PARTY ALGEBRA AND CONSTRUCTION OF ITS IRREDUCIBLE REPRESENTATIONS

MASASHI KOSUDA

Abstract. Suppose that there exist two parties each of which consists of n members. The parties hold meetings splitting into several small groups. Every group consists of the same number of members of each party. The set of such decompositions into small groups makes an algebra called the party algebra under a certain product. We show that the party algebra is semisimple by constructing a complete set of irreducible representations. Résumé. C’est le résumé français.

1. Introduction

The unitary reflection group G(r, p, k) in the Shephard-Todd notation [6] acts on a vector space V of dimension k by permuting the basis elements e_1, e_2, . . . , e_k. In 1997, Tanabe showed in his paper [7] that the centralizer End_{G(r,p,k)}(V^{⊗n}) is generated by the symmetric group S_n—acting on V^{⊗n} by tensor factors permutation—together with three further special operators.

In 1994, Martin defined the partition algebra P_n(β^2) introducing a product among partitions of a set M of size 2n [4]. This algebra is generated by the symmetric group S_n and two special elements which correspond to two of the above special operators. In fact, in case β ≠ 0 and k ≥ n, P_n(β^2) is isomorphic to the centralizer End_{G(1,1,k)}(V^{⊗n}) = End_{Sk} (V^{⊗n}) (S_k acts diagonally on V^{⊗n}).

For a positive integer n, the party algebra A_n(β) is defined as an abstract algebra with a parameter β generated by the symmetric group S_n and one of the above operators, which naturally becomes an subalgebra of the partition algebra P_n(β^2). A word of the generators of A_n(β) reduces to a scalar multiple of a standard word of the generators by the relations. Besides, the standard words of A_n(β) have one to one correspondences with the seat-plans for the meetings held by two parties each of which consists of n members under certain conditions (see Section 2). If β ≠ 0 and r > n, then we have a surjective homomorphism from the party algebra onto End_{G(r,1,k)}(V^{⊗n}). Moreover, if k ≥ n, then we can show the above homomorphism is injective using Schur-Weyl reciprocity and tensor decomposition. In particular, in case β ≠ 0 we find that the party algebra is semisimple.

In this talk, we explicitly construct a complete set of irreducible representations of the party algebra, extending the orthogonal representations of the symmetric group S_n.

2. Definition of the party algebras

We consider the following situation. Let D = {d_1, d_2, . . . , d_n} and R = {r_1, r_2, . . . , r_n} be two sets each of which consists of n distinct elements such that D ∩ R = ∅. We decompose D ⊔ R into subsets M_1, M_2, . . . , M_n (some of M_j s might be empty) so that they satisfy ⨆ j=1,2,...,n M_j = D ⊔ R, |M_1| ≥ |M_2| ≥ · · · ≥ |M_n|, |M_j ∩ D| = |M_j ∩ R| for j = 1, 2, . . . , n, M_i ∩ M_j = ∅ if i ≠ j. Supported in part by Grant-in-Aid for Scientific Research no. 12740021, the Ministry of Education, Science and Culture of Japan. 1

We call such a partition into subsets a seat-plan of size n. Let P (n) be a set of partitions of n. Then there exists a partition λ ∈ P (n) such that λ = (λ_1, λ_2, . . . , λ_n) = (|M_1|/2, |M_2|/2, . . . , |M_n|/2). The number of seat-plans is ∑ λ∈P (n) ( n! λ_1!λ_2! · · · λ_n!

)_2 · 1 α_1!α_2! · · · α_n! , where α_i = |{λ_k; λ_k = i}|.

A seat-plan of size n is figured as follows. Consider a rectangle with n marked points on the bottom and the same n on the top as in Figure 1. The n marked points on the bottom are labeled

Figure 1. A seat-plan

by d_1, d_2, . . . d_n from left to right. Similarly, the n marked points on the top is labeled by r_1, r_2, . . . , r_n from left to right. If D ⊔ R is divided into non-empty m subsets, then put m shaded circles in the middle of the rectangle so that they have no intersections. Each of the circles corresponds to one of the non-empty M_j s. Then we join the 2n marked points and the m circles with 2n shaded bands so that the marked points labeled by the elements of M_j are connected to the corresponding circle with |M_j | bands.

