LECTURES ON NONCOMMUTATIVE SYMMETRIC FUNCTIONS

Jean-Yves Thibon

Institut Gaspard Monge Université de Marne-la-Vallée Cité Descartes, 5 Boulevard Descartes Champs-sur-Marne, 77454 Marne-la-Vallée cedex France

jyt@univ-mlv.fr

July 1998

Abstract

This is the text of lectures delivered at the RIMS (Kyoto University) in July 1998. It presents the basic structures of the theory of noncommutative symmetric functions, with emphasis on the parallel with the commutative theory and on the representation theoretical interpretations. Some examples involving descent algebras and characters of symmetric groups are discussed in detail.

Introduction

The theory of noncommutative symmetric functions is the outgrowth of a program initiated in 1993. The starting point was the theory of quasi-determinants of Gelfand and Retakh [33, 34], which is the analogue of the theory of determinants for matrices with entries in a noncommutative ring. Many classical determinantal identities can be lifted to the level of quasi-determinants [58]. Such determinantal identities are widely used in the theory of symmetric functions, and most of them can be translated into formulas involving Schur functions. The original idea was then to look for some noncommutative analogue of the theory of symmetric functions, in which quasi-determinants would replace determinants.

Such a theory does exist, and the quasi-determinants arise in applications to enveloping algebras, roots of noncommutative polynomials, noncommutative continued fractions, Padé aprroximants or orthogonal polynomials [32, 85, 35, 36]. These calculations usually take place in a skew field, which is the field of quotients of a free associative algebra Sym, which appears as the proper analogue of the classical algebra of symmetric functions.

It is well known that symmetric functions have several interpretations in representation theory. It turns out that most of these interpretations have an analogue in the noncommutative case. It is this aspect of the theory which will be the main subject of these lectures.

After reviewing briefly the relevant features of the classical theory (Section 1), we describe in detail the algebraic structure of the Hopf algebra of integral noncommutative symmetric functions (Section 2), including the duality with quasi-symmetric functions, and the connection with descent algebras. The representation theoretical interpretations are discussed in Section 3. The first one, involving Hecke algebras at q = 0, leads us to the definition of quantum quasi-symmetric functions. The second one, a quantum matrix algebra at q = 0, provides us with the relevant analogues of the Robinson-Schensted correspondence and of the plactic algebra. Finally, a quantized enveloping algebra at q = 0, for which one has a natural notion of Demazure module, and the character formula for these modules, leads to a new action of the Hecke algebra on polynomials, from which one can define quasi-symmetric and noncommutative analogues of Hall-Littlewood functions. Section 4 presents a choice of examples. First, we analyze three idempotents of the group algebra of the symmetric groups involved in the combinatorics of the Hausdorff series, and exhibit a natural one-parameter family interpolating between them. Next, we show that similar calculations can give the decomposition of the tensor products of certain representations of symmetric groups. We conclude by the diagonalization of the iterated left q-bracketing operator of the free associative algebra.

These notes correspond to a series of lectures delivered at the workshop “Combinatorics and Representation Theory” held at the Research Institute for Mathematical Sciences (Kyoto University) in July 1998. I would like to thank the organizers for their invitation.

Notations. — We essentially use the notations of Macdonald’s book [78] for commutative symmetric functions. A minor change is that the algebra of symmetric functions is denoted by Sym, the coefficients being taken in some field K rather than in Z. The symmetric group is denoted by S_n. The Coxteter generators (i, i + 1) are denoted by s_i.

1 Some highlights of the commutative theory

Modern textbooks in Algebra usually close their account of symmetric functions with the so-called “Fundamental Theorem” of the theory, stating that the ring of symmetric polynomials in n variables Sym(X) = K [x_1 , . . . , x_n]S^n

(K is some field of characteristic 0) is freely generated by the elementary symmetric polynomials e_k = ∑ i_1<...<i_k x_{i1} x_{i2} · · · x_{ik} (k = 1, 2, . . . , n) . Thus, Sym(X) is just a polynomial algebra K [e_1 , . . . , e_n], with a particular grading defined by deg(e_k) = k.

This is not, however, the end of the story, and the 475 pages of the second edition of Macdonald’s book [78] do not suffice to exhaust the subject, which is still an active area of research.

The algebra Sym of symmetric functions is obtained by letting n → ∞. The classical theory of symmetric functions can therefore be regarded as the study of the polynomial algebra K [e_k : k ≥ 1] over an infinite sequence of indeterminates, graded by deg(e_k) = k. Note that the original variables x_i can be eliminated from this definition.

What makes this algebra interesting is the existence of many natural bases (labelled by partitions), of a canonical scalar product, of a Hopf algebra structure, and of several other algebraic operations, and also, its many interpretations in representation theory, algebraic geometry, or mathematical physics.

First of all, Sym, as an algebra, has several distinguished sets of generators. Let λ(t) = ∑ k≥0 e_kt^k be the generating series of elementary symmetric functions. Then, the complete homogeneous functions h_n can be defined by their generating series σ(t) = λ(−t)^{−1} = ∑ k≥0 h_kt^k, and the power-sums p_n by ψ(t) = ∑ k≥1 p_kt^{k−1} =^d_{dt} log σ(t) (the Newton formulas). One has as well Sym = K [h_1 , h_2, . . .] = K [p_1 , p_2, . . .].

A Hopf algebra structure is defined by means of the comultiplication Δ(p_k) = p_k ⊗ 1 + 1 ⊗ p_k, and the antipode ω̃(p_k) = −p_k. It can be shown that Sym is isomorphic to its graded dual.

The dimension of the homogeneous component of degree n of Sym is dim Sym_n = |Part (n)| = p(n), the number of partitions of n. Linear bases of Sym are therefore naturally labelled by partitions. The simplest ones are m_λ (monomial symmetric functions), e_λ, h_λ, p_λ (products e_{λ1} e_{λ2} · · · e_{λr} etc.), and the Schur functions s_λ, which are the fundamental ones in representation theory.

There is a canonical scalar product, which can be defined by either of the following equivalent formulas: ⟨s_λ, s_μ⟩ = ⟨m_λ, h_μ⟩ = ⟨p_λ, p^∗_μ⟩ = δ_{λμ} (where p^∗_μ = p_μ/z_μ). This scalar product materializes the self duality of Sym, in that Δ is the adjoint of the multiplication map f ⊗ g → fg. The equivalence of these definitions, as well as the self duality, is a consequence of the following property ⟨u_λ, v_μ⟩ = δ_{λμ} ⇔ ∏ i,j (1 − x_iy_j)^{−1} = ∑ λ u_λ(X)v_λ(Y ) and of the classical Cauchy identity for Schur functions ∑ λ s_λ(X)s_λ(Y ) = ∏ i,j (1 − x_iy_j)^{−1} .

There is a second comultiplication defined by δ(p_k) = p_k ⊗ p_k. This comultiplication is dual to a multiplication known as the internal product ∗, i.e. ⟨f ∗ g, h⟩ = ⟨f ⊗ g, δ(h)⟩. The internal product corresponds to the (pointwise) product of central functions on the symmetric group, via the Frobenius characteristic map χ^λ → ch (χ^λ) = s_λ, where the χ^λ are the irreducible characters. This is an isometric isomorphism R(S_n) → Sym_n, where R(S_n) is the vector space spanned by the irreducible characters. One has then ch (ϕψ) = ch (ϕ) ∗ ch (ψ).

The Frobenius character formula expresses the value χ(σ) of a character χ on a permutation σ of cycle type μ as χ^λ(μ) = ⟨s_λ, p_μ⟩.

The cycle index is the map Z : K S_n → Sym_n, mapping a permutation of cycle type μ onto p_μ, induces a canonical linear isomorphism between the center of the group algebra and symmetric functions of degree n. Then, the character formula can be rewritten as χ(σ) = ⟨ch (χ) , Z(σ)⟩ . Another important point is the induction formula, interpreting the ordinary multiplication of symmetric functions in terms of induced representations. If f = ch (ξ) and g = ch (η) are the characteristics of two representations of S_m and S_n, then fg = ch (χ) where χ is the character of S_{m+n} induced by the character ξ ×η of its subgroup S_m ×S_n.

Schur functions can also be interpreted as characters of GL(n, C). The polynomial representations V_λ of GL(n, C) are parametrized by partitions of length at most n, and s_λ(x_1, . . . , x_n) = trace_{Vλ} (X) where X is the diagonal matrix X = diag (x_1, . . . , x_n).

Schur functions correspond in a similar way to the irreducible representations of the q-deformed structures H_n(q), U_q(gl_n) or F_q(GL_n), for generic q. For example, in the case of the Hecke algebra H_n(q), which is the algebra generated by elements T_1, . . . , T_{n−1} satisfying the braid relations plus the quadratic ones (T_i + 1)(T_i − q) = 0, the character formula can be written as [101, 9, 91]

χ^λ_μ(q) = ⟨s_λ(X) , (q − 1)^{−ℓ(μ)}h_μ((q − 1)X)⟩ , (1)

where the “λ-ring notation” h_μ((q − 1)X) means the following. In general, if X and Y are two (multi-) sets of variables, identified with the formal sum of their elements, the symmetric functions of X + Y , X − Y and XY are defined by setting

p_k(X+Y ) = p_k(X)+p_k(Y ) , p_k(X−Y ) = p_k(X)−p_k(Y ) p_k(XY ) = p_k(X)p_k(Y ) , (2)

and then by expressing any symmetric function as a polynomial in the power sums. Therefore, the symmetric functions of (q − 1)X = qX − X are the images of those of X under the ring homomorphism p_k → (q^k − 1)p_k.

The Hecke algebra H_n(q) was introduced by Iwahori in [48]. The original definition was as follows. Let G = GL(n, F_q ) and B be the subgroup of G formed by upper triangular matrices. Then, G acts on the vector space M = C G/B spanned by the left cosets of B (which can be identified with complete flags in F^n_q ). To decompose this representation into irreducibles, one can use Schur’s lemma and look at the centralizer of C G in End (M). It turns out that this centralizer is isomorphic to H_n(q).

From the knowledge of the irreducible representations of H_n(q), one can in principle obtain the characters of the irreducible representations of G occuring in the spectrum of M. The characters of these representations, now called unipotent representations, were in fact first obtained by Steinberg [102], by a different method, quite similar to the one used by Frobenius to determine the characters of symmetric groups.

The unipotent representations are parametrized by partitions λ of n. Their name comes from the fact that these are exactly as many as the conjugacy classes of unipotent elements in G, which are also parametrized by partitions μ specifying the sizes of their Jordan cells, so that a unipotent character is determined by its values on unipotent classes.

Steinberg’s result was that the value χ^λ_μ of the unipotent character λ on the unipotent class μ is a polynomial in q, which has since been recognized as a Kostka-Foulkes polynomial [41, 76] χ^λ_μ = K̃_{λμ}(q) . (3)

The Kostka-Foulkes polynomials are the coefficients of the transition matrices between the bases of Schur functions and of Hall-Littlewood functions. The Hall-Littlewood Qfunctions are defined, for N variables x_1, . . . , x_N , by the orbit sums

Q_μ(x_1, . . . , x_N ; t) =

(1 − t)^{ℓ(μ)} [m_0]_t! ∑ σ∈Sn σ ( x^μ Δ_N (t) Δ_N (1) ) (4) where m_0 = N −ℓ(μ), [m]_t = (1−t^m)/(1−t) and Δ_N (t) = ∏ i<j(tx_i −x_j ). The P -functions are just scaled versions of the Q’s

P_μ = 1 (1 − t)^{ℓ(μ)}[m_1]_t! · · · [m_n]_t!

Q_μ , (5)

where m_i is the multiplicity of i in μ. Then,

s_λ(X) = ∑ μ K_{λμ}(t)P_μ(X; t) , (6) and Q^′_μ(X; t) = Q_μ(X/(1 − t); t) = ∑ λ K_{λμ}(t)s_λ(X) (7)

where Q^′ is the adjoint basis of P for the standard scalar product of Sym, and finally

Q̃^′_μ(X; t) = t^{n(μ)}Q^′_μ(X; t) = ∑ λ K̃_{λμ}(t)s_λ . (8)

The Hall-Littlewood functions can be compactly expressed by means of an action of the Hecke algebra H_N (q) on the algebra of polynomials in x_1, . . . x_N (here, q = t^{−1}) [16]. This action is defined in terms of the isobaric divided difference operators π_i

π_i(f) = x_if − σ_i(x_if) x_i − x_{i+1} , (9)

where σ_i is the ring involution exchanging x_i and x_{i+1}, by

T_i = (q − 1)π_i + σ_i . (10)

The Hall-Littlewood functions are then, up to a scalar factor, the images of the monomials by the full symmetrizer S^{(N)} = ∑ σ∈Sn T_σ , (11)

that is, S^{(N)}(x^μ) = q(^{N2} )(1 − q^{−1})^{−ℓ(μ)}[m_0]_{1/q}!Q_μ(x_1, . . . , x_N ; q^{−1}) . (12)

The symmetric functions Q̃^′_μ describe the characters of certain graded versions of the permutation representations of S_n, i.e. the coefficient of q^k is the characteristic of the homogeneous component of degree k (these are the Springer representations, in the cohomology rings of unipotent varieties, see [47, 78, 63]). The simplest case μ = (1^n) is already of interest. It describes the usual graded version of the regular representation, which is realized for example in the coinvariants, in the cohomology of the flag manifold, or in the space of S_n-harmonic polynomials. There is a closed formula for this graded character Q̃^′_{(1n)}(X; q) = (q)_nh_n ( X 1 − q ) (13)

which implies that the Kostka-Foulkes polynomials for μ = (1^n) are essentially the principal specializations of Schur functions, i.e.

K̃_{λ (1n)}(q) = (q)_ns_λ(1, q, q^2, · · · ) . (14)

The combinatorial properties of symmetric functions, e.g., the Littlewood-Richardson rule for multiplying Schur functions, or the combinatorial interpretation of Kostka-Foulkes polynomials as generating functions of sets of Young tableaux according to a certain statistic (charge or cocharge [68], see also [63]), rely essentially on the Robinson-Schensted correspondence, which can be used to define a multiplicative structure on the set of Young tableaux (the plactic monoid of Lascoux and Schützenberger [69]). The plactic monoid over an ordered alphabet A is the quotient of the free monoid A^∗ by the relations xzy = zxy (x ≤ y < z), yxz = yzx (x < y ≤ z). These relations can now be understood in terms of crystals. If one considers the letters of A as the vertices of the crystal graph of the vector representation V of U_q(gl_n), and words of length N as the vertices of the crystal graph of V^{⊗N} , then, two words are equivalent under the plactic relations iff they label corresponding vertices of two isomorphic connected components of the graph. This allows to define a similar monoid for other Lie algebras, including the classical ones [66, 72]. The essential facts are that plactic classes correspond to Young tableaux, and that the plactic Schur functions S_λ, defined as the sum of all tableaux of the same shape λ, span a commutative subalgebra, isomorphic to Sym(x_1, . . . , x_n). The Littlewood-Richardson rule, for example, follows straightforwardly from these facts.

To conclude, let us mention that the main objects of current interest in the theory of symmetric functions are the Macdonald polynomials [78]. We will not touch this subject here, since the proper noncommutative analogues of Macdonald polynomials have not yet been worked out in general. However, the other properties that have been alluded to in this section will all find some kind of noncommutative analogue.

2 The Hopf algebra of noncommutative symmetric functions

2.1 Algebraic generators

Imitating the description of Sym as a polynomial algebra on independent indeterminates e_k, graded by deg(e_k) = k, one defines the algebra Sym of formal noncommutative symmetric functions as the free associative algebra on an infinite sequence Λ_k of noncommuting indeterminates (the noncommutative elementary functions), graded by deg(Λ_k) = k. The coefficients are taken in some field K of characteristic 0, which is assumed to contain the rational functions in all extra variables t, q, z, . . . used for generating functions or as deformation parameters.

As in the commutative case, one introduces the generating series λ(t) = ∑ n≥0 Λ_nt^n , (15)

where t is an indeterminate in the ground field K . The complete homogeneous symmetric functions S_n are then naturally defined as the coefficients of the series

σ(t) = λ(−t)^{−1} = ∑ n≥0 S_nt^n . (16)

A concrete realization Sym(A) of this algebra can be given by taking an infinite sequence A = {a_n|n ≥ 1} of noncommuting indeterminates of degree 1, by setting λ(A; t) = ∑ n≥0 Λ_n(A)t^n = ←∏ i≥1 (1 + ta_i) , (17)

so that Λ_n(A) gets identified with the sum of all strictly decreasing words of length n, and S_n(A) with the sum of all nondecreasing words of the same length, which are respectively represented as column-shaped and row shaped Young tableaux.

