w|b̄.
This language is not context-free.

33



A finitely generated groupG is calledcontext-freeif there exists a presentation
〈A; R〉 of G for which the word problem is a context-free language. The following
observation states that context-freeness is a property of the group and not of the pre-
sentation.

4.4. PROPOSITION. Let G be a context-free group. Then the word problem of any
finitely generated presentation ofG is a context-free language.

Thus, the free group is context-free, and the free abelian group with two generators
is not.

4.1.3 A global characterization.

The question to determine the context-free groups was raised by Anisimov. It was
solved by Muller and Schupp [47] up to a special argument contributed by Dunwoody
[25]. It uses also a theorem of [60] concerning the structureof groups with more than
one end (in the sense of Section 4.3 below).

First, we recall that a groupG is virtually free if G has a free subgroup of finite
index.

4.5. THEOREM. Let G be a finitely generated group. ThenG is context-free iffG is
virtually free.

It can be expected that there is a relation between special groups and special con-
text-free languages. One such result has been given by Haring-Smith [37] : the word
problem of a finitely presented group is freely generated by asimple context-free lan-
guage [38], if and only if the group is a free product of a free group of finite rank and
of a finite number of finite groups.

4.2 Cayley graphs

In this section, we describe a characterization of context-free groups by a triangulation
property of the Cayley graph associated to one of its presentation.

Let G be a finitely generated group and let〈A; R〉 be a presentation ofG with A
finite. TheCayley graphΓ (G) of the presentation has as vertices the elements ofG.
The edges are labelled by elements of the alphabetA ∪ Ā. There is an edge fromg to
g′ labelled byc iff gc ≡ g′ mod [R]. For each edge, there is an inverse edge, fromg′

to g and labelled bȳc.

Figure 7: Cayley graph ofZ

4.6. EXAMPLE . Figures 7–9 represent the Cayley graphs of the free group with one
generator, the free abelian group with two generators and the free group with two gen-
erators. In drawing graphs, we represent only one of the paircomposed of an edge
and of its inverse. Each edge being labelled (by a letter), the label of a path is the
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word composed of the labels of its edges. Clearly any label ofa closed path (a cy-
cle) is in the word problem of the representation, and conversely. A cycle issimpleif
nonconsecutive edges do not share a common vertex.

Figure 8: Cayley graph ofZ2

Figure 9: Cayley graph of the free group with two generators

A diagonal triangulationT of a simple cycleP is a triangulation ofP with the
following properties:

(1) The vertices of the triangles are among those ofP .
(2) Each new edge has a label over(A ∪ Ā)∗; these labels are such that reading

around the boundary of each triangle gives a relation which holds in the groupG.
A boundfor the triangulation is an upper bound to the length of the new labels.

4.7. EXAMPLE . In the free abelian group over{a, b}, a closed path is given in fat lines
in Figure 10, the additional edges are drawn in thin lines. A bound for the triangulation
is 3. There is also a triangulation of bound 2, but none of bound 1.

Figure 10: Triangulations inZ2

The Cayley graph can beuniformly triangulatedif there is an integerK such that
every simple cycle admits a diagonal triangulation with boundK.

4.8. THEOREM. A finitely generated groupG given by a presentation〈A; R〉 is con-
text-free if and only if its Cayley graph can be uniformly triangulated.
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PROOF (Sketch). Take a reduced context-free grammarG = (V, A ∪ Ā, P, S) gener-
ating the word problem, in Chomsky normal form (see Section 1.1). For each variable
X , let uX ∈ (A ∪ Ā)∗ be a fixed word generated byX . Let

w = a1a2 · · · an (ai ∈ A ∪ Ā)

be the labels of a simple cycle, and assumen ≥ 4. SinceS
∗→ w one has

S → XY
∗→ xy x = a1 · · ·ai, y = ai+1 · · · an .

