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Social Choice

The fundamental problem of electing and ranking: to find a social
decision function (SDF):

inputs −→ ouputs
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Social Choice

The fundamental problem of electing and ranking: to find a social
decision function (SDF):

inputs −→ ouputs
messages −→ decisions

In the traditional model:

voters’ rank-orderings −→

{

society’s rank-ordering
society’s choice

In the new model:

voters’ grades −→

{

society’s grades
society’s rank-ordering
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At the beginning: Copeland’s method!

Traditionally, a voter input is a list of candidates ordered from
best to worst.
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At the beginning: Copeland’s method!

Traditionally, a voter input is a list of candidates ordered from
best to worst.

In 1297, Ramon Llull proposed a pairwise system that is a
refinement of the Condorcet-winner, known today as Copeland’s
method (1951):
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At the beginning: Copeland’s method!

Traditionally, a voter input is a list of candidates ordered from
best to worst.

In 1297, Ramon Llull proposed a pairwise system that is a
refinement of the Condorcet-winner, known today as Copeland’s
method (1951):

give every candidate a point for each candidate he defeats in a
head-to-head race (a point to both if they are tied),
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At the beginning: Copeland’s method!

Traditionally, a voter input is a list of candidates ordered from
best to worst.

In 1297, Ramon Llull proposed a pairwise system that is a
refinement of the Condorcet-winner, known today as Copeland’s
method (1951):

give every candidate a point for each candidate he defeats in a
head-to-head race (a point to both if they are tied),

the candidate with the most points is elected.
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The Condorcet Paradox (1786)

Of course, there may be no Condorcet-winner:

30% 32% 38%
A B C
B C A
C A B
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The Condorcet Paradox (1786)

Of course, there may be no Condorcet-winner:

30% 32% 38%
A B C
B C A
C A B

A B C

A – 68% 30%
B 32% – 62%
C 70% 38% –
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The Condorcet Paradox (1786)

Of course, there may be no Condorcet-winner:

30% 32% 38%
A B C
B C A
C A B

A B C

A – 68% 30%
B 32% – 62%
C 70% 38% –

because
A(68%) ≻ B(62%) ≻ C (70%) ≻ A
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The Condorcet Paradox (1786)

Of course, there may be no Condorcet-winner:

30% 32% 38%
A B C
B C A
C A B

A B C

A – 68% 30%
B 32% – 62%
C 70% 38% –

because
A(68%) ≻ B(62%) ≻ C (70%) ≻ A

The Condorcet paradox.
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Borda’s Method

In 1433, Nicolas Cusanus proposed what is known today as Borda’s
method (1780):

Points 30% 32% 38%
2 A B C
1 B C A
0 C A B
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Borda’s Method

In 1433, Nicolas Cusanus proposed what is known today as Borda’s
method (1780):

Points 30% 32% 38%
2 A B C
1 B C A
0 C A B

Borda score
A: 60+38=98
B : 30+64=94
C : 32+76=108
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Borda’s Method

In 1433, Nicolas Cusanus proposed what is known today as Borda’s
method (1780):

Points 30% 32% 38%
2 A B C
1 B C A
0 C A B

Borda score
A: 60+38=98
B : 30+64=94
C : 32+76=108

Or,

A B C Borda score
A – 68% 30% 98
B 32% – 62% 94
C 70% 38% – 108
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Borda’s Method

In 1433, Nicolas Cusanus proposed what is known today as Borda’s
method (1780):

Points 30% 32% 38%
2 A B C
1 B C A
0 C A B

Borda score
A: 60+38=98
B : 30+64=94
C : 32+76=108

Or,

A B C Borda score
A – 68% 30% 98
B 32% – 62% 94
C 70% 38% – 108

The Borda-ranking : C ≻ A ≻ B .
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UK’s, USA’s, France’s Methods

First-past-the-post (UK, USA, . . . ): A voter names one candidate
(the input). The candidate most often named is elected (the
output).
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UK’s, USA’s, France’s Methods

First-past-the-post (UK, USA, . . . ): A voter names one candidate
(the input). The candidate most often named is elected (the
output).

Two-past-the-post (France, . . . ): A voter names one candidate. If
one candidate is named by more than 50% of the voters, he or she
is elected. Otherwise, there is a run-off between the two candidates
most often named.
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The winner depends on the method

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –
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The winner depends on the method

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A ≻ B ≻ C
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The winner depends on the method

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A ≻ B ≻ C

(2)Two-past-the-post: B ≻ A ≻ C
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The winner depends on the method

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A ≻ B ≻ C

(2)Two-past-the-post: B ≻ A ≻ C

(3) Borda: C ≻ B ≻ A (and Condorcet)
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The winner depends on the method

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A ≻ B ≻ C

(2)Two-past-the-post: B ≻ A ≻ C

(3) Borda: C ≻ B ≻ A (and Condorcet)

Strategic manipulation pays:
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The winner depends on the method

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A ≻ B ≻ C

(2)Two-past-the-post: B ≻ A ≻ C

(3) Borda: C ≻ B ≻ A (and Condorcet)

Strategic manipulation pays:

If with (1), the 28% vote for B : B wins.
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The winner depends on the method

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A ≻ B ≻ C

(2)Two-past-the-post: B ≻ A ≻ C

(3) Borda: C ≻ B ≻ A (and Condorcet)

Strategic manipulation pays:

If with (1), the 28% vote for B : B wins.

If with (2), the 33% vote for C : C wins.
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The winner depends on the method

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A ≻ B ≻ C

(2)Two-past-the-post: B ≻ A ≻ C

(3) Borda: C ≻ B ≻ A (and Condorcet)

Strategic manipulation pays:

If with (1), the 28% vote for B : B wins.

If with (2), the 33% vote for C : C wins.

If with (3), 34% vote B ≻ A ≻ C : B wins.
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Arrow’s paradox

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A wins

(2)Two-past-the-post: B wins

(3) Borda: C wins.
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Arrow’s paradox

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A wins

(2)Two-past-the-post: B wins

(3) Borda: C wins.

Arrow’s paradox:
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Arrow’s paradox

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A wins

(2)Two-past-the-post: B wins

(3) Borda: C wins.

Arrow’s paradox:

If with (1), C (a loser) drops out, B wins; if B (a loser) drops
out C wins.
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Arrow’s paradox

5% 33% 34% 28%
A A B C
B C C B
C B A A

A B C

A – 38% 38%
B 62% – 39%
C 62% 61% –

(1) First-past-the-post: A wins

(2)Two-past-the-post: B wins

(3) Borda: C wins.

Arrow’s paradox:

If with (1), C (a loser) drops out, B wins; if B (a loser) drops
out C wins.

