The Solution of a Conjecture of Stanley and Wilf for all layered patterns

Miklós Bóna LACIM Université du Québec à Montréal Montréal, Québec, Canada

April 4, 1998

Proposed Running Head:

Stanley - Wilf conjecture for layered patterns

Send proofs to: if mailing before May 10, 1998 Miklós Bóna LACIM Université du Québec à Montréal C.P. 8888, Succursale Centre-ville Montréal, Québec, H3C 3P8 CANADA

if mailing between May 11 - Sept 10, 1998 Miklós Bóna Székesfehérvár 8000 Vörösmarty tér 8 HUNGARY, EUROPE

if mailing after Sept 10 1998, Miklós Bóna School of Mathematics Institute for Advanced Study Olden Lane Princeton, NJ 08540

Abstract

Proving a conjecture of Wilf and Stanley in hitherto the most general case, we show that for any layered pattern q there is a constant c so that q is avoided by less than c^n permutations of length n. This will imply the solution of this conjecture for at least 2^k patterns of length k, for any k.

1 Background and Definitions

Let q = (q_1, q_2, . . ., q_k) ∈ S_k be a permutation, and let k ≤ n. We say that the permutation p = (p_1, p_2, · · ·, p_n) ∈ S_n contains a subsequence (or pattern) of type q if there is a set of indices 1 ≤ i_{q1} < i_{q2} < · · · < i_{qk} ≤ n such that p(i_1) < p(i_2) < · · · < p(i_k). Otherwise we say that p is q-avoiding.

For example, a permutation is 132-avoiding if it doesn’t contain three (not necessarily consecutive) elements among which the leftmost is the smallest and the middle one is the largest.

It is a long-studied and very hard problem to determine the number S_n(q) of permutations in S_n (or in what follows, n-permutations) which avoid a certain pattern q. The general conjecture [12] claims that only very few of them, namely less than c^n, where c is some constant depending on q. It is also conjectured that the limit (S_n(q))^{1/n} always exists. However, efforts to prove this have been unsuccesful for most patterns. The conjecture has been proven for patterns of length 3 [8] and 4 [2], [3], [4], and for monotonic patterns of any length [7].

Apart from this, there are some other scattered results giving the answer for some particular permutations by bijectively proving that the number of n-permutations avoiding them equals the number of those which avoid the monotonic pattern. For this kind of results, see [10], [9]. It is possible [5] to explain by the means of complexity theory why this problem is so difficult; in short, there are is no efficient algorithm to decide whether a permutation contains another one as a pattern.

In this paper we prove the S_n(q) < c^n conjecture for the most general class so far, the layered patterns. A pattern is called layered if it consists of the disjoint union of substrings (the layers) so that the entries decrease within each layer, and increase between the layers. For example, 321548769 is a layered pattern with layers 321, 54, 876, and 9. Layered patterns are thoroughly examined from a different aspect in [6].

Clearly, there is a natural bijection between layered patterns of length k and vectors with positive integer coordinates whose sum is k, by taking the length of the ith layer to be the ith coordinate of the corresponding vector. Therefore, the number of layered patterns of length k is just the number of compositions of k, that is, 2^{k−1}. So our result will yield the proof of the Wilf-Stanley conjecture for at least 2^k patterns as it is obvious that S_n(q) = S_n(q^′), where q^′ is the reverse of q. In most cases, the complement q^{′′} of q, obtained by subtracting each entry of q from k + 1 is yet a different pattern, and clearly S_n(q) = S_n(q^{′′}). Previous results [11] proved the conjecture for at most 4k patterns of length k. Denote P (k_1, k_2, · · ·, k_t) the unique layered pattern of length k = ∑_t i=1 k_i whose ith layer is of length k_i. Thus P (3, 2, 3, 1) denotes our previous example, the pattern 3 2 1 5 4 8 7 6 9.

If the S_n(q) < c^n conjecture is true for some pattern q, then we will say that q is a good pattern. Our proof will proceed as follows.

First, we prove the conjecture for all patterns of the form Q_k = P (1, k−2, 1), for any k ≥ 3. This is the heart of our proof. We are going to achieve this by showing that the growth rate g_n = S_nQ_k/S_{n−1}Q_k is bounded. Then we use a lemma first proved in [2] to “replace” the last element of a pattern P (1, k_1, 1) by the pattern P (1, k_2, 1) and still get a good pattern. Then we will iterate this procedure to reach the good pattern P (1, k_1, k_2, · · ·, k_t, 1). As subsequences of good patterns are certainly good patterns, too, this will imply that P (k_1, k_2, · · ·, k_t), completing the proof.

