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1 The Cramer-Lundberg, renewal and per-
turbed reserves models:

X, = z4+pt—St) +Y() (1)
N(t)
S(t) = > 7

where x denotes the initial reserve of an insurance com-
pany, p is the premium rate per unit of time, the i.i.d.
random variables Z; with distribution function B(z) are
the "claims”, and IV; is a counting process ). Alterna-
tively, we have a SDE with constant coefficients

dX; = pdt —dS(t) +dY(t)|
A more realistic model, including an interest rate r, is

the GOU

dX; = (p+rXy)dt —dS(t) + dY(t)

! Quite similar to the classical risk model is the M /G /1 workload model used in queueing
theory, where only upward jumps are allowed ( the stationary distribution of the M/G/1
workload coincides with that of the ruin problem).




2 The ruin problem

Let ng , Ty denote the times of first pas-
sage:

T; =inf{t >0: Xy >y}
and

Ty = inf{t > 0: Xy <y}
When y = 0, 7 :== 79 = inf{t > 0 :
Xt < 0} is also called ruin time.

Classical risk theory is concerned with

the harder downwards first-passage in
the "non-smooth exit” direction, espe-
cially with the finite-time ruin or sur-
vival probabilities

Y(t,x) = Pyt < t

Y(t,x) = Pt >t =1—(t,x).
Analytical results are sometimes avail-
able for the "ultimate/perpetual” ruin
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probability
P(x) = PyT < o0

and for the "killed” probabilities of pas-
sage before an independent exponential
horizon £(q) of rate ¢:

by(x) = Prl1 < E(q)] (2)

= / ge "' P[T < t]dt = / e Mp(dt,z) = Be "
0 0

Since killed ruin probabilities are the Laplace-Carson transform in time of (¢, z), their knowledge
allows recovering the finite time ruin probabilities by inversion of the Laplace transform numerically/by

Erlangization/by Laguerre transforms.

Example 1 With exponential claim sizes
of intensity u, the ultimate ruin proba-
bility is:

A
Y(x) = Ce 7" where v = u— \/p > 0, C:% < 1.

Formulas involving matrix exponentials

are available more generally when the
claims are phase-type (with rational Laplace
transform).



The distinction between crossings up
and down appears already in one-dimensional
diffusion/BD theory, where the space
of ”¢— harmonic functions, i.e. so-
lutions of the " Sturm-Liouville equation”
with given boundary values

Lf(x) —qf(z)=0,¢>0  (3)

is two-dimensional, and may be gen-
crated by an increasing and a de-
creasing positive solutions (unique
up to a constant) gpqi(a:), which will be
called monotone solutions.

In diffusion theory, these monotone
solutions intervene for example in the



Laplace transform of the hitting time:

( o+ +£E'

+ ) —
Gylyle) = < aol
Fpe 1y = 2070 4 >y
\ pq (Y)
(these may be derived either from (3)
+ boundary conditions, or by optional

stopping of the martingales e_qtgoét(Xt)).

”Spectrally-negative” processes like (1) continue to have a special increasing g— harmonic function
(which in the Levy case is simply exponential), and a multiplicative structure for first-passage upwards,
in the direction of the ”smooth exit”.

Below, we will study more stringent survival requirements, like the "regulated survival probability”

(@ (z) that the risk process X (&) never crosses under the piecewise-linear barrier b(t) = (x — dt) .

Figure 1: Regulated survival



3 Levy processes, Levy-Khyncin, Wiener-Hopf.

When N is Poisson, the reserves process (1) is an exam-

ple of Levy process without upward jumps/spectrally
negative. Typically, results about Levy process maybe
expressed in terms of the cumulant generating func-

tion /symbol /kernel (0):

k(0) =t 10g(E [eeX(t)] )

A related important function is the inverse g+ = ®(q) of k(0), i.e. the largest nonnegative solution
0 = ®(q) of "Lundberg’s equation”

k(0) —q =0, Vg >0, (4)
included the analyticity domain © = {6 € R: x(0) < co}.

Example 2 The cumulant exponent of the Cramer-Lundberg model X (t) = X (0)+pt+oW; — vaztl Z;
?perturbed” by an independent standard Brownian motion W is:

0262 -
K(0) = 5 + pf + A(b[0] — 1)

The absence of jumps or the presence of only phase-type jumps in one direction simplifies considerably
the analysis of Levy models 2.

4 Asymptotic one dimensional results

The cgf k(0) of a spectrally negative Levy process X; is well defined on some maximal open domain (I, co)
including the positive half axis. The cases | < 0,x(l) > 0,1 < 0,x(l) < 0, and I = 0, known respectively

as Cramer’s type, "almost exponential” and subexponential, give rise to different asymptotic behavior.

2While general Levy processes require a ”Wiener-Hopf factorization” of (??), in the
”spectrally one-sided/phase-type cases this reduces to finding a finite number of nonneg-
ative/nonposative roots; furthermore, this may be achieved via matrix computations, by
representing the symbol in matrix-exponential form. The generator of a Levy process,
which is an integro-differential operator maybe also be viewed as G = k(D), where D is
the first derivative, and where this expression is to be interpreted in the sense of pseudo-
differential operators (in the case of Feller processes, this becomes G = k(x, D)).



Under the Cramer assumption 3y > 0, k(—7v) =
0, k'(—7) > —oo the asymptotic behavior is exponential

lim Plz)

r—oo0 ¢~ %

=C,  |C=—=r(0)/K (=) (5)

$\kappa(\th)$

$-\gamma$

Figure 2: spectrally negative cgf/symbol/kernel

Assume that x(0) is steep, let v > 0, and let 60,0, €
©° be defined by 0, < 0/, k'(0,) = —v and k(6,) =
k(0.). 0, is known as Cramer shift, and ¢! as its conjugate

The asymptotic behavior of the finite-time ruin probabilities
Y(t,x) = P,(7 < t) has first been obtained by Arfwedson (1955) via the
saddle-point method. Later, Hoglund (1990) noted similar results for the

“late ruin probabilities”

w(t,x) = Pt < 7(x) < o0) =1(x) — (t, x)

The modern proof uses the exponential family of
measures { P} defined by shifting the cgf

K'9(0) = k(0 + ) — K(c)
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or by the Radon-Nikodym derivative A(©):

dP) g
1P . — Al )(t) = exp (e(X () — X(0)) — x(c)t)
(6)

for 0 € © .= {6 : k() < oo}. The basic idea is that
asymptotic conditioning on rare events may often be ex-

pressed in terms of the exponential family.