If with (2), A (a loser) drops out, C wins.
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Unavoidable conundrum of the traditional model

In the context of the traditional model, a reasonable method should
guarantee for 3 alternatives or more:
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In the context of the traditional model, a reasonable method should
guarantee for 3 alternatives or more:

1) Full domain: Voters are permitted to list candidates in
any order they wish.
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Unavoidable conundrum of the traditional model

In the context of the traditional model, a reasonable method should
guarantee for 3 alternatives or more:

1) Full domain: Voters are permitted to list candidates in
any order they wish.
2) Unanimity: When a candidate is first on every voter’s list,
then that candidate is the winner.
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Unavoidable conundrum of the traditional model

In the context of the traditional model, a reasonable method should
guarantee for 3 alternatives or more:

1) Full domain: Voters are permitted to list candidates in
any order they wish.
2) Unanimity: When a candidate is first on every voter’s list,
then that candidate is the winner.
3) Independence of irrelevant alternatives: The winner
does not change because some “irrelevant” candidate runs or
withdraws (This is in fact Nash’s formulation of IIA).
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Unavoidable conundrum of the traditional model

In the context of the traditional model, a reasonable method should
guarantee for 3 alternatives or more:

1) Full domain: Voters are permitted to list candidates in
any order they wish.
2) Unanimity: When a candidate is first on every voter’s list,
then that candidate is the winner.
3) Independence of irrelevant alternatives: The winner
does not change because some “irrelevant” candidate runs or
withdraws (This is in fact Nash’s formulation of IIA).
4) Strategy Proof: It is a dominant strategy to vote honestly.
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Unavoidable conundrum of the traditional model

In the context of the traditional model, a reasonable method should
guarantee for 3 alternatives or more:

1) Full domain: Voters are permitted to list candidates in
any order they wish.
2) Unanimity: When a candidate is first on every voter’s list,
then that candidate is the winner.
3) Independence of irrelevant alternatives: The winner
does not change because some “irrelevant” candidate runs or
withdraws (This is in fact Nash’s formulation of IIA).
4) Strategy Proof: It is a dominant strategy to vote honestly.

Theorem (Arrow’s impossibility)

Only the dictatorial rule meets 1, 2 and 3.
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Unavoidable conundrum of the traditional model

In the context of the traditional model, a reasonable method should
guarantee for 3 alternatives or more:

1) Full domain: Voters are permitted to list candidates in
any order they wish.
2) Unanimity: When a candidate is first on every voter’s list,
then that candidate is the winner.
3) Independence of irrelevant alternatives: The winner
does not change because some “irrelevant” candidate runs or
withdraws (This is in fact Nash’s formulation of IIA).
4) Strategy Proof: It is a dominant strategy to vote honestly.

Theorem (Arrow’s impossibility)

Only the dictatorial rule meets 1, 2 and 3.

Theorem (Gibbard/Satterthwaite’s impossibility)

Only the dictatorial rule meets 1, 2 and 4.
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Are the paradoxes real in practice?
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Are the paradoxes real in practice?

In the 2000 USA presidential election, the presence of a minor
candidate, Ralph Nader, changed the outcome.
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Are the paradoxes real in practice?

In the 2000 USA presidential election, the presence of a minor
candidate, Ralph Nader, changed the outcome.

In the 2002 French presidential election , with 16 candidates,
Jospin (the major candidate of the left) was eliminated in the
first round. In the second round, Chirac (moderate right)
crushed Le Pen (extreme right) with a score of 82%. Many
polls predicted that Jospin would have won against Chirac.
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Are the paradoxes real in practice?

In the 2000 USA presidential election, the presence of a minor
candidate, Ralph Nader, changed the outcome.

In the 2002 French presidential election , with 16 candidates,
Jospin (the major candidate of the left) was eliminated in the
first round. In the second round, Chirac (moderate right)
crushed Le Pen (extreme right) with a score of 82%. Many
polls predicted that Jospin would have won against Chirac.

Consequently, 30% of French voters voted strategically in
2007: minor candidates of the left obtained 27% in 2002 and
11% in 2007, minors of the right 16% in 2002 and 3% in 2002.
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Are the paradoxes real in practice?

In the 2000 USA presidential election, the presence of a minor
candidate, Ralph Nader, changed the outcome.

In the 2002 French presidential election , with 16 candidates,
Jospin (the major candidate of the left) was eliminated in the
first round. In the second round, Chirac (moderate right)
crushed Le Pen (extreme right) with a score of 82%. Many
polls predicted that Jospin would have won against Chirac.

Consequently, 30% of French voters voted strategically in
2007: minor candidates of the left obtained 27% in 2002 and
11% in 2007, minors of the right 16% in 2002 and 3% in 2002.

In 2007, many polls showed that Bayrou was the Condorcet
winner. Yet, he was eliminated in the first round.
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Are the paradoxes real in practice?

In the 2000 USA presidential election, the presence of a minor
candidate, Ralph Nader, changed the outcome.

In the 2002 French presidential election , with 16 candidates,
Jospin (the major candidate of the left) was eliminated in the
first round. In the second round, Chirac (moderate right)
crushed Le Pen (extreme right) with a score of 82%. Many
polls predicted that Jospin would have won against Chirac.

Consequently, 30% of French voters voted strategically in
2007: minor candidates of the left obtained 27% in 2002 and
11% in 2007, minors of the right 16% in 2002 and 3% in 2002.

In 2007, many polls showed that Bayrou was the Condorcet
winner. Yet, he was eliminated in the first round.

Condorcet paradox was observed in the 1994 general election
of the Danish Folketing and in a real wine competition.
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Condorcet’s method

In 1789, the Marquis the Condorcet proposed the
Condorcet-ranking . It is known as Kemeny’s rule. It associates a
score to each possible rank ordering.
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Condorcet’s method

In 1789, the Marquis the Condorcet proposed the
Condorcet-ranking . It is known as Kemeny’s rule. It associates a
score to each possible rank ordering.

A voter contributes k Condorcet-points to a rank-ordering if his
input agrees in k pair-by-pair comparisons.
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Condorcet’s method

In 1789, the Marquis the Condorcet proposed the
Condorcet-ranking . It is known as Kemeny’s rule. It associates a
score to each possible rank ordering.

A voter contributes k Condorcet-points to a rank-ordering if his
input agrees in k pair-by-pair comparisons.

The Condorcet-score of a rank-ordering is the sum of its
Condorcet-points over all voters.
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Condorcet’s method

In 1789, the Marquis the Condorcet proposed the
Condorcet-ranking . It is known as Kemeny’s rule. It associates a
score to each possible rank ordering.

A voter contributes k Condorcet-points to a rank-ordering if his
input agrees in k pair-by-pair comparisons.

The Condorcet-score of a rank-ordering is the sum of its
Condorcet-points over all voters.

The Condorcet-ranking is the ranking that maximizes the
Condorcet-score.
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Condorcet’s method

In 1789, the Marquis the Condorcet proposed the
Condorcet-ranking . It is known as Kemeny’s rule. It associates a
score to each possible rank ordering.

A voter contributes k Condorcet-points to a rank-ordering if his
input agrees in k pair-by-pair comparisons.

The Condorcet-score of a rank-ordering is the sum of its
Condorcet-points over all voters.

The Condorcet-ranking is the ranking that maximizes the
Condorcet-score.

Property 1: the method is Condorcet consistent: the
Condorcet-winner —(when he exists)—is always the first-ranked by
the Condorcet-ranking.
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Condorcet’s method

In 1789, the Marquis the Condorcet proposed the
Condorcet-ranking . It is known as Kemeny’s rule. It associates a
score to each possible rank ordering.

A voter contributes k Condorcet-points to a rank-ordering if his
input agrees in k pair-by-pair comparisons.

The Condorcet-score of a rank-ordering is the sum of its
Condorcet-points over all voters.

The Condorcet-ranking is the ranking that maximizes the
Condorcet-score.