2 The pattern 1 k − 1 k − 2 · · · 3 2 k

As we mentioned in the Introduction, the case of monotonic patterns has been solved by Regev [7]. He has proved the following strong result.

Lemma 1 For all n, S_n(1234 · · ·k) asymptotically equals λ_k (k − 1)^{2n} n^{(k2 −2k)/2} . Here λ_k = γ^2_k ∫ x_1≥ ∫ x_2≥ · · · ∫ ≥x_k [D(x_1, x_2, · · ·, x_k) · e^{−(k/2)x2} ]^2dx_1dx_2 · · · dx_k,

where D(x_1, x_2, · · ·, x_k) = Π_{i<j} (x_i − x_j ), and γ_k = (1/ √ 2π)^{k−1} · k^{k2 /2}.

The following theorem is an important tool in our efforts to prove that all layered patterns are good.

Theorem 1 For all k ≥ 3, the pattern Q_k = P (1, k − 2, 1) is good.

Proof: Note that Q_3 = P (1, 1, 1) = 123, so S_n(Q_3) = C_n = (_{2n} n ) /(n + 1) < 4^n [8]. Also note that Q_4 = P (1, 2, 1) = 1324 < 32^n, as proved in [2]. The proof of the general case is somewhat tedious, though conceptionally not very difficult. If the reader does not want to break the course of the proof of our main result, he may want to take this theorem for granted, and continue with the next section.

We are going to prove our theorem by induction on k. If k ≤ 4, then the statement is true. Now suppose we know the statement for all positive integers t < k, and prove it for k.

We first need to show that Q^′_k = (k − 2)(k − 3) · · ·21(k − 1), that is, the pattern obtained from Q_k by deleting its first element, is a good pattern. Fortunately, this is a direct consequence of the following general theorem. For readers who do not want to rely on this unpublished theorem, we will indicate in the Remark after the proof of Theorem 1 how to prove the much weaker statement that Q^′_k is a good pattern.

Theorem 2 S_n(123 · · ·ra_{r+1}a_{r+2} · · ·a_{r+t}) = S_n(r · · ·321a_{r+1}a_{r+2} · · · a_{r+t}), for any natural numbers r, t and n. Proof: See [10] for r = 2, see [1] for r = 3 and see [11] for r > 3. ◇

In other words, if the pattern q starts with the increasing string of its smallest r elements, than this string can be reversed without changing the value of S_n(q). In particular, if r = k − 1, we get the pattern which will be useful for us.

Corollary 1 For any k ≥ 3, we have S_n(12 · · ·k) = S_n((k − 1)(k − 2) · · ·21k). So S_n((k − 1)(k − 2) · · ·21k) < (k − 1)^{2n}.

Recall that elements in a permutation which are smaller than any elements they are preceded by are called left-to-right minima. Similarly, we will say that an element is a right-to-left maximum if it is larger than any element it precedes. Note that the right-to-left maxima form a decreasing subsequence and so do the left-to-right minima, too. Entries of permutations which are neither left-to-right minima nor right-to-left maxima will be called remaining entries.

Example 1 In the permutation 351264, the entries 3 and 1 are the left-to-right minima, the entries 6 and 4 are the right-to-left maxima, and the entries 5 and 2 are the remaining entries.

We will use the left-to-right minima to classify all n-permutations in a very useful way.

Definition 1 Two n-permutations x and y are said to be in the same weak class if the left-to-right minima of x are the same as those of y, and they are in the same positions.

For example, 3 4 1 2 5 and 3 5 1 2 4 are in the same weak class. The number of weak classes is easy to determine:

Lemma 2 The number of nonempty weak classes is c_n = (_{2n} n ) /(n + 1) < 4^n.

Proof: Each weak class contains exactly one 123-avoiding permutation which is obtained by writing all the entries which are not left-to-right minima in decreasing order. The number of 123-avoiding permutations is known to be C_n = (_{2n} n ) /(n + 1) and the proof is complete. ◇

Therefore, it suffices to show that no weak class W can contain more than W^n_k Q_k-avoiding permutations; this would imply S_n(Q_k) < C_n · W^n_k < (4W_k)^n. Our induction hypothesis thus says that S_n(Q_{k−1}) < (4W_{k−1})^n.