The algebra homomorphism Sym(A) → Sym(X) defined by a_i → x_i, called the commutative image F → F , maps Λ_n to e_n, so that Sym is actually a noncommtative lifting of the algebra of symmetric functions. One can object however, that the Λ_n(A) are not invariant under the symmetric group. At least, not for the usual action. But we shall see later that they are indeed symmetric for a more subtle one.

The first really interesting question is “what are the noncommutative power sums ?”. There are indeed several possibilities. If one starts from the classical expression

σ(t) = exp ∑ k≥1 p_k t^k k , (18) one can choose to define noncommutative power sums Φ_k by the same formula

σ(t) = exp ∑ k≥1 Φ_k t^k k , (19) but a noncommutative version of the Newton formulas

nh_n = h_{n−1}p_1 + h_{n−2}p_2 + · · · + p_n (20) which are derived by taking the logarithmic derivative of (18) lead to different noncommutative power-sums Ψ_k inductively defined by

nS_n = S_{n−1}Ψ_1 + S_{n−2}Ψ_2 + · · · + Ψ_n . (21)

Introducing the generating function ψ(t) = ∑ k≥1 Ψ_kt^{k−1}, one may regard σ(t) as the unique solution of the differential equation d dt σ(t) = σ(t)ψ(t) (22)

satisfying the initial condition σ(0) = 1. The generating function of the Φ_k, taken in the form Φ(t) = ∑ k≥1 Φ_k t^k k (23)

is then the logarithm of this solution. From this, one realizes that the relation between the two kinds of noncommutative power-sums is of a rather complicated nature. The expression of Φ(t) as a function of the Ψ_k is known as the continuous Baker-Campblell- Hausdorff series [80, 5, 84]. It can be written as a Chen series (iterated integrals) in a quite explicit form (to be discussed later), and it is usually interpreted as expressing the logarithm of the “evolution operator” σ(t) in terms of the “Hamiltonian” ψ(t) [5]. It is known that the continuous BCH series is a Lie series, so that the Φ_k are elements of the free Lie algebra L generated by the Ψ_k, of which they form another system of generators. In fact, any sequence (F_n) of generators of L, with deg(F_n) = n can be shown to provide an admissible family of noncommutative power sums, in the sense that the commutative image of F_n is a nonzero multiple of p_n. Moreover, the Poincaré-Birkhoff-Witt theorem shows that Sym can be identified with the universal enveloping algebra U(L) of L. As such, Sym is endowed with a canonical comultiplication Δ, for which L is the space of primitive elements (Friedrich’s theorem, see [94]). In particular,

ΔΨ_k = Ψ_k ⊗ 1 + 1 ⊗ Ψ_k ΔΦ_k = Φ_k ⊗ 1 + 1 ⊗ Φ_k , (24)

and also ΔΛ_n = n∑ k=0 Λ_k ⊗ Λ_{n−k} , ΔS_n = n∑ k=0 S_k ⊗ S_{n−k} . (25) That is, the comultiplication of Sym is mapped onto the usual one on Sym under the commutative image homomorphism.

There is also an analogue of the canonical involution ω : e_n ↔ h_n, defined in the same way by ω(Λ_n) = S_n, and it is easy to check that the signed version ω̃(Λ_n) = (−1)^nS_n is an antipode for Δ.

2.2 Linear bases

As for ordinary symmetric functions, we first define linear bases by taking monomials in the various families of algebraic generators, such as e_λ = e_{λ1} e_{λ2} · · · e_{λr} . Here, our generators do not commute, so that basis elements of the homogeneous component Sym_n of degree n will be labelled by compositions of n, i.e., ordered sequences I = (i_1, . . . , i_r) of positive integers. For a sequence (G_n) of homogenous generators with deg(G_n) = n, we set G^I = G_{i1} G_{i2} · · · G_{ir} . Therefore, we already have the four bases Λ^I, S^I , Φ^I and Ψ^I .

A composition I of n is conveniently pictured as a ribbon diagram, which is a rimhook shaped skew Young diagram whose succesive rows have lengths i_1, i_2, . . . , i_r (read from top to bottom in the French convention). For example, the ribbon diagram of shape I = (3, 2, 1, 4) is

The number of compositions of n is equal to 2^{n−1}. A useful way to realize this is to encode the ribbon diagram of a composition I of n by the subset Des (I) = {i_1, i_1 + i_2, . . . , i_1 + i_2 + · · · + i_{r−1}} of {1, 2, . . . , n − 1}. The elements of Des (I) are called the descents of the composition.

The next basis that should be defined, to pursue the parallel with the commutative theory, would be the analogue of monomial symmetric functions. However, we have no way to achieve this at this point. This is because in the classical case, the monomial basis (m_λ) is dual to the homogeneous one (h_λ), of which we already have the noncommutative analogue (S^I ). But since the comultiplication Δ of Sym is obviously cocommutative, Sym cannot be self-dual, and the analogues of the monomial functions will have to live in the dual Hopf algebra Sym^∗, to be discussed in the next section.

On another hand, we can define the analogues of Schur functions. These are the so-called ribbon Schur functions. Their original definition was given in terms of quasideterminants, but one can as well define them as follows.

The set of all compositions of a given integer n is equipped with the reverse refinement order, denoted ⪯. For instance, the compositions J of 4 such that J ⪯ (1, 2, 1) are (1, 2, 1), (3, 1), (1, 3) and (4). The ribbon Schur function (R_I ) is defined by the alternating sum

R_I = ∑ J⪯I (−1)^{ℓ(I)−ℓ(J)} S^J ⇐⇒ S^I = ∑ J⪯I R_J , (26) where ℓ(I) denotes the length of I. Clearly, (R_I ) is also a homogenous basis of Sym.

The commutative image of a ribbon Schur function R_I is the corresponding ordinary ribbon Schur function, which will be denoted by by r_I . The r_I were first introduced by MacMahon, in his analysis of Simon Newcomb’s problem [79]. They arise also, for example, in a generalization by Lascoux and Pragacz [67] of the Giambelli formula (expressing general Schur functions as determinants of ribbons instead of just hooks), or as sl_n-characters of the irreducible components of the Yangian representations in level 1 modules of ^sl_n [54].

An important property of the ribbon Schur functions is their very simple multiplication formula (already known to MacMahon in the commutative case)

R_I R_J = R_{I▷J} + R_{I·J} (27)

where I ▷J denotes the composition (i_1, . . . , i_{r−1}, i_r +j_1, j_2, . . . , j_s) and I ·J the composition (i_1, . . . , i_r, j_1, . . . , j_s). The transition matrices between the above bases can be worked out quite explicitely (see [32]).

2.3 Duality and quasi-symmetric functions

The next step is to have a look at the dual Hopf algebra Sym^∗. As pointed out in the preceding section, we need it to define the proper generalization of monomial symmetric functions. In the commutative case, the duality between monomial symmetric functions m_λ and homogeneous products h_λ comes from the Cauchy-type identity

σ(XY ; 1) = ∏ i,j (1 − x_iy_j)^{−1} = ∑ λ m_λ(X)h_λ(Y ) , (28)

where the sum runs over all partitions. By analogy, let us consider the ordered product

σ(XA; 1) := →∏ i≥1 σ(A; x_i) = →∏ i≥1 →∏ j≥1 (1 − x_ia_j)^{−1} (29)

where A is a totally ordered set of noncommutative variables, and X a totally ordered set of commutative variables, also commuting with those of A. This is a natural choice, since we already know that the dual of Sym will be commutative. Expanding the product, we find σ(XA; 1) = ∑ I M_I (X)S^I(A) , (30)

where the polynomials M_I are defined by

M_I (X) = ∑ j_1<j_2<...<jr x^{i1}_{j1} x^{i2}_{j2} · · · x^{ir}_{jr} . (31)

Thus, the M_I are pieces of monomial symmetric functions. That is, m_λ is equal to the sum of the M_I labelled by the distinct rearrangements I of the partition λ. One can show that the M_I form the basis of a subalgebra of K [X], which has been introduced by Gessel [39] under the name “quasi-symmetric functions”. It will be denoted by QSym. It is naturally graded, and its homogeneous component QSym_n has, like Sym_n, dimension 2^{n−1}. One can then define a pairing ⟨ , ⟩ between QSym and Sym by requiring

⟨M_I , S^J ⟩ = δ_{IJ} . (32)

With this at hand, one can show that QSym is actually the (graded) dual Hopf algebra of Sym ([82], see also [32, 59]). That is, ⟨f ⊗ g , Δ(P )⟩ = ⟨fg , P ⟩ , (33) ⟨γ(f) , P ⊗ Q⟩ = ⟨f , P Q⟩ , (34) where the comutiplication γ of QSym maps a quasi-symmetric function f = f(X) to the function f(X ^+Y ), where X ^+Y denotes the ordered sum of two disjoint totally ordered sets, and u(X)v(Y ) is identified with u ⊗ v. Also, the antipode ν̃ of QSym, defined on the adjoint basis (F_I ) of (R_I ) by ν̃(F_I ) = F_I∼ , where I^∼ is the conjugate composition, is the adjoint of ω̃.

The basis (F_I ), which is in some sense a quasi-symmetric analogue of the Schur basis, has the following simple expression

F_I = ∑ J⪰I M_J (35) in terms of the quasi-monomial functions M_J .

In fact, as observed recently by Hivert [44], quasi-symmetric functions are actually symmetric, but with respect to an unusual action of the symmetric group on polynomials. Suppose that X = {x_1, . . . , x_n}. Let P(X) (resp. P_k(X)) be the power set (resp. the set of k-elements subsets) of X. To a monomial m = x^{m1}_1 · · · x^{mn}_n , one associates its support A ∈ P(X), which is the set of variables x_i occuring in m with a nonzero exponent. Let I be the composition obtained by removing the zeros of the sequence (m_1, . . . , m_n). Then, we encode m by the symbol A^I . The image of m by a permutation σ ∈ S_n is then

σ · m = (σA)^I , (36)

where σA denotes the image of A by the usual action of permutations on subsets of X. For example, s_1 · x_1x^2 = x_1x^3_2 and s_2 · x_1x^3_2 = x_1x^3.

Then, it can be shown that the quasi-symmetric polynomials are exactly the invariants of this action of S_n on K [X]. Clearly, the quasi-monomial functions appear as the orbit sums M_I (X) = 1 r!(n − r)! ∑ σ∈Sn σ · ({x_1, . . . , x_r})^I . (37) Moreover, the quasi-symmetric Schur functions F_I (quasi-ribbons) admit an expression analogous to Jacobi’s original definition of Schur functions as ratios of alternants

s_λ(x_1, . . . , x_n) = J(x^λ) := ∑ σ∈Sn ε(σ)σ(x^{λ+ρ}) ∑ σ∈Sn ε(σ)σ(x^ρ) (38)

which is now recognized as the Weyl character formula for gl_n. As observed by Demazure [13] and Bernstein-Gelfand-Gelfand [4], the Jacobi-Weyl symmetrizer J can be factored into a product of elementary operators

π_i = (x_i − x_{i+1})^{−1}(x_i − x_{i+1}σ_i) (39)

where σ_i is the automorphism exchanging x_i and x_{i+1}. These operators satisfy the braid relations, so that for any permutation σ ∈ S_n, there is a well-defined operator π_σ = π_{i1} π_{i2} · · · π_{ir} , where s_{i1} s_{i2} · · · s_{ir} is any reduced decomposition of σ. Then, if ω denotes the longest permutation of S_n, J = π_ω . (40)

It is this expression that can be extended to the quasi-symmetric case. Let

π^′_i = (x_i − x_{i+1})^{−1}(x_i − x_{i+1}σ^′_i) (41)

where σ^′_i(f) = s_i·f is the image of f under the quasi-symmetrizing action of the elementary transposition s_i. It can be shown that the braid relations are also satisfied by these operators. Then [44, 45], F_I (x_1, . . . , x_n) = π^′_ω(x^I ) . (42)

Note that this result allows one to define F_I when I is not a composition, that is, when some of the i_k may be 0. The standardization rule is as follows. If I = (i_1, . . . , i_r, 0, . . . , 0) ∈ N^n , with i_r ≠ 0, F_I (x_1, . . . , x_n) = (−1)^{cI} ∑ J F_J (X) , (43) where c_I is the number of k < r such that i_k = 0, and the sum runs over all compositions obtained by replacing all maximal blocks 00 . . . 0j (with j ≠ 0) of I by a composition of j. If no such composition exists, the sum is understood to be zero. For example,

F_{005022} = −F_{113112} − F_{122112} − F_{131112} −F_{212112} − F_{221112} − F_{311112} .

Finally, since any symmetric function f is in particular quasi-symmetric, one can expand it on the various bases of QSym. A useful property is then ⟨f , G⟩ = ⟨f , g⟩ , (44) where on the right-hand side, g = G is the commutative image of G and the brackets denote the ordinary scalar product of symmetric functions [39].

2.4 Descent algebras and internal product

It remains to introduce one very important algebraic operation on Sym, namely, the noncommutative analogue of the internal product ∗ of symmetric functions. Although this operation is usually defined in terms of characters of symmetric groups, it also has a more fundamental characterization as the dual of the natural comultiplication δ(f) = f(XY ), where, as usual, XY is the set of products x_iy_j and u(X)v(Y ) is identified with u ⊗ v ∈ Sym ⊗ Sym. Therefore, the internal product occurs in algebraic identities such as σ(XY Z; 1) := ∏ i,j,k (1 − x_iy_jz_k)^{−1} = ∑ λ,μ s_λ(X)s_μ(Y )(s_λ ∗ s_μ)(Z) (45)

which generalizes the Cauchy identity to three sets of variables.

The comultiplication f → f(XY ) makes sense as well for quasi-symmetric functions, if ones takes care of the order on the product set XY . That is, X and Y need to be totally ordered, and one can set x_iy_j < x_ky_l iff (i, j) < (k, l) for the lexicographic order. Let us denote by X ^×Y the product XY endowed with this order. Then, we can extend δ from Sym to QSym by setting [39]

δ(f) = f(X ^×Y ) . (46)

The internal product ∗ of Sym can now be defined as the dual of δ, that is, ⟨f , P ∗ Q⟩ = ⟨δ(f) , P ⊗ Q⟩ . (47) Clearly, each homogeneous component Sym_n is a ∗-subalgebra. In fact, it follows from results of Gessel [39] that this algebra is anti-isomorphic to the so-called descent algebra Σ_n of S_n. The descent algebras have been introduced by Solomon [99] for general finite Coxeter groups in the following way. Let (W, S) be a Coxeter system. One says that w ∈ W has a descent at s ∈ S if w has a reduced word ending by s. For W = S_n and s_i = (i, i + 1), this means that w(i) > w(i + 1), whence the terminology. In this case, we rather say that i is a descent of w. Let Des (w) denote the descent set of w, and for a subset E ⊆ S, set D_E = ∑ Des (w)=E

w ∈ ZW . (48)

Then, Solomon’s result is that the D_E span a Z-subalgebra of ZW . Moreover D_E′ D_E′′ = ∑ E c^E′_E′′ D_E (49)

where the coefficients c^E′_E′′ are nonnegative integers.

The canonical anti-isomorphism α : Σ_n → Sym_n maps the descent class D_E to the ribbon Schur function R_I , with I such that E = Des (I). From one of Solomon’s formulas, one obtains the following multiplication rule.

Let i = (i_1, . . . , i_p) and J = (j_1, . . . , j_q) be two compositions of n. Then,

S^I ∗ S^J = ∑ M∈Mat (I,J) S^M (50)

where Mat (I, J) denotes the set of matrices of nonnegative integers M = (m_{ij}) of order p × q such that ∑ s m_{rs} = i_r and ∑ r m_{rs} = j_s for r ∈ [1, p] and s ∈ [1, q], and where S^M = S_{m11} S_{m12} · · · S_{m1p} · · · S_{mq1} · · · S_{mqp} . Note that by definition, if F and G are homogeneous of different degrees, F ∗ G = 0, and that S_n is the unit element of the ∗-subalgebra Sym_n.

Let h_λ = h_I = S^I and h_μ = h_J = S^J be the commutative images of S^I and S^J . From the known expression of h_λ ∗ h_μ in the commutative case, one can see that (S^I ∗ S^J ) = S^I ∗ S^J , so that in general F ∗ G = F ∗ G , (51) that is, the commutative image is a homomorphism for the internal products.

