
A
lin

k
b

etw
een

th
e

M
atsu

m
o

to
-Yo

r
p

ro
p

erty
an

d

an
in

d
ep

en
d

en
ce

p
ro

p
erty

o
n

trees

A
.E

.K
oudou

(InstitutE
lie

C
artan,N

ancy,France)

�

T
he

generalized
inverse

G
aussian

distributions

�

T
he

M
atsum

oto-Yor
independence

property
(M

-Y
)

�

A
n

independence
property

on
trees

(B
-K

)

�

M
-Y

as
a

consequence
ofB

-K
in

a
particular

case

1



T
he

generalized
inverse

G
aussian

distributions

T
h

e
g

en
eralized

inverse
G

au
ssian

d
istrib

u
tio

n
s

Let�
�
�

,��
�

and��
� .

T
he

G
IG

distribution
w

ith
param

eters�

,�

,�

is
the

probability
m

easure
:

� �
�	 � 

�� ��	�
�
���

��
��
���
�

��
� 	 ��� � �

�� ���
�� �
�! " ��#$�&%

')(
# 	 �
� 
�

w
here�

�

is
the

classicalM
cD

onald
specialfunction.

O
ne

can
have� �

�

if

�
�
�

or� �
�

if�+*
� .

☞
If� �

,
�- ,the

law

� �
�	 � 

�� ��

is
the

classicalinverse
G

aussian
distribution

w
ith

density

�
�	 �� ��	 
�
� �

�. �/ � �"�
�
0�� �
�� � �
�� �
�! " ��#$� %

')(
# 	 �
� 
�
�
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T
he

generalized
inverse

G
aussian

distributions

☞
If� �

�-

w
e

have
the

reciprocalinverse
G

aussian
distribution

w
ith

density

� �
�	 �� ��	�
�
� �

�. �/ � �"�
�
��� �
�� � �
�� �
�! " ��#$� %

')(
# 	 �
� 
�
�

☞

� �
�	 �� ��

is
the

gam
m

a
distribution

w
ith

shape
param

eter
1/2

and
scale

param
eter�� � -,w

ith
density "� -� � �

��� �
� �� �$� %

')(
# 	 �
� 
�

☞

�
��
�	 �� ��	�


� �
��

� �
�	 �� ��

☞�
�	 ��� ����
�
�	 �-� �� �
�
�	 �� 

�-� ��

☞�
�	 ��� ����
� �
�	 �-� �� �
� �
�	 �� 

�-� ��

☞
IG

and
R

IG
law

s
are

respectively
the

distribution
ofthe

firstand
the

lasthitting

tim
e

for
a

B
row

nian
m

otion.

☞
T

he
G

IG
density

exists
also

as
a

probability
m

easure
on

the
setofpositive

definite
m

atrices,the
case� �

�

defining
W

ishartm
atrices

(see
Letac

and

W
esolow

ski,2000).
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T
he

M
atsum

oto-Yor
independence

property

T
h

e
M

atsu
m

o
to

-Yo
r

in
d

ep
en

d
en

ce
p

ro
p

erty

P
ro

p
o

sitio
n

1
Let� *

� ,��
�

and��
� .

C
onsider

tw
o

independent
random

variables�

and
�

such
that�

follow
s

the
law

G
IG

(� � �� � )
w

hile

�

follow
s

a

gam
m

a
distribution:

G
IG

( ,� � �� � ).
T

hen
the

random
variables

� �
	 �


�� �
�

and

� �
� �
�,

	 �

�� �
�

are

independent.

P
roofby

M
atsum

oto
and

Yor
(N

agoya
M

ath.
J.,2001)

in
the

case� �
� .

Letac
and

W
esolow

ski(
A

nn.
ofP

rob.
,2000)

noticed
thatitis

true
also

if�
�
�
�

and

proved
thatproperty

to
be

in
facta

characterization
ofG

IG
law

s.
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A
n

independence
property

on
trees

A
n

in
d

ep
en

d
en

ce
p

ro
p

erty
o

n
trees

(B
-K

)

F
inite

tree

�

,sets
ofvertices

�

,setofedges

�

,root�

inducing
a

naturalorder
on

the
tree.

T
he

setofallterm
inalvertices,called

the
boundary

of�

,is
denoted

by

�
�

.

s

X
1

X
2

X
3

X
4

X
6

X
5

F
igure

1:
A

tree-netw
ork

w
ith

six
edges

equipped
w

ith
resistances�������

� �
� .

