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Plan:

• 1 processus aléatoire

• 1 algorithme        + un probléme

• 1 arbre
 + un théorème puissant    → solution du

                  (pas de aléa discret)
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I

• soit X un processus ponctuel de Poisson dans R2

         

• formellement: 
     trouver une fonction d’attribution
                  ΨX: R2→X ∪ {“libre”},

invariante par des translations: ΨτX = τΨXτ-1.

• ex.: Ψ minimise |z - Ψ(z)| pour chaque z
           ⇒  diagramme de Voronoï          (algorithme?)

Comment peut-on partager le plan
entre les sites de X ? (centres)
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I
• Voronoï  + appétits ⇒  alg. de Gale-Shapley pour le...

STABLE MARRIAGE OF POISSON AND LEBESGUE
               (Hoffman, Holroyd, Peres ‘06)

• quelques résultats:   
α<1: il reste l’espace libre  ( => chaque centre est satisfait)

α=1: tout est occupé, chaque centre est satisfait,
α>1: certains centres ne sont pas satisfaits. 

• territoires Ψ-1(x) sont bornées p.s. (mais pas connexes).

( => pas de 
    espace libre)

question: pour α=1 construire une attribution 
               avec des territoires connexes
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II
• MST(G):  arbre couvrant minimal du graphe fini G          
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II
• MST(G):  arbre couvrant minimal du graphe fini G          

Propriété:  e est l’arête la plus 
longue  dans certain cycle γ de G:  

     ⇒  e ∉ MST(G)
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II
• MST(G):  arbre couvrant minimal du graphe fini G          

Propriété:  e est l’arête la plus 
longue  dans certain cycle γ de G:  

     ⇒  e ∉ MST(G)
Définition:

  MSF(G) = { e |                                 }
               

il n’existe pas de cycle γ t.q.
e est l’arête la plus longue du γ

(bon pour un graphe infini, mais en général c’est un forêt)
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II
• MST(G):  arbre couvrant minimal du graphe fini G          

Propriété:  e est l’arête la plus 
longue  dans certain cycle γ de G:  

     ⇒  e ∉ MST(G)
Définition:

  MSF(G) = { e |                                 }
               

il n’existe pas de cycle γ t.q.
e est l’arête la plus longue du γ

(bon pour un graphe infini, mais en général c’est un forêt)

Théorème [Alexander ‘95]:

     X -- processus ponctuel de Poisson dans R2

          ⇒ MSF(X) est un arbre avec un seul bout              
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II
• MST(G):  arbre couvrant minimal du graphe fini G          

Propriété:  e est l’arête la plus 
longue  dans certain cycle γ de G:  

     ⇒  e ∉ MST(G)
Définition:

  MSF(G) = { e |                                 }
               

il n’existe pas de cycle γ t.q.
e est l’arête la plus longue du γ

(bon pour un graphe infini, mais en général c’est un forêt)

Théorème [Alexander ‘95]:

     X -- processus ponctuel de Poisson dans R2

          ⇒ MSF(X) est un arbre avec un seul bout              
⇒    R2 \ MST(X) est simplement connexe
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exemple:
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MST et Riemann
• D := R2 \ MST(X) simplement connexe

   ⇒  il existe une application  f: D→H (H:= {z: Im(z)>0}),

          t.q. f est conforme, et, en plus, f(∞) = ∞
 

two such functions differ by a conformal automorphism of H which invariates
infinity, i.e. by an affine mapping z → az + b, a, b ∈ R, a #= 0).

f maps X to the real line, but some points may have more than one image.1

More exactly, a point has as many images as it’s degree in T . For those points
we’ll have to split their appetite between the images in some way, e.g. propor-
tional to the angle of the corresponding sector. Let (x′

n, α′

n) be the resulting
points and appetites. In the following we call the countable set {(x′

n, α′

n), n ∈ Z}
the image of X under f .

AB

C

D

E
2ϕ

ϕ 1 − 3ϕ
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2ϕϕ1 − 3ϕ

Figure 1: The image of X under f ; the unit appetite of the center A is split
into three unequal parts.

Now consider the following stable allocation procedure (see [3]):

• Each center starts growing a ball centered in it. All the balls grow simul-
taneously, at the same linear speed.

• Each center claims the sites captured by it’s ball, unless the site was
claimed earlier by some other center.

• Once the center becomes sated (the measure of it’s territory reaches it’s
appetite), the ball stops growing.

Note that from our choice of function f it follows that the set {x′

n, n ∈ Z} is
locally finite (i.e. has no accumulation point other than infinity), so the stable
allocation procedure is well defined.

Applying this procedure to the image of X under f in the half-plane H, with
respect to the Eucledian metric in H and the image λ of the Lebesgue measure
L under f yields certain allocation ψH : H → X ∪ {∞, ∆}.

Lemma 2.1 The allocation ψH thus constructed has connected territories and
is invariant under affine transformations of H.

Proof. The affine invariance follows immediately by construction.
To show that each center has connected territory, consider the following. Let

A be a center, necessarily located at the boundary of H, and let DA = ψ−1

H (A)

1a more formal definition would require the notion of corner, i.e. a point between two
consecutive edges of the unique face in R2\T , considered as a single-faced planar map; or
equivalently, a class of equivalence of points, converging to the center x in the path-metric in
R2\T induced by the Euclidean metric in R2.