4.1 Approximations for finite-time ruin probabilities
and the limit laws for the process before/after ruin

We show now that the limit laws of X(¢) condi-
tioned on ¢ < 7 and on t > 7, respectively, as x and
t tend to infinity such that x/t = v, are given by

Uy(dr) = e(v) e — )1 o0 (w)da, (7)
Uy(dz) = |e(v)] " Lg.00) (@) + 1o o) (2)]de,

where 0 < v < —K'(=7),0, < 0, < 0 for ¥, and v >
—K'(7),0, <0 < @ for U, respectively, and where ¢(v)

is the function appearing in Arfwedson’s correction term
(53).

Theorem 1 Suppose that there exists a v > 0 such
that k(—v) = 0,K'(—7y) < 0, and that k(6) is steep.



Then the following hold true:

U, = d-— Jim PuX(t) € - |r>1), (8)
v, = d— tlim Pu(X(t) e |t <t), (9)

where d — lim denotes convergence in distribution.

Proof of Theorem 1: We show that the mgfs of the
probability measures on the right-hand side of (8) con-
verge to that of W, by using the mgf of U,: f,(c) =

Oy . Oy _
Op+c Ol +c’ ¢ < —0,, and

POt <71 <00)=POt <)
K5 (0) = K*(v) + K(e) + cv
ZL’[GCX(t>1{t<T}] _ ecx+fi(c)tpa§c)(t <7< OO)

Using now 97@ = #, — ¢ and 97(1(:)’ = 0/ — ¢, we find
from Theorem 5 that for ¢ < —6,:

ltlim Ewg(eCX(t)\t <7T)= D(C)(U)/D(U) =

o’ — o\ 1000,

‘91()0)‘91(}0)/‘ 92 o 9@ - fv(C)a




5 The” degenerate” proportional reinsurance
model

Our motivation is a particular two-dimensional risk model
in which two companies split the cumulative claim pro-
cess S(t) in proportions ¢; and &2, and receive premi-
ums at rates p; and po, respectively. Assuming w.l.o.g.
01 = 09 = 1, we arrive by scaling at the two-dimensional
"degenerate” risk process X = (X7, X5) where X, the
risk processes of the ¢'th company, are:

Xi(t) = a1 + it — S(t), Xo(t) = w0 + pat — S(2)

where S(t) is a spectrally negative Levy process.

We let p := ES(1) (which in the classical case com-
pound Poisson case is given by AEgy ). As usual in perpet-
ual ruin problems, we assume that p; > p, which implies
that X;(t) — oo a.s. ast — oo (1 =1,2).

To avoid trivialities, we assume that p; # po; if, say
the first company receives larger premiums per claimed
amount, 1.e.:

P1 > P2

the second company (to be called reinsurer) will be more
prone to ruin. We show however that this may be coun-
terbalanced by larger initial reserves xo > ;.
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Figure 3: Geometrical considerations

6 Multidimensional ruin problems in the quad-
rant

Several ruin times may be of interest, like the first time 7,
when (at least) one insurance company is ruined, or the
first time 7, when the insurance companies experience
simultaneous ruin:

Tor(1, 20) = inf{t > 0: X1(t) <0 or Xs(t) <0}
Tsim<x17372> = mf{t >0 X1<t) <0 and Xg(t> < O}

We study the ultimate/killed ruin probabilities:

Vor(21,02) = PTor(z1,22) < E(q)] (10)
Vsim(T1, T2) = P [Tam(71, 72) < E(q)] (11)
Vand(T1, T2) = Py [(Ti(71) < E(q)) N (T2(22) < E(q))]

= Y1(x1) + Yo(r2) — VYor(71, ¥2) > Yy (1, (D)

)—\
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7 Exact ultimate/killed ruin probabilities

A key observation is that the "or” and ”"sim” ruin times
T are also equal to

T(x1,2) = inf{t > 0: S(t) > b(t)}

X2

T

,,,,,,,,,,,, =

Figure 4: The piecewise-linear barrier corresponding to the degenerate two-
dimensional first passage problem: byiy(f) = min,—1 o{x; + pit}, bmax(t) =

maXi:Lg{l'i + pzt}
t

If 9 < x1, the barriers are linear
bmin(t) = x9 + p2t7 bmax(t) =x1 + plt

VYor(T1, T2) = Va2(T2), Ysim (21, 22) = V1 (1)
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Solution in the upper cone C° = {z : x5 > x1}.
Let
To — T1)¢
P1 — D2

denote the deterministic time of entering the lower

T = T(lel,CEQ) = (

(13)

cone xo < x1. In the "or” case, survival requires staying
below the barrier 21 + pit between the times 0 and T’
and subsequently staying below the barrier a9 + pot after
time T'. Therefore, we find by conditioning at time 7":

o1, 2) = / T By(dz Tle)Bols + poT — )

where

Y, (dz, T|x) == Py(S(t) < a+pit,Vt € [0,T),S(T) € dz)
is the density at time T" of the paths S(T") which ”survive”
the upper barrier x + p;t. It it convenient to reformulate
this in terms of the one dimensional survival characteris-
tics of the two coordinates of our reserves process X;(t).

