A GENERALIZATION OF THE RANDOM ASSIGNMENT PROBLEM

SVANTE LINUSSON AND JOHAN WÄSTLUND

Abstract. We give a conjecture for the expected value of the optimal k-assignment in an m × nmatrix, where the entries are all exp(1)-distributed random variables or zeros. This conjecture generalizes a conjecture of Coppersmith and Sorkin. We prove this conjecture for the case that there is a zero-cost k − 1-assignment. Assuming our conjecture, we determine some limits, as k = m = n → ∞, of the expected cost of an optimal n-assignment in an n by n matrix with zeros in a given region. If we take the region outside a quarter-circle inscribed in the square matrix, this limit is thus conjectured to be π^2/24.

1. Introduction

Suppose we are given an m by n array of nonnegative real numbers. A k-assignment is a set of k entries, no two of which are in the same row or the same column (we “assign” rows to columns, or vice versa). The cost of the assignment is the sum of the entries. A k-assignment is optimal if its cost is minimal among all k-assignments.

We let F_k(m, n) denote the expected cost of the optimal k-assignment in an m by n array of independent exponentially distributed random variables with mean 1.

D. Aldous [A92, A00] has recently shown that of lim_{n→∞} F_n(n, n) = π^2/6. Moreover, Parisi [P98] has conjectured that F_n(n, n) = 1 + 1/4 + 1/9 + · · ·+ 1/n^2. Computer generated verifications of this conjecture have been made for n ≤ 7, see [LW].

In [CS99], a more precise conjecture was formulated.

Conjecture 1.1. F_k(m, n) = ∑ i + j < k i, j ≥ 0 1 (m − i)(n − j) .

It is also shown in [CS99] that this conjecture is in accordance with the conjecture of Parisi if k = m = n. We have verified Conjecture 1.1 for k ≤ 6, (and arbitrary m and n). The cases k = 3, 4 are treated in [AS99]. The verification for the case k = 5 can be found in [LW]. For k = 6, about 10,000 cases were needed.

1.1. The Main Conjecture. As is shown in [CS99], [AS99], and in Section 2, the calculation of F_k(m, n) can in some (but not all, see [LW]) cases be done recursively by reducing the problem to several assignment problems for matrices which have zeros in certain positions.

Let Z be a finite set of matrix-positions, that is, Z = {(i_1, j_1), . . . , (i_r, j_r)}, 1

for some positive integers i_1, j_1, . . . , i_r, j_r. Suppose m ≥ max(i_1, . . . , i_r) and n ≥ max(j_1, . . . , j_r). We define F_{k,Z} (m, n) to be the expected cost of the optimal k-assignment in an m by n matrix with zeros in the positions belonging to Z, and independent exponential random variables with mean 1 in all other positions.

We will consider sets of rows and columns in the m × n-matrix. A set α of rows and columns is said to cover Z if every entry in Z is on either a row or on a column in α. A covering with s rows and columns will be called an s-covering. k − 1-coverings will be of particular importance. By a partial k − 1-covering of Z, we mean a set of rows and columns which is a subset of a k − 1-covering of Z. Let p_{i,j} be the probability that a set of i rows and j columns, chosen from uniform distribution on all such sets, is a partial k − 1-covering.

We now present a conjecture for the values of F_{k,Z} (m, n).

Conjecture 1.2 (Main Conjecture). (1) F_{k,Z} (m, n) = ∑ i + j < k i, j ≥ 0 p_{i,j} (m − i)(n − j) Example 1.3. When Z is empty, Conjecture 1.2 clearly specializes to Conjecture 1.1.

Example 1.4. When k = 2 and Z has just one element, then p_{1,0} = 1/m, p_{0,1} = 1/n and p_{0,0} = 1, so according to Conjecture 1.2 we get F_{2,Z} (m, n) = 1 mn + 1/m (m − 1)n + 1/n m(n − 1) = −1 mn + 1 (m − 1)n + 1 m(n − 1) , which is also the correct value.

In fact, we prove in Theorem 3.7 that Conjecture 1.2 holds under the assumption that Z contains a k − 1-assignment. This is our main theorem.