Now we define the product w_1w_2 between two of rectangles w_1, w_2 (each of which corresponds to a seat-plan) by placing w_1 on w_2, gluing the corresponding boundaries and shrinking half along the vertical axis as in Figure 2. We then have a new diagram possibly containing some closed loops. If there are p closed loops, the product is then the resulting diagram, with the closed loops removed, times the scalar β^p. It is easy to define this product in terms of seat-plans. By this definition, a set of linear combinations of seat-plans of size n over C makes an algebra A_n(β). We call it the party algebra. The identity of A_n(β) is a diagram which corresponds to a partition D ⊔ R = {d_1, r_1} ⊔ {d_2, r_2} ⊔ · · · ⊔ {d_n, r_n}. We put A_0(β) = A_1(β) = C .

Next, we define special elements f_1, f_2, . . . , f_{n−1} and s_1, s_2, . . . , s_{n−1} of A_n(β) as in Figure 3. By the induction on n, we can easily find that those special elements generate A_n(β). (See the paper [4].)

We easily have the following relations:

s^2_i = id (i = 1, 2, . . . , n − 1), (P 1) s_is_{i+1}s_i = s_{i+1}s_is_{i+1} (i = 1, 2, . . . , n − 2), (P 2) s_is_j = s_j s_i (|i − j| ≥ 2, i, j = 1, 2, . . . , n − 1), (P 3) f^2_i = βf_i (i = 1, 2, . . . , n − 1), (P 4) f_is_i = s_if_i = f_i (i = 1, 2, . . . , n − 1), (P 5) f_if_j = f_j f_i (i, j = 1, 2, . . . , n − 1), (P 6) s_if_{i+1}s_i = s_{i+1}f_is_{i+1} (i = 1, 2, . . . , n − 2), (P 7) f_is_j = s_j f_i (|i − j| ≥ 2, i, j = 1, 2, . . . , n − 1). (P 8) The following proposition shows that the above relations define the party algebra.

Figure 2. The product of seat-plans

Figure 3. Special elements

Proposition 1. For an integer n > 1, the party algebra A_n(β) is characterized by the following generators and relations:

generators; f, s_1, s_2, . . . , s_{n−1}, relations; s^2_i = 1 (1 ≤ i ≤ n − 1), s_is_{i+1}s_i = s_{i+1}s_is_{i+1} (1 ≤ i ≤ n − 2), s_is_j = s_j s_i (|i − j| ≥ 2), f^2 = βf, fs_1 = s_1f = f, fs_i = s_if (i ≥ 3), fs_2fs_2 = s_2fs_2f, fs_2s_1s_3s_2fs_2s_1s_3s_2 = s_2s_1s_3s_2fs_2s_1s_3s_2f.

Proof. Put

f_1 = f, f_i = (s_{i−1} · · · s_2s_1)(s_i · · · s_3s_2)f_1(s_2s_3 · · · s_i)(s_1s_2 · · · s_{i−1}) (i = 2, 3, . . . , n − 1).

Then we find the relations in the proposition are equivalent to the relations (P 1)-(P 8). Moreover each word made of f_is and s_is reduces to a scalar multiple of a standard word which denotes a seat-plan. □

The following proposition given by Tanabe [7] shows the relation between the party algebras and the centralizer algebras of the unitary reflection groups.

Proposition 2. (Tanabe [7, Theorem 3.1]) Let G(r, 1, k) be the group of all the monomial matrices of size n whose non-zero entries are r-th roots of unity. Let V be a vector space of dimension k with the basis elements e_1, e_2, . . . , e_k on which G(r, 1, k) acts naturally. Let ϕ be the representation of the symmetric group S_n on V^{⊗n} obtained by permuting the tensor product factors, i.e., for v_1, v_2, . . . , v_n ∈ V and for w ∈ S_n, ϕ(w)(v_1 ⊗ v_2 ⊗ · · · ⊗ v_n) := v_w−1_{(1)} ⊗ v_w−1_{(2)} ⊗ · · · ⊗ v_w−1_{(n)}.

Define further ϕ(f) as follows: ϕ(f)(e_{p1} ⊗ e_{p2} ⊗ · · · ⊗ e_{pn} ) := { k(e_{p1} ⊗ e_{p2} ⊗ · · · ⊗ e_{pn} ) if p_1 = p_2, 0 otherwise.

If r > n, then End_{G(r,1,k)}(V^{⊗n}) is generated by ϕ(S_n) and ϕ(f), and ϕ defines a homomorphism from A_n(k) to End_{G(r,1,k)}(V^{⊗n}).