From equation (50), one derives a fundamental formula, whose commutative version is just a special case of the Mackey formula for the restriction of an induced character. Let F_1, F_2, . . . , F_r, G ∈ Sym. Then,

(F_1F_2 · · · F_r) ∗ G = μ_r [(F_1 ⊗ · · · ⊗ F_r) ∗ Δ^rG] (52)

where in the right-hand side, μ_r denotes the r-fold ordinary multiplication and ∗ stands for the operation induced on Sym^{⊗n} by ∗ [32].

In the commutative case, the power-sums p_n and more generally the power-sum products are quasi-idempotents (i.e., idempotents up to a scalar factor) for the internal product. Precisely, p_μ ∗ p_μ = z_μ p_μ (53)

where for μ = (1^{m1} 2^{m2} · · · n^{mn} ), z_μ = ∏ i i^{mi} · m_i!. Therefore, the commutative images of noncommutative power sums and their products are quasi-idempotents, and one may wonder whether there are true quasi-idempotents among them. Thanks to the antiisomorphism α with the descent algebra, we could then use them to construct idempotents in the group algebras of symmetric groups.

As an illustration of the formalism, let us try this program with the power sums Ψ_n. We want to know whether Ψ_n ∗Ψ_n = nΨ_n. To this end, we can write a generating function for the ∗-squares in the form ∑ n≥1 (xy)^{n−1}(Ψ_n ∗ Ψ_n) = ψ(x) ∗ ψ(y) , (54) since Ψ_i ∗ Ψ_j = 0 for i ≠ j. Now, writing (22) in the form ψ(t) = ∑ n≥1 t^{n−1}Ψ_n = λ(−t)σ^′(t)

and applying the splitting formula (52), we get ∑ n≥1 (xy)^{n−1}(Ψ_n ∗ Ψ_n) = λ(−x)σ^′(x) ∗ λ(−y)σ^′(−y) = μ [(λ(−x) ⊗ σ^′(x)) ∗ (ψ(y) ⊗ 1 + 1 ⊗ ψ(y))] = μ [(λ(−x) ∗ 1) ⊗ (σ^′(x) ∗ ψ(y))] , (since σ^′(x) has no constant term) = ∑ n≥1 nx^{n−1} S_n ∗ ∑ n≥1 y^{n−1} Ψ_n = ∑ n≥1 (xy)^{n−1} n Ψ_n ,

the last equality following from the fact that S_n ∗ F = F for F ∈ Sym_n.

Hence, Ψ_n ∗ Ψ_n = nΨ_n, so that θ_n = α^{−1}(Ψ_n) is a quasi-idempotent of Σ_n. To see what it looks like, we have to expand Ψ_n on the ribbon basis. The linear recurrence (21) together with the multiplication formula for ribbons (27) (recall that S_k = R_k) easily yields Ψ_n = R_n − R_{1,n−1} + R_{1,1,n−2} − · · · = n−1∑ k=0 (−1)^kR_1k_{,n−k} , (55)

which is analogous to the classical expression of p_n as the alternating sum of hook Schur functions. Therefore, in the descent algebra,

θ_n = n−1∑ k=0 (−1)^k D_{{1,2,...,k}} . (56) On this expression, we can recognize a famous element of the group algebra of the symmetric group, namely, Dynkin’s left-bracketing operator [20] (see also [100, 109, 29, 2, 94]). The standard left bracketing of a word w = x_1x_2 · · · x_n is the Lie polynomial L_n(w) = [· · · [[[x_1, x_2], x_3], x_4], . . . , x_n] . (57) This formula defines a linear operator L_n on the homogeneous component K_n ⟨A⟩ of the free associative algebra K ⟨A⟩. In terms of the right action of the symmetric group S_n on K_n ⟨A⟩, defined on words by x_1 x_2 · · · x_n · σ = x_{σ(1)} x_{σ(2)} · · · x_{σ(n)} , (58) one can write L_n(w) = ∑ σ∈Sn a_σ (w · σ) = w · θ_n the coefficient a_σ being ±1 or 0, according to whether σ is a “hook permutation” or not. To see this, one just has to write the permutations appearing in the first θ_i as ribbon tableaux and then to argue by induction. For example,

θ_3 = [[1, 2], 3] = 123 − 2 1 3 − 3 1 2 + 3 2 1 and it is clear that when expanding θ_4 = [θ_3, 4] one will only get those (signed) tableaux obtained from the previous ones by adding 4 at the end of the last row, minus those obtained by adding 4 on the top of the first column. Thus, we have proved that^1_n L_n is a projector, whose image is obviously a subspace of the free Lie algebra. By iteration of Jacobi’s identity, it is easy to see that any Lie element can be written as a linear comnbination of standard left bracketings, so that what we have actually obtained is a proof of Dynkin’s characterization of Lie elements: a noncommutative polynomial P ∈ K ⟨A⟩ is a Lie polynomial iff L_n(P ) = nP [20, 94, 7].

Idempotents such as^1_n θ_n, acting as projectors onto the free Lie algebra are usually called Lie idempotents [29, 2, 94]. They play an important role in the analysis of the Hausdorff series, or as the building blocks of other idempotents, such as the Eulerian idempotents, used in Hodge-type decompositions of certain cohomology theories (see [38, 73, 75, 90, 88, 89]).

So far, our formalism has just led us to an exotic proof of a classical result. Let us now see whether the method contains the germ of some generalization. One ingredient in our proof was the analogue (55) of the expansion of a power sum as an alternating sum of hook Schur functions. This expression has a well known q-analogue, namely, the one involved in the character formula for Hecke algebras (1). It can be written in the form

h_n((1 − q)X) 1 − q = n−1∑ k=0 (−q)^ks_{n−k,1}k . (59) Let us look for a noncommutative analogue of this expression. To this aim, it will be convenient to extend as much as possible the λ-ring notation of the classical theory. Given two totally ordered sets A and B of noncommuting variables, we can define the virtual alphabet A − B by specifying its complete symmetric functions S_n(A − B). Their generating series is defined by σ(A − B; t) := λ(−B; t)σ(A; t) . (60) One also defines the symmetric functions of A + B by

σ(A + B; t) := σ(A; t)σ(B; t) (61)

where now, A and B can be either real or virtual, and for a real ordered commutative alphabet X, the virtual alphabet XA is defined by σ(XA; t) = →∏ i≥1 σ(A, tx_i) . (62) These definitions imply a definition of quasi-symmetric functions of a difference f(X −Y ), which is the same as the one obtained by composing the comultiplication and the antipode, and we can now give a meaning to the noncommutative symmetric functions of all virtual alphabets of the type (X ± Y )(A ± B).

The case we have in mind corresponds to X = {1} and Y = {q}. According to our definitions, σ((1 − q)A; t) = σ(A − qA; t) = λ(qA; −t)σ(A; t) = ∑ k≥0 t^k(−q)^kΛ_k(A) ∑ l≥0 t^lS_l(A) .

Taking into account the fact that Λ_k = R_1k and applying the multiplication rule for ribbons, we obtain

S_n((1 − q)A) = (1 − q) n−1∑ k=0 (−q)^kR_1k_{,n−k} , (63)

the q-analogue we were looking for. The symmetric function

Θ_n(q) :=

S_n((1 − q)A) 1 − q (64)

corresponds to a natural q-analogue of Dynkin’s element in the descent algebra. Indeed, writing permutations as words in the letters 1, 2, . . . , n, it is easy to see that the image of Θ_n(q) under the isomorphism α^{−1} is the left q-bracketing of the standard word 1 2 . . . n, that is, α^{−1}(Θ_n(q)) = θ_n(q) = [[. . . [[ 1, 2 ]_q, 3 ]_q, . . . ]_q, n ]_q where [R, S]_q = RS − q SR. Now, we can prove the following q-analog of Dynkin’s theorem, which, according to what we have already seen, can be understood as describing the left q-bracketing of a homogeneous Lie polynomial:

Θ_n(q) ∗ Ψ_n = [n]_q Ψ_n . (65)

The proof works exactly as the previous one. Let ϑ(t) = ∑ n≥1 Θ_n(q)t^{n−1} = σ((1 − q)A; t) − 1 (1 − q)t . (66)

It is easy to see that ϑ(t) = λ(A; −qt)σ^′_q(A; t) (67) where σ^′_q denotes the the q-derivative

σ^′_q(t) := σ(t) − σ(qt) (1 − q)t (68)

with respect to t. Then, one can write

ϑ(t)∗Ψ_n = μ((λ(A; −qt)⊗σ^′_q(A; t))∗Δ(Ψ_n)) = μ((λ(A; −qt)⊗σ^′_q(A; t))∗(1⊗Ψ_n+Ψ_n⊗1)) ,

from which it follows that

ϑ(t) ∗ Ψ_n = (λ(A; −qt) ∗ 1) (σ^′_q(A; t) ∗ Ψ_n) = [n]_q Ψ_n t^{n−1} .

Equation (65) means that homogeneous Lie polynomials of degree n are again eigenvectors of the left q-bracketing operator, now with the q-integer [n]_q as eigenvalue. They actually constitute the [n]_q eigenspace. However, the q-Dynkin element θ_n(q) is invertible in the group algebra for generic values of q, and its other eigenvalues are nonzero. It would therefore be of interest to investigate its spectral decomposition. This will be done in Section 4

In the last two examples, we have been interpreting noncommutative symmetric functions as linear operators on the free algebra K ⟨A⟩, by means of the identification of Sym_n with Σ_n and of the right action of permutations. If we extend the action of S_n to all words by deciding that wσ = 0 if w is not of length n, we obtain in this way a representation

ρ : Sym −→ End^{gr}(K ⟨A⟩) (69)

where End^{gr} is the algebra of degree-preserving endomorphism. Under the representation ρ, the internal product ∗ is mapped to the composition ∘, and, as shown by Reutenauer [94], the ordinary product becomes the convolution product ⋆ of End^{gr}(K ⟨A⟩), which is defined by f ⋆ g = m ∘ (f ⊗ g) ∘ C (70) where m : u ⊗ v → uv is the multiplication map of K ⟨A⟩ and C is its standard comultiplication, defined by C(x) = x ⊗ 1 + 1 ⊗ x for x ∈ A and C(uv) = C(u)C(v).

3 Representation theoretical interpretations

The noncommutative ribbon Schur functions R_I and the quasi-symmetric functions F_I share many properties with ordinary Schur functions. In particular, the structure constants of Sym and QSym in these bases are nonnegative integers. This suggests the existence of representation theoretical interpretations of these generalized symmetric functions. Such interpretations have actually been found [19, 17, 60, 61], and turned out to be related to the specialization q = 0 in certain q-deformations of the classical structures related to Schur functions.

3.1 The 0-Hecke algebra

The first intepretation involves the type A Hecke algebras H_n(q) at q = 0. Recall that when q is a generic complex number, i.e. neither zero nor a root of unity, the H_n(q) are semi-simple (in fact isomorphic to C S_n ) and the direct sum R(q) = ⨁ n≥0 R(H_n(q)) (71)

where R(H_n(q)) is the vector space spanned by isomorphism classes [M] of finite dimensional H_n(q)-modules, with addition induced by direct sum, can be identified with Sym, the simple modules S_λ(q) (q-Specht modules) being represented by Schur functions. This defines a characteristic map ch : R(H_n(q)) → Sym_n. The usual product of symmetric functions corresponds then to induction from H_m ⊗H_n to H_{m+n}, i.e., for λ ⊢ m and μ ⊢ n, ch ( S_λ(q) ⊗ S_μ(q) ↑^{Hm+n(q)}_{Hm(q)⊗Hn(q)} ) = s_λs_μ . (72)

This statement summarizes a good deal about the representation theory of Hecke algebras in the generic case.

For non generic values of the parameter, when H_n(q) is not semi-simple, it is a difficult task to describe R(H_n(q)) as defined above, since this would amount to understand all the indecomposable representations up to isomorphism. The usual strategy to investigate a non semi-simple algebra A is to introduce two kinds of Grothendieck groups (cf. [11]). The first one, usually denoted by G_0(A) is the quotient of R(A) by the relations [M] = [M^′] + [M^{′′}] whenever there is a short exact sequence 0 → M^′ → M → M^{′′} → 0. In G_0(A), [M] = [N] whenever M and N have the same simple composition factors, occuring with the same multiplicities. The second one, denoted by K_0(A), is the free abelian group generated by isomorphism classes of finite dimensional projective A-modules. Here, addition corresponds to direct sum. In the sequel, we will rather mean by G_0 and K_0 the complexified Grothendieck groups.

A particularly interesting example of this situation occurs for A = H_n(ζ), where ζ is a primitive k-th root of unity. Then, the direct sums G(ζ) = ⨁ n≥0 G_0(H_n(ζ)) and K(ζ) = ⨁ n≥0 K_0(H_n(ζ)) (73)

can be respectively identified with a quotient and with a subalgebra of Sym. Precisely, if we denote by J_k the ideal of Sym generated by the power sums p_{nk}, n ≥ 1, and by S_k the subalgebra generated by the p_m such that m ≢ 0 mod k, then G(ζ) ≃ Sym/J_k and K(ζ) ≃ S_k . (74)

The characteristic map ch : G(ζ) → Sym/J_k realizing the first isomorphism is compatible with the previous one, in the sense that the specialized Specht module S_λ(ζ) is mapped to the class s̄_λ = s_λ mod J_k. The induction formula remains valid, too, but this does not tell us that much about the representation theory of H_n(ζ). This is because S_λ(ζ) is usually not irreducible, and essential information is contained in the multiplicities d_{λμ} of its simple composition factors D_μ. These numbers are called the decomposition numbers, and they form the decomposition matrix of H_n(ζ). These matrices have been determined only quite recently [65, 1], the starting point being the identification of G(ζ) and K(ζ) with the basic representation of the affine Lie algebra ^sl_k. In principle, these numbers could also be obtained by Schur-Weyl duality from the Lusztig conjecture [77] proved by Kazhdan and Lusztig [52, 53].

On the other hand, the non semi-simple Hecke algebras H_n(0) are quite well-understood. The representation theory of 0-Hecke algebras for general type has been worked out by Norton [86], and special combinatorial features of type A have been described by Carter [9].

There are 2^{n−1} simple H_n(0)-modules, which are all one-dimensional [9, 86]. To see this, it is sufficient to observe that (T_iT_{i+1} − T_{i+1}T_i)^2 = 0. Thus, all the commutators [T_i, T_j] are in the radical of H_n(0). But the quotient of H_n(0) by the ideal generated by these elements is the commutative algebra generated by n−1 elements t_1, . . . , t_{n−1} such that t^2_i = −t_i. It is easy to check that this algebra has no nilpotent elements, so that it is H_n(0)/rad (H_n(0)). The irreducible representations are obtained by sending a set of generators to −1 and its complement to 0. We shall label these representations by compositions of n rather than by subsets of generators. Let I be a composition of n and let Des (I) the associated subset of {1, . . . , n − 1}. The irreducible representation φ_I of H_n(0) is defined by

φ_I(T_i) = { −1 if i ∈ Des (I) , 0 if i /∈ Des (I) .

(75)

The corresponding H_n(0)-module is denoted by C_I. These modules (when I runs over all compositions of n) form a complete system of simple H_n(0)-modules.

The direct sum of the Grothendieck groups

G(0) = ⨁ n≥0 G_0(H_n(0)) (76)

has therefore a canonical basis, the classes [C_I ] of the simple modules, which is naturally labelled by compositions. One may then look for a characteristic map with values in Sym or in QSym. The correct choice is to identify G(0) with the algebra of quasi-symmetric functions, the characteristic map being given by

ch ([C_I ]) = F_I . (77)

This map is again compatible with the characterstic map of the generic case. One has a decomposition map d : G(q) → G(0) sending the class [S_λ(q)] of a generic Specht module to the class [S_λ(0)] of its 0-specialization, which is usually not irreducible, nor even semi-simple. The choice (77) has the property that

ch ∘ d = d ∘ ch (78)

that is, ch (S_λ(0)) = s_λ, regarded as a quasi-symmetric function.

From this, we can easily recover Carter’s combinatorial description of the decomposition matrix of H_n(0). The multiplicity d_{λI} of the simple module C_I as a composition factor of S_λ(0) is equal to the coefficient of F_I in the quasi-symmetric expansion

s_λ = ∑ I d_{λI}F_I (79)

so that by duality, d_{λI} = ⟨s_λ , R_I ⟩, and by (44), this is equal to the ordinary scalar product of symmetric functions ⟨s_λ , r_I⟩. By the Littlewood-Richardson rule, this is the number of Yamanouchi words y of weight λ and ribbon shape I, i.e., such that Des (y) = Des (I). These Yamanouchi words can be encoded by standard tableaux of shape λ, for example by their Q-symbols in the Robinson-Schensted correspondence. These are exactly the tableaux obtained by Carter in [9].