Theorem 2 Let X(t) = (z;+pit—S(t), i=1,2) be
a two-dimensional Lévy process with common cumu-

lative claims S(t) given by an arbitrary Lévy process,
let

0<s<t
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denote the coordinates’” infima, and suppose that xo >
T1,P2 < P1-

a) The two-dimensional ruin probabilities (10) are
given by:

Ysm(T1,72) = P(m(xe) <T)+ P(mo(x2) > T, 811>1§X1(3) 0)
= P(n(x2) < T) + ElL,(4,)>1 ¥1(Xo(T))] (14)

Yor(T1,72) = P(mi(xy) <T)+ P(r(x1) > T, mf XQ(S) 0)
= P(ri(z1) <T) +E[l@)sr ¢2(X1( )] (15)
Yana(r1,22) = P(T < 71(11) < 00) + P(71(11) < T, 710(72) < 00)

b) The two-dimensional survival probabilities asso-
ciated to the or/sim ruin problems (10) are given by:

Ganlras) = [ B, Tlan) 1 (2),
0
Golwras) = [ (02Tl Bl
0
where 1,(dz, T|x;) are the coordinate-wise densities

of the "non-ruined” paths ¢;(dz, T|z;) = P, (L(T) >

Not surprisingly, we have explicit killed versions ¢, 4(21, 22), ...

as well. We are also able to compute their double Laplace
transform in space (and even invert it analytically by
complex integration in the case of exponential claims).
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8 Phase type and exponential claims

Corollary 1 Suppose S is a compound Poisson pro-
cess with phase-type jumps (B, B), i.e. Plo > x| =
BeP'1. If xo > x1, it holds that

o1, w3) = Po(L(T) < 0)+m, / e (dz, Tla)1,
0

Ysim (21, 22) = Ppy(L2(T) <O)+771/ ey (dz, T)wo)1,
0

where Q; = B+ bn, and n; = Z%B(—B)_l.

Notes: 1) In this particular case (with 0 being the
only nonnegative root of the symbol, the Wiener-Hopf
factorization requires only a matrix inversion.

2) The expression for the ”downwards phase-generator”
() has an obvious probabilistic interpretation [5].

In the case of exponential ultimate ruin probabilities,
the previous result may be further simplified:

Corollary 2 Suppose S is a compound Poisson pro-
cess with exponential jumps, or spectrally positive.
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Then it holds that

Ysim(T1,T2) = ¢2($2,T)+¢1($1)¢é )(332,T)
o1, 22) = a(a, T) + o)) (@1, T)
Vand(21,2) = wi(x1,T) +¢2($2)¢( )<x17T>

Below, we will obtain a "three terms asymptotic ex-
pansion theorem”, corresponding roughly to:

¢<x1,x2) ~ P[Tl < 7'2] —I—P[TQ < 7'1] +P[7‘1 ~ 7'2],

which will follow from the fact that the exact results es-
tablished in the exponential case continue to be true for
the Cramer case, asymptotically!

Proposition 1 Fiz v € (0,00), and let x1,19 — 00
such that xo/T(x1,29) = v, v # —ky(—y) @ = 1,2.
If there exist exist 91,,91(,1),91(,2) € 0° such that 0, <
0 < 0% and k)(0,) = —v, K2(60,) = K2 (), K1(6,) =
/ﬁ(&(,l)), it holds that

Yorlw1, 22) & (w1, T) + Co(v)e 25 2y, TH7)
Yo, 29) & Po(2, T) + Cr(0)e 158 ™ (s, T18)
where, fori=1,2,

- C, if —kL(—vi) <wv
CZ(/U) - { -1 (3—1) . /
c3—i(v, i) [ (0) — (007 )] if 0 < v < —ky(—i),



where

O + )@, + ) 2lv¢) = 02 + )8, + c)

and ¥F is the Laplace transform of 1;(x).

ci1(v,c) =

9 General two dimensional Cramer type asymp-
totics.

We investigate the asymptotics in the case that the ini-
tial reserves tend to infinity along a ray x1/xs = a with
a < 1. While this will be achieved here by classical one-
dimensional results (Arfwedson-Hoglund), our exam-
ple is also an interesting illustration of first-passage
two-dimensional large deviations theory.

We assume throughout that the Cramér assumption
hold true for X; and X, that is, there exist vy, v > 0
with (—v1,0) and (0, —y2) € OC i.e.

F(=71,0) = £(0, =72) = 0] (19)

In order to guarantee that the asymptotic constants are positive we require that
the following inequality is satisfied (coordinatewise)

V() > —o0 for 6 = (—v1,0), (0, —2) (20)

where Vk = (01K, O2k) denotes the gradient of k. In view of the strict convexity of
K, it follows that the set C is strictly convex, which by the supporting hyperplane
theorem implies that, for fixed 6’ € C, it holds that

[0 —0"1- V() <0 foralldeC, (21)

where - denotes the inner-product.
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Example 3 If S(t) is a Lévy process and X;(t) = p;t — S(¢) (with the cumulant
generating functions «; ), then the joint cumulant generating function x of (X1, Xs)
is related to k1 and ko by

k(01,02) = k1(01 + 02) — O2(p1 — p2) = Ka(b1 + 02) + 61(p1 — p2).

The two-dimensional degenerate Lévy process X = (Xi, Xo) satisfies then the
Cramér-conditions if there exist constants v; > 0 (i = 1,2) such that

Proposition 2 Suppose that the Cramér assumptions
hold, that s, there exist 1,7, > 0 such that

0= k(—71,0) = K(0, —2),

0K 0K
%(u, v) + —(u,v) > —00

(wo)=(—0) OV (10)=(0,—72)

and let a > 0. Then, ast — o0,

@Dand(xl; 332) = 0(026—72@ + C’le_ml) (23)
¢Or(l‘1, IQ) ~ C’ge_w‘” + C’le_“‘”l. (24)

9.1 Large deviations heuristic.

Heuristically, large deviations for a process X uses two
principles:

a) viewed from far away, the paths along which rare
events are realized concentrate typically along a finite
number of locally dominating paths, which are the
solutions of a deterministic variational problem.