Let P be the poset of all intersections of k − 1-coverings of Z, ordered by reverse inclusion, and with an artificial minimal element ^0 corresponding to the empty intersection. We prove in Section 3 that the following is an equivalent form of the Conjecture 1.2:

(2) F_{k,Z} (m, n) = ∑ α∈P \^0 −μ_P (α) (m − i_α)(n − j_α) , where μ_P (α) is the Möbius function of the interval (^0, α) in P and i_α, j_α are the number of rows and columns in α respectively.

In Section 2 we describe our tools to recursively compute F_{k,Z} (m, n). In Section 4 we prove that some asymptotic results follows from Conjecture 1.2.

Acknowledgement: We thank Mireille Bousquet-Mélou and Gilles Schaeffer for introducing us to the problem.

2. Computation of F_{k,Z} (m, n)

We say that a set α of rows and columns is an optimal covering of a set Z, if α covers Z, and α has minimal cardinality among all coverings of Z.

If A is a (random) m by n matrix, and u is an assignment, then we let Ψ_u(A) be the cost of u, that is, Ψ_u(A) = ∑ (i,j)∈u A_{i,j} . If k is an integer not greater than m or n, we let Ψ_k(A) be the cost of the optimal k-assignment in A. The following lemma is proved in Section 2.1.

Lemma 2.1. If α is an optimal covering of a subset of Z, then there is an optimal k-assignment which intersects every row and every column of α.

Our calculations of F_{k,Z} (m, n) are based on the following theorem.

Theorem 2.2. Let k ≤ m, n be positive integers. Let A be an m by n matrix, with zeros in a certain set Z of positions, and (possibly random) positive values outside Z. Let α be an optimal covering of Z. Let ϵ be a positive real (possibly random) number, not greater than any of the entries not covered by α. Let A^′ be the matrix obtained from A by subtracting ϵ from every entry not covered by α, and adding ϵ to every doubly covered entry of A. Then Ψ_k(A) = ϵ · (k − |α|) + Ψ_k(A^′).

Proof. Let u be an optimal k-assignment of A^′ intersecting every row and column of α. Such an optimal assignment exists by Lemma 2.1. Note that subtracting ϵ from every entry not covered by α, and adding ϵ to every doubly covered entry is the same thing as first subtracting ϵ from all entries not covered by the rows of α, and then adding ϵ to all the entries covered by the columns of α. Let i and j be the number of rows and columns in α, respectively. Then

(3) Ψ_u(A) = Ψ_u(A^′) + ϵ · (k − i) − ϵ · j = = ϵ · (k − |α|) + Ψ_u(A^′) = ϵ · (k − |α|) + Ψ_k(A^′).

For every k-assignment v we have Ψ_v(A) ≥ ϵ · (k − |α|) + Ψ_v(A^′) ≥ ϵ · (k − |α|) + Ψ_k(A^′).

Hence u is an optimal k-assignment also in A, and Ψ_k(A) is given by (3). □

In the typical use of the theorem, ϵ is the minimum of all the non-covered entries, which gives a new zero when we subtract ϵ. The special case of this theorem where there are no doubly covered entries or all such entries are known not to be in the optimal k-assignment, was proved and used in [CS99] and [AS99] to prove Conjecture 1.1 for k ≤ 4.

2.1. Proof of Lemma 2.1. We begin by citing a famous theorem of D. König:

Theorem 2.3. If a set of matrix positions cannot be covered by k − 1 rows and columns, then it contains a k-assignment. □

Lemma 2.4. Let k ≤ m, n be positive integers. Let A be an m by n matrix, with zeros in a certain set Z of positions, and (possibly random) positive values outside Z. Suppose that Z does not contain a k + 1-assignment. Let α be an optimal covering of Z. Then every row and every column of α contains an element of every optimal k-assignment of A.

Proof. Suppose that α contains rows 1, . . . , r and no other rows. Since α is optimal it follows by König’s theorem that there is an r-assignment v in Z containing no element from the columns in α. Suppose (for a contradiction) that there is an optimal k-assignment u which does not use row 1.