The characteristic map at q = 0 is also compatible with the induction product, that is, once again, ch ( [M ⊗ N] ↑^{Hm+n(0)} Hm(0)⊗Hn(0) ) = ch ([M])ch ([N]) (80) In particular, the composition factors of the induction product of two simple modules C_I and C_J are described by the product F_I F_J , wich is given by an interesting combinatorial formula.

To state it, let us first define the shape composition I = C(σ) of a permutation σ as the unique composition of n such that Des (σ) = Des (I). Now, suppose that |I| = m and |J| = n. Take any permutation α ∈ S_m such that C(α) = I and any permutation β ∈ S_n such that C(β) = J. We consider permutations as words on the letters 1, 2, . . ., and we denote by β[m] the shifted word

β[m] = (β_1 + m) · (β_2 + m) · · · (β_n + m) . (81)

Recall that the shuffle product on words is defined inductively by au bv = a(u bv) + b(au v) , a, b ∈ A u, v ∈ A^∗ (82) the initial condition being that the empty word is the unit element. The product formula is then [81] F_I F_J = ∑ σ (α β[m] , σ)F_{C(σ)} (83)

where (α β[m] , σ) denotes the coefficient of σ in α β[m].

The simple modules can be realized as minimal left ideals of H_n(0). To describe the generators, we associate with a composition I of n two permutations α(I) and ω(I) of S_n defined as follows. The permutation α(I) is obtained by filling the columns of the ribbon diagram of I from bottom to top and from left to right with the numbers 1, 2, . . . , n, and ω(I) is the permutation obtained by filling the rows of the same diagram from left to right and from bottom to top with 1, 2, . . . , n.

For example, with I = (22113), the fillings of the diagram corresponding to α(I) and ω(I) are 1 3 2 7 6 5 4 8 9

α(22113)

8 9 6 7 5 4 1 2 3

ω(22113)

Thus α(22113) = 132765489 and ω(22113) = 896754123.

Let us now set 2_i = 1 + T_i. These elements verify the braid relations, together with 2^2_i = 2_i. As the 2_i satisfy the braid relations, one can as usual associate to each permutation σ ∈ S_n the element 2_σ of H_n(0) defined by 2_σ = 2_{i1} . . . 2_{ir} where σ_{i1} . . . σ_{ir} is an arbitrary reduced decomposition of σ.

For a composition I = (i_1, . . . , i_r) we denote by I = (i_r, . . . , i_1) its mirror image and by I^∼ its conjugate composition, i.e. the composition obtained by writing from right to left the heights of the columns of the ribbon diagram of I, e.g., (3, 2, 1) = (1, 2, 3) and (3, 2, 1)^∼ = (2, 2, 1, 1).

Then, the simple H_n(0) module C_I is isomorphic to the minimal left ideal H_n(0) η_I, where η_I = T_{ω(I)} 2_{α(I}∼_) . (84)

Let us now look at the K_0-groups of the 0-Hecke algebras. The indecomposable projective H_n(0)-modules have also been classified by Norton (cf. [9, 86]). From the general theory of finite dimensional algebras, one knows that for each simple module S, there is a unique indecomposable projective module M such that S = M/rad (M). Thus, one associates to each composition I of n the unique indecomposable projective H_n(0)-module M_I such that M_I /rad (M_I ) ≃ C_I . The canonical duality between G_0(A) and K_0(A), defined by the pairing ⟨N , M⟩ = dim Hom_A(M, N) (85)

tells us that the direct sum of Grothendieck groups

K(0) = ⨁ n≥0 K_0(H_n(0)) (86)

has to be identified with the algebra of noncommutative symmetric functions. The functorial duality between induction and restriction implies that the characteristic map

Ch : K(0) −→ Sym (87) [M_I ] −→ R_I (88)

is a ring homomorphism, i.e.,

Ch(M_I ⊗ M_J ↑^{Hm+n(0)}_{Hm(0)⊗Hn(0)}) = R_I R_J = R_{I·J} + R_{I▷J} . (89)

The M_I are the indecomposable summands of the left regular representation. As a left ideal, M_I = H_n(0) ν_I where

ν_I = T_{α(I)} 2_{α(I}^∼_) . (90)

Since α(I^∼)^{−1} = ω_n ω(I), one gets Des (α(I^∼)^{−1}) = [1, n−1] − Des (I). It follows that the generator ν_I of M_I is different from 0 and that a basis of M_I is

{ T_σ 2_{α(I}^∼_), Des (σ) = Des (I) } = { T_σ 2_{α(I}^∼_), σ ∈ [α(I), ω(I)] } . (91)

Hence, the dimension of M_I is equal to the cardinality of the descent class [α(I), ω(I)] = {σ|C(σ) = I} .

The family (M_I )_{|I|=n} forms a complete system of indecomposable projective H_n(0)-modules, and the decomposition of the left regular representation

H_n(0) = ⨁ |I|=n M_I (92)

is multiplicity free.

As an illustration, let us take I = (1, 1, 2). Then I^∼ = (1, 3), I = (2, 1, 1), I^∼ = (3, 1), α(I) = 3214 and α(I^∼) = 1243. Hence ν_{112} = T_2 T_1 T_2 2_3. The module M_{112} is described by the following graph. An arrow labelled T_i going from f to g means that T_i · f = g, and a loop on the vertex f labelled T_i|ϵ (with ϵ = 0 or ϵ = −1) means that T_i · f = ϵ f. ffifl fflfi_e �_{œ T1|−1T2|−1}

?

T_3 ffl ffi fi fl^{T3 e} �^{œ T1|−1}T3|−1

?

T_2 ffl ffi fi fl T_2 T_3 e �œ

T_1|0 T_2|−1 T_3|−1 This is also the graph of the interval [3214, 4312] = D_{112} in the permutohedron of S_4. The (−1)-loops at a vertex correspond to the descents of the inverse of the permutation labelling this vertex.

Let M be a finite-dimensional H_n(0)-module, and consider a composition series, i.e. a decreasing sequence M = M_1 ⊇ M_2 ⊇ · · · ⊇ M_k ⊇ M_{k+1} = 0, such that each M_i/M_{i+1} is simple. One can refine the characteristic ch (M) into a graded version (a q-analogue), at least when M is a cyclic module i.e. when M = H_n(0) e. In this case, the length filtration

H_n(0)^{(k)} = ⨁ l(σ)≥k C T_σ of the 0-Hecke algebra induces a filtration (M^{(k)})_{k∈}N of M, defined by M^{(k)} = H_n(0)^{(k)} e . This suggests to define the graded characteristic ch_q(M) of M by

ch_q(M) = ∑ k≥0 q^k ch (M^{(k)}/M^{(k+1)}) .

The ordinary characteristic ch (M) is then the specialization of ch_q(M) at q = 1.

The graded characteristic is in particular defined from the modules induced by tensor products of simple 1-dimensional modules M_{I1,...,Ir} = C_{I1} ⊗ · · · ⊗ C_{Ir} ↑^{Hn1+···+nr (0)} Hn_1 (0)⊗···⊗Hn_r (0) , whose characteristics are the products F_{I1} · · · F_{Ir} . The induction formula can be refined to take into account the filtrations, and this leads to a q-analogue of the algebra of quasisymmetric functions. This q-analogue is defined in terms of the q-shuffle product [17].

Let A be an alphabet and let q be an indeterminate commuting with A. The q-shuffle is the bilinear operation of N[q]⟨A⟩ denoted by_q and recursively defined on words by the relations 1_qu = u_q1 = u , (a u)_q(b v) = a (u_qb v) + q^{|au|} b (a u_qv) , where 1 is the empty word, u, v ∈ A^∗, a, b ∈ A and |w| denotes the length of a word w. One can show that_q is associative (cf. [17]).

For example, let M_{(11),(2)} denote the H_4(0)-module obtained by inducing to H_4(0) the H_2(0) ⊗ H_2(0)-module C_{11} ⊗ C_2, identifying H_2(0) ⊗ H_2(0) with the subalgebra of H_4(0) generated by T_1 and T_3. This H_4(0)-module is generated by a single element e on which T_1 and T_3 act by T_1 · e = −e and by T_3 · e = 0. The following graph gives a complete description of this module. The vertices correspond to a basis of M_{(11),(2)} formed by the images of e under the action of some elements of H_4(0). ffifl fflfi_e �_{œ T1|−1T3|0}

?

T_2 ff � � �^{T2·e} �^{œ T2|−1}

   �
 �
�

     @@
       @@
        @R

T_1 T_3 ff � � �^{T1T2·e}�^{-T1|−1}T2|−1_{@@}

@@
 @R

T_3 ff � � �^{T3T2·e} �^{œ T2|0}T3|−1

   �
 �
�

T_1 ff � � � T_1T_3T_2·e �œ T^1|−1T_3|−1

?

T_2 ff � � � T_2T_1T_3T_2·e �œ

T_1|0 T_2|−1 T_3|−1 4

3

2

1

0

The graph is graded by the distance d(f) of a vertex f to the origin e as indicated on the picture. This grading is precisely the one described by ch_q. That is, if we associate with each vertex f the composition I(f) of 4 whose associated subset of [1, 3] is D(f) = { i ∈ [1, 3] | T_i · f = −f }, we find

ch_q(M_{(11,2)}) = ∑ f q^{d(f)} F_{I(f)} = F_{13} + q F_{22} + q^2 (F_{112} + F_{31}) + q^3 F_{121} + q^4 F_{211} .

This equality can also be read on the q-shuffle of 21 and 34:

21_q34 = 2134 + q 2314 + q^2 2341 + q^2 3214 + q^3 3241 + q^4 3421 .

One obtains the graded characteristic by replacing each permutation σ in this expansion by the quasi-symmetric function F_{C(σ)}.

This example illustrates the general fact that the graded characteristic of an induced module as above is always given by a q-shuffle. As this is an associative operation, one obtains in this way a q-deformation of the ring of quasi-symmetric functions [19, 17, 60, 104]. More precisely, let I and J be compositions of m and n. Let also α ∈ S_m and

β ∈ Sn be such that C(α) = I and C(β) = J. The Hm+n(0)-module obtained by inducing

to H_{m+n}(0) the H_m(0) ⊗ H_n(0)-module C_I ⊗ C_J is cyclic, and its canonical filtration is described by its graded characteristic, given by

ch_q(C_I ⊗ C_J ↑^{Hm+n(0)}_{Hm(0)⊗Hn(0)}) = ∑ σ∈Sm+n (α_qβ[m] , σ)F_{C(σ)} . (93)

The algebra QSym_q of quantum quasi-symmetric functions [104] can now be defined as the associative algebra with generators F_I labelled by all compositions, and multiplication rule F_I F_J = ∑ σ (α_qβ[m] , σ)F_{C(σ)} (94)

given by the natural q-analogue of (83).

This algebra is not commutative, and it is free for generic q. In this case, it is isomorphic to the algebra of noncommutative symmetric functions. The natural isomorphism Sym → QSym_q, denoted by P → P̂ , is given by Ŝ_n = F_n. Therefore, Sym gets identified with a q-analogue of its dual. This suggest to define a scalar product on QSym_q by

(F_I |R̂_I ) = δ_{IJ} . (95)

The scalar products (R̂_I |R̂_J ) are then q-analogues of the Cartan invariants of H_n(0) (i.e., the multiplicities of the simple composition factors C_I in the indecomposable projective modules M_J ), and one can show that they describe, up to a shift, their canonical filtrations.

When q is a root of unity, the isomorphism breaks down, and the scalar product degenerates. There are, however, other singular values of q which are still not understood.

The quantum quasi-symmetric functions can also be realized as a subalgebra of the quantum polynomial ring C_q [X], generated by variables x_i such that x_jx_i = qx_ix_j for j > i [104].

3.2 The 0-quantum GL_n

We shall now look for an analogue of the interpretation of Schur functions as characters of polynomial representations of general linear groups. Polynomial representations are dual to comodules over the Hopf algebra C [GL_n ] of polynomial functions on the algebraic group GL_n, and one may think of putting q = 0 in the quantized function algebra GL_q(n) = C_q [GL_n]. However, the standard version of this algebra [23] involve factors such as q −q^{−1} in its defining relations, and cannot be defined at q = 0. One has to use a different version, introduced by Dipper and Donkin [15], which is also a specialization of the two-parameter quantization defined by Takeuchi [103]. Let V = n⨁ i=1 C (q) e_i (96)

be the C (q)-vector space with basis (e_i). The right action of S_N on V^{⊗N} is defined as usual by v_1 ⊗ · · · ⊗ v_N σ = v_{σ(1)} ⊗ · · · ⊗ v_{σ(N)}. Let v = e_{k1} ⊗ · · · ⊗ e_{kN} . Following [50, 15], one defines a right action of H_N (q) on V^{⊗ N} by

v · T_i = vσ_i if k_i < k_{i+1} , v · T_i = q v if k_i = k_{i+1} , v · T_i = q vσ_i + (q − 1) v if k_i > k_{i+1} .

(97)

The quantum matrix algebra A_q(n) is defined as the C (q)-algebra generated by the n^2 elements (x_{ij})_{1≤i,j≤n} subject to the relations x_{jk} x_{il} = q x_{il} x_{jk} for i < j, k ≤ l , x_{ik} x_{il} = x_{il} x_{ik} for every i, k, l , x_{jl} x_{ik} − x_{ik} x_{jl} = (q − 1) x_{il} x_{jk} for i < j, k < l . This is the quantization of the Hopf algebra of polynomial functions on the variety of n × n matrices introduced by Dipper and Donkin in [15]. It is not isomorphic to the classical quantization of Faddeev-Reshetikin-Takhtadzhyan [23], and although for generic values of q both versions play essentially the same rôle, an essential difference is that the Dipper-Donkin algebra is defined for q = 0.

A_q(n) is a Hopf algebra with comultiplication Δ defined by

Δ(x_{ij}) = n∑ k=1 x_{ik} ⊗ x_{kj} . Moreover one can define a left coaction δ of A_q(n) on V^{⊗N} by

δ(e_i) = n∑ j=1 x_{ij} ⊗ e_j and the left coaction δ of A_q(n) on V^{⊗N} commutes with the right action of H_N (q) on V^{⊗N} . This property still holds for q = 0. Thus, for any h ∈ H_N (0), V^{⊗N} h will be a sub-A_0(n)-comodule of V^{⊗N} . For later reference, note that the defining relations of A_0(n) are x_{jk} x_{il} = 0 for i < j, k ≤ l , x_{ik} x_{il} = x_{il} x_{ik} for every i, k, l , x_{jl} x_{ik} = x_{ik} x_{jl} − x_{il} x_{jk} for i < j, k < l . (98)

The quantum matrix algebra A_q(n) has an interesting subalgebra, the quantum diagonal algebra (or quantum torus) Δ_q(n), which is the subalgebra generated by the diagonal coordinates x_{11}, . . . , x_{nn} . It is the specialization of this subalgebra which will provide us with the analogue of the plactic algebra for quasi-symmetric functions.

Recall that the plactic algebra on a totally ordered alphabet A is the C -algebra P l(A), quotient of C ⟨A⟩ by the relations { aba = baa , bba = bab for a < b , acb = cab , bca = bac for a < b < c . These relations, which were obtained by Knuth [56], generate the equivalence relation identifying two words which have the same P -symbol under the Robinson-Schensted correspondence. Though Schensted had shown that the construction of the P -symbol is an associative operation on words, the monoid structure on the set of tableaux has been mostly studied by Lascoux and Schützenberger [69] under the name ‘plactic monoid’.

It turns out that the specialization of the quantum diagonal algebra at q = 0 is a remarkable quotient of the plactic algebra that we shall now introduce.

The hypoplactic algebra HP l(A) is the quotient of the plactic algebra P l(A) by the quartic relations baba = abab , baca = abac for a < b < c , cacb = acbc , cbab = bacb for a < b < c , badc = dbca , acbd = cdab for a < b < c < d . (99)

The combinatorial objects playing the rôle of Young tableaux are called ribbons and quasi-ribbons. Let I be a composition. A quasi-ribbon tableau of shape I is a ribbon diagram r of shape I filled by letters of A in such a way that each row of r is nondecreasing from left to right, and each column of r is strictly increasing from top to bottom. A word is said to be a quasi-ribbon word of shape I if it can be obtained by reading from bottom to top and from left to right the columns of a quasi-ribbon diagram of shape I.