Introduce a new edge from the starting point of the first edge to the endpoint of theith
edge with labeluX(= u−1

Y ). Then the relationsuX = a1 · · · ai, uY = ai+1 · · · an hold
in G and the cycles are shorter.

The reverse construction is similar. First, a variableXu is introduced for any word
u ∈ (A∪Ā)∗ of length less or equal to the uniform bound. Then productionsAu → u,
andAu → AvAw, are introduced wheneveru = vw in the groupG. Finally, one
shows by induction on the length of the cycles that ifu1, · · · , un are the labels of the
edges of a cycle, each of bounded length, thenA1

∗→ Au1
Au2

· · ·Aun
. �

This proof shows that in a context-free groupG there always exists a finite subset
H with the following property : any wordw in the word problem ofG can be split
into two partsw1w2 such that eachwi is a product of elements ofH . In some sense,
the constructed grammar just takes this setH as set of variables. It is then easily seen
that the grammar generates a pre-NTS language. On the other hand, a very similar
construction has been used to show that some special languages are NTS [4]. So, it
was natural to ask if the above proof could be improved to get the following theorem:

4.9. THEOREM. Any context-free group has a NTS word-problem.

No proof of this result is known which uses the triangulationresult. However, using
a constructive characterization of virtually free groups,the above theorem was recently
shown to be a consequence of Theorem 4.5 [5]. Note that theorem 4.9 may be used
to construct a set of generators in a context-free group in such a way that the uniform
bound of Theorem 4.8is1.

4.3 Ends

The triangulation result of the previous section gives a “local” characterization. We
now quote a more global one.

Let Γ be the Cayley graph of a finitely generated presentation of a groupG Denote
by Γ (n) the subgraph with vertices at distance at mostn from the origin (the vertex
with label 1), and letkn be the number ofconnected componentsin Γ − Γ (n). The
number of endsof Γ is limn→∞ kn.

4.10. EXAMPLE . For the Cayley graph of the infinite cyclic group, the numberof ends
is 2. For the free abelian group, the number of ends is1; for the free group with two
generators, the number of ends is infinite.

4.11. PROPOSITION. If G is an infinite context-free group, then the Cayley graph of
one of its finitely generated presentations has more than oneend.

Stallings [60] gives a complete description of the structure of groups with more
than one end.
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This result, showing that there must be several ends for a context-free group, will
now be opposed to a statement which claims that there must be only few nonisomorphic
subgraphs. For this, we need some definitions.

Let n ≥ 0, and letC be a connected component ofΓ − Γ (n). A frontier pointof
C is a vertexu of C at distancen + 1 from the origin. Ifv is a vertex ofΓ at distance
sayn + 1, we denote byΓ (v) the component ofΓ − Γ (n) containingv, and by∆(v)
the set of all frontier points ofΓ (v).

An end-isomorphismbetween two subgraphsΓ (u) andΓ (v) is a label preserving
graph isomorphism that maps∆(u) onto ∆(v). The Cayley graph iscontext-freeif
the set{Γ (v) | v a vertex ofΓ} has only finitely many isomorphism classes under
end-isomorphism.

4.12. THEOREM. A group is context-free if and only if its Cayley graph is context-free.

4.13. EXAMPLE . Consider first the infinite cyclic group. There are exactly two iso-
morphism classes. For the free abelian group with two generators the number of
frontier points of the unique connected component ofΓ − Γ (n) grows quadratically
and therefore all these components are non isomorphic. Thusthe Cayley graph is not
context-free. For the free group over two generators, againthere are four isomorphism
classes.

There is a strong relation between context-free graphs and pushdown automata.
Muller, Schupp [48] proved this last theorem.

4.14. THEOREM. A graph is context-free if and only if it is the complete transition
graph of a pushdown automaton.
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de parenthèses, langages NTS et homomorphismes inverses,RAIRO Informa-
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théorique19 (1985), 125–136.

[16] L. BOASSON, A. PETIT, Deterministic languages and nongenerators,RAIRO
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