18



b) the velocities along the ”escape paths” may be viewed
as expected drifts of measures belonging to the exponen-
tial family of the process.

Informally, we say that rare events happen due to a
change of measure to one of the (most likely) measures
in the exponential family; these are computed using the
Cramer set, and may be useful also for deriving asymp-
totic correction terms: precise large deviations.

Three possible types of hitting trajectories

Set hit= negative quadragt’

A

Figure 5: Typical paths hitting the negative quadrant.

In the intersection cone C; N Cy, three types of ruin are
possible, suggesting maybe:

Vor (21, T2) = Y1 (21) + Yo(x2) + Yo (21, T2)

19



Definition 1 The Cramer set is defined as the set of all
0 satisfying

k(@) <0
M 1 D 1
\(_Vl, 0) D2
my
(0,-g,)
m
M,

Figure 6: The Cramer set, the direct twists and the dominant points for
hitting the negative quadrant

For the quadrant hitting problem, the most important
shifts are the intersections different from the origin of the
Cramer set with the axes, v = (0, =) and vV =

(—1,0).

Definition 2 a) The "boundary influence” cones for ”or”
ruin are the subsets C; of the nonnegative quadrant gen-
erated by the axis x; = 0 and by the negatives of the

20



”dominating directions” &'(7)), providing these inter-
sect the quadrant. Thus,

Ci=Ax:z1/29 < 51} Co={x:x1/19 > 59}
where

_ F1(—=71) gy = F1(—72)+

K5(—71) K5 (—2)

b) The "boundary influence” cones for ”sim” ruin are
the subsets

(25)

D, = C, Dy = CL.

10 Cramer type two terms large deviations
results.

One key point of the degenerate setup is an equivalent
description of the cones partition Dy U Dy U Dy in terms
of comparisons with the time 7.

Lemma 1 The partition C° =Dy N Dy N Dy s equiv-
alent to the partition:

(T <Ty<Ty= {0<a(z)<s)=Ds

C= {1 <T<Th}t= {sy<alx)<si}=Dy
\{T<T2<T1}: {s1 <alx) <1} =D

21



Note: By this result precise asymptotics will be ob-
tained directly from Arfwedson’s one-dimensional result,
in the case of exponential ultimate ruin probabilities.

The leading term asymptotics of the two-dimensional
ruin probabilities will be expressed in terms of the usual
"one dimensional large deviations cast”: the adjustment
coefficients ; of X;, and y(a) given for 0 < a < 1 by

v(a) = k3(—v,) /v,  where v, := (p1 — p2)/(1 — a).

We write f ~ g+hiflim, .o(f—g)/h(z) = lim, . (f—
h)/g(x) =1

Theorem 3 Let S be a compound Poisson process.
Assume that (22) holds with k}{(—v1) > —oo and that
there exist 0,0, € ©5 with 0, < 0!, k,(0,) = —v =
—v, and ko(0,) = ka(0)). Then it holds as K — oo,

((CremoK if (aK, K) € D
Vsm(aK, K) ~ { (D#(v,) 4+ D' (v,)) K Y2 0K if (oK, K) € D
| Coe 2t if (aK,K) €D

where Cy and Cy are giwen the Cramer-Lundberg con-
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stants (5) and

0, =0, Vw
10,,0", | /21K (6,

D) — [ L1 5O 0 VO

(26)

b 0, mil0,)  ri(0u)] om0
Next we turn to the ruin probability 1,,q. The asymp-

totics for ,,q will be formulated in terms of the cone
2/52 = {(5171, 5172) - Ri < 1’2:8\2} ,Z/)\O = Ri\[ﬁﬂJﬁg},

where 55 = K}(—72)/k5(—72) with 75 the largest root
of kK1(—s) = K1(—72). In view of the definition of s
it follows that if x}(—~2) > 0 then D, # () = Dy and
otherwise the cones Dy and 752 coincide. In the next
result it will be shown that if (aK, K) is contained in

either Dy or Dy, Yym(aK, K) and ¥apq(akK, K) are of
the same order.

Proposition 3 Ifzy, 19 — 00 such that xo /T (x1,x2) =
v, U # —khY(—7), it holds that

Va1, 72) & P1(w1) = (0, T) + {Crlv)e 220 @y, T)
+Ch(v)e 22 Ty (3 T}, (28)

23



where ¥ =~y — ¥9 and

,

Tw) = < 0 if 0 < v < —RY(—7»)
e, y2) 71 - y(8)) i v > —rh(=A),

Cu) - { O Y0 <v<=m(—)
lea(0,3) 171 - [W3(07) — 0,1] if v > —r5(=70).

Theorem 4 Suppose that the assumptions of Theo-
rem 3 hold true and that there exists a 0 > 0, such
that k1(0,) = k1(07). Then it holds that, as K — oo,

[ Cyemak if (oK, K) € T
Yand (0K, K) ~ { (D*(v,) — Di(v,)) K V2% @E if (oK, K) € T
\626—(6!3#(1—&)72)}( if (aK,K)€eT

where R

Cy = Cory(=72)/K1(=70),
and D*(w) and D'(w) are respectively given by (26)
and (27) with 0., replaced by 0% and k; replaced by ko.