For example, the word u = aacbabbac is not a quasi-ribbon word since the planar representation of u obtained by writing its decreasing factors as columns is not a quasiribbon tableau, as one can see on the picture. On the other hand, the word v = aacbacdcd is a quasi-ribbon word of shape (3, 1, 3, 2). The quasi-ribbon tableau corresponding to v is also given below.

a a a b c b a b c aacbabbac a a a b c c c d d aacbacdcd

In the classical case, the crucial point of the theory of the plactic monoid is that each plactic class contains exactly one tableau. Similarly, one can show that each hypoplactic class contains exactly one quasi-ribbon word, so that the classes of the quasi-ribbon words form a linear basis of the hypoplactic algebra HP l(A) [60].

The ring homomorphism defined by φ : a_i −→ x_{ii} is an isomorphism between the hypoplactic algebra HP l(A) and the specialization Δ_0(n) of the quantum diagonal algebra. One can show that the hypoplactic quasi-ribbons

F_I = ∑ w∈QR(I) w ∈ HP l(A) (100) where the sum runs over the classes of all quasi-ribbon words of shape I, span a commutative subalgebra of HP l(A), isomorphic to the algebra of quasi-symmetric functions.

This will be a consequence of the following representation theoretical considerations. A direct combinatorial proof has also been given by Novelli [87].

In the classical case, the character χ(M) of a polynomial representation ρ : GL_n → GL(M) of GL_n is usually defined as the symmetric polynomial tr_M (ρ(X)), where X = diag (x_1, . . . , x_n) is a generic diagonal matrix. One might also consider the function g → tr_M (ρ(g)) as a polynomial in the matrix entries x_{ij}. This is this second notion which is best suited to deal with comodules, especially in the quantum case, where an interesting phenomenon occurs.

Let M be a finite dimensional A_q(n)-comodule with coaction δ. Let (m_i)_{i=1,m} be a basis of M. There exists elements (a(i, j))_{1≤i,j≤m} of A_q(n) such that

δ(m_i) = m∑ j=1 a(i, j) ⊗ m_j for i ∈ [1, m]. The element_m ∑ i=1 a(i, i) of A_q(n) is independent of the choice of the basis (m_i). It will be denoted by χ(M) and called the character of the A_q(n)-comodule M. It has the standard properties of a character:

1. If 0 → M^′ → M → M^{′′} → 0 is a short exact sequence, χ(M) = χ(M^′) + χ(M^{′′}); 2. χ(M ⊗ N) = χ(M) χ(N); 3. if M ≃ N, then χ(M) = χ(N).

The interesting quantum phenomenon, which has no classical analogue, is that for generic values of q, the character of an A_q(n)-comodule is always an element of the quantum diagonal algebra. This follows from an expression of the quantum determinant of A_q(n) as an iterated q-commutator in the diagonal generators [60] | | | | | | | |

x_{11} x_{12} . . . x_{1n} x_{21} x_{22} . . . x_{2n} . . . . .. . . . x_{n1} x_{n2} . . . x_{nn}

| | | | | | | | q def= ∑ σ∈Sn ε(σ) x_{1σ(1)} . . . x_{nσ(n)}

= 1 (1 − q)^{n−1} [x_{nn}, [. . . , [x_{22}, x_{11}]_q . . .]_q]_q

(101)

where [P, Q]_q = P Q − q Q P .

From now on, we set q = 0, so that the quantum diagonal algebra becomes the hypoplactic algebra. Recall that to a composition I of N, we associated the element η_I = T_{ω(I)} 2_{α(I}∼_) of H_N (0) which generates the one-dimensional left H_N (0)-module C_I . One can use it to construct the A_0(n)-comodule

D_I = V^{⊗N} · η_I .

Denote by F_I (A) the sum of all quasi-ribbon words of shape I in the free algebra over A. According to a result of Gessel [39], the commutative image of F_I (A) is the quasisymmetric function F_I . For example, the quasi-ribbon tableaux of shape I = (2, 1) over {a < b < c} are a a b a a c a b c b b c

Thus F_{21}(a, b, c) = aba + aca + acb + bcb, and the commutative image of F_{21}(a, b, c) is equal to M_{21} + M_{111} = F_{21}.

One can prove that the hypoplactic quasi-symmetric functions are the characters of the comodules D_I [60] χ(D_I ) = F_I (x_{11}, . . . , x_{nn}) . (102) For example, with n = 3, N = 4 and I = (3, 1) we have η_{31} = T_3 T_2 T_1 (1 + T_2) (1 + T_3) (1 + T_2) and D_{31} = V^{⊗4} · η_{31}. By computing the images under η_{31} of the basis vectors of V^{⊗4}, one gets

D_{31} = C a_1 a_2a_3a_2 ·η_{31} ⊕C a_2 a_2a_3a_2 ·η_{31} ⊕C a_1 a_1a_3a_2 ·η_{31} ⊕C a_1 a_1a_3a_1 ·η_{31} ⊕C a_1 a_1a_2a_1 ·η_{31} .

Thus,

χ(D_{31}) = x_{22}x_{11}x_{11}x_{11} + +x_{33}x_{11}x_{11}x_{11} + x_{33}x_{22}x_{22}x_{22} + x_{33}x_{11}x_{11}x_{22} + x_{33}x_{11}x_{22}x_{22} = x_{11}x_{11}x_{22}x_{11} + +x_{11}x_{11}x_{33}x_{11} + x_{22}x_{22}x_{33}x_{22} + x_{11}x_{11}x_{33}x_{22} + x_{11}x_{22}x_{33}x_{22} .

This last expression is exactly the sum of the quasi-ribbons words associated with the five quasi-ribbon tableaux

1 1 1 2 1 1 1 3 1 1 2 3 1 2 2 3 2 2 2 3 Hence, χ(D_{31}) = F_{31}(x_{11}, x_{22}, x_{33}).

The D_I are irreducible, pairwise non-isomorphic A_0(n)-comodules. and (D_I )_I (where I runs through all compositions) is a complete system of irreducible A_0(n)-comodules [60, 61].

Performing now the same construction, starting from the generators ν_I = T_{α(I)} 2_{α(I}^∼_) of the indecomposable projective left H_n(0)-modules M_I , one obtains the A_0(n)-comodules

N_I = V^{⊗N} · ν_I .

The N_I are the indecomposable direct summands of V^{⊗N}

V^{⊗N} = ∑ |I|=N N_I (103)

(the sum is multiplicity free), and their characters are the hypoplactic ribbon Schur functions χ(N_I) = R_I (x_{11}, . . . , x_{nn}) , (104) which are defined as follows. A word is said to be of ribbon shape I if it can be obtained by reading from left to right and from top to bottom the columns of a skew Young tableau of ribbon shape I. The ribbon Schur function R_I (A) is equal to the sum of all words of A^∗ of ribbon shape I.

For example, let n = 3, N = 4 and I = (1, 1, 2). Then ν_{112} = T_1 T_2 T_1 (1 + T_3) and N_{112} = V^{⊗4} · ν_{112}. By computing the action of ν_{211} on the standard basis of V^{⊗4}, one gets

N_{112} = C a_3 a_2 a_1 a_1 · ν_{112} ⊕ C a_3 a_2 a_1 a_2 · ν_{112} ⊕ C a_3 a_2 a_1 a_3 · ν_{112} .

Then, χ(N_{112}) = x_{33} x_{22} x_{11} x_{11} + x_{33} x_{22} x_{11} x_{22} + x_{33} x_{22} x_{11} x_{33} .

This expression is the sum of the ribbon words associated with the 3 ribbon tableaux 3 2 1 1 3 2 1 2 3 2 1 3 and χ(N_{112}) = R_{112}(x_{11}, x_{22}, x_{33}).

In the classical case (q = 1), the Robinson-Schensted correspondence is the combinatorial counterpart of the decomposition of V^{⊗N} into GL_n(C )×S_N -bimodules. On the other hand, for q = 0, there are two natural ways of decomposing V^{⊗N} into A_0(n) × H_N (0)- bicomodules. This leads to two different Robinson-Schensted type correspondences, involving now ribbon and quasi-ribbon diagrams.

The first one corresponds to the decomposition

V^{⊗N} = ⨁ I⊢N N_I . (105)

It is essentially the identity map, since it just associates to a word w its ribbon diagram.

The second one, which is more interesting, is related to the simple composition factors of V^{⊗N} . These are exactly the comodules D_I for |I| = n, each of them occuring |QR(I)| times. But D_I considered as a left H_N (0)-module is isomorphic to M_I . It follows that there exists a basis of V^{⊗N} indexed by pairs (Q, R) where Q is a quasi-ribbon word of shape I and where R is a standard ribbon word of the same shape. The corresponding Robinson-Schensted type algorithm which associates to each word w ∈ A^∗ the pair (Q, R) is described below.

Let Q be a quasi-ribbon diagram and let a ∈ A. Let Q^′ be the diagram obtained from Q by deleting its last row and let x (resp. z) be the first (resp. last) letter of the last row of Q. The result Q of the insertion of a in Q is defined by the following rules:

• if z ≤ a, Q is obtained by adding a box containing a at the end of the last row of Q

• if x ≤ a < z, let y be the first letter of the last row of Q which is strictly greater than a. The quasi-ribbon diagram Q is then Q^′ . . . . . x . . . a y . . . z ;

• if a < x, Q is obtained by inserting a in Q^′ and glueing under the quasi-ribbon obtained in this way the last row of Q.

Let w = a_1 . . . a_n be a word of length n. The pair (Q, R) associated with w can be defined as follows. The quasi-ribbon diagram Q is obtained by inserting the letters of w (from left to right), starting from an empty diagram. The standard ribbon diagram R is iteratively constructed by putting at each step i ∈ [1, n] of the algorithm the number i in the box that contains at this moment in Q the letter a_i inserted at this step. Let us illustrate again this correspondence on w = baccb.

(∅, ∅) - b ,^1 - a b ,^21 -^ab c ,^21 3 -^ab c c ,^21 3 4 -^ab b_{c c} ,^21 5_{3 4}

The correspondence w → (Q, R) is clearly a bijection. In fact, the quasi-ribbon diagram Q associated with w is of shape C(σ^{−1}) where σ = std (w) [60].

One can show that two words u, v ∈ A^∗ correspond to the same quasi-ribbon Q under the second algorithm iff u ≡ v with respect to the hypoplactic congruence.

This is a hypoplactic analogue of Knuth’s theorem [56]. In other words, the hypoplactic relations play, for quasi-ribbons, the same rôle as the plactic relations for Young tableaux. The hypoplactic analogue of the Robinson-Schensted-Knuth correspondence has been worked out by Ung [107]. It provides, as in the classical case, a combinatorial proof of the noncommutative Cauchy identity

σ(XA; 1) = ∑ I F_I (X)R_I(A) (106)

as well as of other analogues of various Schur function identitites, such as ∑ I F_I (X) = 1 2 ∏ i≥i 1 + x_i 1 − x_i + 1 , (107)

an analogue of Schur’s identity for the sum of all Schur functions, or ( ∑ I F_I (X) )−1 = 1 + ∑ n≥0 (−1)^{n+1} ∑ |J|=2n+1 c_J F_J (X) (108)

where c_I is the number of permutations σ such that C(σ) = I and C(σ^{−1}) = (1 2^n) [107].

3.3 The 0-quantized enveloping algebra U_0(gl_n)

It remains to find an analogue of the interpretation of Schur functions as characters of the Lie algebra gl_n. To do this, we again need a variant of the quantized enveloping algebra U_q(gl_n) which displays the same behaviour for generic q, but can also be specialized at q = 0. This algebra is essentially the specialization (r, s) = (q, 1) of Takeuchi’s two-parameter deformation U_{r,s}(gl_N ) [103], with some slight modifications. To allow the specialization q = 0, we have to use non-invertible generators for the Cartan part, to introduce some extra relations, and to define it only as a bialgebra (no antipode). This algebra, as well as other multiparameter deformations, can be realized by specialization of the difference operators of [37].

Let q be an indeterminate or a complex parameter. The crystalizable quantum analogue U_q(gl_n) of the universal enveloping algebra of the Lie algebra gl_n is the algebra over C (q) generated by the elements (e_i)_{1≤i≤n−1}, (f_i)_{1≤i≤n−1} and (k_i)_{1≤i≤n} with relations :

k_i k_j = k_j k_i for 1 ≤ i, j ≤ n , (109)

q k_i e_{i−1} = e_{i−1} k_i for 2 ≤ i ≤ n − 1 ,

k_i e_i = q e_i k_i for 1 ≤ i ≤ n − 1 , k_i e_j = e_j k_i for j ≠ i − 1, i ,

(110) k_i f_{i−1} = q f_{i−1} k_i for 2 ≤ i ≤ n − 1 , q k_i f_i = f_i k_i for 1 ≤ i ≤ n − 1 , k_i f_j = f_j k_i for j ≠ i − 1, i ,

(111)

[e_i, f_j] = δ_{ij} k^i − k^{i+1}q − 1 for 1 ≤ i, j ≤ n , (112) { q e_{i+1} e^2_i − (1 + q) e_i e_{i+1} e_i + e^2_i e_{i+1} = 0 for 1 ≤ i ≤ n − 2 , q e^2_{i+1} e_i − (1 + q) e_{i+1} e_i e_{i+1} + e_i e^2_{i+1} = 0 for 1 ≤ i ≤ n − 2 ,

(113) { f_{i+1} f^2_i − (1 + q) f_i f_{i+1} f_i + q f^2_i f_{i+1} = 0 for 1 ≤ i ≤ n − 2 , f^2_{i+1} f_i − (1 + q) f_{i+1} f_i f_{i+1} + q f_i f^2_{i+1} = 0 for 1 ≤ i ≤ n − 2 ,

(114) { [e_i, e_j] = 0 for |i − j| > 1 , [f_i, f_j] = 0 for |i − j| > 1 ,

(115) { e_i e_{i+1} k_{i+1} = k_{i+1} e_i e_{i+1} for 1 ≤ i ≤ n − 2 , f_{i+1} f_i k_{i+1} = k_{i+1} f_{i+1} f_i for 1 ≤ i ≤ n − 2 .

(116)

Relations (116) are consequences of the other relations when q ≠ 0 and do not play any rôle in the generic case. One has to add them in order to endow U_q(gl_n) with a bialgebra structure at q = 0. Note also that the q-Serre relations (113) are those obtained by Ringel [95] in his construction of U_q(n_+) via the Hall algebras associated to quivers. That is, U_q(n_+) is the (untwisted) Hall algebra of the quiver of type A_{n−1}.

U_q(gl_n) is a C -bialgebra for the comultiplication Δ and the co-unit ε defined by

Δ(e_i) = 1 ⊗ e_i + e_i ⊗ k_i, ε(e_i) = 0 for 1 ≤ i ≤ n − 1 , Δ(f_i) = k_{i+1} ⊗ f_i + f_i ⊗ 1, ε(f_i) = 0 for 1 ≤ i ≤ n − 1 , Δ(k_i) = k_i ⊗ k_i, ε(k_i) = 1 for 1 ≤ i ≤ n .

(117)

Let (ξ_i)_{1≤i≤n} be the canonical basis of V = C^n , and let E_{ij} be the endomorphism defined by E_{ij}ξ_k = δ_{jk}ξ_i. One can define an algebra morphism ρ_V of U_q(gl_n) in EndC (V ) by setting ρ_V (e_i) = E_{i,i+1} for 1 ≤ i ≤ n − 1 , ρ_V (f_i) = E_{i+1,i} for 1 ≤ i ≤ n − 1 , ρ_V (k_i) = q E_{i,i} + ∑ j≠i E_{j,j} for 1 ≤ i ≤ n . The pair (ρ_V , V ) is called the fundamental representation (or vector representation) of U_q(gl_n). Since U_q(gl_n) is a bialgebra, one can define its N-th tensor power (ρ_{N,n}, V^{⊗N} ) by ρ_{N,n} = ρ^{⊗N}_V ∘ Δ^{(N)} : U_q(gl_n) −→ EndC (V^{⊗N} ), where Δ^{(N)} denotes the N-fold comultiplication U_q(gl_n) → U_q(gl_n)^{⊗N} .

We denote by A^′_q(n) the C (q)-algebra generated by the n^2 elements (x_{ij})_{1≤i,j≤n} subject to the defining relations : x_{il} x_{jk} = q x_{jk} x_{il} for 1 ≤ i ≤ j ≤ n, 1 ≤ k < l ≤ n , x_{ik} x_{jk} = x_{jk} x_{ik} for 1 ≤ i, j, k ≤ n , x_{jl} x_{ik} − x_{ik} x_{jl} = (q − 1) x_{jk} x_{il} for 1 ≤ i < j ≤ n, 1 ≤ k < l ≤ n . (118)

It is the specialization GL_{q,1}(n) of Takeuchi’s algebra [103]. Up to the symmetry x_{ij} ↔ x_{ji}, A^′_q(n) is the Dipper-Donkin quantization A_q(n) introduced in the preceding section.