Property 1: the method is Condorcet consistent: the
Condorcet-winner —(when he exists)—is always the first-ranked by
the Condorcet-ranking.
Property 2: computing a Condorcet-Kemeny ranking is NP-hard
(Bartholdi, Tovey, and Trick, 1989).
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Saari’s insight

Condordet gave this 81-voter example to argue Borda’s method is
bad:

30 : A ≻ B ≻ C 1 : A ≻ C ≻ B 29 : B ≻ A ≻ C

10 : B ≻ C ≻ A 10 : C ≻ A ≻ B 1 : C ≻ B ≻ A.
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Saari’s insight

Condordet gave this 81-voter example to argue Borda’s method is
bad:

30 : A ≻ B ≻ C 1 : A ≻ C ≻ B 29 : B ≻ A ≻ C

10 : B ≻ C ≻ A 10 : C ≻ A ≻ B 1 : C ≻ B ≻ A.

The Condorcet-winner is A:
A(41) ≻S B(40), A(60) ≻S C (21).
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Saari’s insight

Condordet gave this 81-voter example to argue Borda’s method is
bad:

30 : A ≻ B ≻ C 1 : A ≻ C ≻ B 29 : B ≻ A ≻ C

10 : B ≻ C ≻ A 10 : C ≻ A ≻ B 1 : C ≻ B ≻ A.

The Condorcet-winner is A:
A(41) ≻S B(40), A(60) ≻S C (21).

The Borda-ranking is B(109) ≻S A(101) ≻S C (33).
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Saari’s insight

Condordet gave this 81-voter example to argue Borda’s method is
bad:

30 : A ≻ B ≻ C 1 : A ≻ C ≻ B 29 : B ≻ A ≻ C

10 : B ≻ C ≻ A 10 : C ≻ A ≻ B 1 : C ≻ B ≻ A.

The Condorcet-winner is A:
A(41) ≻S B(40), A(60) ≻S C (21).

The Borda-ranking is B(109) ≻S A(101) ≻S C (33).

The Condorcet-ranking is A ≻S B ≻S C
(C-score 41 + 60 + 69 = 170; of Borda-ranking 169).
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Saari’s insight

30 : A ≻ B ≻ C 1 : A ≻ C ≻ B 29 : B ≻ A ≻ C

10 : B ≻ C ≻ A 10 : C ≻ A ≻ B 1 : C ≻ B ≻ A.
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Saari’s insight

30 : A ≻ B ≻ C 1 : A ≻ C ≻ B 29 : B ≻ A ≻ C

10 : B ≻ C ≻ A 10 : C ≻ A ≻ B 1 : C ≻ B ≻ A.

30 of the 81 voters constitute a Condorcet-component

10 : A ≻ B ≻ C 10 : B ≻ C ≻ A 10 : C ≻ A ≻ B .
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Saari’s insight

30 : A ≻ B ≻ C 1 : A ≻ C ≻ B 29 : B ≻ A ≻ C

10 : B ≻ C ≻ A 10 : C ≻ A ≻ B 1 : C ≻ B ≻ A.

30 of the 81 voters constitute a Condorcet-component

10 : A ≻ B ≻ C 10 : B ≻ C ≻ A 10 : C ≻ A ≻ B .

What do these 30 voters say? A,B and C are “ tied.” They
offer no further information. They cancel each other.
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Saari’s insight

30 : A ≻ B ≻ C 1 : A ≻ C ≻ B 29 : B ≻ A ≻ C

10 : B ≻ C ≻ A 10 : C ≻ A ≻ B 1 : C ≻ B ≻ A.

30 of the 81 voters constitute a Condorcet-component

10 : A ≻ B ≻ C 10 : B ≻ C ≻ A 10 : C ≻ A ≻ B .

What do these 30 voters say? A,B and C are “ tied.” They
offer no further information. They cancel each other.

There is another Condorcet-component:

1 : A ≻ C ≻ B 1 : C ≻ B ≻ A 1 : B ≻ A ≻ C .

They too cancel.
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Saari’s insight

After cancellation the problem becomes:

20 : A ≻ B ≻ C 28 : B ≻ A ≻ C .

B is the obvious winner!

Saari’s conclusion: the Condorcet-winner—when he exists—is not
the candidate who should win in every case!
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Saari’s insight

After cancellation the problem becomes:

20 : A ≻ B ≻ C 28 : B ≻ A ≻ C .

B is the obvious winner!

Saari’s conclusion: the Condorcet-winner—when he exists—is not
the candidate who should win in every case!

Borda’s method is immune to cancellation: the same number of
points is deducted from every candidate.

Rida Laraki Majority Judgement



Traditional Methods and results Incompatibility Between Electing and Ranking Majority Judgement: Two Applications

Saari’s insight

After cancellation the problem becomes:

20 : A ≻ B ≻ C 28 : B ≻ A ≻ C .

B is the obvious winner!

Saari’s conclusion: the Condorcet-winner—when he exists—is not
the candidate who should win in every case!

Borda’s method is immune to cancellation: the same number of
points is deducted from every candidate.

No Condorcet consistent method is immune to cancellation.
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Winners and rankings?

Is Borda’s method good for designating a winner, or a ranking, or
both?
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Winners and rankings?

Is Borda’s method good for designating a winner, or a ranking, or
both?
Is Condorcet’s method good for designating a winner, or a ranking,
or both?
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Winners and rankings?

Is Borda’s method good for designating a winner, or a ranking, or
both?
Is Condorcet’s method good for designating a winner, or a ranking,
or both?
Intuitively, both:
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Winners and rankings?

Is Borda’s method good for designating a winner, or a ranking, or
both?
Is Condorcet’s method good for designating a winner, or a ranking,
or both?
Intuitively, both:

Given a method of ranking, the first-placed candidate is the
winner.
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Winners and rankings?

Is Borda’s method good for designating a winner, or a ranking, or
both?
Is Condorcet’s method good for designating a winner, or a ranking,
or both?
Intuitively, both:

Given a method of ranking, the first-placed candidate is the
winner.

Given a method of designating a winner (or loser), he is the
first-ranked (or last-ranked); the second-ranked is the winner
among the remaining candidates; . . .
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Borda for winners

Given a profile of preferences, a candidate-scoring method assigns a
nonnegative score to every candidate.
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Borda for winners

Given a profile of preferences, a candidate-scoring method assigns a
nonnegative score to every candidate.
It should:
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Borda for winners

Given a profile of preferences, a candidate-scoring method assigns a
nonnegative score to every candidate.
It should:

(1) assign a 0 to the worst possible candidate: give a 0 to a
candidate last on every voter’s list;
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Borda for winners

Given a profile of preferences, a candidate-scoring method assigns a
nonnegative score to every candidate.
It should:

(1) assign a 0 to the worst possible candidate: give a 0 to a
candidate last on every voter’s list;

(2) correctly reward a minimal improvement: when a voter
inverts two successive candidates of his list, the score of the
candidate who moves up increases by 1.

Rida Laraki Majority Judgement



Traditional Methods and results Incompatibility Between Electing and Ranking Majority Judgement: Two Applications

Borda for winners

Given a profile of preferences, a candidate-scoring method assigns a
nonnegative score to every candidate.
It should:

(1) assign a 0 to the worst possible candidate: give a 0 to a
candidate last on every voter’s list;

(2) correctly reward a minimal improvement: when a voter
inverts two successive candidates of his list, the score of the
candidate who moves up increases by 1.