11 Examples

We now develop two explicit examples that illustrate the
results shown in the previous sections.
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11.1 Cramér-Lundberg model with exponential jumps

Let X be a drift p minus a compound Poisson process
with rate A and exponential jump sizes with mean p start-
ing at x. Then, the characteristic function of X reads as
k(0) =pd —N0/(+0) and, if p > ﬁ, the ultimate ruin
probability is equal to ¢ (z) = Ce™ " where the adjust-
ment coefficient is v = p — A/p and C' = \/(up). More
generally, it was shown by Asmussen (1984), Knessl and
Peters (1994) (with p = 1) and Pervozvansky (1998) that
the finite time ruin probability ¥ (x,t) is given by

P(3,t) = 1—tp(x, ) = [L— Ce | I yo0) +w(x, ), (29)

where

wiet) = %\/%/ e inb(g)s - o(a)

(30)
with s+ = (VA %+ /p)?, é(q) = arccos (pé“—\/%_pq) and

A— up — Ipgi— O — p — g2
L R VApap — (A — pp &
2p 2p

Further, we note that, under P9, X is still a drift p mi-
nus a compound Poisson process with exponential jumps

alq) =

with the changed rates \. = )\ﬁ and g, = p+c In
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particular, \_, = pup and p_, = \/p are the parameters
under P,

In view of the previous paragraph, we see that, under
P the drift of Xy is always negative, mg_m/(O) =
kh(—v1) < 0. Also, under P72 the adjustment pa-
rameter of X is positive if and only if p > p* := p3/p;
and is then equal to

Y= — Y= M(P—&)a (32)
P2 D1
and the asymptotic constant C satisfies Cg CCQ = p
Inserting the expressions (29) — (31) (with the proper
choices of parameters) into Corollary 77 leads then to
explicit expressions for ¥,nd, Ysim and ;.
It is a matter of calculus to verify that

2
p1 D3 P
S| = , 52:2—,and,1fp>p,52:2—.
&—p &—m Pp—%
P p3

Also, by invoking Corollary 77 or by a direct calculation

we see that
A .
Cilv)=—=0C;, i=1,2.
1P

Inserting these quantities into Propositions 1 and 3 yields
explicit asymptotics expansions for ¥,nq, Ysim and ;.

26
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11.2 Brownian motion with drift

If X(t) = mt+ B(t) where B(t) is standard Brownian
motion, then its characteristic exponent reads as k(6) =
10 +mb. It m > 0, P(z) = e, where v = 2m
is the adjustment coefficient. Further, under P, X
is still Brownian motion, but the drift changes to m +
c. The drift of the measure associated to ¢ = —~ is
—m, i.e. the Brownian motion switches its drift. In
view of the Corollary 77 and the well known first-passage
distribution of Brownian motion with drift,

we find that if x9 > x;, then:

¢0r<l‘1, $2) = P(Tl(ilfl) S T) + e_2p2$2 P(_sz)(T1<$1) > T)
= 1—®(a(z1,p)) + ¢ D (a(—z1, p1))
e T2 [(ID (a(1, p1 — 2ps)) — e 2122 (a(—xy, py — 2p:
Yam(1, 22) = P(ro(wg) < T) +e % PO (ny(2y) > T)
= 1= @ (alez ) + ¢ 0 (a3, 2)
4o nm o @ <a<x2,p2 _ 2]?1)) _ o 2m2(n2=201) p (a(—xg,pg — 2p;
VYand(T1, T2) = (I) (a(z1,p1)) — 1+ e n (1 =@ (a(—w1,p1)))
+ o7 e e PRI (a(—2y, py — 2pa)) + 1 — P (ala, pr -
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where a(z,p) = [z + pT]/v/T and ® denotes the cu-
mulative standard normal distribution function. In view
of the facts that ®(—z) = 1 — ®(z) and 1 — d(z) ~
(27) 22 exp(—2?/2) as x — oo, it follows from (35)
and (36) that if x1, 29 tend to infinity with x1/z9 = a
then

(
e—2p2:)32—2(p1—2p2)+f1 + O(ija) fl<a< /3\2

Yand(T1,2) =~ < o(av,) if 55 < a <{3%)
e 171 + o(av,) if $1 <a<1,

\
(o2mm +0(v,) f0<a< s
0(vq) if s9 <a< s (38)
e 1 4 §(v,) if sy <a <1,

¢sim($1, 5172)

Q

\

where
o(v) = 20 + 2v \/6 a1 (v+p1)? /[QU]’

pi—v? 0= (p1—2p)*] V2m
o(v) = 2v + 2v \/7 o~ w2(v+p2)?/[20]

vi—p3  (p2—2p1)? — 2] v o
and

Iy — N — 2
S1 = b ) So = ( b2 p1>+7 &Hd, lf P1 > 2p27 So = b1 b2
2p1 — P2 D2 2p1 — 3p

The asymptotics of Y4 agree with the asymptotics of the
steady state distribution of a tandem queue calculated in
Lieshout and Mandjes [?].
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By straightforward calculations it can be verified that,
if S'is a Brownian motion, then C; = 1 and 6, = —v—po,
0 =v—py 0 =v+py—2p; and

CN’Z(U) =1, ki(—v)= @7

for 1 = 1,2. Inserting these quantities in (18) — (28) and

K1 (—av,) = K3(—va)

comparing with (37) and (38) it follows that Propositions
1 and 3 and Theorems 3 and 4 remain valid if S is a
Brownian motion.

A Proof of Proposition 2

The proof of Proposition 2 is based on the following esti-
mates:

Lemma 2 The following hold true:

(Z) max{%(%),%(m)} S ¢or($1,$2) S 7#1(1’1) +
Vo (T2)

(i1) Yor (21, T2) = V1<a(@1, T2)+Po<i (21, T2) —V1—2(21, 22)
where

Vi<j(@1, w0) 1= P(mi(x;) < 75(x)), Til2i) < o0)
and
V1—o(x1, T9) = P(11(21) = To(19) < 0).
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Lemma 3 Suppose that (23) holds and write v, 3 :=

Bay, + (1 — B)va.
(i) If avyy = 9 it holds that, as K — oo,

¢1<2(CLK, K) ~ C’le_““K, ¢2<1(CLK, K) ~ Oge_wK
(39)
(ii) Fora > 0 and 8 € (0,1), Ygm(ak, K) = o(e 1ash)

We have made all preparations to complete the proof of
Proposition 2:

Proof of Proposition 2: First note that, in view of
the Cramér-Lundberg asymptotics (5) and equation (12)
the asymptotics in (24) imply those in (23). The rest of
the proof is therefore devoted to establishing (24).