The comultiplication comultiplication Δ and counity η of A^′_q(n) are defined by

Δ(x_{ij}) = n∑ k=1 x_{ik} ⊗ x_{kj} and η(x_{ij}) = δ_{ij} . The quantum diagonal algebra (or quantum torus) Δ^′_q(n) of A^′_q(n) is defined as above as the subalgebra generated by the x_{ii}. For q = 1, Δ^′_1(N) is just an algebra of commutative polynomials and for q = 0 it is again isomorphic to the hypoplactic algebra (in fact there is no need to consider both A_q(n) and A^′_q(n), we just do it for the sake of compatibility with the existing literature) .

For any q ∈ C , the bialgebras A^′_q(n) and U_q(gl_n) are in duality, in a sense to be made precise below. According to the general theory, the graded dual U_q(gl_n)^∗ of U_q(gl_n) has a canonical algebra structure, defined by the convolution product

φ · ψ = μ ∘ (φ ⊗ ψ) ∘ Δ (119)

for φ, ψ ∈ U_q(gl_n)^∗, where μ is the multiplication map μ(g ⊗ h) = g h, g, h ∈ U_q(gl_n).

Define linear functionals (a_{ij})_{1≤i,j≤n} ∈ U_q(gl_n)^∗ as the matrix coefficients of the vector representation, i.e. ρ_V (g) = (a_{ij}(g))_{1≤i,j≤n} for g ∈ U_q(gl_n).

Then, the n^2 linear functionals (a_{ij})_{1≤i,j≤n} of U_q(gl_n)^∗ satisfy the quantum relations (118).

A fundamental property of the standard version of U_q(gl_n) is the existence of a qanalogue of the Schur-Weyl duality involving the Hecke algebra instead of the symmetric group [50]. Such a duality can also be worked out for U_q(gl_n). The double commutant theorem will break down at q = 0, but one can still give a weaker statement, which will allow us to interpret quasi-symmetric functions and noncommutative symmetric functions as characters of U_0(gl_n).

We denote by π_{N,n} the representation of H_N (q) in EndC (V^{⊗N} ) defined by (97). One can check that ρ_{N,n} commutes with π_{N,n}. For generic q, one has a stronger property.

Let q be a nonzero complex number which is not a non trivial k-th root of unity for some k ≤ N. The two subalgebras π_{N,n}(H_N (q)) and ρ_{N,n}(U_q(gl_n)) of EndC (V^{⊗N} ) are then commutant of each other.

This result is well-known for the standard version of U_q(gl_N ) [50] and can be obtained by straightforward modifications of its standard proofs (see also [61]).

Let us now define a polynomial U_q(gl_n)-module of degree N as a submodule of V^{⊗N} . For generic q, the polynomial U_q(gl_n) modules are just the duals of the A^′_q(n)-comodules. We now define the character of a polynomial module in the same way as in the preceding section.

Let M be a polynomial U_q(gl_n)-module of degree N and let (m_i)_{1≤i≤m} be a C (q)- linear basis of M. Since M is a U_q(gl_n)-module, there exists a family (μ_{ij})_{1≤i,j≤m} of linear functionals of U_q(gl_n)^∗ such that for g ∈ U_q(gl_n) g · m_i = m∑ j=1 μ_{ij}(g) m_j . One can check that the trace of the action of U_q(gl_n) on M, i.e. the element c(M) = m∑ i=1 μ_{ii} ∈ U_q(gl_n)^∗ is independent on the choice of the basis. Moreover c(M) belongs to the subalgebra generated by the (a_{ij})_{1≤i,j≤n}. It follows that there exists elements p_{IJ} (q) of C (q) such that c(M) = ∑ I,J∈[1,n]^N p_{IJ} (q) a_{IJ} . Since the map Ψ is injective on the linear subspace of A^′_q(n) spanned by homogeneous elements of fixed length, we can lift this formula to A^′_q(N). Let now x_{IJ} stand for the monomial x_{i1j1} . . . x_{iN jN} in A_q(n). The element χ(M) = ∑ I,J∈[1,n]^N p_{IJ} (q) x_{IJ} of A^′_q(N) will be called the character of the polynomial U_q(gl_n)-module M. By duality, M is also an A^′_q(N) comodule, and χ(M) is equal to its character in the previous sense. Therefore, for q ≠ 1, χ(M) belongs to the diagonal algebra Δ^′_q(n). From now on, we set q = 0. The character of a polynomial U_0(gl_n)-module is therefore an element of the hypoplactic algebra. However, ρ_{N,n}(U_0(gl_n)) is not semisimple, and we have to look for the simple composition factors of V^{⊗N} (the irreducible polynomial modules) and its indecomposable direct summands. These modules can be constructed in the same way as the simple modules and the indecomposable projective modules of the 0-Hecke algebra. Since the action of U_0(gl_n) on V^{⊗N} commutes with the right action of H_N (0), one can use η_I (cf. (84) to construct the U_0(gl_n)-module

D_I = V^{⊗N} · η_I .

Then, D_I is an irreducible U_0(gl_n)-module. Its character is equal to the sum F_I (x_{11}, . . . , x_{nn}) of all quasi-ribbon words over { x_{11} < . . . < x_{nn} }.

Here is a sketch of the proof. For w = w_1 · · · w_N a word on the alphabet {1, . . . , n}, denote by w the tensor ξ_{w1} ⊗ · · · ⊗ ξ_{wn} . Let QR(I) be the set of quasi-ribbon words of shape I over the same alphabet. It is shown in [60] that the d_w = wη_I for w ∈ QR(I) form a basis of D_I .

Now, let ẽ_i, f̃_i be Kashiwara’s crystal graph operators [51], acting on words considered as vertices of the crystal graph of the N-th tensor power of the vector representation of the standard U_q(gl_n). We have

f_id_w = { d~_{fi(w)} if f̃_i(w) ∈ QR(I), 0 otherwise.

(120)

and similarly e_id_w = { d_{ẽi(w)} if ẽ_i(w) ∈ QR(I), 0 otherwise.

(121)

Let Γ_n(I) be the directed graph having as vertices the quasi-ribbon words of shape I over {1, . . . , n}, and with arrows w^{fi}−→ w^′ and w^{ei}←− w^′ when d_w′ = f_id_w (which is equivalent to d_w = e_id_w′ ). This graph is called the quasi-crystal graph of D_I (it is actually a subgraph of a crystal graph, corresponding to a quasi-symmetric piece of a character). It should be noted that although crystal graphs describe in general only the combinatorial skeleton of a generic module, the quasi-crystal graph Γ_n(I) encodes the full structure of the U_0(gl_n)-module D_I . The above considerations imply that Γ_n(I) is strongly connected, which proves the irreducibility of D_I .

Finally, from the definition of χ(D_I ) and (120), (121), we obtain

χ(D_I) = ∑ w∈QR(I) x_{ww} = F_I (x_{11}, . . . , x_{nn}) , as required. The character of D_I is therefore the hypoplactic quasi-symmetric function F_I (A).

The indecomposable summand of V^{⊗N} labelled by the composition I of N is (cf. (90))

N_I = V^{⊗N} · ν_I .

Its character is the sum R_I (x_{11}, . . . , x_{NN} ) of all words of ribbon shape I over { x_{11} < . . . < x_{NN} }. Moreover, N_I has a canonical filtration, whose levels are described by the quantum quasi-symmetric functions R̂_I of [104].

Hivert’s formula (42) can now be interpreted as a Weyl character formula for the irreducible representation D_I . Moreover, the partial symmetrizers π^′_w for all w ∈ S_n give, as in the classical case, the characters of the Demazure modules of U_0(gl_n).

Let us first remark that the basis vectors d_w are also weight vectors for the usual action of gl_n on V^{⊗N} . The U_0(gl_n)-weight of an element of V^{⊗N} is defined as its gl_n-weight, and the formal character ch (M) of a polynomial modules M will be the generating function ∑ λ dim M_λ x^λ. It is the commutative image x_{ii} → x_i of its character χ(M) is the previous sense.

The U_0(gl_n)-weights of polynomial modules are integer vectors H ∈ N^n . In this context, a weight H is said to be dominant if there exists r ≤ n such that h_k > 0 for k ≤ r and h_k = 0 for k ≥ r. That is, H is of the form I ·0 · · · 0, where I is some composition. To simplify the notation, we shall discard the final zeros and identify H with the composition I. The Weyl group action on U_0(gl_n)-weights corresponds to the quasi-symmetrizing action on polynomials. That is, the image σ(H) of a weight H by σ ∈ S_n is defined by

x^{σ(H)} = σ^′(x^H ) , (122)

where σ^′ denotes the quasi-symmetrizing action (36).

The irreducible module D_I has a unique highest weight vector v_I , i.e., D_I = U^−v_I , U^+v_I = 0, where U^− (resp U^+) is the subalgebra generated by the f_i (resp. by the e_i), and the weight of v_I is the dominant weight I.

On the other hand, the indecomposable summands of V^{⊗N} are not highest-weight modules.

As in the classical case, let us define an extremal weight vector of a module M with highest weight H as a weight vector whose weight K is in the Weyl group orbit of H. For a composition I and a permutation σ ∈ S_n, the Demazure module D(I, σ) is the U^+ module generated by an extremal weight vector of weight σ(I) (which is unique up to a scalar factor). Then, we have the following analogue of the classical Demazure formula [44, 45] ch D(I, σ) = π^′_σ(X^I ) , (123)

where X^I = x^{i1}_1 . . . x^{ir}_r and π^′_σ is the operator defined in (41).

Recall now that the classical divided difference operators π_i can be used to define an action of the Hecke algebra H_n(q) on polynomials in n variables, by formula (10), and that the Hall-Littlewood functions are essentially the images of monomials under the action of the full Hecke symmetrizer S^{(n)} (12). This approach to Hall-Littlewood functions can be extended to the quasi-symmetric case, and by duality, to the noncommutative case.

The relevant operators here are

π_i = π^′_i − 1 . (124)

These operators satisfy the braid relations, and π^2_i = −π_i The Hecke algebra action is defined by T_i = (1 − q)π_i + qσ^′_i . (125)

Then, the quasi-symmetric analogues of the Hall-Littlewood functions P_λ(X; q) are

G_I (X; q) = 1 [r]_q![n − r]_q!

S^{(n)}(X^I) (126)

where S^{(n)} acts by the representation (125), and the noncommutative analogues H_I (A; q) of the Q^′_λ(X; q) are defined as the dual basis of G_I . The expansions of GI on the basis (F_J ) and of H_I on the basis (R_J ) are explicitly known [44, 45]. The coefficients are just powers of q, with signs in the first case. In the second case, we see that the analogues of the Kostka-Foulkes polynomials in the noncommutative theory reduce to well-understood monomials.

The multiplication rule and the specialization at roots of unity of the H_I have also been worked out [45]. It remains to understand the quasi-symmetric and noncommutative analogues of the Macdonald polynomials (work in progress by F. Hivert).

4 Selected applications

4.1 Lie idempotents and the Hausdorff series

Let K ⟨A⟩ and L(A) be the free associative algebra and the free Lie algebra over an alphabet A = {a_1, a_2, . . . , a_N }, and let K_n ⟨A⟩ and L_n(A) denote their homogeneous components of degree n. Recall that elements of K S_n can be interpreted as endomorphisms of K_n ⟨A⟩ via the right action of permutations on words, and that we defined a Lie idempotent as an element of K S_n acting as a projector onto L_n(A).

Such elements arise naturally in the investigation of the Hausdorff series

H(a_1, a_2, . . . , a_N ) = log (e^{a1} e^{a2} · · · e^{aN} ) = ∑ n≥0 H_n(A) (127)

which is known to be a Lie series, i.e., each homogeneous component H_n(A) ∈ L_n(A). This is known as the Baker-Campbell-Hausdorff (BCH) theorem. It follows immediately from the characterization of L(A) as the space of primitive elements of the standard comultiplication of K ⟨A⟩ (Friedrich’s criterion).

However, there is no obvious way to expand H_n as a linear combination of commutators. For example, it is not immediate at first sight that

H_3(a_1, a_2, a_3) = 1 12 a_1a_1a_2 + 1 12 a_1a_1a_3 − 1 6 a_1a_2a_1 + 1 12 a_1a_2a_2 + 1 3 a_1a_2a_3 − 1 6 a_1a_3a_1 + 1 12 a_1a_3a_3 + 1 12 a_2a_1a_1 − 1 6 a_2a_1a_2 − 1 6 a_2a_1a_3 + 1 12 a_2a_2a_1 + 1 12 a_2a_2a_3 − 1 6 a_2a_3a_1 − 1 6 a_2a_3a_2 + 1 12 a_2a_3a_3 + 1 12 a_3a_1a_1 − 1 6 a_3a_1a_2 − 1 6 a_3a_1a_3 + 1 3 a_3a_2a_1 + 1 12 a_3a_2a_2 − 1 6 a_3a_2a_3 + 1 12 a_3a_3a_1 + 1 12 a_3a_3a_2

can be rewritten as

H_3(a_1, a_2, a_3) = = 1 12 [a_1, [a_1, a_2]] + 1 12 [[a_1, a_2], a_2] + 1 12 [a_1, [a_1, a_3]] + 1 12 [[a_1, a_3], a_3] + 1 12 [a_2, [a_2, a_3]] + 1 12 [[a_2, a_3], a_3] + 1 6 [a_1, [a_2, a_3]] + 1 6 [[a_1, a_2], a_3] .

The first systematic procedure for expanding the Hausdorff series in terms of commutators was found by Dynkin [20] and independently by Specht [100] and Wever [109]. It amounts to the fact, that we already proved in Section 2, that 1 n θ_n = 1 n [. . . [[[1, 2], 3], . . . , ], n] (128)

is a Lie idempotent. Therefore, writing H_n =^1_n H_nθ_n gives the required expression.

To actually compute it, we need to know H_n as a linear combination of words

H_n(A) = ∑ w∈A^n c_ww . (129)

There is a closed formula, due to Goldberg (see [94]), for the coefficients c_w. One way to obtain it is to express the whole polynomial H_n(A) as the image of the homogeneous component E_n(A) of the product of exponentials

E(A) = e^{a1} e^{a2} · · · e^{aN} = ∑ n≥0 E_n(A) . (130)

under an element of K S_n H_n(A) = E_n(A) · ϕ_n , (131) where ϕ_n = 1 n ∑ σ∈Sn (−1)^{d(σ)} ( n−1 d(σ) ) σ (d(σ) = |Des (σ)|) . (132)

This formula is due to Solomon [98] and independently to Bialynicki-Birula, Mielnik and Plebański [5]. It can be shown, although no one of these properties is clearly apparent on the expression (132), that ϕ_n is a Lie idempotent. It is clearly in the descent algebra Σ_n, and one can show that the corresponding noncommutative symmetric function is

α(ϕ_n) = 1 n Φ_n . (133)

We can now write the Hausdorff polynomials

H_n(A) = 1 n E_n(A)ϕ_nθ_n = 1 n ∑ w∈A^n c_w · wθ_n (134)

as linear combinations of commutators wθ_n. However, these elements are far from being linearly independent, and one would be interested in an expansion of H_n on a basis of the free Lie algebra. One way to achieve this is to use Klyachko’s basis. It is defined by taking the images of Lyndon words (words which are lexicographically minimal among their circular shifts) by Klyachko’s idempotent

κ_n = 1 n ∑ σ∈Sn ω^{maj (σ)}σ (135)

where ω = e^{2iπ/n} and maj (σ) = ∑ j∈Des (σ) j is the major index of σ. This element is

clearly in the descent algebra. It can be shown that it is a Lie idempotent [55]. Its relevance to the expansion of the Hausdorff series comes from its compatibility with circular permutations: γ_nκ_n = ω^{−1}κ_n, where γ_n = (12 . . . n). This allows to construct a basis of L_n(A) by applying κ_n to a set of representatives of circular classes of words.

The corresponding noncommutative symmetric function can be shown to be^1_n K_n(ω), where K_n(q) = ∑ |I|=n q^{maj (I)}R_I = (q)_nS_n ( A 1 − q ) (136)

is the natural noncommutative analogue of the Hall-Littlewood function

Q̃^′_{1n} (X; q) = ∑ λ⊢n K̃_{λ,1n} (q)s_λ = (q)_nh_n ( X 1 − q ) . (137)

which describes the graded character of the representation of S_n in the space of coinvariants. The specialization of Q̃^′_1n (X; q) at q = ω is known to be equal to p_n. This is the simplest example of a series of specialization properties of Hall-Littlewood functions at roots of unity [64]. The other specializations of Q̃^′_1n (X; q) are related to the decomposition into irreducibles of the S_n-representations induced by a transitive cyclic subgroup (see the next subsection).

