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Notation and definitions

Given a word w = w[l..n| of length n over alphabet ¥ = {ay,...,a,} of
cardinality o we denote by:

@ wi] its i-th symbol
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Notation and definitions

Given a word w = w[l..n| of length n over alphabet ¥ = {ay,...,a,} of
cardinality o we denote by:

@ wli] its i-th symbol

@ w[i..j| the factor from the i-th to the j-th symbols
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Notation and definitions

Given a word w = w[l..n| of length n over alphabet ¥ = {ay,...,a,} of
cardinality ¢ we denote by:

@ wli] its i-th symbol
@ w[i..j| the factor from the i-th to the j-th symbols

@ |wl|, the number of occurrences of symbol a in w

TL (LITIS) Abelian Periods SeqBio 2012 4/24



Notation and definitions

Given a word w = w[l..n| of length n over alphabet ¥ = {ay,...,a,} of
cardinality ¢ we denote by:

@ wli] its i-th symbol
@ w[i..j| the factor from the i-th to the j-th symbols
@ |wl|, the number of occurrences of symbol a in w

o Pw = (|w|ay,---,|w|a,) its Parikh vector
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Remarks on Parikh vectors

Consider Pw = (|wlays- - -, |wlq, ) then
o Puwli] = [w]a,
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Remarks on Parikh vectors

Consider Pw = (|w|ay, - - -, |w|a,) then
° Pwli] = |wla,

° [Pw| =37 Pwli] = [w]
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Remarks on Parikh vectors

Consider Pw = (|w|ay, - - -, |w|a,) then
o Puli] = ula,
o [Pw| =37, Pwli] = w]
@ Py C Q iff Pyyl[i] < QJi] for every 1 <i < o and |Pw| < |Q|
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Remarks on Parikh vectors

Consider Py = (|wlays - - -, |w|q,) then
° P’w[l] = |w|az‘
o [Pw| =327 Pwli] = [w]
@ Py C Q iff Pyyli] < QJi] for every 1 <i < o and |Pw| < |Q|

Example

Pmarne J
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Remarks on Parikh vectors

Consider Py = (|wlays - - -, |w|q,) then
° P’w[l] = |w|az‘
o [Pw| =327 Pwli] = [w]
@ Py C Q iff Pyyli] < QJi] for every 1 <i < o and |Pw| < |Q|

Example
Pmarne C Promane J
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Remarks on Parikh vectors

Consider Pw = (|wlays- - -, |wlq, ) then
o Puli] = twl,
o [Paol = £ Puli] = ful
@ Py C Q iff Pyli] < QJi] for every 1 <i < o and |Pw| < |9Q|

Example
Pmarne C Promane C Pharmom’e J
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Abelian periods

[Constantinescu and llie, 2006] introduced the notion of Abelian period.

Definition
A word w has Abelian period (h,p) iff w = uguy - - - up_qug such that:
® Pu, C Pu, :"':Puk71 D'P'u,k

® [Pu,| =h, [Pu,[=p
ug is called the head and wy is called the tail.

P, will denote the set of Abelian periods of w.
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Abelian periods

1

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=]a baabblbbaaablababablbabbaal

Py ={(0,6)}
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=abaabbbbaalababababbalbbaal

P, =4{(0,6),(0,10)}
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=abaabbbbaaablabababbabbaal

P, = {(0?6)7 (05 10)5 (0’ 12)}
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=abaabbbbaaababababbabbaal

P, = {(0? 6)7 (05 10)5 (0’ 12)7 (07 24>}

TL (LITIS) Abelian Periods SeqBio 2012 7/24



Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=|alb a abbbbaalababababblabbaal

P, = {(0,6), (0,10), (0,12), (0, 24),
(1,9)}
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=|alb aabbbbaaablabababbabbalal

P, = {(0,6), (0,10), (0,12), (0, 24),
(1,9),(1,11)}
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=|a bJ]a abbbbaalabababablbabbaal

v
I
=

0,6),(0,10),(0,12), (0,24),
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=|a balabbbbaaablabababbab|baal
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=|a baalbbbbaaalbababablbabbaal
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=|a baablbbbaaablabababblabbaal
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=|a baablbbbaaabablababbabbalal
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Abelian periods

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=|a baablbbbaaabablababbabbalal
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Abelian periods

Remark

a” has n? Abelian periods.
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Motivations (Christodoulakis & Christou, 2012)

Bioinformatics
@ finding CpG islands
o finding clusters of genes

@ proteomics: mass spectometry

Other fields
@ approximate pattern matching

@ games (letters)
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Computing all the Abelian periods

In [Fici et al, 2011], algorithms computing all the Abelian periods of a
given word are presented: O(n? x o).
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Computing all the Abelian periods

In [Fici et al, 2011], algorithms computing all the Abelian periods of a
given word are presented: O(n? x o).
In [Christou et al, 2012], an optimal algorithm, running in O(n?), is given.
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Computing all the Abelian periods

Definition (Christou et al, 2012)

Let w be a word of length n. Then the mapping pr: ¥ — A, where A is
the set of the first ¢ prime numbers, is defined by:

pr(o;) = i-th prime number.