We now construct a sequence of matrix positions (all with zeros) as follows: Let v_0 be the element of v which is in the first row. Suppose that we have defined v_0, . . . , v_h and u_1, . . . , u_h. Then if there is an element of u ∩ Z in the same column as v_h, let this element be u_{h+1}, and let v_{h+1} be the element of v which is in the same row as u_{h+1}. Since u does not contain any element from the first row, the sequences v_0, v_1, v_2, . . . and u_1, u_2, . . . cannot contain any repetitions of the same element. Hence the sequence must end with an element v_h such that there is no element of u ∩ Z in the same column.

We now consider two cases. Suppose first that no element in the column of v_h belongs to u. Since Z does not contain a k + 1-assignment, the cardinality of α is at most k. Each row and column of α covers at most one element of u, and row 1 does not cover any element of u. Consequently there is an element (i, j) of u which is not covered by α, hence does not belong to Z. Then u \ {u_1, . . . , u_{h−1}, (i, j)} ∪ {v_0, . . . , v_h} is a k-assignment of smaller cost than u, a contradiction. If on the other hand there is an element (i^′, j^′) of u in the first column, then u \ {u_1, . . . , u_{h−1}, (i^′, j^′)} ∪ {v_0, . . . , v_h} is a k-assignment of smaller cost than u. This contradiction proves the lemma. □

Now Lemma 2.1 follows by a continuity argument. Let the values in the positions of Z not covered by α be ϵ, and let ϵ tend to zero. Since there are only finitely many k-assignments, there has to be an assignment which is optimal for all sufficiently small ϵ, which by Lemma 2.4 has to intersect every row and column of α. This assignment is also optimal for ϵ = 0.

Note that it is not true that every optimal k-assignment has to intersect the rows and columns of an optimal covering of a subset of Z.

2.2. Superfluous matrix elements. It can be of great help to know that a certain entry of the matrix cannot occur in any optimal assignment. Sufficient conditions to draw this conclusion were given in Lemma 26 of [CS99] and Lemma 9 of [AS99]. The following lemma gives a necessary and sufficient condition. The condition here is in fact equivalent to the condition given in [AS99].

Theorem 2.5. Let k ≤ m, n be positive integers. Let A = (a_{i,j} ) be an m by n matrix. Suppose that a set Z of entries are zero, and the remaining entries are random variables that can take arbitrary positive values. Suppose that (i, j) /∈ Z. If every set of k−1 rows and columns covering Z also covers (i, j), then (i, j) cannot belong to an optimal k-assignment. Conversely, if there is a k − 1-covering of Z which does not cover (i, j), then it is possible to assign positive values to the matrix entries not in Z in such a way that (i, j) belongs to a unique optimal k-assignment.

Proof. By the theorem of König, a set contains a k-assignment if and only if it cannot be covered by fewer than k rows and columns. The minimal cost of a k-assignment is of course the same as the minimal cost of a set containing a k-assignment. In trying to minimize the cost of such a set, it suffices to consider sets containing Z, since the entries in Z do not increase the cost.

Suppose that (i, j) is covered whenever Z is covered with fewer than k rows and columns. Then from any set containing Z, which cannot be covered with fewer than k rows and columns, we can delete (i, j) and obtain another such set of smaller cost. This shows that (i, j) can never belong to an optimal k-assignment.

Suppose on the other hand that we can cover Z with a set α of k − 1 rows and columns, without covering (i, j). Then we assign the value 1 to a_{i,j} , and to the entries not in Z which are covered by α, and values larger than k to all other entries not in Z. Since m and n are not smaller than k, the set of entries which are covered by α cannot be covered in any other way by k − 1 rows and columns. Hence the set of entries which are ≤ 1 cannot be covered with k − 1 rows and columns. By König’s theorem there is a k-assignment of cost at most k. However, since every k-assignment must use at least one entry not covered by α, every k-assignment of cost at most k must use a_{i,j} . Hence a_{i,j} belongs to the unique optimal k-assignment. □

In this situation, the fact that F_{k,Z} (m, n) = F_{k,Z∪{(i,j)}}(m, n) can sometimes simplify computation. It is possible that several elements have the property of (i, j) in the above theorem. Indeed, as the following theorem shows, it is sometimes possible to dispose of an entire row or column. If r is a row, we let Z\r denote the set where all positions of Z in row r has been removed and similarly for a column.