Theorem

Borda-score characterization. The Borda-score is the unique
candidate-scoring method that assigns a 0 to the worst possible
candidate and correctly rewards minimal improvements.
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Borda for winners

Given a profile of preferences, a candidate-scoring method assigns a
nonnegative score to every candidate.
It should:

(1) assign a 0 to the worst possible candidate: give a 0 to a
candidate last on every voter’s list;

(2) correctly reward a minimal improvement: when a voter
inverts two successive candidates of his list, the score of the
candidate who moves up increases by 1.

Theorem

Borda-score characterization. The Borda-score is the unique
candidate-scoring method that assigns a 0 to the worst possible
candidate and correctly rewards minimal improvements.

Moral: The Borda-score concerns winners.
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Condorcet for rankings

Given a profile of preferences, a rank-scoring method assigns a
nonnegative score to every ranking.
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Condorcet for rankings

Given a profile of preferences, a rank-scoring method assigns a
nonnegative score to every ranking.

The opposite of a ranking A ≻ B ≻ C ≻ D ≻ . . . is
A ≺ B ≺ C ≺ D ≺ . . ..
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Condorcet for rankings

Given a profile of preferences, a rank-scoring method assigns a
nonnegative score to every ranking.

The opposite of a ranking A ≻ B ≻ C ≻ D ≻ . . . is
A ≺ B ≺ C ≺ D ≺ . . ..

A rank-scoring method should:
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Condorcet for rankings

Given a profile of preferences, a rank-scoring method assigns a
nonnegative score to every ranking.

The opposite of a ranking A ≻ B ≻ C ≻ D ≻ . . . is
A ≺ B ≺ C ≺ D ≺ . . ..

A rank-scoring method should:

(1) assign a 0 to the worst possible ranking : give a 0 to a
ranking if every voter’s preference is the opposite ranking;
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Condorcet for rankings

Given a profile of preferences, a rank-scoring method assigns a
nonnegative score to every ranking.

The opposite of a ranking A ≻ B ≻ C ≻ D ≻ . . . is
A ≺ B ≺ C ≺ D ≺ . . ..

A rank-scoring method should:

(1) assign a 0 to the worst possible ranking : give a 0 to a
ranking if every voter’s preference is the opposite ranking;

(2) correctly reward a minimal improvement: when one voter
inverts two successive candidates of his list, the score of every
order that agrees with the change increases by 1.
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Condorcet for rankings

Theorem

Condorcet-score characterization. The Condorcet-score is the
unique rank-scoring method that assigns a 0 to the worst possible
order and correctly rewards minimal improvements.
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Condorcet for rankings

Theorem

Condorcet-score characterization. The Condorcet-score is the
unique rank-scoring method that assigns a 0 to the worst possible
order and correctly rewards minimal improvements.

Moral: The Condorcet-score concerns rankings.
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Winners or rankings?

Are ranking and designating winners two sides of one coin?

Rida Laraki Majority Judgement



Traditional Methods and results Incompatibility Between Electing and Ranking Majority Judgement: Two Applications

Winners or rankings?

Are ranking and designating winners two sides of one coin?

333 : A ≻ B ≻ C 333 : B ≻ C ≻ A 333 : C ≻ A ≻ B
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Winners or rankings?

Are ranking and designating winners two sides of one coin?

333 : A ≻ B ≻ C 333 : B ≻ C ≻ A 333 : C ≻ A ≻ B

1 : A ≻ C ≻ B .
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Winners or rankings?

Are ranking and designating winners two sides of one coin?

333 : A ≻ B ≻ C 333 : B ≻ C ≻ A 333 : C ≻ A ≻ B

1 : A ≻ C ≻ B .

By Borda:
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Winners or rankings?

Are ranking and designating winners two sides of one coin?

333 : A ≻ B ≻ C 333 : B ≻ C ≻ A 333 : C ≻ A ≻ B

1 : A ≻ C ≻ B .

By Borda:
A is the winner, B the loser: reasonable
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Winners or rankings?

Are ranking and designating winners two sides of one coin?

333 : A ≻ B ≻ C 333 : B ≻ C ≻ A 333 : C ≻ A ≻ B

1 : A ≻ C ≻ B .

By Borda:
A is the winner, B the loser: reasonable

Thus, society’s order is A ≻S C ≻S B: unreasonable
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Winners or rankings?

Are ranking and designating winners two sides of one coin?

333 : A ≻ B ≻ C 333 : B ≻ C ≻ A 333 : C ≻ A ≻ B

1 : A ≻ C ≻ B .

By Borda:
A is the winner, B the loser: reasonable

Thus, society’s order is A ≻S C ≻S B: unreasonable

By Condorcet:
A ≻S B ≻S C and C ≻S A ≻S B tied for first: reasonable
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Winners or rankings?

Are ranking and designating winners two sides of one coin?

333 : A ≻ B ≻ C 333 : B ≻ C ≻ A 333 : C ≻ A ≻ B

1 : A ≻ C ≻ B .

By Borda:
A is the winner, B the loser: reasonable

Thus, society’s order is A ≻S C ≻S B: unreasonable

By Condorcet:
A ≻S B ≻S C and C ≻S A ≻S B tied for first: reasonable

No reasonable ranking function must choose A ≻ C ≻ B .
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Winners or rankings?

Are ranking and designating winners two sides of one coin?

333 : A ≻ B ≻ C 333 : B ≻ C ≻ A 333 : C ≻ A ≻ B

1 : A ≻ C ≻ B .

By Borda:
A is the winner, B the loser: reasonable

Thus, society’s order is A ≻S C ≻S B: unreasonable

By Condorcet:
A ≻S B ≻S C and C ≻S A ≻S B tied for first: reasonable

No reasonable ranking function must choose A ≻ C ≻ B .

Any reasonable choice function must choose A ≻ C ≻ B ..
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Winners or rankings?

Are ranking and designating winners two sides of one coin?

333 : A ≻ B ≻ C 333 : B ≻ C ≻ A 333 : C ≻ A ≻ B

1 : A ≻ C ≻ B .

By Borda:
A is the winner, B the loser: reasonable

Thus, society’s order is A ≻S C ≻S B: unreasonable

By Condorcet:
A ≻S B ≻S C and C ≻S A ≻S B tied for first: reasonable

No reasonable ranking function must choose A ≻ C ≻ B .

Any reasonable choice function must choose A ≻ C ≻ B ..
A fundamental incompatibility between electing and ranking.
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Citadelles du vin Experiment, Bordeaux 2008

Anjou Bourgogne Chablis
Very good Excellent Excellent
Very good Very good Excellent

Good Good Good
Good Good Passable

Passable Mediocre Mediocre
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Citadelles du vin Experiment, Bordeaux 2008

Anjou Bourgogne Chablis
Very good Excellent Excellent
Very good Very good Excellent

Good Good Good
Good Good Passable

Passable Mediocre Mediocre

Anjou Bourgogne Chablis
Very good Excellent Excellent
Very good Very good Excellent

Good Good Passable
Passable Mediocre Mediocre

Rida Laraki Majority Judgement



Traditional Methods and results Incompatibility Between Electing and Ranking Majority Judgement: Two ApplicationsWine competitions Presidential Elections

Citadelles du vin Experiment, Bordeaux 2008

Anjou Bourgogne
Very good Excellent
Very good Very good
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Citadelles du vin Experiment, Bordeaux 2008

Anjou Bourgogne
Very good Excellent
Very good Very good

Passable Mediocre

Anjou Bourgogne
Very good Excellent
Passable Mediocre
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Citadelles du vin Experiment, Bordeaux 2008

Anjou Bourgogne
Very good Excellent
Very good Very good

Passable Mediocre

Anjou Bourgogne
Very good Excellent
Passable Mediocre

Therefore: Anjou ≻ Bourgogne ≻ Chablis
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French President elections experiment, Orsay, April 23, 2007
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French President elections experiment, Orsay, April 23, 2007

A field experiment conducted in 3 of Orsay’s 12 voting bureaux
the day of the first round of the French Presidential election.
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French President elections experiment, Orsay, April 23, 2007

A field experiment conducted in 3 of Orsay’s 12 voting bureaux
the day of the first round of the French Presidential election.