If W has only one left-to-right minimum, that is, permutations in W start with their entry 1, then the rest of any such permutation must be Q^′_k-avoiding. There are less than (k − 2)^{2n} < C^n_k such permutations by corollary 1, so our claim is true.

Suppose for now (for clarity) that W has only two left-to-right minima, a, which is the leftmost element, and b = 1. Let p ∈ W be a Q_k-avoiding n-permutation. Entries of p larger than a will be called large entries and entries larger than 1 but smaller than a will be called small entries. Clearly, all small entries are located on the right of b = 1, otherwise a third left-to-right minimum would exist.

The string of small entries p_S must be a Q^′_k-avoiding permutation as any Q^′_k -pattern on them would form a Q_k-pattern completed with the entry 1. The same goes for the string of large entries, p_L, the entry a replacing the entry 1. So if we have n_1 small entries and n_2 large entries, then we have less than (k −2)^{2n1} choices for the string of small entries and (k −2)^{2n2} choices for that of large entries. As n_1 + n_2 = n − 2, this yields altogether less than (k − 2)^{2n−4} choices for these two substrings.

What is left to do is to find a strong enough upper bound for the number of ways these two substrings (together with the left-to-right minima) can be merged together, without creating any Q_k - pattern. The number of all mergings could be as high as (_{n1 +n2} n_1 ) , but we will see that most mergings actually do create Q_k-patterns. (It would be a pitfall to say that (_{n1 +n2} n_1 ) < 2^n, so we are done, because this argument does not work when W has more than a constant number of left-to-right minima). What we need is a method which works for any number of left-to-right minima.

We will see that as k grows, it is not getting much easier to find good mergings. In fact, we are going to see that when passing from Q_{k−1}-avoidance to Q_k-avoidance, the ratio of good mergings vs. all mergings grows only by an exponential factor. Because of our induction hypothesis, this ratio was so small it resulted in an exponential number of good mergings only, this implies that for Q_k-avoiding permutations, there is only an exponential number of good mergings as well. Indeed, the number of all mergings of several strings is independent of the conditions imposed on each string, it suffices to examine how the ratio of good mergings can grow if k grows.

Intuitively, the fact that this ratio does not grow fast (in reality, it seems to grow even much slower than we could establish it), is not surprising. For if k grows by one, both the substring of small and large entries is allowed to contain Q_{i+1} instead of Q_i, but the pattern we have to avoid after their merging grows only by one, not by two.

Let L_k = { all possible strings of large entries in W which completed with a form a Q_k-avoiding permutation }, and let S_k = {all possible strings of small entries in W which, completed with b form a Q_k-avoiding permutation }. Define l_k = |L_k| and s_k = |S_k|. Suppose that there are t positions between a and b, so only n_2 − t large entries have a chance to be preceded by a small entry. Then the number of all permutations in W in which the string of large entries is from L_k and that of small entries is from S_k is clearly

c_k = l_k · s_k · ( n_1 + n_2 − t n_1 ) = l_k · s_k · ( n − 2 − t n_1 )

On the other hand, the number of Q_k-avoiding permutations in W is clearly less than c_k, as some (in fact, most) of these mergings create a Q_k -pattern. Let g_k be the number of permutations in W which avoid Q_k . This implies that their small entries form a string in S_k, and their large entries form a string in L_k.

We will show that g_k c_k ≤ g_{k−1} c_{k−1} · 4^{n2} · (k − 2)^{2n2} ,

for all k ≥ 5. This clearly implies our claim by proving the number of good mergings for Q_k is only an exponential factor larger than that for Q_{k−1}, and we know that this latter is small by the induction hypothesis on k.

Let p ∈ W , and we want p to be Q_k-avoiding. As we said above, this implies that the string p_S of small entries as well as the string p_L of large entries avoids Q^′_k. However, both of them may contain copies of Q^′_{k−1}, and copies of any shorter Q^′_r.