Theorem 2.6. Suppose that a row r is used in every covering of Z by k − 1 rows and columns (in particular, this is the case if at least k elements in r belong to Z). Let Z^′ = Z \ r. Then (4) F_{k,Z} (m, n) = F_{k−1,Z}′ (m − 1, n). Similarly, if a column c belongs to every covering of Z with fewer than k rows and columns, and Z^{′′} = Z \ c, then F_{k,Z} (m, n) = F_{k,Z}′′ (m, n − 1). Proof. If r is used in every covering of Z by k − 1 rows and columns, then by Theorem 2.5, no non-zero element in row r, no matter how small, is used in any optimal k-assignment. Hence we do not change the cost of the optimal k-assignment if we replace all non-zero entries in row r by zeros. Let A^′ be the matrix obtained from A by deleting the row r. Every k-assignment of A must of course contain (at least) a k − 1-assignment of A^′. It is not a problem if Z contains an entry in row m, since we can always permute the rows in Z so row m becomes empty instead of row r.

Conversely, if row r consists of only zeros, then every k − 1-assignment in A^′ can be extended to a k-assignment in A of the same cost. Hence Ψ_k(A) = Ψ_{k−1}(A^′). Passing to expected values, we obtain (4).

The corresponding statement for columns is of course equivalent. □

3. Proof of the Main Theorem In this section we give a proof of Conjecture 1.2 under the assumption that Z contains a k − 1- assignment.

Let k, m, n and Z be as usual. Let B(m, n) be the Boolean algebra of all sets of rows and columns in A, ordered by reverse inclusion. We define a function f = f_{k,Z} on B(m, n) by f(α) = { 1, if α is a partial k − 1-covering 0, otherwise We define g = g_{k,Z} by ∑ β≤α g(β) = f(α). Lemma 3.1. Let P = P_{k,Z} (m, n) be the sub-poset of B(m, n) consisting of all intersections of k − 1-coverings, together with an artificial minimal element. Then g(α) = { −μ_P (α), if α ∈ P 0, if α /∈ P Proof. Suppose that α is minimal contradicting the statement. Then α /∈ P and g(α) ≠ 0. Let α^′ be the intersection of all atoms of P which are smaller than α, that is, which are supersets of α. Then α^′ ∈ P , and for every β ∈ P , if β ≤ α, then β ≤ α^′. Hence ∑ β<α g(β) = 0, and consequently, g(α) = 0. This is a contradiction. □ For α ∈ B(m, n), we let i_α and j_α be the number of rows and columns in α, respectively. As we will prove, a reformulation of our main conjecture is the following:

Conjecture 3.2. (5) F_{k,Z} (m, n) = ∑ α∈B(m,n) g(α) (m − i_α)(n − j_α) . Example 3.3. Let k = 3 and Z = {(1, 1)}. We will compute F_{3,Z} (m, n) using Conjecture 3.2 and Lemma 3.1. The k − 1-coverings of Z are all sets of two rows and columns including row one or column one. The poset P = P_{3,Z} (m, n) and the Möbius function is shown in Figure 1. The sets with an index i, e.g. r_1r_i, represents all m − 1 sets with 2 ≤ i ≤ m and similarly the sets with an index j represents all n − 1 sets with 2 ≤ j ≤ n. We get

(6) F_{3,Z} (m, n) = (m − 1) 1 (m − 2)n + (n − 1) 1 (m − 1)(n − 1) + 1 (m − 1)(n − 1) + + (m − 1) 1 (m − 1)(n − 1)

+ (n − 1) 1 m(n − 2) + −m − n + 2 (m − 1)n + + (m − 1) −1 (m − 1)n + (n − 1) −1 m(n − 1) + −m − n + 2 m(n − 1) + m + n − 2 mn = = 1 (m − 2)n + 1 m(n − 2) + 1 (m − 1)(n − 1) + 1 m(n − 1) + 1 (m − 1)n + −2 mn

Figure 1. The poset P_{3,Z} (m, n) in Example 3.3. The Möbius function is written in boldface.