The P-signature of w is defined by:

P-signature(w) = 117, pr(w]i]).
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Computing all the Abelian periods

For a word w of length n the array Pr of n elements is defined by

Pri] = 1L pr(wl3)),

then
Prie]/Prik —1] ifk#0

P-signat k..t]) =
signature(w| ) {Pr[ﬁ] otherwise.
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Computing all the Abelian periods

Lemma (Christou et al, 2012)

Two words have the same Parikh vector iff they share the same
P-signature.
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Computing all the Abelian periods

w = abaab
1 11213 |45
wli alb|lal|a]|b
priwl[@]) |2 (3] 2| 2| 3
Prli] 2016|1224 72
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Computing all the Abelian periods

w = abaab

) 1712|3415
wli alb|lal|a]|b
priwli]) |2 (3] 2| 2| 3
Prli] 2016|1224 |72

P-signature(w|[3 . .5]) = P-signature(aab) = Pr{5]/Pr]2] = 72/6 = 12. )
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Abelian periods with neither head nor tail
A first solution
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Abelian periods with neither head nor tail

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=abaabbbbaaababababbabbaa
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Abelian periods with neither head nor tail

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
abaabbbbaaababababbabbaa

1 2 3 4 6 8 12

w
P
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Abelian periods with neither head nor tail

!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa

P=1 2 34 6 8 12
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Abelian periods with neither head nor tail

e

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa

P=1 2 34 6 8 12
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Abelian periods with neither head nor tail

e

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w aabbbbaaababababbabbaa

P=1 2 34 6 8 12
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Abelian periods with neither head nor tail

!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 234 6 8 12
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Abelian periods with neither head nor tail

Ll

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 234 6 8 12
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Abelian periods with neither head nor tail

Ll

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Jablaalbbbbaaababababbabbaa

w
P= 234 6 8 12
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Abelian periods with neither head nor tail

!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 3 4 6 8 12
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Abelian periods with neither head nor tail

Lo

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 3 4 6 8 12
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Abelian periods with neither head nor tail

Lo

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

bbaaababababbabbaa

w
P = 3 a 6 8 12
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Abelian periods with neither head nor tail

!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 4 6 8 12
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 4 6 8 12
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=|abaa|bbbb|aaababababbabbaa
P= 4 6 8 12
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Abelian periods with neither head nor tail

!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 6 8 12
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 6 8 12
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=|abaabb|bbaaab|abababbabbaa
P= 6 8 12
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=|abaabb|bbaaab|abababbabbaa
P= 8 12
6
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Abelian periods with neither head nor tail

!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 8 12

6
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 8 12

6
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=|abaabbbb|aaababab|abbabbaa
P= 8 12

6
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Abelian periods with neither head nor tail

!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P = 12

6
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P = 12

6
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=|abaabbbbaaablabababbabbaal
P = 12

6
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=|abaabbbbaaablabababbabbaal
P = 12
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Abelian periods with neither head nor tail

!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 12
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 12
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w—abaabblbbaaablababablbabbaa
P= 12
6
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

abaabblbbaaablababablbabbaa

w
P = 6 12
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Abelian periods with neither head nor tail

!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 6 12
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P= 6 12
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Abelian periods with neither head nor tail

! !

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

abaabblbbaaabababablbabbaal

w
P = 6 12
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Abelian periods with neither head nor tail

!

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

abaabblbbaaabababablbabbaal

w
P= 12
6
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Abelian periods with neither head nor tail

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
P = 12

6
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Complexity

Theorem 1

The first algorithm computes all the Abelian periods with neither head nor
tail of a word w of length n in time O(nloglogn) and space O(n).
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Abelian periods with neither head nor tail

A second solution
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Abelian periods with neither head nor tail

Definition

e = ng(Pw[l],Pw[Q], oo ,Pw[O'])

Complexity: O(o + logn/o)

TL (LITIS)
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Abelian periods with neither head nor tail

Definition
€= ng(Pw[lLPw[QL °oo 77DW[J])
Complexity: O(o +logn/o)
Definition
D: stack of all divisors of e in ascending order.
Complexity: O(v/e).
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Abelian periods with neither head nor tail