The above result also holds for A_n(β), if we replace k with a non-zero parameter β ∈ C in the definition of ϕ(f). Moreover if k ≥ n, then we can show that the above ϕ is injective using Schur-Weyl reciprocity and tensor decomposition, and counting the dimension. In particular, for a non-zero parameter β ∈ C we find that A_n(β) is semisimple.

In the following section, we construct a complete set of irreducible representations of A_n(β) extending the orthogonal representations of the symmetric group S_n.

3. Construction

We define representations of A_n(β) which turn out to make a complete set of irreducible representations. The representations are constructed on the Bratteli diagram for the sequence A_0(β) ⊂ A_1(β) ⊂ · · · ⊂ A_n(β) as in Figure 4. (See for example the papers [1, 2, 5, 8, 9].)

Figure 4. The Bratteli diagram for A_4(β)

Fix a positive integer n. Let α = [α(1), . . . , α(n)] be an n-tuple of Young diagrams. The j-th coordinate of the tuple is referred to the j-th board. The height ‖α‖ of α is defined as the weight sum of the sizes of all the |α(j)|s. Namely, ‖α‖ is defined by ‖α‖ = n∑ j=1 j|α(j)|. Let Λ_n(i) = {α = [α(1), . . . , α(n)] ; ‖α‖ = i} be a set of n-tuples of height i. For α ∈ Λ_n(i), we set α(0) = n − i (the horizontal Young diagram of depth 1 and of width n − i) if necessary. Let α≺_1 α̃ or α̃≻_1 α denote that α̃ is obtained from α by removing one box from a Young diagram on the j-th board and adding the box to a Young diagram on the (j + 1)-st board for some j (0 ≤ j ≤ n − 1).

For α ∈ Λ_n(n), tableaux T(α) of shape α is defined by

T(α) = {P = (α^{(0)}, α^{(1)}, . . . , α^{(n)}); α^{(0)} = [∅, . . . , ∅], α^{(n)} = α, α^{(i)}≺_1 α^{(i+1)} for 0 ≤ i ≤ n − 1}.

Let V (α) = ⊕_{P ∈T(}α_)C v_P be a vector space over C with the standard basis {v_P |P ∈ T(α)}.

For a generator s_i of A_n(β), we define a linear map on V (α) giving the matrix A_i with respect to the basis {v_P |P ∈ T(α)}. Namely, for a pair of tableaux P = (α^{(0)}, α^{(1)}, . . . , α^{(n)}) and Q = (α^{′(0)}, α^{′(1)}, . . . , α^{′(n)}) of T(α) define A_iv_P = ∑ Q∈T(α)(Ai)QP vQ. If there is an i0 ∈ {1, 2, . . . , n − 1} \ {i} such that α^{(i0 )} ≠ α^{′(i0 )}, then we put (A_i)_{QP} = 0.

In the following, we consider the case that α^{(i0 )} = α^{′(i0 )} for i_0 ∈ {1, 2, . . . , n − 1} \ {i}.

First, we assume that α^{(i−1)} and α^{(i+1)} of a tableau P coincide with each other except on the j-th and the (j + 1)-st boards. In this case, α^{(i)} is obtained from α^{(i−1)} by moving a box in a Young diagram on the j-th board to a Young diagram on the (j + 1)-st board and α^{(i+1)} is obtained from α^{(i)} by moving another box in the Young diagram on the j-th board to the Young diagram on the (j + 1)-st board. Denote the Young diagram on the j-th board of α^{(i−1)} [resp. α^{(i)}, α^{(i+1)}] by λ^{(i−1)} [resp. λ^{(i)}, λ^{(i+1)}] and denote the Young diagram on the (j + 1)-st board of α^{(i−1)} [resp. α^{(i)}, α^{(i+1)}] by μ^{(i−1)} [resp. μ^{(i)}, μ^{(i+1)}]. Let λ^′⊂_1 λ or λ⊃_1 λ^′ denote that λ^′ is obtained from λ by removing one box. Recall that if ν⊂_1 μ⊂_1 λ, then we can define the axial distance d = d(ν, μ, λ). Namely if μ differs from ν in its r_0-th row and c_0-th column only, and if λ differs from μ in its r_1-th row and c_1-th column only, then d = d(ν, μ, λ) is defined by

d = d(ν, μ, λ) = (c_1 − r_1) − (c_0 − r_0) = { h_λ(r_1, c_0) − 1 if r_0 ≤ r_1, 1 − h_λ(r_0, c_1) if r_0 > r_1.

