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The Euclid Algorithm.

On the input (u,v), it computes the gcd of u and v, together with
the Continued Fraction Expansion of u/v. vy :=v; v1 := u;v9 > v1

( Vo = ™M1v1 + V9 0<vy <1 \
(] = MovUo + Vs 0 <wvsg < vy
\ = + 0
Up—o = Mp_1Up—1 + Up 0<wv, <v,—1
| Up—1 = MpUp + 0 Upt1 =0

v, 1s the ged of w and v, the m;’s are the digits. p is the depth.
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Analysis of the Euclid Algorithm.
Set of inputs (), = {z = E; 0<u<w, lv):=|lgv] +1=n},
v

endowed with the restriction of some density f on [0, 1] to €,

f(z)

Pr @) = = )

Before: Probabilistic behaviour of the main parameters of the al-
gorithm, which may depend on digits m; and/or remainders v;

Study their mean value, their moments... or their distribution
Here:
FEvolution of the density of ) := v, /v, 1 during the execution
— first a natural problem,

— crucial in the analyses of fast versions of the algorithm.



A discrete problem. What is known about its “continuous” version?

The trace of the execution of the Euclid Algorithm on (vq,vg) is:

(v1,v0) — (vo,v1) = ... = (Vp—1,Vp) — (Vpt1,Vp) = (0,0,).

(%

Replace the integer pair (v;, v, 1) by the rational x; := :
Ui—1

The division v, | = m,;v; + v;. | is then written as

1 1
i+1 = —— — | i+l = i)s W
Tit+1 . L%J or i = T (x;) here

T:00.1] — [0,1], T(g;);:%—EJ for # 40, T(0)=0

An execution of the Euclidean Algorithm
= A rational trajectory of the Dynamical System (|0, 1],7) (that reaches 0).






The Euclidean dynamical System (II).

A dynamical system with a denumerable system of branches (17,,))m>1,

1 1 1
Ti1: 1 T = — —
[m] ]m+17m[ ]07 [7 [m](aj) . m
The set 'H of the inverse branches of T is
1 1 1
=4 hp,y 20,1 ,—; i, =
H :={ hpm) :]0,1] ]m+1m[ im] () m+x}

The set 7 builds one step of the CF’s.

The set " is the set of the inverse branches of 7";
it builds CF’s of depth n.

The set 7" := | JH" builds all the (finite) CF’s.



The transfer operator in the continuous world

The density transformer H expresses the new density f; as a function
of the old density fy, as fi = H|[fy|. It involves the set ‘H,

Hflo) = Y W@ Fohta) = X ot £ ()

heH m>1

After n steps of the process, the density f, is H"[f].
And for n — oo? Is there a limit for f,,7
If yes, fs is fixed for H.

1 1
log2l4z

Gauss remarked that ¢(z) : satisfies H]p| = .

Further, it was proven that,
for any smooth fy, the density [, converges to ¢, with an exponential speed.



The similar questions in the discrete world.

The Euclid algorithm always ends with a rational =, — 0.

Then, for any initial discrete density fo,
the final density f., corresponds to a Dirac distribution at = = 0.

And, in the “middle” of the algorithm 7 A natural question,
also very important in the analysis of fast variants of the algorithm.

The HG algorithm simulates the first part of the algorithm,
and stops as soon as the remainder v; has lost n/2 bits.

Remind: n = the number of bits of v = vy.

There exists a Divide and Conquer strategy for computing HG.
For writing the corresponding equations,

we need knowing the evolution of densities.



Main algorithmic parameters of interest.
Consider § € [0, 1], and denote by P the depth. We wish to study:

— the length of the remainder at the fraction 0 of the depth, namely
Vs = log v, for = [0P].

— the stopping time Ps:
Ps  := the smallest k for which  /(vy) < (1 —9) - n.

— the evolution of the densities, namely the distribution of
Tog~ = T = Vg /Up_1 when £k = Ps.
to compare with the distribution of

T(5) 1= Tk = Uk /Vk—1 when k= [0P].



What can be expected about Vs?
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Asymptotic gaussian law for Vs := logv; for : = |0 P|

Theorem 1. [Lhote-V. 05] For any rational § of |0,1[, the length

Vs is asymptotically gaussian, with speed of convergence of order
(1/4/n). Moreover,

En ¢ [Vs]=(1—0) -n+pi(6) +027"7),

A1)
[A(1)]
Here, v > 0 depends on d, and on the width o of a strip free of

Vn,f[v5] — 5(1 o 5) T+ P1 (5) + 0(2—717)7

poles.

A “discrete version” of a well-known “continuous” result :

The logarithm of the n-th continuant of a real x € 7 asymptotically

follows a gaussian law, when 7 is endowed with a density of class C'*
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Stopping time P;.