We now state a lemma, which will also be useful later. We omit the proof.

Lemma 3.4. If m and r are positive integers, then r∑ i=0 (−1)^i (_r i ) m − i = (−1)^r m (_{m−1} r ) .

Proposition 3.5. Conjecture 1.2 ⇔ Conjecture 3.2.

Proof. Let C be the set of partial k − 1-coverings. For β ∈ C, we define

f_β(α) = { 1, if α = β 0, otherwise

Obviously, f = ∑ β∈C f_β. Moreover, g = ∑ β∈C g_β ,

where g_β is defined by ∑ γ≤α g_β(γ) = f_β(α).

We have g_β (α) = μ(β, α), the Möbius function of the interval (β, α) in the Boolean algebra over the set of rows and columns (ordered by reverse inclusion). This interval is itself a Boolean algebra. Hence

g_β(α) = { (−1)^{|β|−|α|}, if α ⊆ β 0, otherwise

For the right hand side of (5), we have (7) ∑ α∈B(m,n) g(α) (m − i_α)(n − j_α) = ∑ β∈C ∑ α≥β (−1)^{|β|−|α|} (m − i_α)(n − j_α) =

= ∑ β∈C i_β∑

i=0 (−1)^i (_{iβ} i ) m − i j_β∑

j=0 (−1)^j (_{jβ} j ) n − j =

= [by Lemma 3.4] = ∑ β∈C 1 m (_{m−1} i_β ) n (_{n−1} j_β ) = = ∑ β∈C 1 (_m i_β )(_n j_β ) (m − i_β )(n − j_β ) . The factor 1 (_m i_β )(_n j_β ) can be interpreted as the probability of β under the uniform probability measure on all sets of i_β rows and j_β columns. Hence (7) equals (1). □

We need the following lemma.

Lemma 3.6. Suppose Z contains a k − 1-assignment u. Let Z^′ = Z ∪ {(i, j)}, where (i, j) lies in a column not used by u. Then g_{k,Z}′ (α) = { g_{k,Z} (α), if α contains row i 0, otherwise

Proof. It follows from the assumptions that in order to cover Z^′ with k − 1 rows and columns, one must use row i. This implies that P_{k,Z}′ (m, n) consists of precisely those elements of P_{k,Z} (m, n) which contain row i. Since this means that P_{k,Z}′ (m, n) is an order-ideal in P_{k,Z} (m, n), the Möbius function on P_{k,Z}′ (m, n) is the restriction of the Möbius function on P_{k,Z} (m, n) to P_{k,Z}′ (m, n). Now the statement follows from Lemma 3.1. □

We now prove the formula of Conjecture 3.2 under the condition that Z contains a k − 1- assignment.

Theorem 3.7. If Z contains a k − 1-assignment, then (8) F_{k,Z} (m, n) = ∑ α∈B(m,n) g(α) (m − i_α)(n − j_α) . Proof. If Z contains a k-assignment, the statement is true. We will therefore assume that Z does not contain a k-assignment. We will use induction on k, and for a specific value of k, we will also use induction on the number of elements not belonging to Z. Hence we will assume that the statement has been proved for F_{k,Z}′ , for every superset Z^′ of Z.

Notice that if there is a row r which belongs to every k − 1-covering of Z, then by Theorem 2.6, F_{k,Z} (m, n) = F_{k−1,Z\r}(m − 1, n). By induction on k, this is ∑ α∈P_{k−1,Z\r} (m−1,n)\^0 g(α) (m − 1 − i_α)(n − j_α) . But P_{k−1,Z\r} (m − 1, n) is isomorphic to P_{k,Z} (m, n) via the isomorphism α → α ∪ {r}, and i_{α∪{r}} = i_α + 1. Hence F_{k−1,Z\r}(m − 1, n) equals (8).