Here h_λ(i, j) is the hook-length at (i, j) in λ and for λ = (λ_1, λ_2, . . .) the hook-length h_λ(i, j) is defined by h_λ(i, j) = λ_i − j + |{λ_k; λ_k ≥ j}| − i + 1. Since λ^{(i−1)}⊃_1 λ^{(i)}⊃_1 λ^{(i+1)}, we can define the axial distance d_1 = d(λ^{(i+1)}, λ^{(i)}, λ^{(i−1)}). Similarly, since

μ^{(i−1)}⊂_1 μ^{(i)}⊂_1 μ^{(i+1)}, we can define the axial distance d_2 = d(μ^{(i−1)}, μ^{(i)}, μ^{(i+1)}). If |d_1| ≥ 2 [resp.

|d_2| ≥ 2], then there is a unique Young diagram λ^′ ≠ λ [resp. μ^′ ≠ μ] which satisfies λ^{(i−1)}⊃_1 λ^′⊃_1 λ^{(i+1)}

[resp. μ^{(i−1)}⊂_1 μ^′⊂_1 μ^{(i+1)}]. Let Q_1, Q_2, Q_3 be tableaux of shape α which are obtained from P by

replacing (λ^{(i)}, μ^{(i)}) on the j-th and the (j + 1)-st board of α^{(i)} with (λ^{(i)}, μ^′), (λ^′, μ^{(i)}), (λ^′, μ^′) respectively. For the basis elements given by the above tableaux, we define the linear map by the following matrix:

(v_P , v_{Q1} , v_{Q2} , v_{Q3} ) −→ (v_P , v_{Q1} , v_{Q2} , v_{Q3} )A_i, where

A_i = 1 d_1d_2 1 d_1 √_{d2−1} d^2 √_{d21−1} d^2_1 1 d_2 √_{d21−1} d^2_1 √_{d2−1} d^2 1 d_1 √_{d2−1} d^2 − 1 d_1d_2 √_{d21−1} d^2_1 √_{d2−1} d^2 − √_{d21−1} d^2_1 1 d_2 √_{d21−1} d^2_1 1 d_2 √_{d21−1} d^2_1 √_{d2−1} d^2 − 1 d_1d_2 − 1 d_1 √_{d2−1} d^2 √_{d21−1} d^2_1 √_{d2−1} d^2 − √_{d21−1} d^2_1 1 d_2 − 1 d_1 √_{d2−1} d^2 1 d_1d_2 .

Next, we consider the case that α^{(i+1)} is obtained from α^{(i−1)} by removing one box from a Young diagram on the j-th board and adding the box to a Young diagram on the (j + 2)-nd board. Let λ, μ, ν be the Young diagrams on the j-th, the (j + 1)-st and the (j + 2)-nd boards of α^{(i−1)} respectively. Then we denote by λ^−, μ, ν^+ the corresponding Young diagrams of α^{(i+1)} respectively. Let {μ(+, k)|k = 1, 2, . . . , p(μ)} [resp. {μ(−, k^′)|k^′ = 1, 2, . . . , p(μ) − 1}] be the set of all the Young diagrams which satisfy μ(+, k)⊃_1 μ [resp. μ(−, k^′)⊂_1 μ] and let P_1, P_2, . . . , P_{p(μ)} [resp. Q_1, Q_2, . . . , Q_{p(μ)−1}] be all the tableaux which are obtained from P by replacing the Young diagrams on the j-th, the (j + 1)-st and the (j + 2)-nd board of α^{(i)} with λ^−, μ(+, k), ν [resp. λ, μ(−, k^′), ν^+]. For the basis elements given by the above tableaux, we define the linear map by the following matrix: (A_i)_{Pk ,Pk′} = √ h(μ)^2 h(μ(+, k))h(μ(+, k^′)) ,

(A_i)_{Pk ,Qk′} = (A_i)_{Qk′ ,Pk} = 1 d(μ(−, k^′), μ, μ(+, k)) √ h(μ)^2 h(μ(+, k))h(μ(−, k^′)) , (A_i)_{Qk ,Qk′} = 0. Here h(μ) is the product of all the hook-lengths in μ: h(μ) = ∏ (i,j)∈μ h_μ(i, j). Finally, we consider the remaining cases. In these cases, if α^{(i)} is obtained from α^{(i−1)} by moving one box to the next board and if α^{(i+1)} is obtained from α^{(i)} by moving another box to the next board in a tableau P , then exchanging the i-th step and the (i + 1)-st step, we have another tableau Q. For the basis elements given by the above tableaux, we define the linear map by the following matrix:

(v_P , v_Q) −→ (v_P , v_Q)A_i = (v_P , v_Q) ( 0 1 1 0 ) . Now we have completed the preparation, we state the following main result.