Theorem 2. [Cesaratto-Clément-Daireaux-Lhote-Maume-V.] (06)
For any ¢ €]0,1], the stopping time Py is asymptotically gaussian on
Q,,, with a speed of convergence of order O(1/./n). Moreover,

2 log 2 -
E, +[Ps] = \A/(gm Sn 4 i () + 027,
A//(l)

Y, f[Ps] ~ 2log?2 \ S0t pr(6) + 02,

A/(1)3

Here v depends on d and on the width o of a strip free of poles.
An exact extension of the particular case 0 = 1, when FPs = P is the

total number of iterations.
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Now, what about the distribution of rationals 7;) and 5.7

We recall:
Tog~ = T = Vg /Up_1 when k= Py,
to be compared with the distribution of

x[(g] =T = 'Uk/'Uk—l when k= L5PJ
We already know that logv|sp) ~ (1 —0)n and Ps ~ ) P;

We thus can expect the distributions of x5) and x5~ to be close....

.. and involve the limit density of the continuous world,

the
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Distribution of the rationals x s
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14 F Experimental, 6 steps
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After k = 6 steps.
8 388 608 rational are drawn from (245

according to the uniform distribution.
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Distribution of the rationals x5 and x4~

Density probability
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Distribution of the rationals r.s- and z

Theorem 3. [Cesaratto-Clément-Daireaux-Lhote-Maume-V.] (06)
The probability that x5) belongs to the interval J satisfies

P, [z € J] = ( /J gp(t)dt) L+ B (8,)].

The probability that x.s~ belongs to the interval J satisfies
P floess € J] = ( [ v dt) +8L(6.))

1 1 12 log(m + z)

log2 1+’ w(x):§m>1(m+x)(m+x+1)°

with ¢(x) =

For instance: (3, (0,.J) = O(|.J|)+ O(2=71=I" 10 (2—t

TP
where o is the width of the strip free of poles.
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Role of ¢ and

Recall that the operator H is HI[f](z) := Z ( 1 / ( 1 )

Extend it into a transfer operator H,

HA) = Y ot ()

m X
m>1 T

and consider its derivative AH, with respect to s,

d log(m + x) 1
AH, = —H| = —2 :
@) = - g; it ) Qn+x)
The Gauss density ¢ satisfies H|p| = .
: : : 12 log(m + x)
The densit tional to AH|p|, = —
e density 1/ is proportion o],  Y(x) 5 2 (m o) (m Lzt D)
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Role of the transfer operator in the discrete world.

The Euclid Algorithm builds a bijection between (2 and H*:
(u,v) — h  with — = h(0).

det h

ar +b
th h(x) =
. () (cx + d)?

Main fact. If h:z+— h(z) = L
cx

U

1
Here, for coprime (u,v), if - h(0),  then — = [A(0)].
v

H” generates the rationals of depth £.
(I — H,)~ ! is a generating operator for rationals wrt to their depth.

With some of its extensions, this is our main tool.
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Generating functions.

The basic one is:

> = -H) 0 =

(u,v)EQ

((2s —1)

(@)

More generally, the generating function of cost C,

Z Uis exp|wC(u, v)]

(u,v)eN

involves operators G, ,, which are perturbations of (I —H)~'. They

can be viewed as (non classical) Dynamical Zeta Functions

The singularities of Gg 4, are ....

perturbations of singularities of (I — H,)™?

The spectral properties of the operator Hg are now well known;

... (I —H,) ' possesses near s = 1 a vertical strip free of poles.
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Example: Interpretation of the operator AH,

S

The coefficient of m 2% in the Dirichlet series

1
— I—-H,) '[1;-AHso (I —H,)'[f]] (0
o H 7 1, AHL o (T - HL) (7] 0
P(u,v)
is Z Cy(u,v) where Cj(u,v) = Z (lgvg—1 — lgvg)
(u,v)€Q, k=1
v=m rpeJ

is the number of bits lost when one goes through interval J.

Then, the (average) proportion of bits lost when going through J is

1 - Cy(u,v
~E,[Cy] = 2wty O 0)

N 61;;52 /JAH[go](t)dt:/Jw(t)dt
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Expression of Dirichlet series of interest

for studies at a fraction of the depth

Remainders at § P (for Thm 1):

S HE-W o HEPI ) (0)

p>1

Distribution of x5 (for Thm 3):

> H o1, - HEP)(0)

p=>1

Roéle of parameters:

s marks the size of the input, w marks the size of the remainder.
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Expression of Dirichlet series of interest
for studies related to stopping times

Distribution of z.5~ (for Thm 3) studied via:
(I —Hapw) o1y [Hepw — Hy] o (I —H,)7[f]] (0)
Stopping time Ps (for Thm 2) studied via:
(I —Hgyw) o [Hypw — Hylo (I —eH,) 7 [f1(0)

Role of parameters:

s marks the size of the input, w marks the size of the remainder,

t marks the (partial) number of iterations.
First extraction wrt w, then a second extraction wrt s

The parameter ¢ is not introduced at the beginning, but, after ex-

traction of coeflicients.
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Main results of the talk:

Description of the densities during the execution of the algorithm.

Bslotg € 7] = ([ e(0dt) 11+ 5,6.)

P flocss € J] = (/wc@ 1+ BL(5,7))]

for instance: 8 (0,.J) = O(|J]) + O(2~7=0m) 4.0 (275

’J’S/Z

Work in progress: What about phase transitions?

What does happens
at the beginning (0 — 0) or at the end (0 — 1) of the algorithm?

How does appear the Dirac distribution at @ =07

Further projects: Higher dimensions
.. towards the analysis of the LLL algorithm....
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