2

• remarque: éléments de X ont plusieurs images sous f,
                 il faut partager des appétits

• après on pourra utiliser Gale-Shapley dans H
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MST et Riemann
• D := R2 \ MST(X) simplement connexe

   ⇒  il existe une application  f: D→H (H:= {z: Im(z)>0}),

          t.q. f est conforme, et, en plus, f(∞) = ∞
 

two such functions differ by a conformal automorphism of H which invariates
infinity, i.e. by an affine mapping z → az + b, a, b ∈ R, a #= 0).

f maps X to the real line, but some points may have more than one image.1

More exactly, a point has as many images as it’s degree in T . For those points
we’ll have to split their appetite between the images in some way, e.g. propor-
tional to the angle of the corresponding sector. Let (x′

n, α′

n) be the resulting
points and appetites. In the following we call the countable set {(x′

n, α′

n), n ∈ Z}
the image of X under f .
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Figure 1: The image of X under f ; the unit appetite of the center A is split
into three unequal parts.

Now consider the following stable allocation procedure (see [3]):

• Each center starts growing a ball centered in it. All the balls grow simul-
taneously, at the same linear speed.

• Each center claims the sites captured by it’s ball, unless the site was
claimed earlier by some other center.

• Once the center becomes sated (the measure of it’s territory reaches it’s
appetite), the ball stops growing.

Note that from our choice of function f it follows that the set {x′

n, n ∈ Z} is
locally finite (i.e. has no accumulation point other than infinity), so the stable
allocation procedure is well defined.

Applying this procedure to the image of X under f in the half-plane H, with
respect to the Eucledian metric in H and the image λ of the Lebesgue measure
L under f yields certain allocation ψH : H → X ∪ {∞, ∆}.

Lemma 2.1 The allocation ψH thus constructed has connected territories and
is invariant under affine transformations of H.

Proof. The affine invariance follows immediately by construction.
To show that each center has connected territory, consider the following. Let

A be a center, necessarily located at the boundary of H, and let DA = ψ−1

H (A)

1a more formal definition would require the notion of corner, i.e. a point between two
consecutive edges of the unique face in R2\T , considered as a single-faced planar map; or
equivalently, a class of equivalence of points, converging to the center x in the path-metric in
R2\T induced by the Euclidean metric in R2.

2

• remarque: éléments de X ont plusieurs images sous f,
                 il faut partager des appétits

pre-images sous f-1
_

• après on pourra utiliser Gale-Shapley dans H
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attribution dans H
• Comme f(∞) = ∞, f(X) est localement fini, on peut 

utiliser Gale-Shapley dans H (avec une mesure Leb⋅f)
pour construire une attribution Ψ’,
                         Ψ’: H → f(X)

• les territoires de Ψ’ sont connexes:

be it’s territory. Consider the ray AA′, perpendicular to R. If some point x on
AA′ doesn’t belong to DA, that’s because the center got sated before reaching
x, so no further point on AA′ belongs to DA. Thus the intersection of DA with
A is a segment AK.

A

K

B

Y

Z

Figure 2: Every point of DA can be reached from A

Now consider an arc of a circle centered in A and intersecting AK in some
point Y , and follow this arc to the right (or left) from Y . Once we meet a point
Z /∈ DA, there must be a center B such that BZ ≤ AZ, so no further points on
the arc belong to DA. Thus every point of DA can be reached from A, and DA

is connected.

Now apply the inverse map f−1 to ψH . i.e. let ψ = f−1ψHf . Clearly, ψ
is an allocation of R2 to X with appetite α, and from the previous lemma it
doesn’t depend on the choice of f .

Lemma 2.2 The allocation ψ is translation-invariant, i.e. if τ : R2 → R2 is
a translation, and ψ′ it the allocation or R2 to τX constructed using the above
procedure, then ψ′ = τ−1ψτ .

Proof. Let X ′ = τX . Clearly, the minimal spanning forest is translation-
invariant, i.e. T ′ := MSF (X ′) = τ · MSF (X). Now f ′ = f τ−1 is a conformal
function that maps R2\T ′ to H, and the image of X ′ under f ′ coincides with
the image of X under f , thus ψ′ = f ′−1ψHf ′ = τ−1f−1ψHfτ = τ−1ψτ .

Lemma 2.3 Under the allocation ψ every center is sated a.s.

Proof. First, it follows from the Galey-Shapley algorithm (see Appendix II
below), that no stable allocation may have both unclaimed sites and unsated
centers. By ergodicity, the existence of unclaimed sites is a 0/1 event; thus we
may assume that ψH , and therefore ψ, have no unclaimed sites.

Now Lemma 16 in [3] states that for any translation-invariant allocation ψ
and any r > 0

P{|ψ(0)| < r} = E
∗ L

(

ψ−1(0) ∩ B(0, r),

where E
∗ denotes the expectation with respect to the Poisson process condi-

tioned to have a center in 0. Taking r → ∞ yields

P{0 is clamied} = E
∗ Lψ−1(0).

3

• f est unique à un homéomorphisme affine de H près,
  =>   Ψ := f-1 Ψ’ f   ne dépend pas du choix de f.
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attribution dans R2

• L’attribution Ψ := f-1 Ψ’ f    
  car X est ergodique  =>
      P( l’origine est occupée )   = E ( territoire typique )
      P( il reste l'espace libre ) = 1|0,  
  par construction de G-S,  
      {il reste l’espace libre} => {chaque centre est satisfait}

• Conclusion: l’attribution Ψ
- a des territoires connexes,
- est invariante par isométries,
- tout les centres sont satisfaits p.s

• simulation?
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