Theorem 3. Let α = [α(1), . . . , α(n)] be an n-tuple of Young diagrams in Λ_n(n) and β a non-zero parameter in C .

(1) Define ρα as follows: ρα(s_i)v_P = ∑ Q∈T(α) (A_i)_{QP} v_Q,

ρα(f)v_P = { βv_P if α^{(2)} = [∅, □, ∅, . . . , ∅] 0 otherwise.

Then (ρα, V (α)) defines an irreducible representation of A_n(β).

(2) For α, α^′ ∈ Λ_n(n), the irreducible representations ρα and ρα′ of A_n(β) are equivalent if and only if α = α^′.

(3) Conversely, for any irreducible representation ρ of A_n(β), there exists an α ∈ Λ_n(n) such that ρ and ρα are equivalent.

Let λ be a Young diagram of size n. Then λ affords an irreducible representation of S_n. Let f^λ be its degree. Then the degree of ρα is afforded by the following formula:

deg ρα = n! λ_1!λ_2! · · · λ_n! · f^{α(1)}f^{α(2)} · · · f^{α(n)} α_1!α_2! · · · α_n! , where α_j = |α(j)| and (λ_1, λ_2, . . . , λ_n) is a partition of n which corresponds to (1^{α1} , 2^{α2} , . . . , n^{αn} ). Hence ∑ α∈Λn(n) (deg ρα)^2 = ∑ α∈Λn(n) ( n! λ_1!λ_2! · · · λ_n! · f^{α(1)}f^{α(2)} · · · f^{α(n)} α_1!α_2! · · · α_n! )2

= ∑ λ∈P (n) ( n! λ_1!λ_2! · · · λ_n!

)_2 · 1 α_1!α_2! · · · α_n!

= dim A_n(β).

This implies the following.

Theorem 4. Let Λ_n(n) be the set of n-tuples of Young diagrams of height n. If β ≠ 0, then the party algebra A_n(β) is semisimple and {ρα; α ∈ Λ_n(n)} gives a complete set of irreducible representations of A_n(β).

References

[1] Ariki, S., and Koike, K., “A Hecke algebra of (Z/rZ) ≀ S_n and construction of its irreducible representations.” Adv.

in Math. 106(1994), 216–243.

[2] Goodman, F. M., de la Harpe, P., and Jones, V. F. R., Coxeter Graphs and Towers of Algebras. Springer-Verlag, New York, 1989.

[3] Jones, V. F. R., “The pots model and the symmetric group.” Subfactors (Kyuzeso, 1993). 259–267, World Sci.

Publishing, River Edge, NJ, 1994.

[4] Martin, P., “Temperley-Lieb algebras for non-planar statistical mechanics – The partition algebra construction.”

J. Knot Theory Ramifications. 3(1994), 51–82.

[5] Murakami, J., “The representations of the q-analogue of Brauer’s centralizer algebras and the Kauffman polynomial of links.” Publ. Res. Inst. Math. Sci. 26(1990), 935–945.

[6] Shephard, G. C., and Todd, J. A., “Finite unitary reflection groups.” Canad. J. Math. 6(1954), 274–304. [7] Tanabe, K., “On the centralizer algebra of the unitary reflection group G(m, p, n).” Nagoya. Math. J. 148(1997), 113–126.

[8] Wenzl, H., “On the structure of Brauer’s centralizer algebras.” Ann. of Math. 128(1988), 173–193. [9] Wenzl, H., “Hecke algebras of type A_n and subfactors.” Invent. Math. 92(1988), 349–383.

E-mail address: kosuda@math.u-ryukyu.ac.jp

Department of Mathematical Sciences, University of the Ryukyus, 1 Senbaru, Nishihara-cho Okinawa 903-0213, JAPAN