These three are not representative of France.
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French President elections experiment, Orsay, April 23, 2007

A field experiment conducted in 3 of Orsay’s 12 voting bureaux
the day of the first round of the French Presidential election.

These three are not representative of France.

Potential participants informed by mailings, local publications
and posters with active participation of the Mayor’s office.
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French President elections experiment, Orsay, April 23, 2007

A field experiment conducted in 3 of Orsay’s 12 voting bureaux
the day of the first round of the French Presidential election.

These three are not representative of France.

Potential participants informed by mailings, local publications
and posters with active participation of the Mayor’s office.

After casting their official ballots, voters invited to cast
majority judgment ballots (at adjacent tables and booths).
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French President elections experiment, Orsay, April 23, 2007

A field experiment conducted in 3 of Orsay’s 12 voting bureaux
the day of the first round of the French Presidential election.

These three are not representative of France.

Potential participants informed by mailings, local publications
and posters with active participation of the Mayor’s office.

After casting their official ballots, voters invited to cast
majority judgment ballots (at adjacent tables and booths).

Under identical conditions: ballots filled out in booths, inserted
in envelopes and deposited in transparent urns.
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French President elections experiment, Orsay, April 23, 2007

A field experiment conducted in 3 of Orsay’s 12 voting bureaux
the day of the first round of the French Presidential election.

These three are not representative of France.

Potential participants informed by mailings, local publications
and posters with active participation of the Mayor’s office.

After casting their official ballots, voters invited to cast
majority judgment ballots (at adjacent tables and booths).

Under identical conditions: ballots filled out in booths, inserted
in envelopes and deposited in transparent urns.

2,360 voted officially, 1,752 (74%) participated in experiment,
1,733 ballots valid. 1,705 were different.
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French President elections experiment, Orsay, April 23, 2007

A field experiment conducted in 3 of Orsay’s 12 voting bureaux
the day of the first round of the French Presidential election.

These three are not representative of France.

Potential participants informed by mailings, local publications
and posters with active participation of the Mayor’s office.

After casting their official ballots, voters invited to cast
majority judgment ballots (at adjacent tables and booths).

Under identical conditions: ballots filled out in booths, inserted
in envelopes and deposited in transparent urns.

2,360 voted officially, 1,752 (74%) participated in experiment,
1,733 ballots valid. 1,705 were different.

Many voters expressed their satisfaction to be able to vote
with the majority judgement ballot.
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Ballot: Election of the President of France 2007

To be president of France, having taken into account all considerations,

I judge, in conscience, that this candidate would be:

Excellent VGood Good Acceptable Poor to Reject

Besancenot

Buffet

Schivardi

Bayrou

Bové

Voynet

Villiers

Royal

Nihous

Le Pen

Laguiller

Sarkozy
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Results French Presidential elections, Orsay 3 Bureaux

Excellent VGood Good Accept Poor Reject

13.6% 30.7% 25.1% 14.8 8.4% 4.5% 2.9%

16.7% 22.7% 19.1% 16.8% 12.2% 10.8% 1.8%

19.1% 19.8% 14.3% 11.5% 7.1% 26.5% 1.7%

Voynet 2.9% 9.3% 17.5% 23.7% 26.1% 16.2% 4.3%

Besancenot 4.1% 9.9% 16.3% 16.0% 22.6% 27.9% 3.2%

Buffet 2.5% 7.6% 12.5% 20.6% 26.4% 26.1% 4.3%

Bové 1.5% 6.0% 11.4% 16.0% 25.7% 35.3% 4.2%

Laguiller 2.1% 5.3% 10.2% 16.6% 25.9% 34.8% 5.3%

Nihous 0.3% 1.8% 5.3% 11.0% 26.7% 47.8% 7.2%

Villiers 2.4% 6.4% 8.7% 11.3% 15.8% 51.2% 4.3%

Schivardi 0.5% 1.0% 3.9% 9.5% 24.9% 54.6% 5.8%

3.0% 4.6% 6.2% 6.5% 5.4% 71.7% 2.7%
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Results French Presidential elections, Orsay 3 Bureaux

Excellent VGood Good Accept Poor Reject

Bayrou 13.6% 30.7% 25.1% 14.8 8.4% 4.5% 2.9%

Royal 16.7% 22.7% 19.1% 16.8% 12.2% 10.8% 1.8%

Sarkozy 19.1% 19.8% 14.3% 11.5% 7.1% 26.5% 1.7%

Voynet 2.9% 9.3% 17.5% 23.7% 26.1% 16.2% 4.3%

Besancenot 4.1% 9.9% 16.3% 16.0% 22.6% 27.9% 3.2%

Buffet 2.5% 7.6% 12.5% 20.6% 26.4% 26.1% 4.3%

Bové 1.5% 6.0% 11.4% 16.0% 25.7% 35.3% 4.2%

Laguiller 2.1% 5.3% 10.2% 16.6% 25.9% 34.8% 5.3%

Nihous 0.3% 1.8% 5.3% 11.0% 26.7% 47.8% 7.2%

Villiers 2.4% 6.4% 8.7% 11.3% 15.8% 51.2% 4.3%

Schivardi 0.5% 1.0% 3.9% 9.5% 24.9% 54.6% 5.8%

Le Pen 3.0% 4.6% 6.2% 6.5% 5.4% 71.7% 2.7%
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Results French Presidential elections, Orsay 3 Bureaux

Excellent VGood Good Accept Poor Reject

Bayrou 13.6% 30.7% 25.1% 14.8 8.4% 4.5% 2.9%

Royal 16.7% 22.7% 19.1% 16.8% 12.2% 10.8% 1.8%

Sarkozy 19.1% 19.8% 14.3% 11.5% 7.1% 26.5% 1.7%

Voynet 2.9% 9.3% 17.5% 23.7% 26.1% 16.2% 4.3%

Besancenot 4.1% 9.9% 16.3% 16.0% 22.6% 27.9% 3.2%

Buffet 2.5% 7.6% 12.5% 20.6% 26.4% 26.1% 4.3%

Bové 1.5% 6.0% 11.4% 16.0% 25.7% 35.3% 4.2%

Laguiller 2.1% 5.3% 10.2% 16.6% 25.9% 34.8% 5.3%

Nihous 0.3% 1.8% 5.3% 11.0% 26.7% 47.8% 7.2%

Villiers 2.4% 6.4% 8.7% 11.3% 15.8% 51.2% 4.3%

Schivardi 0.5% 1.0% 3.9% 9.5% 24.9% 54.6% 5.8%

Le Pen 3.0% 4.6% 6.2% 6.5% 5.4% 71.7% 2.7%

Grades contains meaningful information!.
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Majority-gauge-ranking : French Elections, 2007

