The nonvanishing of coefficients given by infinite product power series

KEN ONO

Penn State University

Abstract. Many ‘natural’ q-series are given by infinite products. For instance, Euler’s generating function for $p(n)$, the number of partitions of $n$, is such an infinite product. The well known recurrence for $p(n)$ is an immediate consequence of Euler’s Pentagonal Number Theorem which asserts that

$$ \prod_{n=1}^{\infty}(1-q^n)=\sum_{n=-\infty}^{\infty}(-1)^nq^{\frac{3n^2+n}{2}}. $$

This power series is a typical example of a ‘‘lacunary" power series, one where ‘‘almost all" of the coefficients are zero. Many other examples of lacunary infinite products are easily obtained by specializing the Jacobi Triple Product Formula. Apart from power series resembling Euler’s (which can be made precise), there are no known lacunary infinite products. Many years ago Basil Gordon posed his $\epsilon$-Conjecture which goes a long way towards an explanation of the absence of such lacunary power series. In this lecture I shall sketch a proof of Gordon’s Conjecture, and I shall also discuss applications of the ideas of the proof in partition theory.