We can assume that the k − 1-assignment in Z is contained in the first k − 1 rows and the first k − 1 columns. Actually, we can assume that all elements of Z are contained in this k − 1 by k − 1 square, since if there is an element of Z in another column, say, then the row containing this element must be used in every k − 1-covering of Z, and we can use induction on k.

We now subtract the minimum of the elements in columns k, . . . , n, and sum over the m possibilities for the row r containing the new zero, using induction: F_{k,Z} (m, n) = 1 m(n − k + 1) + 1 m ∑ r ∑ α ∈ P_{k,Z} (m, n) \ ^0 r ∈ α g(α) (m − i_α)(n − j_α) .

Now we change the order of summation, and use the fact that the number of rows r for which r ∈ α is i_α.

(9) F_{k,Z} (m, n) = 1 m(n − k + 1) + 1 m ∑ α∈P_{k,Z} (m,n)\^0 i_αg(α) (m − i_α)(n − j_α) =

= 1 m(n − k + 1) + ∑ α∈P_{k,Z} (m,n)\^0 g(α) (m − i_α)(n − j_α) − ∑ α∈P_{k,Z} (m,n)\^0 g(α) m(n − j_α) . We have to show that the first term and the last sum cancel, that is, that ∑ α∈P_{k,Z} (m,n)\^0 g(α) (n − j_α) = 1 n − k + 1 . When α is the set of the first k − 1 columns, we get a term which equals the right hand side.

Hence we are going to show that everything else cancels. It clearly suffices to show that if J is a proper subset of the set of the first k − 1 columns, then ∑ α ∈ P_{k,Z} (m, n) column − set(α) = J g(α) = 0.

If J is nonempty, then the induced sub-poset of P_{k,Z} (m, n) consisting of those elements that contain J is isomorphic to P_{k−|J|,Z\J} (m, n − |J|) via the isomorphism α → α \ J. Hence the claim follows by induction on k.

If on the other hand J = Ø, we have ∑ α ∈ P_{k,Z} (m, n) column − set(α) = Ø g(α) = ∑ α∈P_{k,Z} (m,n)\^0 g(α) − ∑ α ∈ P_{k,Z} (m, n) \ ^0 column − set(α) ≠ Ø g(α).

By what we already know, the second sum equals 1, since everything cancels except the term where α is the set of the first k − 1 columns. If we let α_0 be the intersection of all coverings of Z with k − 1 rows and columns, then ∑ α∈P_{k,Z} (m,n)\^0 g(α) = ∑ α≤α_0 g(α) = 1, by the definition of g. Hence ∑ α ∈ P_{k,Z} (m, n) column − set(α) = Ø g(α) = 1 − 1 = 0,

which proves the theorem. □

As a special case Theorem 3.7 enables us to compute the expected cost for completing a zero cost k − 1-assignment. This question was considered in [CS99] and answered in [CS98].

Corollary 3.8. Let Z_k = {(1, 1), (2, 2), . . . , (k − 1, k − 1)}. Then F_{k,Zk} (m, n) = ∑ i+j<k ( k − 1 i, j, k − 1 − i − j ) (−1)^{k−1−i−j} (m − i)(n − j) . In particular, F_{k,Zk} (k, n) = 1 k k−1∑ j=0 1 n − j , and F_{k,Zk} (k, k) = 1 k (1 + 1/2 + · · · + 1/k) ∼ log k k . Proof. Omitted in this extended abstract. □

4. Asymptotic consequences In this section, we show that certain limits can be computed from Conjecture 1.2. We assume throughout this section that Conjecture 1.2 holds.

Let K be a subset of the unit square [0, 1] × [0, 1]. Let n be a positive integer. Later, we will let n tend to infinity. We divide the unit square into squares s_{i,j} of side 1/n, such that s_{i,j} = [ i − 1 n , i n ] × [ j − 1 n , j n ] . Let Z_n be the set of all (i, j) such that s_{i,j} intersects K. Under certain circumstances, we can compute the limit of F_n = F_{n,Zn} (n, n), as n → ∞. For a fixed n we have

F_n = ∑ i,j p_{i,j} (n − i)(n − j) , where p_{i,j} is the probability that a set of i rows and j columns is a partial k − 1-covering.