Higher The Lower Official Ntnl
M-G M-G M-G vote vote

3 Bayrou 44.3% Good+ 30.6% 25.5% 18.6%

2 Royal 39.4% Good- 41.5% 29.9% 25.9%

1 Sarkozy 38.9% Good- 46.9% 29.0% 31.2%

8 Voynet 29.8% Acceptable- 46.6% 1.7% 1.6%

5 Besancenot 46.3% Poor+ 31.2% 2.5% 4.1%

7 Buffet 43.2% Poor+ 30.5% 1.4% 1.9%

10 Bové 34.9% Poor- 39.4% 0.9% 1.3%
9 Laguiller 34.2% Poor- 40.0% 0.8% 1.3%

11 Nihous 45.0% To reject - 0.3% 1.2%

6 Villiers 44.5% To reject - 1.9% 2.2%
12 Schivardi 39.7% To reject - 0.2% 0.3%

4 Le Pen 25.7% To reject - 5.9% 10.4%

Majority-gauge (p, α±, q)
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Voting behavior

1/3 of voters did not designate one single “best” candidate.
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Voting behavior

1/3 of voters did not designate one single “best” candidate.

1/2 of voters did not use the highest grade for their first
ranked candidate.
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Voting behavior

1/3 of voters did not designate one single “best” candidate.

1/2 of voters did not use the highest grade for their first
ranked candidate.

almost all voters rejected more than four candidates.
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Voting behavior

1/3 of voters did not designate one single “best” candidate.

1/2 of voters did not use the highest grade for their first
ranked candidate.

almost all voters rejected more than four candidates.

a similar behavior has been observed in all subsequent
experiments and use of majority judgment.
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Voting behavior

1/3 of voters did not designate one single “best” candidate.

1/2 of voters did not use the highest grade for their first
ranked candidate.

almost all voters rejected more than four candidates.

a similar behavior has been observed in all subsequent
experiments and use of majority judgment.

The traditional rank-order input does not adequately represent
voters opinions.
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Grades in practice

Practical people use measures or grades that are well defined
absolute common languages of evaluation to define decision
mechanisms:

in figure skating (new system), diving and gymnastics
competitions;

in piano, flute and orchestra competitions;

in classifying wines at wine competitions;

in ranking university students;

in classifying hotels and restaurants, e.g.,the Ritz Hotel is a
*****, the Michelin’s *** to the Tour d’Argent restaurant.
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Basic model

There are:
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Basic model

There are:

A common language Λ, a set of strictly ordered grades:
α, β, γ, . . .;
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Basic model

There are:

A common language Λ, a set of strictly ordered grades:
α, β, γ, . . .;

A finite set of m competitors (alternatives, candidates,
performances, competing goods) C = {A,B , . . . , I , . . . ,Z};
and
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Basic model

There are:

A common language Λ, a set of strictly ordered grades:
α, β, γ, . . .;

A finite set of m competitors (alternatives, candidates,
performances, competing goods) C = {A,B , . . . , I , . . . ,Z};
and

A finite set of n judges J = {1, . . . , j , . . . , n}.
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Basic model

There are:

A common language Λ, a set of strictly ordered grades:
α, β, γ, . . .;

A finite set of m competitors (alternatives, candidates,
performances, competing goods) C = {A,B , . . . , I , . . . ,Z};
and

A finite set of n judges J = {1, . . . , j , . . . , n}.

A problem is specified by a profile Φ = Φ(C,J ): an m by n matrix
of grades assigned to the competitors (rows) by the judges
(columns).
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Axioms in Ranking

A method of ranking is a complete binary relation �S that, for a
given profile Φ, compares any two competitors. It should possess
certain minimal properties.
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Axioms in Ranking

A method of ranking is a complete binary relation �S that, for a
given profile Φ, compares any two competitors. It should possess
certain minimal properties.

Axiom I neutral: A �S B for the profile Φ implies A �S B for
the profile σΦ, for σ any permutation of the competitors (or
rows).
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Axioms in Ranking

A method of ranking is a complete binary relation �S that, for a
given profile Φ, compares any two competitors. It should possess
certain minimal properties.

Axiom I neutral: A �S B for the profile Φ implies A �S B for
the profile σΦ, for σ any permutation of the competitors (or
rows).

Axiom II anonymous: A �S B for the profile Φ implies
A �S B for the profile Φσ, for σ any permutation of the
judges (or columns).
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Axioms in Ranking

A method of ranking is a complete binary relation �S that, for a
given profile Φ, compares any two competitors. It should possess
certain minimal properties.

Axiom I neutral: A �S B for the profile Φ implies A �S B for
the profile σΦ, for σ any permutation of the competitors (or
rows).

Axiom II anonymous: A �S B for the profile Φ implies
A �S B for the profile Φσ, for σ any permutation of the
judges (or columns).

Axiom III transitive: A �S B and B �S C implies A �S C .
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Axioms in Ranking

A method of ranking is a complete binary relation �S that, for a
given profile Φ, compares any two competitors. It should possess
certain minimal properties.

Axiom I neutral: A �S B for the profile Φ implies A �S B for
the profile σΦ, for σ any permutation of the competitors (or
rows).

Axiom II anonymous: A �S B for the profile Φ implies
A �S B for the profile Φσ, for σ any permutation of the
judges (or columns).

Axiom III transitive: A �S B and B �S C implies A �S C .

Axiom IV independent of irrelevant alternatives: if A �S B
for the profile Φ then A �S B for any profile Φ′ obtained from
Φ by eliminating or adjoining some other competitor (or row).
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Social Ranking Functions

A method of ranking respects ties and grades if the rank-order
between two candidates A and B depends only on their sets of
grades (i.e. the distribution of grades). In particular, if when any
two competitors A and B have an identical set of grades they are
tied. Thus, It matters not which judge gave which grade.
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Social Ranking Functions

A method of ranking respects ties and grades if the rank-order
between two candidates A and B depends only on their sets of
grades (i.e. the distribution of grades). In particular, if when any
two competitors A and B have an identical set of grades they are
tied. Thus, It matters not which judge gave which grade.

Theorem

A method of ranking is neutral, anonymous, transitive and
independent of irrelevant alternatives if and only if it is transitive,
and respects ties and grades.
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Social Ranking Functions

A method of ranking respects ties and grades if the rank-order
between two candidates A and B depends only on their sets of
grades (i.e. the distribution of grades). In particular, if when any
two competitors A and B have an identical set of grades they are
tied. Thus, It matters not which judge gave which grade.

Theorem

A method of ranking is neutral, anonymous, transitive and
independent of irrelevant alternatives if and only if it is transitive,
and respects ties and grades.