Definition
€ = ng(Pw[l],Pw[Q], coo ,Pw[O'])
Complexity: O(o + logn/o)
Definition
D: stack of all divisors of e in ascending order.
Complexity: O(q/e).
Definition

s=mnle
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Abelian periods with neither head nor tail

Definition
e = ged(Pw(1], Pwl[2], - - -, Pwlo])

Complexity: O(o + logn/o)

Definition
D: stack of all divisors of e in ascending order.
Complexity: O(v/e).
Definition
s=mnje
Observation

The only possible Abelian periods p of w are of the form p = d x s, where
d is an entry in D.
Thus the smallest possible period is s.

v
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Abelian periods with neither head nor tail

Definition

Recall that s = n/e. A factor w[i..j] is a segment of w if:
Q i=kxs+1with k> 0;
Q@ j—i+1l=txswitht>1,
Q Pujijilk]l/(j — i+ 1) = Pwlk]/|w]| for every letter o, € ¥;

Q there does not exist a j/ < j such that ;' —i+1=1¢ x s and
Puwii.jkl/ (7" — i+ 1) = Pw[k]/|w] for every letter o € X.

TL (LITIS) Abelian Periods SeqBio 2012 17 / 24



Abelian periods with neither head nor tail

Definition
Recall that s = n/e. A factor w[i..j] is a segment of w if:
Q@ i=kxs+1withk >0;
Q@ j—i+1l=txswitht>1,
Q Puwjijj[k]/(j —i+1) = Pwlk]/|w| for every letter oy, € X;

Q there does not exist a 7' < j such that j/ — i+ 1 =1 x s and
Puwii.jk]/(j" — i+ 1) = Pw[k]/|w] for every letter o € X.

In other terms, the definition of segments corresponds to a factorization
into factors of minimal size having the same proportion of each alphabet
letter as the whole word.
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=abaabbbbaaababababbabbaa

1

n =24 9
Pw = (12,12) 3
12 1

2 6

D 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=abaabbbbaaababababbabbaa
L=00000000O00O0O0O0OD0O0O0OD0OD0OD0O0O0ODO0ODO0ODOO

1

Pw = (12,12) 3
e=12 1
T G
) D 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=Jalbaabbbbaaababababbabbaa
L=000000000000000000000000O

1

Pw = (12,12) 3
e=12 1
T G
) D 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=Jablaabbbbaaababababbabbaa
L=100000000000000000000000

1
n =24 9
Pw = (12,12) 3
e=12 1
5= 6
= D | 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=Ja blalabbbbaaababababbabbaa
L=100000000000000000000000

1
n =24 9
Pw = (12,12) 3
e=12 1
5= 6
= D | 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=Ja bla al]bbbbaaababababbabbaa
L=100000000000000000000000

1
n =24 9
Pw = (12,12) 3
e=12 1
5= 6
= D | 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=Ja blaablbbbaaababababbabbaa
L=100000000000000000000000

1
n =24 9
Pw = (12,12) 3
e=12 1
s =2 6
r=1 D | 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

w=Ja blaabblbbaaababababbabbaa
L=101000000000000000000000

1
n =24 9
Pw = (12,12) 3
e=12 1
5= 6
= D | 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=a bla abblb]pbaaababababbabbaa
L=10100000000000000000000O00O0

1
n =24 9
Pw = (12,12) 3
e=12 1
5= 6
= D | 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=a bla abblbblaaababababbabbaa
L=10100000000000000000000O00O0

1
n =24 9
Pw = (12,12) 3
e=12 1
5= 6
= D | 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=a blaabblbbalaababababbabbaa
L=10100000000000000000000O00O0

1
n =24 9
Pw = (12,12) 3
e=12 1
5= 6
= D | 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
w=a blaabblbbaalababababbabbaa
L=101000100000000000000000O0

1
n =24 9
Pw = (12,12) 3
e=12 1
5= 6
= D | 12
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Example

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
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Complexity

Theorem 2

The second algorithm computes all the Abelian periods with empty head
and empty tail of w in time O(nloglogn) and in space O(n).
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Complexity

Theorem 2

The third algorithm computes all the Abelian periods with empty head and
a possibly non-empty tail of w in time O(nlogn) and in space O(n).
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Conclusion

@ We propose new algorihms for computing Abelian periods of words:

» no head no tail
» no head one tail
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Future works

@ improving complexities
@ computing the Abelian local period array of a given word, as for the
classical periods

@ computing the Abelian border array of a given word, as for the
classical periods
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