In view of (5) and Lemma 2(i), it follows that, if y1a >
Yo [resp. y1a < g, the lower bound and upper bound in
Lemma 2(i) are of the same order of magnitude, Che™ 725
resp. Cre Mt] as K — oo. Thus (24) is valid if
Na # Yo

Next we turn to the case y,a = 7o. Since ¥;—5 is dom-
inated by s and v, 53 = 72 = ayy it ay; = 7o, it {ol-
lows, by appealing to Lemma 3(ii), that ¥1—o(a K, K) =
o(e™128) = o(e M) as K — oo. In view of Lemma
2(ii) and Lemma 3(i) it therefore follows that (24) is also
valid if ay; = 9. L]

30



Proof of Lemma 2: The estimates follow in view of
the observations that,

{7:(z;) < 00} C {7oe(w1, 22) < 00} C U {mi(;) < oo} fori=1,2,
{Tor(il?l, 5172) < OO} = Al U AQ\[Al M AQ]
where Al = {TZ(I’Z) < OO,TZ’(CUZ') < Tg_i(l’g_i)}. []

Proof of Lemma 3: (i) The asymptotics of 11 .5 follow
once we have shown that as K — oo it holds that

N (0K, K) = E(—%O)(e—V1X1(T1)1{T1§727T1<OO}) — C},
(40)

where 71 = 7 (aK) and 75 = 7»(K). To prove this claim

we compare the asymptotic behaviour of 74 and 7» as

K — oo, adapting the argument developed in Glasser-

man and Wang (1997) (Prop. 2) for random walk. If

ECMO[X5(1)] > 0, then PCMO(ry = 00) — 1 as

K — oo and, appealing to (5), the claim (40) follows.

If EEMO[X,(1)] < 0, it follows in view of Lemma 4(a)

that as K — o0

m(aK)/7(K) — ador(—1,0)/O1k(—71,0) PE0as

(41)
Applying (21) with 0 = (0, =) and 6 = (—~1,0) we
see that the right-hand side of (41) is bounded above
by avyi /v, which is equal to one if v9 = a7;. There-
fore 75(K') dominates 71 (aK ) for all K large enough and
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(40) follows as a consequence of the Cramér-Lundberg
asymptotics (5). The asymptotics of 1;-5 can be treated
similarly.

(ii) Choose B3 € (0,1) and write v7 = 3(71,0) +
(1 — 5)(0,72). By strict convexity of C there exists a
—y* = —(~F,73) € C° such that v* >~/ (i = 1,2). By
changing the measure, we see that gy (a K, K) is equal
to

—(MNa+12) K (=) 172 X2 (Tsim )77 X1 (Tsim) +£(=77,—72) Tsi
e (71 2) E( Y ){e 92 ( Slm) 1 ( sun) ( 1 2) Slm]‘{Tsjm<OO}L

where Tgm = Tam(aK, K). Since X;(74m) < 0 and
k(—7,—75) < 0, this expectation is bounded above
by 1, and, as a7y + 75 > a3, it thus follows that

Ysim(aF, K) = ofe 0K = o(e sk as K —
0. []

B Proof of Theorem 3

We include first for reference a one dimensional result
concerning the behaviour of the time of ruin for large
initial reserves:

Lemma 4 Suppose that E[| X (1)|] < oo and E[X(1)] <
0. Then, as x — o0,

(a) 7(z)/x — —E[X(1)]! P-a.s. and (b) E[r(x)]/x — —E[X (L
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Proof of Lemma 4:

(b) If E[X(1)] = 0, then the Lévy process X oscillates
and the identity follows since then El[r(x)] = +oo for
every x (see e.g. Bertoin [14, Ch. VI, Prop. 17(iii)]).
Suppose now that —oo < E[X(1)] < 0 (so that X drifts
to —oo) and first exclude that case that X is a compound
Poisson process. Denoting by L71(t) = inf{fu > 0 :
L(u) > t} the inverse of the local time L of X and
T(x) =inf{t > 0: H(t) > x} the first passage time of
the ladder height process H(t) = X (L71(t)) of X it is
casily verified that 7(z) = L~Y(T(z)). The pair (L', H)
forms a two-dimensional Lévy process and we denote its
bivariate Laplace exponent by k. The Laplace transform
of E[r(x)] can then be expressed as follows:

* ~ 01K(0,07)
/0 e M E[r(x)]de = O

where 0; means a partial derivative with respect to ith

variable (see e.g. Bertoin [14, Ch. VI, Prop. 17]). As
k(0,0) = 0 and &(0,-) is right-differentiable in zero, it
follows in view of a Tauberian theorem that

Elr(x)] ~ 2 015(0,07)/0,k(0,07) as x — oo.

The strong law of large numbers implies that the product

H(t)/L7Y(t) = [X(L7(¢))/t] x [t/L~(t)] converges to
EX(1)]=EX(LO)IEL QT (42
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(the corresponding identity for random walks is known as
the famous Wald identity). Since 0,£(07,0) = E[L~1(1)]
and 9p%(0,07) = E[X(L7*(1))], the claim follows. The
case of a compound Poisson process follows by adding a
small drift.

(a) The strong law of large numbers implies that, P-
a.s.,

7(z)/z = L™YT(2))/T(x)T(x)/x — E[L™(1)]/E[H(1)] = E[X(1)]

as © — 00, where we used the Wald-identity (42). O
We will show now some properties of the cones Dy, D
or D2.

Lemma 5 The following hold true:

(i) The cones D;,i = 0,1,2 are disjoint and Dy, Dy #
0.

(i1) Dy # 0 iff K\(—72) < 0 and Dy # 0 iff K}(—2) #
0.