A social ranking function (SRF) is a method of ranking
that satisfies the four axioms.
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Axioms in Grading

An aggregation function is a function

f : Λn → Λ

judges’ grades of one competitor −→ final grade of competitor

f (exc., good, good, poor, v. good) = v.good

satisfying:
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Axioms in Grading

An aggregation function is a function

f : Λn → Λ

judges’ grades of one competitor −→ final grade of competitor

f (exc., good, good, poor, v. good) = v.good

satisfying:
anonymity : f (. . . , α, . . . , β, . . .) = f (. . . , β, . . . , α, . . .);
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Axioms in Grading

An aggregation function is a function

f : Λn → Λ

judges’ grades of one competitor −→ final grade of competitor

f (exc., good, good, poor, v. good) = v.good

satisfying:
anonymity : f (. . . , α, . . . , β, . . .) = f (. . . , β, . . . , α, . . .);
unanimity : f (α,α, . . . , α) = α; and
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Axioms in Grading

An aggregation function is a function

f : Λn → Λ

judges’ grades of one competitor −→ final grade of competitor

f (exc., good, good, poor, v. good) = v.good

satisfying:
anonymity : f (. . . , α, . . . , β, . . .) = f (. . . , β, . . . , α, . . .);
unanimity : f (α,α, . . . , α) = α; and
monotonicity :

αj � βj ⇒ f (α1, . . . , αj , . . . , αn) � f (α1, . . . , βj , . . . , αn)

and

(α1, . . . , αn) ≺ (β1, . . . , βn) ⇒ f (α1, . . . , αn) ≺ f (β1, . . . , βn).
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Social Grading Functions

In practice, the common language is usually parameterized. Small
changes in the parametrization or the grades should imply small
changes in the outputs.
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Social Grading Functions

In practice, the common language is usually parameterized. Small
changes in the parametrization or the grades should imply small
changes in the outputs. As Laplace suggested, suppose Λ = [0,R],
and assume f to be continuous.
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Social Grading Functions

In practice, the common language is usually parameterized. Small
changes in the parametrization or the grades should imply small
changes in the outputs. As Laplace suggested, suppose Λ = [0,R],
and assume f to be continuous.

A social grading function (SGF) f is a continuous method of
grading that satisfies the 3 axioms.
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The Game of Voting

The utility of a voter is some function uj (r
∗, r, f , C,Λ) that may

depend on many factors (the decision rule, the set of candidates,
honesty, the set of messages, other’s types and votes, etc).
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The Game of Voting

The utility of a voter is some function uj (r
∗, r, f , C,Λ) that may

depend on many factors (the decision rule, the set of candidates,
honesty, the set of messages, other’s types and votes, etc).

Given the mechanism and some private information, a voter chooses
the message that maximizes his (unknown to us) utility function.
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The Game of Voting

The utility of a voter is some function uj (r
∗, r, f , C,Λ) that may

depend on many factors (the decision rule, the set of candidates,
honesty, the set of messages, other’s types and votes, etc).

Given the mechanism and some private information, a voter chooses
the message that maximizes his (unknown to us) utility function.

We are going to prove that majority judgement is strategy-proof for
a large class of utility functions. When it is not, it is shown that it
combats manipulations in many well defined senses.
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Strategy in Grading

An aggregation function is strategy-proof-in-grading if
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Strategy in Grading

An aggregation function is strategy-proof-in-grading if

when the final grade is r and if a judge’s honest input grade is
some grade r+ > r , he cannot increase the final grade;
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Strategy in Grading

An aggregation function is strategy-proof-in-grading if

when the final grade is r and if a judge’s honest input grade is
some grade r+ > r , he cannot increase the final grade;

and if when a judge’s honest input grade is some grade
r− < r , he cannot decrease the final grade.
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Strategy in Grading

An aggregation function is strategy-proof-in-grading if

when the final grade is r and if a judge’s honest input grade is
some grade r+ > r , he cannot increase the final grade;

and if when a judge’s honest input grade is some grade
r− < r , he cannot decrease the final grade.

Strategy-proof-in-grading implies it is a dominant strategy for a
judge to honestly assign grades when his utility is single-peaked:

uj = −|r∗j − f (r1, . . . , rn)|
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Strategy in Grading

The function that associates to a set of grades the kth highest
grade is called the kth-order function f k .
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Strategy in Grading

The function that associates to a set of grades the kth highest
grade is called the kth-order function f k . Order functions are
clearly strategy-proof-in-grading.
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Strategy in Grading

The function that associates to a set of grades the kth highest
grade is called the kth-order function f k . Order functions are
clearly strategy-proof-in-grading.

Theorem

The unique strategy-proof-in-grading SGFs are the order functions.
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Strategy in Grading

The function that associates to a set of grades the kth highest
grade is called the kth-order function f k . Order functions are
clearly strategy-proof-in-grading.

Theorem

The unique strategy-proof-in-grading SGFs are the order functions.

If the mechanism is a point-summing method (the mean with
respect to some parametrization), for almost all profiles, all voters
can manipulate.
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Strategy in Ranking

A SGF is strategy-proof-in-ranking if for any two candidates A and
B ,
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Strategy in Ranking

A SGF is strategy-proof-in-ranking if for any two candidates A and
B , if the final grade of A is below the final grade of B : rA < rB
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Strategy in Ranking

A SGF is strategy-proof-in-ranking if for any two candidates A and
B , if the final grade of A is below the final grade of B : rA < rB

and if some judge j has the opposed ranking: rA
j > rB

j ,
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Strategy in Ranking

A SGF is strategy-proof-in-ranking if for any two candidates A and
B , if the final grade of A is below the final grade of B : rA < rB

and if some judge j has the opposed ranking: rA
j > rB

j ,

judge j cannot decrease B ’s final grade; and
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Strategy in Ranking

A SGF is strategy-proof-in-ranking if for any two candidates A and
B , if the final grade of A is below the final grade of B : rA < rB

and if some judge j has the opposed ranking: rA
j > rB

j ,

judge j cannot decrease B ’s final grade; and

judge j cannot increase A’s final grade;
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Strategy in Ranking

A SGF is strategy-proof-in-ranking if for any two candidates A and
B , if the final grade of A is below the final grade of B : rA < rB

and if some judge j has the opposed ranking: rA
j > rB

j ,

judge j cannot decrease B ’s final grade; and

judge j cannot increase A’s final grade;

Strategy-proof-in-ranking implies it is a dominant strategy for a
judge to honestly assign the grades whenever his utility function
depends solely on the final ranking (or only on who is the winner).
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Strategy in Ranking

A SGF is strategy-proof-in-ranking if for any two candidates A and
B , if the final grade of A is below the final grade of B : rA < rB

and if some judge j has the opposed ranking: rA
j > rB

j ,

judge j cannot decrease B ’s final grade; and

judge j cannot increase A’s final grade;

Strategy-proof-in-ranking implies it is a dominant strategy for a
judge to honestly assign the grades whenever his utility function
depends solely on the final ranking (or only on who is the winner).

Theorem (Extending Gibbard-Satterthwaite)

There exists no SGF that is strategy-proof-in-ranking.
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Strategy in Ranking

A SGF is partially strategy-proof-in-ranking if: for any two
candidates A and B ,
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Strategy in Ranking

A SGF is partially strategy-proof-in-ranking if: for any two
candidates A and B , if the final grade of A is below the final grade
of B ,
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Strategy in Ranking

A SGF is partially strategy-proof-in-ranking if: for any two
candidates A and B , if the final grade of A is below the final grade
of B , and if some judge j believes the opposite then,

Rida Laraki Majority Judgement



Traditional Methods and results Incompatibility Between Electing and Ranking Majority Judgement: Two Applications

Strategy in Ranking

A SGF is partially strategy-proof-in-ranking if: for any two
candidates A and B , if the final grade of A is below the final grade
of B , and if some judge j believes the opposite then,

if j can decrease B ’s final grade, he cannot increase A’s final
grade; and
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Strategy in Ranking

A SGF is partially strategy-proof-in-ranking if: for any two
candidates A and B , if the final grade of A is below the final grade
of B , and if some judge j believes the opposite then,

if j can decrease B ’s final grade, he cannot increase A’s final
grade; and

if j can increase A’s final grade, he cannot decrease B ’s final
grade.
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Strategy in Ranking

A SGF is partially strategy-proof-in-ranking if: for any two
candidates A and B , if the final grade of A is below the final grade
of B , and if some judge j believes the opposite then,

if j can decrease B ’s final grade, he cannot increase A’s final
grade; and

if j can increase A’s final grade, he cannot decrease B ’s final
grade.