Take p_L. Choose any right-to-left maximum M on it, and consider all large entries which are smaller than M and which are on the left of M. Among these entries, take all left-to-right maxima, and color them blue. Do this for all right-to-left maxima. The significance of these points is that, as the reader can easily check, they are the starting points of the maximal (ie. not extendable) Q^′_r-patterns, for any r < k.

Dually, p_S , choose any right-to-left maximum M, and consider all small entries wich are smaller than M and which are on the left of M. Among these entries, take all right-to-left minima, and color them red. Do this for all right-to-left maxima. The significance of these points in turn is, that they play the role of 1 in any maximal (ie. not extendable) Q^′_r-patterns.

Now try to merge p_L and the string of uncolored small entries, p^u_S , to get the permutation p^′. Recall that the merging of two substrings contains the left-to-right minima of p in addition to these two substrings. Note that p^u_L is Q^′_{k−1}-avoiding. Clearly the permutation we obtain will be Q_k-avoiding if and only if we merged p^u_S , and the string of uncolored large entries p^u_L together without creating a Q_{k−1}-pattern on them. (For we could find, by the definition of our coloring, a blue large entry to complete any such Q_{k−1}-pattern to a Q_k -pattern). But this is nothing else but the merging of two Q^′_{k−1}-avoiding strings, ie. p^u_S and p^u_L. Recall that n_2 denotes the number of large entries. Now observe that we have less than (4 · (k − 2)^2)^{n2} choices for the set, position and permutation of the colored large entries. Indeed, we have less than 2^{n2} choices for their set, we have less than 2^{n2} choices for the positions in which they are, finally, they must form a Q^′_k-avoiding permutation, (which means less than (k − 2)^{2n2} choices, by proposition 1) otherwise together with a, they would form a Q_k-pattern.

To summarize, if, instead of merging only p^u_L and p^u_S so we get a Q_{k−1}-avoiding permutation, we want to merge p_L and p^u_S so we avoid Q_k, the ratio of “good mergings vs. all mergings” can go up by no more than an exponential factor.

Now if we want to insert the red small entries as well, we face additional constraints because we risk creating Q_k -patterns, but we cannot loosen our rules as we did before, ie. when we passed from Q_{k−1}- avoidance to Q_k-avoidance. Therefore, as inserting new elements can only create new Q_k-patterns and cannot eliminate existing ones, the ratio of good mergings decreases. So, these two operations we used to extend the mergings of two Q^′_k -avoiding permutations into that of two Q_k-avoiding permutations, the ratio g_k/c_k became at most (4(k − 2)^2)^{n2} bigger, which is an exponential factor. Indeed, the first operation increased the ratio by at most this much, and the second one decreased it.

If W has m > 2 left-to-right minima, then the same argument holds except that the large entries must be defined as those larger than the left-to-right minima, and the small entries as all the rest.

This way the large entries will still form a Q^′_k-avoiding permutation as needed, and the small entries, together with their m − 1 left-to-right minima, form a Q_k-avoiding permutation, which can be decomposed by this same procedure. During this procedure, the exponents of (k − 2)^2, that is, those coming from the current set of large entries will add up to an integer less than n. (In an alternative way of speaking, we could say we do an inductive proof on m, the number of left-to-right minima). The above argument shows that the number of good mergings remains exponential. This completes the proof of our claim that any weak class contains less than W^n_k = (k − 2)^{2n} · 4^n · W^n_{k−1} = (4(k − 2)^2 · W_{k−1})^n Q_k-avoiding permutations, yielding S_n(Q_k) < (4W_k)^n. ◇

Remark: To see that Q^′_k is a good pattern without using Theorem 2, we can again use this same inductive procedure, the initial conditon S_n(Q^′_4) = S_n(213) = C_n < 4^n being true. Taking reverse and complement, we see that S_n(Q^′_k) = S_n(1 (k − 1) (k − 2) · · ·32), and we can copy the above proof. In fact, this case is even simpler, as the substrings p^u_L and p^u_S need to avoid the decreasing pattern of length k − 2, and that is easier to deal with than Q^′_k .

3 The General Case

In this section we use the result of the previous section as well as recursive methods from [2] to prove that all layered patterns are good.

Proposition 1 If q is a good pattern and q^′ is a pattern obtained from q by deletion of some elements, then q^′ is a good pattern as well.