(iii)) Dy C U = {(z1,22) € RE : 2970 < 11} and
Dy C R2\U, where R% = ( 00)?.

Proof Writing
Ki(s)  my(s)+p1—p2 P1— D2
/ o / =1+ / ’
Ko(s) Fo(s) Fy(s)
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it follows that s; < 1, since k)(—vy1) < 0, and that
Sy < 81, since 7 > 79 and, by the strict convexity of
Ko, Ko 1s strictly increasing on its domain. Next, in view
of the definitions of sy and S3, it follows that s, = 0
resp. sy = 0] iff Ki(—g2) = 0 [resp. Kj(—72) < 0].
Subsequently, we note that on the ray x1/xy = /7 it
holds that

X2 b= p2 ra(—71) — K1(—n) _ Ko=) — Ka(—=72)

T(x1,m2)  1—=72/m =2 M=
The strict convexity of k9 thus implies that along the ray
x1/x9 = Yo /71 it holds that —kL(—v2) < o/ T (21, x9) <
—r5(—71). It is a matter of algebra to verify that these
inequalities are equivalent to so < /71 < $1 (see also
Lemma 6 below). The assertions (i), (ii) and (iii) ollow
then in view of the definitions of D;,7 = 0,1, 2 and ﬁg.
]
A key point in the analysis of the asymptotics of the

degenerate risk processes is an equivalent description of
the cones D; in terms of comparisons with the time 7' =
T(x1,z5) defined in (13), which will enable us to translate
the asymptotics in two-dimensional space into the ‘space-
time’-asymptotics of Arfwedson (1955) and Hoglund (1990).

Lemma 6 WritingT; = z;/|—k.(—)] and T; = x;/[— k(=73
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1= 1,2, the following hold true:

Dy = {(z1,25) € R? : Ty > T(z1,39)} = {(x1,22) € RZ - Ty > T(ay
Dy = {(%1,1‘2) € Ri TH < T($1,$2)} = {(331,332) € Ri T < T(xl

Remark. The cones D; and D, can equivalently be de-
fined as the set of rays a = x1 /x5 for which the expected
time of ruin (under the measure P(=79) is larger resptec-
tively smaller than T, if x1, z9 are large enough. This
observation follows by combining Lemmas 4 and 6.
Proof of Lemma 6: In view of the definition of 7' it
is a matter of algebra to check that

r1/x9 =a < xo/T(x1,29) = (p1 — p2) /(1 —a) = v,

(43)
The assertions (i) and (ii) follow by using that x/(s) =
p1 — po + K5(s) and applying (43) for a = s1 and a = 9
(that were defined in (25)), respectively. O
Proof of Theorems 3 and 4:. In view of (18) the
first step consists in applying Theorem 5 in order to ob-
tain the asymptotics of s(x9, T) and Eg_m(xg,T) as
r1, T9 — 00 along a ray (note that @;_m(ajg, T) is equal
to g " (wa) — 95 7 (ay, T) since g (ay) = 1 s
kH(—y1) < 0). Appealing to the characterisation of the

cones in Lemma 6 and to (43) we then read off that, if
(71,22) € Dy and (z1,79) € Dy = R2\Dy, it holds
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respectively that

Uo(we, T) ~ Coe™ 722 ahy(w9, T) ~ | D(v,)](va/]2)"Pe 7252 el ta
(1)

Similarly, we see that, if (x1, x9) € Dy, Eé_m(g;% T)~1

and if (z1, x9) € 5?

—(_ *(—=71)
wé 71)<x27T) N ‘D(—w)(z}a)‘(,Ua/x2)1/2e—:c2f<a2 "7 (=va)/va_

(45)
Here D and D7) are specified in Theorem 5 with k =
ko and Kk = m;_%), respectively. Taking note of the facts

that v(a) > max{a~y, ¥} for a # s1, s and that

Y(a) = aptry

we deduce, in view of Proposition 1, (44) and (45) that
Yeim (71, T2) is equivalent to Cye 7% if 21, x9 tend to infin-

(—vq) /vy = a71+/<;1<(_71>(—ava)/va = ki(—av,) /v,

ity along a ray with (z1,29) € D;, © = 1,2, respectively,
and equivalent to [D(v)+Cy (v) DM (0)](v ) @9) 21 (@22
if (x1,22) follows a ray in the interior of the comple-
ment of Dy U D,. Using that k] = kI and that, if
kL(0T) > 0, it holds that () = 071 — ki(07)/k;i(0)
(cf. [14, Thm.VIL.10}), it is a matter of algebra to verify
the form of the constant D7

O]
Proof of Proposition 1: In view of (15), the Markov
property and a change of measure it follows that 1., (1, 29) =
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U1(x1, T) + Z1o(w1, x2), where
Zyo(xy,x9) = P(m(xy) > T, inf Xs(s) <0)

T<s<oo

= o 22 B2 [hy(X1(T))1 1, (ay)>7YH6)

where hy(x) = e2%y(x) (using that X1(T) = Xo(T)
and recalling that X;(0) = x;). If 21, x9 — 00 such that
x1/x9 is constant and x1+ k| (—v2)T > 0 then the strong
law of large numbers implies that X(7T") — oo P(72-
a.s. and that P(72)(r(x;) < T), which is bounded
above by P(772)( X7 < 0), tends to zero. Appealing to
the Cramér-Lundberg approximation and the bounded
convergence theorem, it follows that hs(y) — Cs as y —
oo and that the last factor in (46) converges to Cl.