Theorem

The unique SGFs that are partially strategy-proof-in-ranking are the
order functions.
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Middlemost Aggregation Functions

The middlemost aggregation functions are (for r1 ≥ . . . ≥ rn),

f (r1, . . . , rn) = r(n+1)/2 when n is odd, and

rn/2 ≥ f (r1, . . . , rn) ≥ r(n+2)/2 when n is even.

f n/2 and f (n+2)/2 are the upper-middlemost and lower-middlemost
order functions.
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Middlemost Aggregation Functions

The middlemost aggregation functions are (for r1 ≥ . . . ≥ rn),

f (r1, . . . , rn) = r(n+1)/2 when n is odd, and

rn/2 ≥ f (r1, . . . , rn) ≥ r(n+2)/2 when n is even.

f n/2 and f (n+2)/2 are the upper-middlemost and lower-middlemost
order functions.

Theorem

The unique aggregation functions that assign a final grade of r
when a majority of judges assign r are the middlemost.
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Minimizing Manipulability for SGF

Given an aggregation function f and input r = (r1, . . . , rn), let
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Minimizing Manipulability for SGF

Given an aggregation function f and input r = (r1, . . . , rn), let

µ−(f , r) = nbre of judges who can decrease the final grade,
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Minimizing Manipulability for SGF

Given an aggregation function f and input r = (r1, . . . , rn), let

µ−(f , r) = nbre of judges who can decrease the final grade,

µ+(f , r) = nbre of judges who can increase the final grade,
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Minimizing Manipulability for SGF

Given an aggregation function f and input r = (r1, . . . , rn), let

µ−(f , r) = nbre of judges who can decrease the final grade,

µ+(f , r) = nbre of judges who can increase the final grade,

Let λ = probability a judge wishes to increase the final grade. The
probability of effective-manipulability of f is

EM(f ) = max
r=(r1,...,rn)

max
0≤λ≤1

λµ+(f , r) + (1 − λ)µ−(f , r)

n
.
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Minimizing Manipulability for SGF

Given an aggregation function f and input r = (r1, . . . , rn), let

µ−(f , r) = nbre of judges who can decrease the final grade,

µ+(f , r) = nbre of judges who can increase the final grade,

Let λ = probability a judge wishes to increase the final grade. The
probability of effective-manipulability of f is

EM(f ) = max
r=(r1,...,rn)

max
0≤λ≤1

λµ+(f , r) + (1 − λ)µ−(f , r)

n
.

Theorem

The unique aggregation functions that minimize the probability of
effective-manipulability are the middlemost.
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Minimizing Manipulability for SGF

Given an aggregation function f and input r = (r1, . . . , rn), let

µ−(f , r) = nbre of judges who can decrease the final grade,

µ+(f , r) = nbre of judges who can increase the final grade,

Let λ = probability a judge wishes to increase the final grade. The
probability of effective-manipulability of f is

EM(f ) = max
r=(r1,...,rn)

max
0≤λ≤1

λµ+(f , r) + (1 − λ)µ−(f , r)

n
.

Theorem

The unique aggregation functions that minimize the probability of
effective-manipulability are the middlemost.
Point-summing-methods, f 1 and f n maximize this probability.

More an order function is close to the middle, less it is manipulable.

Rida Laraki Majority Judgement



Traditional Methods and results Incompatibility Between Electing and Ranking Majority Judgement: Two Applications

Minimizing Manipulability for SRF

A SRF is choice-monotone if A �S B and one judge
raises the grade he gives to A then A ≻S B.

This is a natural idea that helps to resolve potential ties.
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Minimizing Manipulability for SRF

A SRF is choice-monotone if A �S B and one judge
raises the grade he gives to A then A ≻S B.

This is a natural idea that helps to resolve potential ties.

Theorem

The majority ranking is the unique choice-monotone, meaningful
SRF that minimizes the probability of cheating and rewards
consensus.
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Nash and Strong Equilibria

Suppose utilities depend only on the winner and the method is:
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Nash and Strong Equilibria

Suppose utilities depend only on the winner and the method is:

BR-Majoritariane: for any candidate X and any strategy
of a minority, the majority has a strategy that elects X .
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Nash and Strong Equilibria

Suppose utilities depend only on the winner and the method is:

BR-Majoritariane: for any candidate X and any strategy
of a minority, the majority has a strategy that elects X .

Examples: All reasonable methods: Borda, Condorcet, approval, 1-
and 2-past-the-post, transferable-vote, majority-judgement.
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Nash and Strong Equilibria

Suppose utilities depend only on the winner and the method is:

BR-Majoritariane: for any candidate X and any strategy
of a minority, the majority has a strategy that elects X .

Examples: All reasonable methods: Borda, Condorcet, approval, 1-
and 2-past-the-post, transferable-vote, majority-judgement.

Theorem

Any candidate could be a Nash-equilibrium winner.
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Nash and Strong Equilibria

Suppose utilities depend only on the winner and the method is:

BR-Majoritariane: for any candidate X and any strategy
of a minority, the majority has a strategy that elects X .

Examples: All reasonable methods: Borda, Condorcet, approval, 1-
and 2-past-the-post, transferable-vote, majority-judgement.

Theorem

Any candidate could be a Nash-equilibrium winner. If a candidate is
a strong-equilibrium winner, it must be a Condorcet-winner.
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Nash and Strong Equilibria

Suppose utilities depend only on the winner and the method is:

BR-Majoritariane: for any candidate X and any strategy
of a minority, the majority has a strategy that elects X .

Examples: All reasonable methods: Borda, Condorcet, approval, 1-
and 2-past-the-post, transferable-vote, majority-judgement.

Theorem

Any candidate could be a Nash-equilibrium winner. If a candidate is
a strong-equilibrium winner, it must be a Condorcet-winner.

Theorem

No method elects the Condorcet-winner as a Nash equilibrium with
the honest grades.
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Nash and Strong Equilibria

Suppose utilities depend only on the winner and the method is:

BR-Majoritariane: for any candidate X and any strategy
of a minority, the majority has a strategy that elects X .

Examples: All reasonable methods: Borda, Condorcet, approval, 1-
and 2-past-the-post, transferable-vote, majority-judgement.

Theorem

Any candidate could be a Nash-equilibrium winner. If a candidate is
a strong-equilibrium winner, it must be a Condorcet-winner.

Theorem

No method elects the Condorcet-winner as a Nash equilibrium with
the honest grades. With majority judgement, there exists
strong-equilibria where the Condorcet winner is elected with his
true majority grade and the majority of grades received a candidate
are honest.
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