The sequence of noncommutative symmetric functions K_n(ω_n), where ω_n = exp(2πi/n) can be regarded as a family of noncommutative power sums. Indeed, the last equality in (136) shows that the coproduct of K_n(q) is given by

ΔK_n(q) = n∑ r=0 [ n r ] q K_r(q) ⊗ K_{n−r}(q) (138)

and under the specialization q = ω_n, the q-binomial coefficients vanish, except for r = 0 or n.

To summarize, the investigation of the Hausdorff series brought to the fore three Lie idempotents, all of them in the descent algebra, and being mapped to a noncommutative symmetric function in the primitive Lie algebra, with commutative image^1_n p_n.

It can be proved that these two conditions actually characterize the Lie idempotents of the descent algebras [32]. This is a powerful result, since it provides us at once with a large supply of Lie idempotents, by just playing with the various algebraic operations available in Sym. For example, consider the element φ_n(q) ←→ 1 n (1 − q^n)Ψ_n ( A 1 − q ) . (139)

Clearly, its commutative image is^1_n p_n, and it is easy to check that it is a primitive element. Therefore, it corresponds to a Lie idempotent φ_n(q) of Σ_n. A somewhat lengthy calculation gives its expansion on the ribbon basis, and one obtains

φ_n(q) = 1 n ∑ |I|=n (−1)^{d(σ)} [ n − 1 d(σ) ] q q^{maj (σ)−}(^{d(σ)+12} )σ (140)

so that φ_n(q) appears as a natural q-analogue of Solomon’s idempotent (132), that is, ϕ_n = φ_n(1). More suprising are the specializations

φ_n(0) = 1 n θ_n and φ_n(ω_n) = κ_n . (141)

Therefore, we have found a one-parameter family interpolating between the three previous examples [18, 59]. Moreover, the limit q → ∞ exists and corresponds to the standard right bracketing. Other interesting families, with one or more parameters, can be constructed in the same way [59].

Finally, let us explain the relevance of the power-sums Φ_n to the calculation of the Hausdorff series in terms of the interpretation of Sym as an algebra of graded endomorphisms of K ⟨A⟩ discussed at the end of Section 2. The identity map of K ⟨A⟩ gets identified to ρ(σ(1)), since ρ(S_n) is the orthogonal projector onto the component K_n ⟨A⟩. Then, one can write

log(e^{a1} a^{a2} · · · e^{aN} ) = log [ρ(σ(1))(e^{a1} a^{a2} · · · e^{aN} )] = ρ(log σ(1)) [(e^{a1} a^{a2} · · · e^{aN} )] = ρ ∑ n≥1 Φ_n n [e^{a1} a^{a2} · · · e^{aN} ] .

To obtain (132), it remains to express Φ_n on the basis of ribbon Schur functions. Note that the product of exponentials plays no role in this calculation, and that we have just calculated the logarithm of the identity in the convolution algebra. Therefore, this calculation applies as well to the continuous Baker-Campbell-Hausdorff series

Ω(t) = log U(t) , (142)

where U(t) is the unique solution of the operator evolution equation dU dt = H(t)U(t) (143)

satisfying U(0) = 1. To obtain Ω(t) = ∑ n Ω_n(t) as a series of iterated integrals, one first writes U(t) as a Volterra series

U(t) = 1 + ∫ t 0 dt_1H(t_1) + ∫ t 0 dt_1 ∫ t_1 0 dt_2H(t_1)H(t_2) + · · · (144)

and one obtains Ω_n by acting on the nth term of (144) by ϕ_n, permutations acting on the subscripts i of the variables t_i. This yields the continuous BCH formula of [5]

Ω_n(t) = ∫ t 0 dt_1 · · · ∫ t_{n−1} 0 dt_n ∑ σ∈Sn (−1)^{d(σ)} n ( n − 1 d(σ) )−1 H(t_{σ(1)}) · · · H(t_{σ(n)}) (145)

Also, in the above discussion, the logarithm plays no particular role. It could be replaced by any function f analytic in a neighbourhood of 1

f(1 + z) = a_0 + a_1z + a_2z^2 + · · · (146)

Indeed, f(U(t)) or f(e^{a1} a^{a2} · · · e^{aN} ) can again be obtained by applying to the Volterra series of U(t) or to the power series expansion of e^{a1} a^{a2} · · · e^{aN} the operator ρ(f(σ(1))). Now,

f(σ(1)) = ∑ n≥1 a_n(σ(1) − 1)^n = ∑ n≥1 1 2πi ∮ z=0 f(1 + z) z^{n+1} (σ(1) − 1)^n = 1 2πi ∮ z=0 dz z f(1 + z) 1 − z^{−1}(σ(1) − 1) . Now, using the generating function of the noncommutative Eulerian polynomials given in [32], one can see that 1 z − (σ(1) − 1) = ∑ I (1 + z)^{|I|−ℓ(I)+1} z^{|I|+1} R_I (147)

and obtain from this the operator ρ(f(σ(1))) as a linear combination of permutations. For example, the Eulerian idempotents are obtained from the case f(z) = z^x, by writing σ(1)^x = ∑ k≥0 x^kE^{[k]}. The Eulerian idempotent E^{[k]}_n is the term of degree n in E^{[k]}.

4.2 Noncommutative cyclic characters of symmetric groups

We have already encountered the specialization of the Hall-Littlewood function Q̃^′_1n (X; q) at q = ω_n, a primitive n-th root of unity. The specializations q = ω^k_n at other roots of unity are also known, and the result can be shown to be equivalent to the following formula for the reduction modulo 1 − q^n

Q̃^′_{1n} (X; q) mod 1 − q^n =^{n−1}∑ k=0 q^kℓ^{(k)}_n (148)

where the symmetric function ℓ^{(k)}_n is the Frobenius characteristic of the representation of

Sn induced by the character γ → ω^k_n of the cyclic subgroup generated by a n-cycle γ.

Their expression on the basis of power-sums is [25]

ℓ^{(k)}_n = 1 n ∑ d|n c(k, d)p^{n/d}_d , (149) where c(k, d) is the sum of the k-th powers of the primitive d-th roots of unity (called Ramanujan sums or von Steneck functions). Since Q̃^′_1n (X; q) is the commutative image of K_n(q), we have ℓ^{(k)}_n = ∑ maj (I)≡k mod n

r_I , (150)

as the sum of all ribbons parametrized by compositions I whose major index is congruent to k mod n. This is equivalent to the combinatorial description of these characters given by Kraskiewicz and Weyman [57]. We will take this equation as the starting point for defining noncommutative analogues of the ℓ^{(k)}_n in the algebra of noncommutative symmetric functions. It will turn out that there are natural noncommutative analogues of the power sum products p^{n/d}_d which give an expansion corresponding to (149).

Imitating (150) we put L^{(k)}_n := ∑ maj (I)≡ k mod n

R_I . (151)

The elements L^{(k)}_n will be called noncommutative cyclic characters.

Another basis of the subspace spanned by the L^{(k)}_n is given by

K^{(k)}_n := K_n(ω^k) = ∑ i ω^{ik}L^{(i)}_n , (152)

and the transition matrix Ξ(L, K) from the elements L^{(k)}_n to the K^{(j)}_n is the character table of the cyclic group of order n Ξ(L, K) = (ω^{ik})_{i,k} . The inverse transformation is described by

Ξ(K, L) = Ξ(L, K)^{−1} = 1 n (ω^{−ik})_{k,i} , i.e.

L^{(k)}_n = 1 n ∑ i ω^{−ik}K^{(i)}_n , (153)

When ω^k is a primitive n-th root of unity, i.e. n∧k = 1, we have seen that^1_n K^{(k)}_n is an idempotent corresponding to Klyachko’s idempotent in the descent algebra. In particular, K^{(k)}_n is primitive for Δ. When ω^k is not primitive, K^{(k)}_n is a product of primitive elements. More precisely, let ζ be any r-th root of unity. Let n = ar + b with a, b ∈ N, b < r. Then

K_n(ζ) = K_r(ζ)^aK_b(ζ) . (154)

From this, one can show that the K^{(m)}_n span a subalgebra, with the multiplication rule

K^{(k)}_n ∗ K^{(l)}_n = { (n/d)! d^{n/d}K^{(l)}_n if n ∧ k = n ∧ l = d 0 otherwise .

(155)

In particular, C_n := ⟨⟨K^{(k)}_n | k = 1, . . . n⟩⟩ = ⟨⟨L^{(k)}_n | k = 1, . . . n⟩⟩ (156) is a subalgebra of Sym with respect to the internal product ∗. It is noncommutative for n ≥ 3. From this result the computation of L^{(k)}_n ∗ L^{(l)}_n is straightforward, and one finds

L^{(k)}_n ∗ L^{(l)}_n = n∑ m=1 ⟨ℓ^{(k)}_n , ℓ^{(m−l)}_n ⟩L^{(m)}_n . (157)

In particular, the commutative image

ℓ^{(k)}_n ∗ ℓ^{(l)}_n = n∑ m=1 ⟨ℓ^{(k)}_n , ℓ^{(m−l)}_n ⟩ℓ^{(m)}_n (158)

amounts to an identity on Ramanujan sums 1 d d∑ m=1 c(ℓ − m, d)c(m, d) = c(ℓ, d) . (159) It gives the decomposition of the product of two cyclic characters into a sum of characters of the same type.

4.3 Diagonalization of the left q-bracketing

We have seen that the Lie polynomials are eigenvectors of the standard left q-bracketing x_1x_2 · · · x_n −→ [. . . [x_1 , x_2]_q , . . . x_n]_q. It turns out that this operator is semisimple, with p(n) distinct eigenvalues, and that its spectral projectors provide an example of a complete family of orthogonal idempotents of the descent algebra constructed from a sequence of Lie idempotents.

Instead of Θ_n(q), it will be more convenient to deal with S_n((1 − q)A) considered as left or right operator for the internal product, i.e. with the operators F −→ S_n((1 − q)A) ∗ F or F −→ F ∗ S_n((1 − q)A) (160) where F ∈ Sym_n.

The eigenvalues of both operators (left or right) are the polynomials

p_λ(1 − q) = (1 − q^{λ1} ) (1 − q^{λ2} ) . . . (1 − q^{λr} ) (161) where λ = (λ_1, λ_2, . . . , λ_r) runs over all partitions of n. The algebraic tools presented in Section 2 allows one to prove the following facts [59].

First, there exists a unique family π(q) = (π_n(q))_{n≥1}) of Lie idempotents (with π_n(q) ∈ Sym_n for all n) characterized by the property

π_n(q)((1 − q)A) = (1 − q^n) π_n(q)(A) . (162)

Here are the first idempotents π_n(q) for n ≤ 4 :

π_1(q) = Ψ_1 , π_2(q) =

Ψ_2 2 , π_3(q) =

Ψ_3 3 + 1 6 1 − q (1 + 2q)

[Ψ_2, Ψ_1] ,

π_4(q) =

Ψ_4 4 + 1 12 (1 − q)(2q + 1) (1 + q + 2q^2)

[Ψ_3, Ψ_1] + 1 24 (1 − q)^2 (1 + q + 2q^2)

[[Ψ_2, Ψ_1], Ψ_1] .

Next, from any sequence (F_n) of Lie idempotents such that F_n ∈ Sym_n, one can construct a complete set of orthogonal idempotents E_λ(F ) for each descent algebra. We define as usual F^I = F_{i1} F_{i2} . . . F_{in} (163) for any composition I = (i_1, i_2, . . . , i_n). The family (F^I ) is a basis of Sym and we can write S_n = ∑ |I|=n p_{n,I} F^I (164)

for some scalar coefficients (p_{n,I}). Then we associate to a partition λ of n the element

E_λ(F ) = ∑ I∈S(λ) p_{n,I} F^I (165)

where S(λ) is the set of all permutations of λ. Hence we have the following decomposition of the identity S_n S_n = ∑ λ⊢n E_λ(F ) , (166)

and one can show that the family (E_λ(F ))_{λ⊢n} is a complete family of orthogonal idempotents of Sym_n. When applied to the sequence F_n =^1_n Φ_n, this construction gives the Garsia-Reutenauer idempotents [30].

Let now E_λ(π(q)) be the orthogonal idempotents associated with the family π(q) by the above process. Then, the element E_λ(π(q)) is the spectral projector of S_n((1 − q)A) associated with the eigenvalue p_λ(1 − q). Therefore, S_n((1 − q)A) is semisimple.

The first spectral projectors of the operators S_n((1 − q)A) are

E_1 = Ψ_1 , E_2 =

Ψ_2 2 , E_{11} =

Ψ^{11} 2 , E_3 = π_3(q) 3 , E_{21} = 1 2 (1 + 2q)

(q Ψ^{21} + (1 + q) Ψ^{12}) , E_{111} =

Ψ^{111} 6 , E_4 = π_4(q) 4 , E_{31} = 1 1 + q + 2q^2

(q^2 π^{31}(q) + (q^2 + q + 1) π^{13}(q)) , E_{22} =

Ψ^{22} 8 , E_{211} = 1 4 (1 + 2q)

(q Ψ^{211} + 2q Ψ^{121} + (q + 2) Ψ^{112}) , E_{1111} =

Ψ^{1111} 24 .

One can recover from the above results the character of the left ideal C S_n θ_n(q), as computed in [8], or, which amounts to the same, the character f_n(q) of the linear group GL(V ) of a vector space V in T^n(V )θ_n(q).

For q not a root of unity of order n or less, the element S_n(A/(1−q)) is well defined, and invertible for the internal product, with inverse S_n((1 − q)A). So in this case, f_n(q) = p^n_1 .

When q = ω is a root of unity, W := T^n(V )θ_n(ω) is the direct sum of the eigenspaces W_λ := T^n(V )e_λ(ω) corresponding to nonzero eigenvalues (here, the e_λ are the elements of the group algebra of S_n corresponding to the spectral projectors constructed in this section). Since these eigenvalues are t_λ = p_λ(1−ω), one finds that the character of GL(V ) in the image W = T^n(V )θ_n(ω) of the iterated q-bracketing at a root of unity is

f_n(ω) = ∑ w_λ(ω)≠0 L_λ (167)

where w_λ(q) = p_λ(1 − q)/(1 − q) and L_λ = h_{m1} [ℓ^{(1)}_1 ]h_{m2} [ℓ^{(1)}_2 ] · · · for λ = (1^{m1} 2^{m2} · · ·). Here f[g] denotes the plethysm of g by f, and the ℓ^{(1)}_k are the cyclic characters of the preceding subsection. If ω is a primitive k-th root of unity, the generating series of the characters is ∑ n≥0 f_n(ω) = σ_1 ∑ m≢0 mod k ℓ_m .

References

[1] Ariki S., On the decomposition numbers of the Hecke algebra of G(m, 1, n), J. Math. Kyoto Univ.

36 (1996),789–808.

[2] F. Bergeron, N. Bergeron and A.M. Garsia, Idempotents for the free Lie algebra and qenumeration, in Invariant theory and tableaux, D. Stanton ed., IMA Volumes in Mathematics and its Applications, Vol. 19, Springer, 1988.

[3] F. Bergeron and D. Krob, Acyclic complexes related to noncommutative symmetric functions, J. Alg. Comb. 6 (1997), 103–117.

[4] I.N. Bernstein, I.M. Gelfand and S.I. Gelfand, Schubert cells and the cohomology of the space G/P, Russian Math. Surveys 28 (1973), 1–26.

[5] I. Bialynicki-Birula, B. Mielnik and J. Plebański, Explicit solution of the continuous Baker-Campbell-Hausdorff problem, Annals of Physics 51 (1969), 187-200.

[6] D. Blessenohl and H. Laue, Algebraic combinatorics related to the free Lie algebra, Actes du 29-ième Séminaire Lotharingien de Combinatoire, A. Kerber Ed., Publ. IRMA, Strasbourg, 1993, 1-21.

[7] N. Bourbaki, Groupes et algèbres de Lie, Chap. 2 et 3, Hermann, 1972.

[8] A.R. Calderbank, P. Hanlon and S. Sundaram, Representations of the symmetric group in deformations of the free Lie algebra, Trans. Amer. Math. Soc 341 (1994), 315-333.