S
uppose

thateach
edge

ending
ata

vertex

	

of �
has

a
resistance �


 .
T

hen,the

totalresistance�

ofthe
netw

ork
is

defined
according

to
the

K
irchoff-O

hm
law

s.
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A
n

independence
property

on
trees

F
or

instance,for
the

tree
illustrated

by
F

igure
1,w

ith
edge

resistances�
�

to�
� ,

the
totalresistance

is

� �
�� 


���
�- 

	 � �
�� 


� �
�� 


� �
��

� �
�� �
�


� �
��

� �
��

To
each

vertex
	
�

�

	

 ��

are
associated

tw
o

positive
realnum

bers�


and�


fulfilling
the

follow
ing

consistency
conditions:

�

F
or

each

	�
�

,�
 �

�

' 

�#��
� �

�

�

the
sum

� �

� ���
�� �


is
the

sam
e

along
allpaths/

starting
from

the
root�

and
ending

ata
term

inalvertex.

P
ro

p
o

sitio
n

2
B

arndorff-N
ielsen

and
K

.(A
dv.

in
A

pplied
P

rob
,1998)

S
uppose

that

the
distributions

ofthe
random

variables	 �

�
	�

�

	

 �� �

are
as

follow
s:

�


�
� �
�	 �
� �
� �
� �
�	 �- � �
� �
�
��
	�
�
�

�


��
�	 �
� �
� �
� �
�	 ,
�- � �
� �
�

��
�� �
�
��� �
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A
n

independence
property

on
trees

T
hen

(i).
the

totalresistance�

ofthe
tree

follow
s

the� �
�	 �� ��

distribution,
w

here
� �


� ���
�� �


and� �


� � �
�
 �

(ii).
the

variables

� �


� �
� -
 �



,
� -�

and
� �


� �
� -
 � �
�


,
� -� �
��

are
independent,th

e
vecto

r	 �
� ��

an
d

th
e

variab
le�

are
in

d
ep

en
d

en
t.

F
urtherm

ore,�

is
gam

m
a-distributed

w
ith

param
eters �

and
2, �

is

gam
m

a-distributed
w

ith
param

eters�

and
2,w

here� �
� �
� �� � �
�

-

is
halfthe

num
ber

ofinternalvertices
and� �

� � �
� ��

-

.
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B
-K

im
plies

M
-Y

in
the

case

�

�

�

��

O
u

r
resu

lt
:

L
in

k
b

etw
een

M
-Y

an
d

B
-K

P
ro

p
o

sitio
n

3
T

he
independence

property
established

in
B

-K
(1998)

im
plies

the

case� �
,
�-

ofthe
M

atsum
oto-Yor

independence
property.

P
R

O
O

F:
Let��

�

and��
� .

W
e

recallthatthe
inverse

G
aussian

law �
�	 �� ��

considered
in

B
-K

is
the

case� �
,
�-

ofthe
law

G
IG

(� � �� � ).
C

onsider
tw

o

independent
random

variables �
and

�

such
that�

follow
s

the
law

G
IG

( ,
�- � �� � )

w
hile

�

follow
s

a
gam

m
a

distribution:
G

IG
( �- � �� � ).

Letus
apply

B
-K

to
the

trivialtree
ofF

igure
2.8



B
-K

im
plies

M
-Y

in
the

case

�

�

�

��

s 1 2

YX

F
igure

2:
A

tw
o-edge

tree
w

ith
resistances�

and

�

.

S
uppose

the
edge	 ����

�

has
resistance�

w
hile

the
term

inaledge	 �
� ��

has

resistance

�

.
T

hen
the

consistency
conditions

and
the

assum
ption

ofB
-K

are

fulfilled,and
itcom

es
from

(ii)
ofP

roposition
3

that �
and�

are
independent.
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B
-K

im
plies

M
-Y

in
the

case

�

�

�

��

B
utw

e
have

for
this

trivialtree,

�
�
�
� �

and

�
�
���
�

�	

���
�

�	�
���
� �

�	

� �
� �
�

�	��


T
hus� �

� �
�

�	

and�
�	


� �
� �
�

�	

are
independent,

w
hich

is
the

M
atsum

oto-Yor
property.

�
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