By the substitutions x = i/n, y = j/n, p_n(x, y) = p_{⌊xn⌋,⌊yn⌋}, we can rewrite this as ∫_1 0 ∫_1 0 p_n(x, y) (1 − x)(1 − y) dx dy. If S is a subset of R^2 , we let M_{a,b}(S) be the infimum of aλ(S_1) + bλ(S_2) (Lebesgue-measure), taken over all sets S_1, S_2 of real numbers such that S ⊆ (S_1 × R) ∪ (R × S_2).

Under some reasonable assumptions on K, we can determine the limit of p_n(x, y) as n → ∞. We say that a covering of Z_n is minimal, if no proper subset is a covering of Z_n. It turns out that if K is compact, and for every ϵ, the number of minimal coverings of Z_n grows slower than (1 + ϵ)^n, as n → ∞, then as n → ∞,

p_n(x, y) → { 1, if M_{1−x,1−y}(K) < 1 − x − y, 0, if M_{1−x,1−y}(K) > 1 − x − y. Corollary 4.1. If K is compact, and the number of minimal coverings of Z_n grows slower than (1 + ϵ)^n for every ϵ, as n → ∞, then

lim_{n→∞} F_n = ∫ D dx dy (1 − x)(1 − y) , where D is the region in which M_{1−x,1−y}(K) < 1 − x − y.

4.1. An example: Zeros outside a quarter of a circle. Let K be the region x^2 + y^2 ≥ 1, 0 ≤ x, y ≤ 1. To find M_{a,b}(K), for given a and b, we have to find the point where the slope of the curve x^2 + y^2 = 1 is −a/b. The part of the curve which is above this point should be covered with a horizontal strip, and the part which is to the right of this point should be covered with a vertical strip. This point is ( a √ a^2 + b^2 , b √ a^2 + b^2 ) . Hence M_{a,b}(K) = a ( 1 − a √ a^2 + b^2 ) + b ( 1 − b √ a^2 + b^2 ) = a + b − √ a^2 + b^2.

The number T (n) of minimal coverings of Z_n is at most n+1, since any minimal covering consists of, for some i, 0 ≤ i ≤ n, columns i, . . . , n, and all rows that contain some element of Z_n not covered by the columns. The region D is given by the inequality M(K_{1−x,1−y}) < 1 − x − y, which becomes (1 − x)^2 + (1 − y)^2 > 1.

In other words, D is the part of the unit square which is outside the circle of radius 1 centered in the point (1, 1). By Corollary 4.1, we have

lim_{n→∞} F_n = ∫ D dx dy (1 − x)(1 − y) = π^2 24 . References

[A92] Aldous, D., “Asymptotics in the random assignment problem”, Pr. Th. Related Fields, 93 (1992) 507–534. [A00] Aldous, D., “The ζ(2) limit in the random assignment problem”, preprint (2000). [AS99] Alm, Sven-Erick and Sorkin, Gregory B, “Exact expectations and distributions in the random assignment problem”, preprint (1999). Available at: http://www.math.uu.se/~sea/assign.html .

[CS99] Coppersmith, D., Sorkin, G. B., “Constructive Bounds and Exact Expectations For the Random Assignment Problem”, Random Structures Algorithms, 15, 113–144 (1999).

[CS98] Coppersmith, D., Sorkin, G. B., “On the expected incremental cost of a minimum assignment”, IBM Research Report RC 21354 (1998).

[LW] Linusson, S: and Wästlund, J. “A generalization of the random assignment problem”, preprint (2000), available at: http://arxiv.org/abs/math.CO/0006146 [MP85] Mézard and Parisi, “Replicas and optimization”, J. Physiques Lettres 46 771–778, (1985). [P98] Parisi, Giorgio, “A conjecture on random bipartite matching”, Physics e-Print archive, January (1998),

http://xxx.lanl.gov/ps/cond-mat/9801176.

E-mail address: linusson@mai.liu.se E-mail address: jowas@mai.liu.se

Department of Mathematics, Linköping University, S-581 83 Linköping, Sweden