In the case that x1 + k| (—72)T < 0 it holds that Z35
is equal to

Zioler, 22) = 22 (w0, TV B [ho( X (1)) 71 (1) > T,
(47)

Denote by 7, the measure given by (7) with 6,6 re-

placed by 91()_72), o2 respectively (defined as the roots

0,, 0% under the measure P(—72)). With regard to Corol-

lary 1 (applied to X1(T")) and the observation that 6,

also satisfies k7(0,) = —v" where v' = x1/T (x1, x2), We

conclude that as T' — oo the conditonal expectation on
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the rhs of (47) converges to

[ e = [y OE IO et
0 0

0% — 6,
(48)
as T — oo, where we used that 91(,_72) =0, + . In view

of the decomposition (15) the proof of the asymptotics of
Wor 18 complete. The proof of the asymptotics of ¥gy, is
similar and omitted. []

Proof of Proposition 3: Writing 7 := 75 — 5 it fol-
lows by definition of 7, that ki(—v2 —7) = K1(—"2) or,
equivalently, lig_m(—ﬁ) = (. In view of this observation
and the form of k(u,v), derived in Example 3, it fol-
lows that k(—7, —72) = 0. Changing measure then with
the martingale exp(—7X1(t) — 12 X2(t)) and applying the
strong Markov property at 7(x1) shows that

eww2+%1p(ﬁ(a;1) < T, 7(xs) < 00)
:E(—%—Vz)[JXl(Tl(“))hQ(XQ(Tl(331)))‘1{T1§T}] (49)

Letting x1, 19 — oo such that x1/xy is constant and
r1+ K} (—72)T < 0 it follows by the law of large numbers
that P72 (7y < T) tends to 1, being bounded below by
PE2)(X(T) < 0). Also, taking note of Lemma 4 and
of the fact that, in view of the definition of 7', it holds

that X2(71(331>) = Xl(Tl(ﬂfl)) + (p1 —pg)[T — 7'1(331)]), it
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follows that Xs(71(x1)) — oo and ho(Xs(m(21))) — Cs,
P(2)_a.s. Therefore the bounded convergence theorem
implies that the conditional expectation in (49) converges
to CyC (where the second factor denotes the asymptotic
constant for 1 under P{=72)),

In the opposite case that x1 + k] (—72)T > 0 we note

that

Pin<T n<ox) = PM<T,n<T)+Pn<T,T<m<o0
- P(TQ <T)+ E[1{71§T<72}PX2(T)<7_2 < OO)]
= BE<ry¥o(Xo(T))] + E[1 (7 <rytha(Xa(T)))
_ 6—725172E(—72)[672X2(T)E2<X2(T))‘7.2 < T]wé_W)

bt E(_%)[G%Xl(T)wg(Xl(T))’ﬁ < T]@D%_%)(:El,T

where in the second line we applied the Markov property

and used that {7y < T} C {m < T} and in the fourth

line changed the measure. Invoking Corollary 1 yields the

form of C(v) and Cy(v) and in view of (16) the proof is
finished. []

C Extensions: optimal control.

Consider the optimal management of two insurance com-
panies which split the amount they pay out of each claim
in proportions d; and d9 where d; + 09 = 1, and receive
premiums at rates ¢; and ¢, respectively.
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Dividends are also paid to shareholders, above some
barriers by, by, to be optimized. In addition, the compa-
nies may transfer funds between each other, when one
of them arrives to negative holdings. However, jumping
into a certain subset of R?, which includes the negative
quadrant, as well as some triangle with a vertex at the
origin, included in the positive quadrant and with inter-
cepts aq, as; this event, called ruin, will entail penalties.
The optimal choice of the control levels defined above
requires solving a complicated first-passage problem in-
volving both reflecting and absorbing boundaries.

Dividends boundary

B

Reflecting

boundary

=24 Reflectimng boundary a

Figure 7: Control with absorbing and reflecting boundaries

While only possible numerically in general, this prob-
lem is nevertheless feasible analytically under our ”pro-
portional reinsurance model”. The asymptotic behav-
ior of the solution is of considerable interest as well for
calibrating numerical solutions under more complicated
models, as well as for being a particular case of ana-
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Iytically solvable two-dimensional sharp large deviations
problem.
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D The Afwedson-Hoglund theorem

There are four conceptually distinct cases to consider for
finite time ruin probabilities: that of processes with sure
eventual ruin, with £'(0) = p — p < 0, and the oppo-
site case (in which the asymptotics depend on the shifted
measure with parameter —~, under which eventual ruin is
sure since k'(—v) < 0). Then, there are the cases of ruin
times which are shorter/longer than expected. Despite
the different interpretations, all these cases have a com-
mon "large deviations” formulation, expressed in terms
of the cumulant exponent k(6) of X!!

Theorem 5 (Arfwedson-Hoglund) Let X; be a Levy
process satisfying either x'(0) < 0 (D), or Cramer’s
condition 3y > 0 such that k(—v) = 0,k (—y) < 0

(U).
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Let © = {0 € R : k(f) < 0},0° denote the do-
main of the cumulant exponent k(0) of X and its in-
tertor, and let ils convexr conjugate be:

K7 (v) = sup|(—v)B — K(f), (50)
BER

Let p(x) = Ce™ where C = —k'(0) /K (—7) in case
(U) and ¥(x) =1 in case (D).

If x,t — oo such that x/t = v, then

Y(t,z) ~
{|D< V| if (D). t < =Sorif (U) — K/(—)
¥(x) —w(t,x) if (D), t > =Sorif (U) —K(—)
w(t, x) ~

=

where
1 o —0
D(v) = c(v) - with c(v) = - !
) =elt) e =2
(53)

Alternatively, the exponent may be written in terms
of t, using tr*(v) = zy(v), where v(v) =0, — 0,.

Note that all the "twists” 6 with «/'(#) < 0 (for which
ruin is sure under the shifted measure P%)) play a role
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{ (w) = P(t, ) if (D), t < —sm5orif (U) —&(—)
D(v)| < if(D)t> —torif (U) — K(—)



in this result: the ones with positive values k(6) > 0
yield the most likely way of achieving " quick ruin” in less
than the expected time, while the others with negative
values k(f) < 0 serve to obtain estimates for ”late ruin
probabilities”, for times larger than the expected ruin
time — see [7], Theorem 4.8.
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