Proof: Every q^′-avoiding permutation is q-avoiding, too. ◇

Definition 2 Let q be a pattern, and let y be an entry of q. Then to replace y by the pattern w is to add y − 1 to all entries of w, then to delete y and to succesively insert the entries of w at its position.

Example 2 Replacing the entry 1 in 1 4 2 3 by 1 3 2 4 results in the pattern 1 3 2 4 7 5 6.

The following lemma is our main tool in proving that all layered patterns are good.

Lemma 3 (“replacing an element by a pattern”) Let q be a pattern and let y be an entry of q so that for any entry x preceding y we have x < y and for any entry z preceded by y we have y < z. Suppose that S_n(q) < K^n for some constant K and for all n.

Let w be a pattern of length k starting with 1 and ending with k so that S_n(w) < C^n holds for all n, for some constant C. Let q^′ be the pattern obtained by replacing the entry y by the pattern w in q. Then S_n(q^′) < (2CK)^n, thus q^′ is a good pattern.

Proof: Take an n-permutation p which avoids q^′. Suppose it contains q. Then consider all copies of q in our permutation and consider their entries y. Clearly, these entries must form a permutation which does not contain w. For suppose they do, and denote y_1 and y_k the first and last elements of that purported copy of w. Then the initial segment of the copy of q which contains y_1 followed by the y_2 through y_{k−1} and the ending segment of the copy of q which contains y_k would form a copy of q^′.

Therefore, if p avoids q^′, then it either avoids q, or the substring of its entries which can play the role of y in a copy of q avoids w. This shows that less than (2C)^{n−1} ·K^n +K^n < (2CK)^n permutations of length n can avoid q^′. ◇

Now we are in a position to prove our main theorem.

Theorem 3 Every layered pattern is a good pattern.

Proof: Let P = P (k_1, k_2, . . .k_t) be any layered pattern. Then P_1 = P (1, k_1, 1) is a good pattern by Theorem 1. Now apply Lemma 3 to replace the last element of P_1 by the pattern P (1, k_2, 1), which is in turn a good pattern by Theorem 1, to get the good pattern P (1, k_1, 1, k_2, 1), the delete the middle layer of length 1 to get the good pattern P_2 = P (1, k_1, k_2, 1). Then continue this way, that is, at the ith step, replace the last element of P_i = P (1, k_1, k_2, · · ·k_i, 1) by the good pattern P (1, k_{i+1}, 1), to get the good pattern P_{i+1} = P (1, k_1, k_2, · · ·, k_{i+1}, 1). After t steps, we get that P_n = P (1, k_1, k_2, · · ·, k_t, 1) is a good pattern. As P itself is contained in P_n, this implies that P is a good pattern. ◇

Acknowledgement

I am indebted to the anonymous referee for his priceless comments.

References

[1] E. Babson and J. West, The permutations 123p_4 · · ·p_l and 321p_l · · · p_4 are Wilf equivalent. Graphs and Combinatorics, submitted.

[2] M. Bóna, Exact and Asymptotic Enumeration of Permutations with subsequence conditions, PHD-thesis, Massachusetts Institute of Technology, 1997.

[3] M. Bóna, Permutations avoiding certain patterns; The case of length 4 and generalizations, Discrete Mathematics, 175 (1997) 55-67.

[4] M. Bóna, Exact enumeration of 1342-avoiding permutations; A close link with labeled trees and planar maps, Journal of Combinatorial Theory, Series A, 80 (1997), 257-272.

[5] P. Bose, J. F. Buss and A. Lubiw, Pattern matching for permutations, Proceedings of the 3rd Workshop on Algorithms and Data Structures, 1993.

[6] A. Price, Packing densities of layered patterns, PHD-thesis, University of Pennsylvania, 1997.

[7] A. Regev, Asymptotic values for degrees associated with strips of Young diagrams, Advances in Mathematics 41 (1981), 115-136.

[8] R. Simion and F. W. Schmidt, Restricted Permutations, European Journal of Combinatorics, 6 (1985), 383-406.

[9] Z. Stankova, Forbidden Subsequences, Discrete Mathematics, 132 (1994), 291-316. [10] J. West, Permutations with forbidden subsequences; and, Stack sortable permutations, PHDthesis, Massachusetts Institute of Technology, 1990.

[11] J. West, Wilf-equivalence for singleton classes, preprint. [12] H. Wilf, R. Stanley, oral communication.