[9] R.W. Carter, Representation theory of the 0-Hecke algebra, J. Algebra 15 (1986), 89–103.

[10] A. Connes and A. Schwarz, Matrix Vieta theorem revisited, Lett. Math. Phys. 39 (1997), 349–353.

[11] C.W.Curtis and I. Reiner, Methods of representation theory, Vol. I-II, John Wiley & Sons, Inc., New York, 1981.

[12] E. Date, M. Jimbo and T. Miwa, Representations of U_q(gl_n) at q = 0 and the Robinson- Schensted correspondence, in “Physics and mathematics of strings, Memorial volume of V. Knizhnik”, L. Brink, D. Friedan, A.M. Polyakov eds., World Scientific, 1990.

[13] M. Demazure, Une formule des caractères, Bull. Soc. Math. France. 98 (1974), 163–172.

[14] J. Désarménien, Fonctions symétriques associées à des suites classiques de nombres, Ann. Sci.

Éc. Norm. Sup. 4e série 16 (1983), 271-304.

[15] R. Dipper and S. Donkin, Quantum GL_n, Proc. London Math. Soc. 63 (1991), 165–211.

[16] G. Duchamp, D. Krob, A. Lascoux, B. Leclerc, T. Scharf and J.-Y. Thibon, Euler- Poincaré characteristic and polynomial representations of Iwahori-Hecke algebras, Publ. RIMS, Kyoto Univ., 31 (1995), 179–201.

[17] G. Duchamp, A. Klyachko, D. Krob and J.-Y. Thibon, Noncommutative symmetric functions III: Deformations of Cauchy and convolution algebras, Discrete Mathematics and Theoretical Computer Science 1 (1997), 159–216.

[18] G. Duchamp, D. Krob, B. Leclerc and J.-Y. Thibon, Déformations de projecteurs de Lie, C.R. Acad. Sci. Paris 319 (1994), 909-914.

[19] G. Duchamp, D. Krob, B. Leclerc and J.-Y. Thibon, Fonctions quasi-symétriques, fonctions symétriques non-commutatives, et algèbres de Hecke à q = 0, C.R. Acad. Sci. Paris 322 (1996), 107–112.

[20] E.B. Dynkin, Calculation of the coefficients in the Campbell-Baker-Hausdorff formula, Dokl.

Akad. Nauk. SSSR (N.S.) 57 (1947), 323-326 (in Russian).

[21] P. Etingof, I.M. Gelfand and V. Retakh, Factorization of differential operators, quasideterminants, and nonabelian Toda field equations, q-alg/9701008.

[22] P. Etingof, I.M. Gelfand and V. Retakh, Nonabelian Integrable Systems, Quasideterminants, and Marchenko Lemma, -alg/9707017.

[23] L.D. Faddeev, N.Y. Reshetikin and L.A. Takhtadzhyan, Quantization of Lie groups and Lie algebras, Leningrad Math. J. 1 (1990), 193–225.

[24] D. Foata and M.P. Schützenberger, Théorie géométrique des polynômes eulériens, Lecture Notes in Math. 138, Springer, 1970.

[25] H.O. Foulkes, Characters of symmetric groups induced by char acters of cyclic subgroups, in Combinatorics (Proc. Conf. Comb. Math. Inst. Oxford 1972), Inst. Math. Appl., Southend-on-Sea, 1972, 141-154.

[26] H.O. Foulkes, Tangent and secant numbers and representations of symmetric groups, Discrete Math. 15 (1976), 311-324.

[27] H.O. Foulkes, Eulerian numbers, Newcomb’s problem and representations of symmetric groups, Discrete Math. 30 (1980), 3-49.

[28] D. Fuchs and A. Schwarz, matrix Vieta theorem, Amer. Math. Soc. Transl. ser. 2 vol. 169, AMS, Providence, 1995.

[29] A.M. Garsia, Combinatorics of the free Lie algebra and the symmetric group, in Analysis, et cetera ..., Jürgen Moser Festschrift, Academic press, New York, (1990), 309-82.

[30] A.M. Garsia and C. Reutenauer, A decomposition of Solomon’s descent algebra, Advances in Math. 77 (1989), 189-262.

[31] L. Geissinger, Hopf algebras of symmetric functions and class functions, in Combinatoire et représentations du groupe symétrique, D. Foata ed., Lect. Notes in Math., 579, Springer, (1977), 168-181.

[32] I.M. Gelfand, D. Krob, A. Lascoux, B. Leclerc, V.S. Retakh and J.-Y. Thibon, Noncommutative symmetric functions, Adv. in Math. 112 (1995), 218–348.

[33] I.M. Gelfand and V.S. Retakh, Determinants of matrices over noncommutative rings, Funct.

Anal. Appl., 25, (1991), 91-102.

[34] I.M. Gelfand and V.S. Retakh, A theory of noncommutative determinants and characteristic functions of graphs, Funct. Anal. Appl., 26, (1992), 1-20; Publ. LACIM, UQAM, Montreal, 14, 1-26.

[35] I. Gelfand and V. Retakh, Noncommutative Vieta theorem and symmetric functions, The Gelfand Math. Seminars 1993–1995, Bikhäuser, 1996, pp. 93–100.

[36] I. Gelfand and V. Retakh, Quasideterminants, I, q-alg/9705026.

[37] Gelfand I.M., Spirin A., Some analogues of differential operators on quantum spaces and the correspondent multiparametric ‘quantum’ deformation of general linear groups, preprint, 1993.

[38] M. Gerstenhaber and D. Schack, A Hodge-type decomposition for commutative algebra cohomology, J. Pure Appl. Alg. 48 (1987), 229-247.

[39] I. Gessel, Multipartite P-partitions and inner product of skew Schur functions, Contemp. Math.

34 (1984), 289–301.

[40] I. Gessel and C. Reutenauer, Counting permutations with given cycle structure and descent set, J. Comb. Theory A 64 (1993), 189-215.

[41] J.A. Green, The characters of the finite general linear groups, Trans. Amer. Math. Soc. 80 (1955), 402–447.

[42] J.A. Green, Polynomial representations of GL_n, Springer Lecture Notes in Math. 830, 1980.

[43] O.W. Greenberg, Particles with small violations of Fermi or Bose statistics, Physical Rev. D 43 (1991), 4111-4120.

[44] F. Hivert, Analogues quasi-symétriques et non-commutatifs des fonctions de Hall-Littlewood, et modules de Demazure d’une algèbre enveloppante quantique dégénérée, C. R. Acad .Sci. Paris, 1997.

[45] F. Hivert, Quasi-symmetric and noncommutative Hall-Littlewood functions, Proceedings of FP- SAC’98 (Toronto), N. Bergeron ed.

[46] N. Hoefsmit, Representations of Hecke algebras of finite groups with BN-pairs of classical types, Thesis, University of British Columbia, 1974.

[47] R. Hotta and T.A. Springer, A specialization theorem for certain Weyl group representations and application to the Green polynomials of unitary groups, Invent. Math. 41 (1977), 113-127.

[48] N. Iwahori, On the structure of the Hecke ring of a Chevalley group over a finite field, J. Fac.

Sci. Univ. Tokyo Sect. I 10 (1964), 215–236.

[49] G. D. James and A. Kerber, The representation theory of the symmetric group, Addison- Wesley, 1981.

[50] M. Jimbo, A q-analogue of U(gl(N + 1)), Hecke algebra and the Yang-Baxter equation, Lett.

Math. Phys. 11 (1986) 247–252.

[51] M. Kashiwara, On crystal bases of the q-analogue of universal enveloping algebras, Duke Math.

J. 63 (1991), 465-516.

[52] D. Kazhdan and G. Lusztig, Tensor structures arising from affine Lie algebras I, J. Amer.

Math. Soc. 6 (1993), 905–947.

[53] D. Kazhdan and G. Lusztig, Tensor structures arising from affine Lie algebras II, J. Amer.

Math. Soc. 6 (1993), 949–1011.

[54] A.N. Kirillov, A. Kuniba and T. Nakanishi, Skew diagram method in spectral decomposition of integrable lattice models, Commun. Math. Phys. 185 (1997), 441–465.

[55] A.A. Klyachko, Lie elements in the tensor algebra, Siberian Math. J. 15 (1974), 1296-1304.

[56] D.E. Knuth, Permutations, matrices and generalized Young tableaux, Pacific J. Math. 34 (1970), 709–727.

[57] W. Kraskiewicz and J. Weyman, Algebra of invariants and the action of a Coxeter element, Preprint Math. Inst. Univ. Copernic, Toruń, Poland.

[58] D. Krob and B. Leclerc, Minor identities for quasi-determinants and quantum determinants, Commun. Math. Phys. 169 (1995), 1–23.

[59] D. Krob, B. Leclerc and J.-Y. Thibon, Noncommutative symmetric functions II : Transformations of alphabets, Int. J. of Alg. and Comput. 7 (1997), 181–264.

[60] D. Krob and J.-Y. Thibon, Noncommutative symmetric functions IV : Quantum linear groups and Hecke algebras at q = 0, J. Alg. Comb.6 (1997), 339–376.

[61] D. Krob and J.-Y. Thibon, Noncommutative symmetric functions V: A degenerate version of U_q(gl_N ), preprint, 1997.

[62] A. Lascoux, Anneau de Grothendieck de la variété de drapeaux, in The Grothendieck Festschrift, P. Cartier et al. eds, Birkhäuser, 1990, 1-34.

[63] A. Lascoux, Cyclic permutations on word, tableaux and harmonic polynomials, Proc. of the Hyderabad Conference on Algebraic Groups, 1989, Manoj Prakashan, Madras, 1991, 323-347.

[64] A. Lascoux, B. Leclerc and J.-Y. Thibon, Green polynomials and Hall-Littlewood functions at roots of unity, Europ. J. Combinatorics 15 (1994), 173–180.

[65] A. Lascoux, B. Leclerc and J.-Y. Thibon, Hecke algebras at roots of unity and crystal bases of quantum affine algebras, Commun. Math. Phys. 181 (1996), 205–263.

[66] A. Lascoux, B. Leclerc and J.-Y. Thibon, Crystal graphs and q-analogues of weight multiplicities for the root system A_n, Lett. Math. Phys. 35 (1995), 359–374.

[67] A. Lascoux and P. Pragacz, Ribbon Schur functions, Europ. J. Combin. 9 (1988), 561–574. [68] A. Lascoux and M.P. Schützenberger, Sur une conjecture de H.O. Foulkes, C.R. Acad. Sci.

Paris 286A (1978), 323-324.

[69] A. Lascoux and M.P. Schützenberger, Le monoïde plaxique, Quad. del. Ric. Sci. 109 (1981), 129–156.

[70] B. Leclerc, T. Scharf and J.-Y. Thibon, Noncommutative cyclic characters of symmetric groups, J. Comb. Theory A 75 (1996), 55–69.

[71] B. Leclerc and J.-Y. Thibon, The Robinson-Schensted correspondence, crystal bases, and the quantum straightening at q = 0, The Electronic J. of Combinatorics 3 (1996), # 11.

[72] P. Littelman, A plactic algebra for each semisimple Lie algebra, Adv. in Math. 124 (1996), 312–331.

[73] J. L. Loday, Opérations sur l’homologie cyclique des algèbres commutatives, Invent. Math. 96 (1989), 205–230.

[74] J. L. Loday, Série de Hausdorff, idempotents eulériens et algèbres de Hopf, Expositiones Math.

12 (1994), 165–178.

[75] J. L. Loday, Cyclic homology, Springer, 1992.

[76] G. Lusztig,Green polynomials and singularities of unipotent classes, Adv. in Math. 42 (1981), 169–178.

[77] G. Lusztig, Modular representations and quantum groups, Contemp. Math. 82 (1989), 59–77. [78] I.G. Macdonald, Symmetric functions and Hall polynomials, Oxford, 1979; 2nd ed. 1995. [79] P.A. MacMahon, Combinatory analysis, Cambridge University Press, 1915, 1916; Chelsea reprint, 1960.

[80] W. Magnus, On the exponential solution of differential equations for a linear operator, Comm.

Pure Appl. Math. VII (1954), 649-673.

[81] C. Malvenuto, Ph. D. Thesis, UQAM, Montreal, 1994.

[82] C. Malvenuto and C. Reutenauer, Duality between quasi-symmetric functions and the Solomon descent algebra, J. Algebra 177 (1995), 967-982.

[83] C. Malvenuto and C. Reutenauer, Plethysm and conjugation of quasi-symmetric functions, Preprint, 1995.

[84] B. Mielnik and J. Plebański, Combinatorial approach to Baker-Campbell-Hausdorff exponents, Ann. Inst. Henri Poincaré, Section A, vol. XII (1970), 215-254.

[85] A. Molev, Laplace operators for classical Lie algebras, Lett. Math. Phys. 35 (1995), 135–143. [86] P.N. Norton, 0-Hecke algebras, J. Austral. Math. Soc. Ser. A 27 (1979), 337–357. [87] Novelli J.-C., On the hypoplactic monoid, Proceedings of the 8th conference “Formal Power Series and Algebraic Combinatorics”, Vienna, 1997.

[88] F. Patras, Construction géométrique des idempotents eulériens. Filtration des groupes de polytopes et des groupes d’homologie de Hochschild, Bull. Soc. Math. France 119 (1991), 173-198.

[89] F. Patras, Homothéties simpliciales, Thesis, Univ. Paris 7, 1992.

[90] F. Patras, L’algèbre des descentes d’une bigèbre graduée, J. Algebra 170 (1994), 547–566. [91] A. Ram, A Frobenius formula for the characters of the Hecke algebras, Invent. Math. 106 (1991), 461–488.

[92] R. Ree, Generalized Lie elements, Canad. J. Math. 12 (1960), 493–502.

[93] C. Reutenauer, Theorem of Poincaré-Birkhoff-Witt, logarithm and representations of the symmetric group whose order are the Stirling numbers, in Combinatoire énumérative, Proceedings, Montréal 1985 (G. Labelle and P. Leroux Eds.), Lecture Notes in Math., 1234, Springer, (1986), 267-284.

[94] C. Reutenauer, Free Lie algebras, Oxford, 1993.

[95] Ringel C.M., Hall algebras and quantum groups, Invent. Math., 101, 583–592, 1990. [96] M. Rosso, Groupes quantiques et algèbres de battage quantiques, C.R. Acad. Sci. Paris Ser. I 320 (1995), 145–148.

[97] C. Schensted, Longest increasing and decreasing subsequences, Canad. J. Math. 13 (1961), 179-191.

[98] L. Solomon, On the Poincaré-Birkhoff-Witt theorem, J. Comb. Theory 4 (1968), 363-375. [99] L. Solomon, A Mackey formula in the group ring of a Coxeter group, J. Algebra 41 (1976), 255–268.

[100] W. Specht, Die linearen Beziehungen zwischen höheren Kommutatoren, Math. Zeit. 51 (1948), 367-376.

[101] A.J. Starkey, Characters of the generic Hecke algebra of a system of BN-pairs, Thesis, University of Warwick, 1975.

[102] R. Steinberg, A geometric approach to the representations of the full linear group over a Galois field, Trans. Amer. Math. Soc. 71 (1951), 274–282.

[103] Takeuchi M., A two-parameter quantization of GL(n), Proc. Japan Acad., 66, Ser. A, 112–114, 1990.

[104] J.-Y. Thibon and B.C.V. Ung, Quantum quasi-symmetric functions and Hecke algebras, J.

Phys. A: Math. Gen. 29 (1996), 7337–7348.

[105] K. Ueno and Y. Shibukawa, Character table of Hecke algebra of type A_{N+1} and representations of the quantum group U_q(gl_{n+1}), in Infinite Analysis Part B, A. Tsuchiya, T. Eguchi and M. Jimbo eds., World Scientific, Singapore, 1992, 977-984.

[106] B.C.V. Ung, NCSF, a Maple package for noncommutative symmetric functions, MapleTech 3 No. 3 (1996), 24–29.

[107] B.C.V. Ung, Quasi-symmetric analogues of Schur and Littlewood identities, Proceedings of FP- SAC’98, Toronto, N. Bergeron and F. Sottile ed.

[108] A. Varchenko, Bilinear form of real configuration of hyperplanes, Adv. in Maths. 97 (1993), 110–144.

[109] F. Wever, Über Invarianten in Lieschen Ringen, Math. Annalen 120 (1949), 563-580. [110] R.M. Wilcox, Exponential operators and parameter differentiation in Quantum Physics, J.

Math. Phys. 8 (1967), 962-982.

[111] D. Zagier, Realizability of a model in infinite statistics, Commun. Math. Phys. 147 (1992), 199–210.